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Preface 


‘The origin of the word Mathematics is from the word ‘mathesis’, meaning ‘learning’. Plato, an eminent philosopher, said, 
“learning means realization of eternal truth present and embedded in the mind”. Therefore, Mathematics is a set of skills 
and laws that are eternally and universally true. In my yesteryears, during my high school days, as an II'/-JEE aspirant, and 
later as a tutor of Mathematics for the last fificen years, I always [elt the need of a comprehensive text-book [or this subject. 
I, therefore, always had an insatiable desire to write one. 

This book has been written with the objective of providing a text book as well as an exercise book, focussing on problem 
solving. I feel, this will not only fulfil the need of a beginner, pre-college student (i.c., students of Std. XT and XID, but, 
also meet the requirements of advanced level students who are preparing for various entrance examinations like the IEE, 
BIT-SAT, and other engincering entrance examinations. This book gives deep insights into topics like Matrices, 
Determinants, Complex Numbers, Vectors, Three-Dimensional Geometry and Probability. These are the six scariest, bul 
highly scoring topics in mathematics. The well-arranged content list will help both students and tcachers o conveniently 
access the chapters and sub-topics of their interest. Fach chapter is divided into several topics. Each topic contains theory 
and sometimes sub-topics with sufficient number of worked out illustrative problems. Students can develop applicative 
ability of the concepts learned. This is followed by a textual exercise of both objective and subjective problems, as per the 
requirements. At the end of the theory of cach chapter, a large set of solved examples of both objective and subjective type 
is given, This will involve application of all the concepts learnt in the chapter, so that students can develop mastery over 
the chapters. ‘lhe tutorial exercise given at the end contains a large number of multiple choice problems of single and 
multiple correct answers, comprehension passages, column matching problems, numerical integer type questions to facilitate 
the students to do thorough revision of the entire chapters and to enhance their level of understanding of the topics. For 
teachers, this text book will be quite helpful as it will provide a set of well-graded problems and well-arranged topics, that 
can be used to give home assignments to their students. 

All suggestions for improvement are welcome and shall be gratefully acknowledged. 


—Sanjay Mishra 
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mg INTRODUCTION 


The theory of matrices finds its origin in different kind of 
linear problems. The most important of them concems the 
nature of solutions of any given system of linear equations 
and the various lincar transformations in geometry 
Initially, the subject was related to determinants and it was 
thought that matrices and determinants are inseparably 
related. But with the passage of time, the subject matter 
of matrices developed as an independent theory which 
has far greater importance than determinant. Infact, the 
theory of determinant was reduced to merely a tool to study 
and apply the square matrices to solve various types of 
problems. 

Arthour Cayley (1825 — 1895), a British mathematician 
is given credit for the formulation of the general theory of 
matrices, which was proposed in 1857. Another famous 
mathematician, Hamilton in 


association with Cayle; 


developed the propertics of matrices as a pure algebraic 
structure. Caley-1lamilton theorem is very useful in finding 
out inverse of a given matrix and study of nature of various 
matrix polynomials. 

We cannot think of solving the system of linear equa- 
tions having large number of unknown variables without 
the help of matrices. The theory of matrices do not con- 
stitute any divine revelation but they only constitute 
the formation of what has been found uscful in several 
situation. 

The subject of matrices has found its applications 
not only in algebra but also to a very large number of 
disciplines, 


such as Gcometry, Statistics, Chemistry, 


Matrices 


Physics, Psychology, Education, ete. Cryptography is an 
art of encoding the messages to insure the sccurily of the 
sensitive information. A cryplographer often uses matrix 
operations to encode sensilive messages, 

During the World War-II, Allied analysts such as Alan 
Turing (1921 — 1954) were able to break German codes 
produced by the Enigme machine using sophisticated 
decoding techniques. 

In the present chapter, we will study definition and 
detailed properties of matrices and Algebra of matrices 
along with application of matrices in Algebra and Geometry. 


m MATRIX 


A matnix is a rectangular array of symbols (which could 
be real or complex numbers) arranged in a row and column, 
Tf a matrix has m rows and » columns, then the order of 
matrix is # Xn, The order of matrix represents the number 
of clements in the arrangement. Matrix 4 of order mn 1s 
usually written as 


Gay Sis ay 

ay ay Fay 
A= 

Fy Layo Gran 


(Matrices are represented by [ 1, 0. III) 


Ilere the symbols 4, represents the general element of 
matrix and it is an element lying in the ith row (from the 
fop) and jth column (from the /efi). Obviously there is no 
blank place (i.e., without an element) at any entry. 


1.2 Algebrall 


NOTES 


If two matrices A and B are of the same order, then only their addition and subtraction is possible and these 
matrices are said to be conformable for addition or subtraction (or comparable). On the other hand, if the 
matrices A and B are of different orders, then their addition and subtraction is not possible and these matrices are 
called non-conformable for addition and subtraction (or non-comparable). 


TEXTUAL EXERCISE 1: (SUBJECTIVE) 


1. Construct a2 * 3 matrix whose clements a, are given by 2. Construct a 3 x 2 matnix 4, whose clements are 


=% j e La given 
i Felgi ©) uj : G-2y)° 
_ &-2;9 3 ree @ a, oF 
sear Sm ae Gi a,=i J 
Answer Key 
104 0 -1B -V2 V2 9/2 Pil E 7 | 
2 ) @) 
(a) [: 2 ‘| ©) Fe a) Be te 2 8 7:12:17 
V2 9/2 ol 
BG | 02 di) |1 0 
v2 2 21 


called vertical if there are more number of rows than 


@ VARIOUS KINDS OF MATRICES 


colums. 
ie, A= l4y aan is a horizontal matrix if m <n. 
Horizontal/Vertical Matrix and [a,],., 18 @ vertical matix if! m > 


(where mn is number of rows and 
nis number of columns) 


A matrix is called a horizontal matrix if there are 
less number of rows than columns and a matrix is 


2 
ey 
ce" vs a 7 

Ky Yr. 2a 4 


and vertical matrices. 


5 
6 |, are respectively horizontal 
7 


Row Matrix/Column Matrix 


A matrix having just one row/one column is known as 
row matrix/column matrix (or row vector/column vector). 
A [a,),4,,,....4,,] having one row is a (1 x ) row matrix 


(or row vectors). and 


having one column is a (m = 1) column 


a, 


nt 


matrix. (or column vectors). 


NOTES 


Matrices 1.3 


x 


eg.dA [xyz,B [357911,.C |v], 4 and Bare 


Zz 
row matrices but C is column matrix. 


Square Matrix 


If in a matrix, number of rows (m) = number of columns 
(n), then it is said to be a square matrix and the clements 
4, @,,......., @,,, are called diagonal clements and the line 


passing through them is known as principal or leading 
diagonal. The other diagonal is known as off diagonal. 


har x, 


Principal 
Diagonal 


(i) Determinant is a numerical value assigned to matrix and it is defined only for square matrices. 
(ii) Determinant of a matrix A is denoted by |A| and it will be discussed in chapter 2 of present volume. 


Caution: 


|A| should not be confused with modulus of A. 


(iii) A square matrix is called singular matrix if its determinant is zero otherwise it is non-singular. 
(iv) Ina square matrix, the pair of elements a, and a,are called conjugate elements. 
(v) In plane geometry every square is a rectangle, but this is not the case with matrices, so a square matrix is (never) a 


rectangular matrix. 


Trace of a matrix The sum of all the clements of a 
square matrix A lying along the principal diagonal is 


called the trace of A, ie., (4). Thus if A = lay) nce then 
tr(A)= da, Ha, +ayt+..+4,, 

‘i= 
Properties of trace of a matrix [ct 4 fa,],,. and B 


[by], and 7. be a scalar, then 


(i) wGA)=A (Ay 
(ii) a (A - B)= mA) +r (B) 
(iii) (AB) = (BA) 


NOTES 


Diagonal Matrix/Scalar Matrix 


A square matrix, in which all the non-diagonal elements, are 
zeros, is called a diagonal matrix. If in a diagonal matrix all 
the elements in the principal diagonal are equal, then it is 
known as scalar matrix. 

ic,A 0 when / #/ is a diagonal matrix 


[ay Vasc Oy 


La, J,,..q 18 scalar marix iff a, = 0 when i #7 
& [45 liven = K for all i =; 


a 0 O|[k 0 0 
cg./0 6 O],)/0 & O| etc., they are also denoted 
9 0 c}/|9 0 & 


as diag (a, b, c) and diag(k, k, k) respectively, 


1. Minimum number of zeros in a diagonal matrix of ordern =n(n— 1) 
2. Matrix of order 1 x 1 is always considered to be a diagonal matrix. 


1.4 Algebrall 


Unit Matrix (Identity matrix) 


A. square matrix in which all the elements in the fead- 
ing diagonal are J and remaining elements are zeros. 
is called a unit matrix or identity matrix. A unit matrix 
of order n ususally denoted by /, Thus, for an identity 
mainx 


NOTES 


Pa fo ivy 
|b oaters 
1060 
eg, |0 1 |. so identity matrix /, of order n is 


001 


yr matrix with cach diagonal clement equal to | 


1. By interchanging rows/columns of an identity matrix, the matrix is transformed to an elementary matrix. 
The operation E,, for an identity matrix (I,) implies interchanging first and third row and the resulting 


001 
elementary matrixis|}O0 1 0}. 
10-70: 
2. Unitary matrix is nota unit matrix. 


Upper/lower Triangular Matrix 


A square matrix whose all the clements below principal 
diagonal are zeros ic., a, 0 for all ¢ > J is called upper 


1-655 
triangular matrix.eg./0 2 4 
9 0 3 


NOTES 


And a square matrix whose all the elements above 
principal diagonal are zeros i¢., a, = 0 for all / <j is called 


neo 


1 0 
lower triangular matrix. e.g., | 3 oO]. 
3 


Ww 
a 


(i) A triangular matrix is called strictly triangular iffa, = 0 forall 1 <i <n. 


(ii) Diagonal matrix is both upper as well as lower triangular. 


(iii) Minimum number of zeros in an upper triangular matrix of order n= n(n - 1)/2. 


Null Matrix or Zero Matrix 


A matrix, all of whose elements are zeros is said to be 
a null matrix or zero matrix and is denoted by O. e.g., 


Vey 4 O00 . are null matrices of the order 2 « 
9 Oj LO 9 O},, 


2,2 x 3 respectively 


Real Matrix 


If all the elements of a matrix are real. the matrix is called 
areal matrix. 


Complex Matrix 


If at least one of the elements of a matrix contains an im- 
aginary number, then the matrix is called a complex matrix. 


Complex Conjugate of a Matrix 


If a matrix A is having complex numbers as its elements, 
then the matrix obtained from A by replacing each element 


of A by its conjugate (a+ 


=atib) is called the conju- 
gatc of matrix 4. Conjugate of a matrix 4 is denoted by 


A: A= yhon whereA Lay horn 


Properties 


Q) 2 
Gi) A+B=A+BorAB=AB 


A 


Sub Matrix 


Letd be an m x n matrix. ‘hen a matrix obtained by leaving 
some rows and columns or both of A is called submatrix of A. 


232-56 
cg,4 [571 0 
2 117, 
Dds SoG. eae 
=|5 7+ 0 = (sub matnx of A) iE I | 
ZOD oF. 
225 6 
Also | + + | =(sub matrix of A)= [2 17] 
2 sk oF 


Matrices 15 


Gi) Ifa, are purely real, then. = A and A =-Aif a, are 
purely imaginary. 


ds) "=" 


Singular Matrix 


A square matrix A is said to be singular il | A | 
matrix is said to be non-singular if | A] 4 0. 
(where |4] denotes the determinant of matrix 4, to evaluate 
it students are adviced to sce the expansion of determinant 
given in chapter 2 of present volume). 


0. A square 


Equal Matrices 


Two matrices A 


fa], x», and B 
equal (written asd B) if 
(i) they are of same order i.e., m =r andn =p 
(ii) The elements at the corresponding positions of the 
two matrices are equal. i¢., a, = 6, for all # and j 


[b,],., are said to be 


1.6 Algebrall 


TEXTUAL EXERCISE 2: (SUBJECTIVE) 


1. Given the [following matrices 


100 
qv) [1479] wi) |230 
465 


357 
324 
; .. [24 6 
@ii) |05 6 iii) 


13e 
007 
38 13 


Matrices 1.7 
1000 (c) Scalar () Tdentity 
0100 oee8 (g) Null (h) Horizontal 
® Joo 10 () |O a0 ) Vertical @) Upper triangular 
00a ¢k) Lower triangular 
9001 
2. For what values of x andy, matrices 
200 . — 
2 xt 
(i) }0 20 A es A a [*; | are equal? 
oo4 Ss y sy. st 6 
For each of the following terms, give the number of 3-x 2 2 
matrix above that corresponds to it. 3. Forwhat valucsofx,thematix| 2 4-x i, 
(a) Square (b) Row 2-4 -l-x 
(c) Column (d) Diagonal 3s singular? 
Answer Key 
LA (ii) ¢, 7 (iii) a (iv) a, de gj,k Ww) bh Wi) ak ii) ay villi) # 
(ix) ade fi j,k (x) a, d,e, j,k (xi) a, d, j,k 
2A ifx =2 andy =2 


3.x = 0,3 


m ADDITION OF MATRICES 


If A(a,) and B (b,) are two matrices each of the order 
m <n, then their sum 8 is a matrix C of the same order 
m x n such that every element of C is the sum of the cor- 
responding elements of the given matrices A and B. ‘hus 


Properties of Matrix Addition 


If A, B, C are three matrices of same order m x n and A = 
la), B [b,c 
matrix addition 


[e,]. then following properties hold in 


1.Commutative law ic, 4-B B-A 


Proof: Let A = |a,],, .,. B = |b, ],,...,, b€ two matrices of the 
same order m x n, then 


if A and B are two matrices defined by 


: ay | 

a, a. a, and 
4 bb ~ ee 

b, bb’ 


ath, a,tb, 
thenC =A! B=|a, 1 6,)= a,+b, a, +6, 


AVB= [asi Bil en = ly! Oplm sy Cy aefinition of 
sum) 


= [b,+ a, (. addition of numbers is commutative) 


= Bybuen | Lybvxn=B A 


2. Associative law ic.4+(B+C)=(A+B)+C 
Proof: IctA [a]...B [B10 .C 
matrices of the same order, then 


Tey], .., be three 


1.8 Algebrall 


A+B+C (a)..,+[b)..)+ leh. 


Onewi Leila sn = La, ! Bt Cuan 

=[a,- +e), C/ addition of numbers is 
associative) 

Hla dian By t Sliven 

= lah. Byleest [lye =A -B-O) 


=l4, 


3. Additive Identity Any matrix which when added to 
the matrix A gives the resultant as A is called the additive 
identity ford.ic,4-O A O-A (where null matrix O 
is additive identity) 


Prooft IctA  [a,],,, . be any matrix and Q be the null 
matrix of the same order m Xn, then 
O (0 ees where 0, 0 for all i,j. 
AN O=lahicn! Oybnan= bay! Obn 
Flay Obnen= Mtylne,  @ 0 =afor all real 
number a) 
=A 
AlsoA-O O-A Cy addition of matrices 
is commutative) 


A-O A O+A 


4. Additive inverse = Any matrix 2 is the additive inverse 
forA if it followA + B=O=B+4A. 
thal 4 +(-4)=O=A+(A) 

. BA 

(Here B is the additive inverse of the matrix A or the nega- 
tive of A) 


Proof: Tor any matnx A 


Since we already know 


[a,],,..,. there exists a matrix — 


A [-a,],, xm Such that 
Al (-A)=O=(-A)+A 
A+CA= lal. + Fal, 


= Lay 4) ben = yd cn = Onsen 
A+ (-A)=(-A)+ (A) Cs addition of matrices 
is commutative) 
A-(-A) O (A)tA 
5. Leftcancellationlaw ic,d4-B A-Ce@RB C 
6.Rightcancellationlaw ic,B+A Ct+AGB C 


7. The equation A | X = 0 has a unique solution ie., 
X  -A, where X has order m * n. (iA has order m x 7) 
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of the corresponding elements of A and B.ie,A B 
la, 4,). 


m SUBTRACTION OF MATRICES 


If Ala, and Bib,) are lwo matrices of same order, then 
A —B isa matrix cach of whose clements is the difference 


TEXTUAL EXERCISE 3: (SUBJECTIVE) 


1. Show with the help of an example, taking three Tal 3-1, 
suitable matrices A, B and C that (4 — B)-C #A— 3. UA+B 3 x and A-B 1 Hi find the 


(B-C) ; 
matrices A and B. 


2. Find a iat | | le | 2 3-5 24 2 23 
. Find x, y, z and w, given that = 3-i 24: 2 3-1 
= 4, If A= id B= ? 
a2 28, eM le 5 aa Fe 2-31 ail 


4 x+y 
rae then evaluate 
ae @ 444 i) B-B Git) THE 
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2th 8 OF: 3-1 2 6+i @T_G + B)= TA) + T@) 
5. If A=| 3 6-7 2 |: Be|-1 0 8-27 Gy TA — B) = Tia) — TB) 
8-1 7 $4+2F 2 5 4423 (ii) 7, (A+B) =T,(A)+T,(B): where 7A) stands for 
verify trace of matrix A. 
Answer Key 
[2 0 a4 
2.x =2,y =4,2 = 43, w =3 BR A= 22 and B = 1 -2 
. [4 6 4 .. [0 -4% -2F win (4 3431 5 
+0 2 10 ‘ en Ee 63 3 Io a437 10 | 
m MULTIPLICATION OF A MATRIX properties Déstbutiyelaw?! 
BY NUMBERS 1. A+B) =kA +kB, wherek € R 
‘The matrix obtained by multiplying every element of the Proof: bi 'BY=K lay! Biber = Ay Oem 
matrix A by & (where k is a constant, real or complex) = egy! kolaen 
is called the product of A by & and is denoted by Ad or Co (a+b)e ac — be for all scalars a, b,c) 
Ak, defined as a matrix whose order is the same as that = Thad cnt (Ble, KAT KB 
of A, If matrix A = a, |, then kA = k La,) (ii) &- DA kA +1A (where k and 1 are both scalars) 
abe ka kb ke Proof? (hk DA= Kh Dahon 
eg,L If A=|b ¢ a => kA=|kb ke ka . Ha, laden Oy linen Ul lmen= kA 1A 
cab ke ka kb (iii) AKA) = Ika) 
Proof: KUA)=kilfa],,..=k[la,],,.) 
3 gl mx fl ax 
sa ae hapa =fkdal,,., MDa), 
20a [451 => |8 10 2 hag cg= KDA vi) 
56 3 10 12 6 Similarly, we get (kA) = (Uk). A = (kl) A il) 
From (i) and (ii), we getk (A) = (kD) A KA) 


MULTIPLICATION OF MATRICES is of the order » x p, the resulting matrix is of the order 
x p. and AB = (C,) where (C.)= ) ayy =a, 0, | a,b, 
‘Iwo matrices A and B are said to be conformable for the J" = ©) > BL 


product AB, if A = (a,) is of the order m x n and B= &) are a by fori = 


wm andj = 1,2,3.... 


As an aid to memory, denote the rows of mainx A by 


R, Ry R, and columns of B by C, C,and C, 
R, RC, RC, RC, 
Also,dxB [Ro] x(C,0,C)=|2G RC 
R, RC, RC, 


where &,C_ is the scalar product of R, and C, 
The diagrammatical working of product of two 
matrices is shown as 
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Size of A Size of B 
mxn nxp 


(eee 


Size of ABism~=p 
FIGURE 1.1 


Post-Multiplication and Pre-Multiplication 


In the product AB, the matrix A is said to be post-multiplicd 
by the matrix B. Whereas, the matrix B is said to be pre- 
multiplied by 4. 


Properties of Matrix Multiplication 


If A, B, C are different matrices, then in general AB # BA. 
Llowever, in some particular cases. 


1, AB and BA both may be defined yet AB # BA. 

2. AB and BA both may be defined and ABBA. 

3. One of the product AB or BA may not be defined. 

4, If A be a square matrix of the same order as /, then /A 


=Ai=A and OA = AO = O where O is a null matrix 
ie., multiplication by identity and null matrix is com- 
mutative. 


5. AB may be a vero matrix and BA may be a non-yero 
matrix or vice versa when A # O, B 4 O. 
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6. AB and BA both may be a zero matrix, when A # O and 


BO. 
7. Multiplication of matrices is associalive: 


ic. if A, B, C are suitable matrices, then 
(AB)C A(BC) 


Proof: As (AB)C is defined, let A = la, J, B= loa) 
C = |e,,| be three matrices of orders m x n and n x p 
and p x q respectively, where | <i<m,1<j<n,1< 


k<p,1<l<q. 


‘Vhen, AB = D (say) = [d,] is a matrix of order m x p 


where d, = Saw ih 


=> (ABYC = DC is a matrix of order m x g. 


Also BC E (say) = [e,] is a matrix of order 


a 
nX q where en Datu 


=> ABC is a matrix of order m x q. 
Thus (AB)C and A(BC) are both matrices of order 
mx q. 
Now (, Dth clement of (ABC (, Dth clement of 
pe 
b n Dp 
-34 S(Satn a : $a, Spee 
m1 mi a) \eo 


= 2G, = (i, Dth clement of AE G, Dth 


clement of A(BC) 


NOTES 


3. Multi 


=> Corresponding elements of (AB)C and A(BC) are 
equal. => (AB)C = A(BC) 


ication is distributive over addition i.c., if 4, B, 


hen 
G) AB+C) AB+AC Gi) A+BIC ACH+BC 
Proof: AsA(B+C),lciA [a).B [LC [el 
be three matrices of orders m x n,n x p and 
nx prespectively, | <i<m,1<j<n,1<k<p, 
Then. B11 C= (6,1 c,] isa matrix of order n x p 
=> AB C)isa matrix of order m x p 

Also AB, AC are both matrices of order m x p 
=> AB AC isa matrix of order m x p 

Thus A(B + C), AB — AC are both matrices of order 

mx p 

Now (i, kth clement of A(B - C) 


= da (by teg) 


(ayby + ay0y) = Saba + Sven 


= rf Ayth elements Seas icy jail AC are 
equal = (i, 4th element of (4B | AC) 
=> corresponding elements of ABC) and AB | AC 
are equal 
=> A(B-C)=AB+AC 
Similarly, in (ii) part, we can proceed in same way 
as in (i) part by taking A fa,)],B [B,C [ey] 
be three matrices of orders m < n,m x nand n x p 
respectively. 


=< 


The matrix AB is the matrix B pre-multiplied by A and the matrix BA is the B post multiplied by A. 


9. If A, B are suitable matrices and A is a scalar, 

then A (AB) = (A.A)B = AQB) 

Proof: AsABisdclined,le\A [a,],B [by] be two 

matrices of order m X # and n X p respectively, 7. is any 

scalar. 

Then AB [c,] is a matrix of order m x p = (AB) is 

a matrix of order m X p 

Also Ad = [4 a), 4B = |h 4) are matrices of orders 

m x n and n X p respectively. 

=> 4 CB), @ ADB are both matrices of order m x p. 
Thus 4 (AB), (2 A)B and A(AB). are all matrices of 
order m X p. 


Now (, 4th element of 4 (1B) = Ac, = = AL ob 


if ae 
Gi, Bth element of GAB = Aayeg = Aap i 
7a 


(i, kyth element of AG B)= 34 (Abg= ay, ab, 


=> Corresponding clements 4. (4B), (A A)B and AB) 
are equal 
=> A(AB)=(A)B AUB) 


10. Existence of multiplicative Identity: If 4 


1. 


[a,]isan 

mx nmatrix,then7,A A AT, 

Proof: As/, and /, are identity matrices of orders m 

and n respectively, it follows that /,4, A and A £, are 

all matrices of order m x n. 

Now (, jth element of 1,4 = 0.4, ch 0.4, 
oO, 


>a, G, sth clement of A 


Cs In £, cach diagonal clement is | and cvery other 
clement 0) 

Also (i, f)th element of Al, = 4,0 44,04... +a,1 + 
wt a,,0 


=> a, = G, jth element of A 


=> Corresponding clements of 7, A, A and AL, are 
equal 
=1,A A Al, 


+ 
+t La, 


‘The product of any matrix and null matrix of a suitable 
order is a null matrix. 


12. 
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IA [a,]isan mx matrix, thenO,,,,4 O,,,,and 
AO a) 


neq meg 

Proof: AsO, ,.,, is a null matrix of order p < m and 

Ais of order m * n, O,,,,,d is of order p * n 

= 0,,,AandO,,, 
Now & sth clement of O,,,A 0.4, +0.4,,— 
+04, 


are both matrices of order p x n 


(. every element of O, ,,,i8 zero) 
=0= (k, jth element of 0, ,, 
= Corresponding clements of O, ,,,4 and O,,,, are 


equal 


=O, .,4 O45 Similarly, AO oO 


nsqg “Omang 


Powers of a square matrix: |.ct A be a square matrix 
of order #, then AA makes sense and itis also a square 
matrix of order n, We define: 

A! = A; AP = AA, An =A" 1A = AA" * for all 
positive integers m. 
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Os 3 
ILLUSTRATION 14: If A [‘ al ; find x and y such thal (xf — yA? = A. 


10 0 1) fx 0) fo yy) fx y 

SOLUTION: x! - yA ah ols al FE iS = | 
x yx y]fo.l 
Pane ge cat the 


vy? wy ] fol 
> | -oy xt-y? |} [41 0 


=> xtP-y?=0,2y=1 
Two cases arise: 


Casef: Letx =y, then 2xy =1 


1 
Solutions are (1) x a oy 


Caselli: Leix -y, then2xy 1 


* sg - a as a Ls aaa t = 
Solutions are (iii) x = a” ye Rae 


ILLUSTRATION 15: Give examples of matrices: 
(i) A and B such that AB # BA 


Qi) A and B such thatAB O BA,A#O,B4#O 
(Gili) A and B such that AB = O but BA #O 
Gv) A, Band C suchthatAB AC butB#C,A#O 


hea 10 
SOLUTION: (i) Let4 fF al and B 0 


1 i]t O]_fitsia 104107 [2 0 
AB lo oli 0} |o1+01 oo+00} |o o| ™ 


1 O]f1 1] fll+00 11400] f1 1 
BA |i allo of {1is00 11400) {1 1 


=> AB#BA 


10 00 
Gi) Leta |) g}andB | y )|, then 
A#O0,B#0 


1 Of0 0} [10+00 10+01] fo 0 
AB=|q ola 1}"|o0+00 oo+01] |0 0] ~? 


0 O][1 0] fo1+00 o0+00] fo 0 
FA=15 i]1o of} "|o1+10 00410] |0 0] ~? 


=> AB =O0=BA,A+0,B#0O 
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ILLUSTRATION 16: 


SOLUTION: 


ILLUSTRATION 17: 


SOLUTION: 


ILLUSTRATION 18: 


SOLUTION: 


10 0 0 
Gi) Lead |g glandB |) g|,then 

1 O70 0] [1.0+01 10+00] fo o 

AB lo oll: of loo i ra 
.0+01 00+00) |0 0 

0 OY1 O}_fo1+00 oo+00) fo 0} 
and BA=}1 glo of |i1s00 10400] [1 0 
‘Thus AB = O but BA #O 


; 10 00 00 
(iv) Let A = 0 0 | 3= 10 andC = o1 , then 4#0,B4C 


1 O][0 0] f10+01 1.0400] fo 0 
4B lo offi 0} |oo+01 00400] [0 o| 
1 O]f0 0] [10+00 10401] fo 0 
AC lo ollo 1] |o0+00 o0+01] [0 0] @43 46-84C440 


14 bes: 11 
Given A [ Ae [? ihe [: | Prove that AB AC, # B=C 


1 4) 5] _[1m+4@ 16)+4@]_[9 9 
AB E al: lnlekcon aoe a1 

1 4]. 1) _fia+4@y 10)4+4@]_T9 9 
Ae al: Plan eue eRe le | 
Clearly, B#C butAB AC 


Matrix A has x rows andx 5 columns. Matrix B has y rows and 1] —y columns. Both AB and 
BA exist. Find x and y. 


Since both AB and BA exist, so number of rows of A is cqual to the number of columns of B and 
number or rows of B is equal to the number of columns of A. 


x ll-y o x+y 1 @ 

and xi5=y or x y=-5 Gi) 
x-y U and x-y —5 

> x3 and y 8 


1 2 
ta=|_, 3/8 
1 272 1) [67 6 7][-3 1]_[-4 6 
AB lio 32 3] [2 7{™@4AC |r a2 of [8 2 
1 2) fea Sa 
and also A(BC) = fe kL: a a| 


1 2] [-4 2] [-4 6 
=|_5 3|*| 9 3/7] g  2|-Llence UBC = 4c) 


2.1 301 
[: A and C = [ 2 al verify that (AB)C = A(BC) 
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TEXTUAL EXERCISE 4: (SUBJECTIVE) 


1. Evaluate the matrix product, is a null matrix when 0 and ¢ differ by an odd 

1 3 multiple of x/2. 

-2]x [4 5 2)x]-3]x13 2 I =2, 3 

3 5 4.104 2 3) -1) and Tis the unit matrix of 

1 -2 3 102 a 
24dA=|2 3 -l| andb=|2 | 2| then find - 
23: Vag 120 5. Evaluat lee +sind-y2sine 
bes A Valuate 
the product 4B and BA, and show that AB # BA -V2sin@ — cos@—sind 


3. Prove that the product of two matrices Lad 
cos? 0 | | cos? aid 6. If A=|0 1 1); then find 4” 
00 


cos@sin@ sin’ @ cos¢sing sin’ ¢ 1 


Answer Key 
n(n +1) 
9 6 6 1 2 B Le ieee 
rae Gers sill Spe 2 teary 2 sin nd losin 3 
27 18 eae -V2sinn6 cos —sin nd ae V4 
TEXTUAL EXERCISE 1: (OBJECTIVE) 
1. Matrix theory was introduced by eh 
(a) Cauchy-Riemann 4, The values of x, y, z and a in the statement f : if 
za 
(b) Cayley-Hamilton =I 
(c) Newton 0 3/7 
(d) Cauchy Schwary, fare pode sbea=5 
2. The matrix (2 x 3) whose elements in the ;“ row and (b) x=y =z=1,a=3 
the A* column are a= 2k, is @x yp -lz Oa 3 
fl -l rl ! 1 | (d) None of these 
a t 
) [4 2 0 © lo 4 2 5. If = [a,J is a scalar matrix of order v x 7 such that 
er ae a, = # for all i, then trace of A is 
(c) 42 al (d} None of these (a) k (b) nik 
2 (ce) nk (d) None of these 
ant 4 fer, Winer ay, “4+ js neni ia:equal to 6. If A and B are two matrices such that AB and AB 
11 12 both are defined, then 
&) [2 2 ) 1. ¥z (a) A. B are square matrices of same order 
r2 23 (b) number of columns of 4 = number of rows of B 
() 3 | (da) : | (c) A and B can be any matrices 
L° : (d) None of these 


F2 010 
71d |3 ©] andB |9 21) | then BA is 
41 230 


Ine? 7M tex 
40 6 0 
(ay | 1 10 (b) | 1 10 
ll 6 ll 4 
3.0 
(c) [10 1 (d) None of these 
4 
1 3 2,1 
8. The value of x such that [] x I]} 2. 5 1} 2/=0, is 
1S 3 2]x 
(@)x« 2,14 
(b) - 2,14 
(c) x=-2,-14 


(d) None of these 


i? il 
9 Given A [: a which of the following results 


is true? 
(a) At*=7 (b) A? = 37 
(c) At = 27 (d) None of these 


ab 11 B 
WW. IfA=|, ,|-4°= fa » then 
(a) a =2ab, B =a + BP 
(b) a=2+ bh, B=a-P 
(c) «=a +b, B = 2ab 
(a) a=a?+b4 B= ab 


Answer Key 


1.) 2. (a) 3. (d) 4. (a) 5. () 
11.) 126) 3@ 4©® 6 © 


m TRANSPOSE OF A MATRIX 
A matrix obtained by interchanging rows and columns 


of a matrix 4 is called the #anspose of a matrix. If A is 
a matrix, then its transpose is denoted by 4’ or A’. e.g. If 


2.5 

2.3 3 Eo 
on AP 

5 6 {> then 36 

58 


. ab : 
15. IfA oe 2A 
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100 
Li. IfA=|0 1 ©}, then A? + 24 equals 
001 
(a) 44 (b) 34 
(©) 24 (a A 


12. Choose the correet answer 


(a) Every scalar matrix is an identity matrix 

(b) 

) 

(d) A square matrix whose each element is 1 is an 
identity matrix. 


identity matrix is a scalar matrix 


‘very diagonal matrix is 


n identity matrix 


0 
13. IfA= : i n éN, then A® equals 
i 


0 


00 
® loo 
0 


ce -b a ab ae 


14. 1fA=|-c 0 a@|andB=|ab b° be}, then 


b -a 0 ac be 
AB is equal to 
(a) B (b) A 
(c) 0 (dy) 


ap 
Ba , then (a ~ bY? is equal to 


@) @+f tb) a-f 
@a-f @) ap 


6. (a) 7. () Bo) %%) 1 


Properties 


@ @'Y =A ie. the transpose of the transpose of a ma- 
trix is the matrix itself. 
Proof: LetdA = la,J be an m < » matrix 
=>47 is ann x matrix = (4)" is an m * n matrix 
Thus (47 and A are both m x » matrices 
Now (sth clement of (4°)? j, th clement of 47 
@ pih clement of A 
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=> corresponding clements of (47)" and 4 are equal 
=(ay A 

(ii) (A+B)? A+ Bic, the transpose of the sum of 
two matrices is the sum of their transposes. 

Proof: AsA | Bis defined, letA la,) and B=|6 ial 

be two m x n matrices. 

=A + Bisanm x nmatrix => (A — BY isann xm 
matrix 
Also A’, B’ are both # x m matrices => A? + BT is 
an X m matrix 
Thus (4 + B)? and B?- AT are both 2 x m matrices 
Now (, #) th clement of (4 + BY? (i,j)th clement 
ofA -B 
=,/)thelement ofA (i, 7) th element of B 

@, 4) th element of A? | (, #) th element of B? 

= (j, i) th element of (47 | BY) 

=> Corresponding elements of A By and 4? BY) 
are equal 

= By = AP BP 

(iii) kA)" kA? (where kis a sealar) 

Proof: [.ctA la, | be an m x n matrix 

=> kd is an m x n matrix Qwhere k is anv scalar) 

=>(kA)’ is ann X m matrix 
Also A’ is an n * m matrix 

=> kA? is ann x m matrix 
‘Thus (kA)’ and kd? are both » x m matrices 
Now &, 4) th clement of (k4)"_ (é, /) th clement of 
kA ka, 
=k times (i, /) th clement of A & times (, i) th 
clement of A” 
= (j, )) th element of k4? 

NOTE 


If Aisanm xn matrix, then A’ is ann x m matrix. 


ayy 


(iv) 
&) 


=>corresponding clements of (KA)’ and KA” are equal 
=>(kKAyy AT 


(AB) BMAP ic., the transpose of the product of two 
matrices is the product in reverse order of their trans- 
poses 

Proof: As AB is defined, let A [a,] and B 
be two wt X n and » x p matrices respectively 


13,1 


AT = |c,J where ¢, =a 

ii in Fy 
P 7 sie 
and B’  [d,] where d,, 
matrices respectively 


b, aren X mand p Xn 
Me 


= AB isam x pmatnix 
=> (AB) is a p < m matrix 

Also B7is ap x n matrix and A” is 2 x m matrix 
=> Bid? is ap x m matrix 

Thus (48)" and BA’ are both p x m matrices 


Now (&, jth clement of (4B)’ — (i, #th clement 
of AB 
A » n 
= Mayba= Ven dy=d, Aen Co abba 
rl vl rt 
for all veal numbers) 
= (&, ‘th element of B44" 
=>Corresponding clements of (4B)" and BTA™ are 
equal 
=> (ABY = BAP 


This is called reversal law for transposes. 


(Ay = (C1) AY = C=" 
A BY = CByh=AP CB =A" B= 
a Br 


m SYMMETRIC AND SKEW SYMMETRIC MATRICES 


Symmetric Matrix 


A square matrix will be called symmetric if the elements across principal diagonal are symmetrically equal, 
1 


ie, a 
a 


3.6 
aor d'=A cog, 59 7 
6 7 3 


Skew-Symmetric Matrix 


A square matrix is called skew spaumetrie matrix ila, —a, 


for all values of # and j so all the diagonal clements will be 
64) Oo itt 3 

7e10.1.6.,4 ~ttora'=—te | | +i 0 -2 
i =F. 325-0 


Hence if A is skew symmetric, then a, a, => 4, 
6 for all «. 

Thus the diagonal clements of a skew symmetric square 
matrix are all zero, but nol the converse. 


Properties 
1. A symmetric/skew symmetric matrix is necessarily a 
square matnix. 


2. Symmetric matrix does not change by interchanging 
the rows and columns. 
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ic. symmetric matrices are transpose of them- 
selves 


. Ais symmetric if A? A and A is skew symmetric if 


AT -A 


|. A + A? is a symmetric matrix and A —A? is a skew sym- 


metric matrix. 

Consider ANP =AT AN? =A 1A =A! AP 
> A! A’is symmetric. 

Similarly, we can prove that A’ is skew symmetric, 
The sum of two symmetric matrices is a symmetric 
matrix and the sum of two skew symmetric matrices is 
a skew symmetric matrix. 


Tt A? A; BT Bwhere A and B have the sae order. 
Then 4+ BY =A? | BP =A B Similarly we can 
prove the other. 


IfA and B are symmetric matrices, then AB BA isa 
symmetric matrix and 4B BA is a skew symmetric 
matrix. 


1 
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rc 


ILLUSTRATION 21: 


SOLUTION: 


ILLUSTRATION 22: 


SOLUTION: 


ILLUSTRATION 23: 


SOLUTION: 


Now, AB is symmetric iff (4B)? = AB 


ie, if BU? AB (reversal law of transpose) 
ic, if (-B) (-A) = 4B ic, if BA AB 
ie, iff A and B commute 


Show that all positive integral powers of a symmetric matrix are symmetric 
Let Abe asymmeric matrix = A? A @ 
Let m be any positive integer, then A" _AAA....up Lo m limes 
ary = CAAA....up to m times)? = (AA? A?...up to m times) 
=(4" Am 
=> A” is symmcine, for all m € N 
Every square matrix, can be uniquely expressed as a sum of symmetric and skew symmetric 
matinx. 
Let A be a square matrix then we can express A 5a + A)+ 5a -AY 


Le B 5A +A’) and C 5A +4’) 


B= [Fu + ay] = [pu + ay| = za - A) = B. So Bis symmetric matrix. 


Again C’= [Fu m a] = [Eu = | =-C_ So C is skew symmetric. 


Llence A can be expressed as the sum of a symmetric and a skew symmetric matrix. 
‘lo prove the uniqueness, assume that P is a symmetric matrix and Q is a skew symmetric matrix 
such thatA=P Q. 
Then A! P'+Q' P-Q.ThusP S(aea) and Q 5) 
which shows that there is one and only one way of expressing A as the sum of a symmetric and 
skew symmetric matrix 
124 
Express the matrix A=|-2 5 3) as the sum of a symmetric and a skew symmetric 


-1 6 3 
mainx. 


ee | Wey aoe 
Given A=|-2 5 3]. By Transposing, we get A’=|2 5 6 
163 43 3 


124 12) 1, 
Adding A and A', we have A+A’=|-2 5 3/+/2 5 6 
Se ae ae | 4 3 3 


(i) 


Matrices 


1.21 


m@ HERMITIAN AND SKEW-HERMITIAN 
MATRICES 


Hermitian Matrix 
If transpose of the conjugate matrix is equal to the matrix 
itself (Ay = A. 7 

A square matrix A such that 4’ =A is called hermition 
matrix, provided a, ay for all valucs of 7 and j or [ax] 


eace,| 2 34% 
3-2-7 


Properties 
Diagonal clements are purely real 


4,= a, ay =0=> 21,(a,)=0 


> 4a, 


Skew-Hermitian Matrix 


A square matrix A such that 4” =—A is called skew-hermi- 
tian matrix, i... a, = -a, for all values of i andj or A® 
=-A. 


Example: 
37 1-3) 2 
Let A=|-1-3i 0 Ati 
2 Ati W 


3-1-3 2 
= A =|1-3) 0 447 
2 44h 2 
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“3-148 2 
> A )=A a|143 0-4 


3 1-2 
=-|-l-3} 0 448] =a 
2 4b 2 


Properties 
1. Elements on principal diagonal are cither purely 


imaginary or vero." q@, =—a, fori=/ 


a,=-a4, > Ra@)=0 
> a, is purly imaginary 

2. Every skew-symmetric matrix with real numbers as 
elements is skew-I lermitian. 

3. Every square matrix can be uniquely represented as 
the sum of a hermitian and skew-hermitian matrices 


4. If A is any matrix, then Aaa FAN ASA") 


= hermitian + skew-hermitian. 


TEXTUAL EXERCISE 5: (SUBJECTIVE) 


abe 

1. Wnite the transpose of a matrix A [; é i] and 
hence show that (4')' =A. 

2. (a) If a, show that.4 = le,) is a symmetric matrix. 
(b) If a, J°, show that.d = |a,| is a skew sym- 

metric matrix. 

3, Is there a matrix which is symmetric as well as skew 

symmetric? 


Answer Key 
3. Yes, A Square Null Matrix 


.l SPECIAL KINDS OF MATRICES 


Orthogonal Matrix 


4. Show that the determinant of a Hermitian matrix is real 

5. Show that D = Diag. (d,, d,,...d,) >| D| =, d,...d, 

6. If B is areal m X » matrix, show that B’B as well as 
BB’ is a symmetric matnix. 


7. Show that positive odd integral powers of a skew 
symmetric matrix are skew symmetric and positive 
even integral power are symmetric. 


A square matrix 4 is called an orthogonal matrix if the product of the matrix A and its transpose A' is an identity matrix. 


ie, AA'=A'A I. 
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Properties (ii) Valuc of corresponding determinant of orthogonal 
-<_ matrix is +1. 
() If AA'=F, then A+ =A’ ic. inverse of A cquals A" 


Gi) fA and B are orthogonal, then AB is also orthogonal. 


(ii) If A and B are idempotent matrices, then A — B is an 
: ; 7 a idempotent if AB - BA =O. 

A square matrix A is called idempotent provided it satisfies (iii) Ais idempotent and 4 - B  [,then Bis also idempo- 
ihe relation 2 tenland AB BAO 


Idempotent Matrix 


Properties 


(i) If A and B are idempotent matrices, then AB is an 
idempotent matrix, if AB BA 
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Periodic Matrix 


A square matrix A is called periodie, if At |= A, where kis 
a positive integer. If is the least positive integer for which 
At '=A, then kis said to be period of A. For & 
A? =A and hence is idempotent matrix. 


1, we get 


Nilpotent Matrix 


‘A square matrix A is called Ni/potent matrix of order k pro- 
vided it salisfics the relation A* QO and A*-' # O, where k 
is positive integer and Q is null matrix and & is the order of 
the nilpotent matrix A. 


Involutory Matrix 


A square matrix A is called involutory matrix provided 
it salisfics the relation A?= J, where / is identity matrix. 


1 0 1 0 
cg.A 0-1 and A? = 01 =T 


Properties 


G) Ais involutory iff (4 +) (A-)=O 
(ii) Identity matrix is a trivial example of involutory 
matrix. 


Unitary Matrix 


A square matrix A is called a unitary matrix if A. A® = 1, 
where / is an identity matrix and A® is the transposed 
conjugate of A. If the entries of matrix are real numbers. then 
orthogonal matrix and unitary matrix are same. 


Properties of Unitary Matrix 


@) [fA is unitary matrix. then.A'is also unitary. 
Gi) If is unitary matrix, then A7 is also unitary. 
(ii) If A and B are unitary matrices, then AB is also 
unitary. 


TEXTUAL EXERCISE 6: (SUBJECTIVE) 


8 14 
1 IA ; 4 4 7), prove that A>! A’; A’ being 
1 -8 4 
the transpose of 4. 
cos@ 0 sind 
2. Show that A=} 9 1 0 | is orthogonal. Find 
-sind 0 cos? 


the value of | A |. 


3. If A" =O, then evaluate 
(a) [+A +A? +A +... +A"? for odd 'n!' 
QO) I-A AP-AP +... + C1 Att 


4, If A is non identity non-singular square matrix and B 
is a square matrix such that AB BA? and B* = /, then 
find k,,, if A* = 7 


mi 


2-3-5 
5. Show that 4=|-1 4 5 |is idempotent. 
1 -3 -4 
Answer Key 
2.) 3.) @ A)') +4)! 4.7 
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224 
6. Show thal the matrix |-1 3 4 
1) 2-33 


is periodic. Is 


the matrix idempotent? 
0 4 3 

Show that] 1 -3 -3 |is involutory. 
-l 4 4 


nm 


8. If A and B are two matrices such that AB = A and 
BA = B, then prove that 4’ and 8 are idempotent 
matrices. 


9. If 4 is nilpotent matrix of index 2, then show that 
AW tAY=AYNEN. 


10. If A is idempotent, then show that (4 + )” =i + 
Qn-lAVneN, 
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TEXTUAL EXERCISE 2: (OBJECTIVE) 

1. If 4B Aand BA 
(a) B 
(7 


B, then B? is cqual to 
(b) A 
(@ O 


2. If.d, B are two square matrices such that AB = A and 


BA B, then 

(a) only B is idempotent 
(b) A, B are idempotent 
(c) only 4 is idempotent 
(d) None of these 


3. If B is an idempotent matrix and A 


T—B, then 


5. (b) 


(a) a=A (b) A=T 
(c) ABO (@) BA O 
0 By 
4. Ifthe matrix }|a@ £  -y | is orthogonal, then 
a -B y¥ 
@ @eet @) Patt 
2 V6 
1 
() y=t B (d) All of these 
5. If A is an orthogonal matrix, then A~! cquals 
(a) 4 (b) A” 
(©) a (a) None of these 
6. If A is an orthogonal matrix, then 
(a) det A = 1 (b) det A =0 
(ce) deta =I (a) None of these 
Answer Key 
1. (a) 2. (b) 3. (a0, d) 4. @ 
IL. (a, b. &) 


m MINORS AND CO-FACTORS 


Minor: The determinant obtained by deleting the # row and j#* 
column through the clement a, is called the minor of clement 


a, in the determimant and is denoted by M, 


Co factor: The cofactors of the element 4, is (-1}? times 
the determinant obtained by deleting the row and ;* 
column passing through a, We shall denote the cofac- 
tor of an element by the corresponding capital letter 


Cy C,=(DIM IEA =a dy ay 


e.g.. [he minor of element a. 


0 5S o-7 
7. The matrix |-5 9 11) is known as 
7 -11 0 


(a) skew symmetric matrix 
(b) symmetric matrix 

(c) diagonal matrix 

(d) upper triangular matrix 


8. If A is a skew-symmetric matrix, then trace 
of Ais 
(a) | (b) -1 
©) 9 (@) None of these 


9. If A is a skew-symmetric matrix of order 3, then 
matrix A? is: 
(a) skew-symmetric matrix 
(b) symmetric matrix 
(c) diagonal matrix 
(d) None of these 


10. For every square matrix A, Ad" — ATA is 


(a) asymmetric matrix (b) a skew-symmetric matrix 
(c) a null matrix (d) None of these 


1. If A and B be symmetric matrices of the same order 


then 

(a) A + B is symmetric matrix. 

(b) AB - BA is a skew-symmetric matrix 
(c) AB+ BA ymmetric matrix 


(a) None of these 


6. (ac) 7. (a) Bo) (a) 10, (a) 


Mn is 


(So, we will 


Osis Aaa: « aa 


get 9 minors corresponding to 9 elements of the abave 


determinant). 


m@ ADJOINT OF A SQUARE MATRIX 


of the matrix of co-factors of clements of A is called the 
adjoint of A and denoted by adj(A). 


Cy Cg 6 


“13 


C= [Cn Cy Cry | therefore adj(A} = [C,)?. 
Cy Cn Cy 


eg, Letd 


5 


Matrices 
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Properties of adjoint A 
1. If A be n rowed square matrix. then (adj 4) A = A 
(adj A)=|A |, 
ie., the product of a matrix and its adjoint is commuta- 
tive and equals the |A| multiple of identity matrix. 
Deductions from above property: 
(a) [fA is n rowed square singular matrix, then 
(adj A) A = A (adj A) = O (null matrix) since for 
singular matrix, |.A | = 0 
(b) If A is » rowed square non-singular matrix, then 
ladjA| [Al 
since for non-singular matrix, | A | # 0 
Proof Taking determinant on both sides of the 
equations A adj. A = A| J, we get |adj. Al = |A 
2. Adj (AB) = (Adj B). (Adj AY 
Proof Pre multiplying both sides by A B. 
LHS: AB (adj AB)=|AB|T A x |BIP 
RHS: AB (adjB) (adj) = A (B adj B) (adj A) 
=A BU (adj A) 
=A (adj A) |B = A||BI 
. LHS =RHS 


3. (adj Ay = adj A’ 


4. adj (adj A) = | A \"-? A, where A is a non-singular 


matrix. 

Proof cl Adj. (Adj. A)=X. 
Post multiplying both sides by Adj A 
(Adj. Adj. A) (Adj A) =X. (Adj. A) 
lddj. A 1=X. Adj. A 

Post multiplying both sides by A 
lddj. A A=X. (Adj. A). A=X All 

| Adj. A|A 


=> X=Adj. (Adj. A)= Al 


=|A"2A4 


5. | Adj (Adj A) |= | 4 |" where 4 is a non-singular 


matrix, 
Proof |X| = |ddj. Adj. A =|AlP?A 
=|4m> Al= [Ape mayan 


6. Adjoint of a diagonal matrix is a diagonal matrix. 
7. adj (kA) = k~' (adj A), kis a scalar 
Proof: Post multiplying both sides by kA, we gel 
LUIS = Adj (kd) x (kA) = |k.A I 
RUS =k" (Adj A) A =k" |A 1= |kAl f. 


m@ INVERSE OF A MATRIX 


A square matrix A (non-singular) of order n is said to be 


invertible iff there exists a matrix B such that AB = 1, = 
BA, then B is called the inverse of A and denoted by A +. 


(read "as A inverse") 


A‘=BeeAB I BA 
We have dad A)=|All, => A 'A(adiA)=A +4, 1A] 
=> I (adj A)=A-"|A\I, 
peg + 
lA] 


; provided [Al# 0 


NOTES 


1. The necessary and sufficient condition for a square matrix A to be invertible is that | A| # 0. 


2. Inverse ofa non-singular diagonal matrix 
a 0 0 


If A=|0 b 0} such that|A|#0ie. abe +0 
Os 10 sc 


Theorems Related to Invertible Matrix 


1. Every invertible matrix possesses a unique inverse 


Proof: J.ct A be an invertible matrix of order # x # 
Tet B and C be two inverse of A 
ThenAB BAF, 
and AC = CA =1, 
Now AB = £, 
=> CAB) = CL 


2 


=> (CAB = CI, 


4) 
i) 


(pre-multiplying by C) 
(by associativity) 

le CA =1, by GI 
[1B =B,CL,=C J 
ence an invertible matrix possesses a unique inverse. 


2. A square matrix is invertible if and only if it is 
non-singular 


Proof: Let.A be an invertible matrix. ‘hen there exists a 
matrix B such that AB = J, = BA 

=> |AB|=|4,| 

=> |A||B|=1 €. |AB| =|A|| Bl) 

=> |A|#0 

=> Ais non-singular matrix. 

se 4s (adjA) 
Conversely, if.A is non-singular, then A. “Ta =i, 
At= adjA 
=> A’= [4 


3. If A, Bbe two non-singular matrices of the same 
order then AB is also non-singular and (AB) =8" 
A” (reversal law of inverse) 
Proof: ‘lhe first part easily follows from | AB] = |4 || B |. 
‘To prove the other part, we note that 
(AB\(B MM ) = A(BB A= ALA = (ADA? =AA)= 1 
Similarly, (2 4 DAB =Z. 
‘Thus B 14 Vis the inverse of AB. 
Properties 
ICA, B, C arc non-singular square matrices 
1. @)AB=AC > B=C 
(i) BA CA => BC 
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Va 0 0 
A+=|0 Wb 0 
0 0 ik 
Proof: (i) Pre multiplying both sides by 4~! 
A'AB=ATACS>IB=IC => BOC 
(ii) Post multiplying both sides by 4~! 
BAA" =CAA => BE OCI => BOC 


2. Since, we already know that (48) '= 8 'A }, there- 
fore, in general we can say that (ABC......Z2) 1}=Z ! 
Yi PAe 

3. If isan invertible square matrix, then adj (4') = (adj AY 
Proof Premulliplying both sides by A’ 

LHS: (4dj A) (49 =A 
RHS: (Adj A)’ A'= (A Adj AY = (AID! = |A|T = RHS 

4.4) t= 
Proof Premultiplying both sides by A” 

LIS: (7) AT=1 
RHS: (471)" 47 = (44-5? = 7 = 7 = LHS 


5. (4) z (ey 
Proof Premultiplying both sides by (Wy) 
LHS (ATY(A*) =|" = |AVP 
RUS: (A'Y (A) =A 
=A‘ =(4aly 
= (aly = Mary 


=A = LUS 
7. AA =A =] 
8. (A) =A 


A method to find inverse of a matrix 


Let A be non-singular square matrix of order n Then A 
{adjA)=|A|T, (adj AYA 


1 1 
=> A dj A| =1 adj a A 
(a : fe 


T ace 
> At= 1 adj A (by definition of inverse) 
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m MATRIX POLYNOMIAL 


.@,_,x +a, bea polynomial 
in x and A be a square matrix of order n, then f(A) = a, A ™ 
1+. +a, ,A a, J_is called a matrix polynomial 
. Thus, to obtain f (4), replace x by A in Ax) and the 
constant term is multiplied by the identity matrix of the 
order cqual to that of A. 
The polynomial equation f(x) = 0 is said to be satisfied 
by the matrix iff f4) . 
e. g., if fix) = 2x? — 3x | 7 and A is a square matrix of 
order 3 then fA) = 24? — 34 ~ TI, 


Characteristic Polynomial/Equation of 
Matrix A: 


|A — x/is called charactcristic polynomial of square matrix 
A and | A — «7 | = 0 is called characteristic equation. If a 
square matrix B satisfies the equation a,x” + a, x77! +... + 
a, O,thena,B" +a, B''+..+a 7 O- Roots of 
tcrislic equation are called characteristic roots. 


Cayley--Hamilton Theorem 


Tvery square matrix salisfics ils charactcrislics equation | 


A=xI|=0, because |A-AT|=|4-A| 


so a,A" - a, A"! + a, AN 


3 aie-| tate Sar 


TEXTUAL EXERCISE 7: (SUBJECTIVE) 


1. Find A} when 
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4, Write the characteristic equation for following matri- 


13 3 25 3 ces and get their inverses. 
(a 4=|1 4 3] @&) 312 2.5 
134 121 Oli 4 
ooreos ie bee’ 
aird=|1 3 -3|, show that a=) Q0/- 4°), (b) 2 1 3 
= ee eee 8 3°21 
to §. [xpress 248 — 344 + A? — 47 as a lincar polyno- 
3. Given that a-[) Aes that A?-44+57 O mial in A, by using Cayley Hamilton Theorem, 
41-A whee a=]? i: 
and hence prove that Ape -1 2 
Answer Key 
3 
7 3 -3 4 
na] 11 0 | @ lot 
4 
-10 1 
S. 
4 
5 31 
Lae <> i 2 
4 (a) xP -6r 3:51) 9 (b) + 3x + Me + 4, SS | 5. 1384 - 4037 


ohn as 
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TEXTUAL EXERCISE 3: (OBJECTIVE) 


a0 0 
1. IfA=|0 a 0|, then the value of adj Al is 
004 
(a) a” (b) @ 
(c) a @ @ 


2. If is singular matrix, then adj A is 
(a) non-singular 
(b) singular 
(c) symmetric 
(d) not defined 


12-1 
3. 1A [ol 1 2], then det.(adj(adj Ay) is 
2-1) 
(a) (14y* (b) (lay 
(cy (lay (dy cay 


4, IfAis3 x 4 matrix and B is a matrix such that 4*B and 


BAP are both defined. Then B is of the order 
(a) 3x4 (b) 3x3 
() 4x4 @ 4x3 


3.8 
§. 1 a= 2 1 [>then A-his 


"iB 
©) | ons 


(a) None of these 


-I13 8/13 -8/13 
@) | on3 -3n3 3/13 


13 


-8/13 
©) | _on3 


3/13 


6. With 1, @, @? as cube roots of unity. inverse of which 


of the following matrices exists? 


Answer Key 
L (©) 2.) 3. (a) 4. (a) 
AL. (a, d) 


m ELEMENTARY TRANSFORMATION 


5. (a) 


1. Interchange of any two rows or columns: Denoted by 


ROR, or COC, 


@ 1 || 


o wo 
ao | 


b) ool 
1 a? 


(©) (d) None of these 


cos? —sin@ 
7. The mulliplictive inverse of al ee is 
equal to 
cos? sind —cos#@ —sind 
@ | sin@ bed b) Ire =| 
[ cos? sind -cos0 -sin0 
© | sino we @ lee el 
cosy sinx 0 
. IA [sine cosx O/= f(x), thend lis 
0 o 1 
(a) fx) {b) f@) 
() -f) (d) —ft-x) 


. If Bis a non-singular matrix and A is a square matrix, 
then det (B 148) is cqual to 
(a) det(d ') (b) det(B *) 
(c) det(4) (d) det(B) 
. ID diag (d, d, d,....d,), where d,#0 lor all 
i 1,2,...,2, then D-" is cqual to 
(a) D (b) diag (d,~',d,~! 
(©) T, (d) None of these 
If A is a non-singular matrix, then 
(a) A ‘is symmetric if.A is symmetric 
(b) A ‘is skew-symmetric if A is symmetric 
©) H-'|= || 
(d) |A“ | = |“ 


d=) 


6. (b) 7. (c) 8. (a) 10. (b) 


Similarly 


> 

nye 
mr u-o 
Vo es 
oeu 


2. Multiplication by non-zero scalar: Denoted R, > &R, 
or C, Dk, 


3.0 3 3> 2033) 
cg /—3 1 2|-S28>5!/-9 3 6 
15 4 15 4 
3. Replacing i row (or column) by the sum 
of its elements and scalar multiplication of 
NOTE 
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corresponding clements of anyother row 
(or column) 
Denoted: R, > R, AR 
or €, 9 C,+kC, 
3°03 1 -10 -5 
eg. (3 1 2|-S°472 5-3 1 2 
154 I, S34 


Transformed matrix using sequence of elementary transformations (one or more) is known as equivalent matrix of A. 


Elementary Matrix 


Elementary matix is a matrix obtained from identity matrix 
by single elementary transformation: 


100 001 

cg, {0 1 0] "85/0 1 0 

ool 100 
3.03 
thenB |-3 5 2 
2-1: 3 
Equivalent Matrices 


‘lwo matrices.A and B are equivalent if one can be obtained 

from the other by a sequence of elementary transformations 
1 2 1 2 

denoted by A ~ B. e.g., If A= and B= sthen 
Bu5 2 3 


A and B are equivalent matrices. 


gel! 2ssecs, gif! ? 
35 23 


Theorem 1: (Gauss Jordan Theorem): [lementary 
row (column) transformation of m *< mn matrix 
(not identity matrix) can be obtained by pre (post) 
multiplication of A with corresponding elementary matrix 
obtained by /, (/,) subjecting to same transformation. 


1 -1 0 3.0 3 
cg,ifd=|-3 5 2|R, >R4+R,|-3 5 2|=BGsay) 
2° 1 +3. 2261. 23. 
Now, Elementary matrix # obtained from /, by 
101 
R,OR,+R,is E=|0 1 0}; then 
901 


1ot1fil -1 0 3°20) 3 
FA=|0 1 O}/-3 5 2)=|-3 5 2/=B 
oo 1,2 1 3 213 


Theorem 2: If C = AB, then any elementary row/column 
transfer of AB can be further obtained by the above theorem 


Gauss--Jordan Method to Find Inverse of a 
Non-singular Matrix 


U A= Fey Ian PPPs Inc = B 


B=EA 


U If A is non-singular matrix of order n,then A can be 
reduced to /, by a finite sequence of elementary 
transformation only 


and using above theorem 


es of transformations are performed 
on /,,it will convert tod}. 
Steps to proceed 


@ Writed =1,4 
Gi) Apply sequence of # transformation on A on LIIS 
which becomes /,, then RIIS become B.A 
> B=A ‘becuase /,=BA=> BisA * 
Ol] 1 2 
‘I: 7] 


Pre kee fea er 
= [3 abl il 
“Hh 


R, > R,-3R,) 
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(e, R,>R,-2R) square matrix A to the unit matrix and when applicd to 


i 6) TF 22 These clementrary transformations reduce a given 
unit matrix / gives 47} 


~ 
1 2 -2 
ILLUSTRATION 38: Usc clementary transformations to find the inverse of |-1 3 0 
072 é441 
1 2 -2 100 
SOLUTION: A JA>|/-1 3 O/=|0 1 O|A 
0-2 1 001 
fl 2 -2]) fi oo 
O: $: 2 +: 1 |. [ApplyingR, > R,+R, 
[0 -2 1 001 
1 0 -1] [1 01 
01 0 +) 1 7: [Appling R,>R,+2R, 
[0 -2 1 001 
flo -1) f1 01 
010 +: 1 . [Appling R,>R,+2R, 
{0 0 1 22> 5 
fl 0 0] [3 2 6 326 
0 1 Of=/1 1 ‘|. > A*=|1 1 2] [ApplyingR,>R,+R, 
{0 0 1 2° 2:5 2:32. 5 
3-3 4 
ILLUSTRATION 39: If A= |2 -3 41, find A-'. Also if two non-singular matrices P and Q such that PAQ = I 
Drncho 
where J is the unit matrix then show that A '= QP. 
3 364 100 
SOLUTION: By Gauss-Jorden reduction method |2 -3 4 010 
Oval al: tO 0, 721 
Applying transformations R, + R,—R,and then R, — R, - 2R,, we get 


1 0 0 1 -10 
Oo -3 4 23 0 
(ee Ua | 0 61 


1 00 
R,>R,-4R, weget|O 1 0 :-2 3 4 
1 
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TEXTUAL EXERCISE 8: (SUBJECTIVE) 


1, Determine the inverse of the following matrix by 
using clementary transformations. 


173 ' 3 0 4 3 
@ jl 4 3 Gi} 1 3 3 
13 4 -l 4 4 
2. Using the Gauss Jordan reduction method, find the 
112 
inverse of the matrix | 1 2 3]. 
pa a | 


3. Verify Gauss Jordan Theorem for matrix 


2 3 
(a) R, oR, + 2k, 


69) a : | by using the transformations 


pans 
Gi) |6 3] by using the transformations 
2. =], 
(@) ROR, +R, (b) ROR, 


© C9 C,+¢, 
4, Obtain the elementary matrix of order 3 x 3 by using 


the row transformation R, > R, + 2K, and hence 
verify Gauss Jordan ‘'heorem for the same transfor- 


5..=3°2 
mation for the matixd=|6 4 1 
302 4 


§. Obtain the clementary matrix of order 3 x 3 by 
using the column transformation C, > C, - 2C, and 
hence verily Gauss Jordan Theorem for the same 


392 -1 
b) OC) € 
o) ©, 3 transformation for the matrix A=|6 -4 2 
5 3 1 
Answer Key 
7) 233 0 4 3 ee 
L@s-1 1 = 0 Gi) At=AieAt=| 1 3 -3 2 a 5 3 1 
-1 0 1 -l 4 4 1 1 -l 


m SYSTEM OF SIMULTANEOUS EQUATIONS 


When System of Equations is 
Non-Homogeneous 


Consider the following sysicm of at lincar cquation 


(non-homogenous) in # unknowns x,, ¥,..-%, 


AX FAX, tt Oy, Xp = 2, 


Ay Xt Ay Xy +....4 Ay,%, = by 


Oy X + ByaXq t+ Ay Xy 


This system of equation can be written in matrix form, 
as follows 
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a, a We xy 5, 
ay ny tn || X> |_| by 
Bq Ga || %, | |, 


AX = B. [ere A is square matrix. A system is said to 
be consistent if it has atleast one set of solution otherwise 
known as inconsistent equation 

AX Bis called homogenous if B 
called a nonhomogenous sysiem of equations 


O, otherwise it is 


System of Linear Equations in 
Three Unknowns 


Consider the 


em of equations a,x - by te,z d, i) 
fii) 

Gi) 
There are three methods of solving non-homogenous 
equation in three variables 


(a) Determinant method (Cramer' s Rule) which has 
already been dealt with in the chapter on Determinants 


(b) Matrix method 


‘The given system of equations can be written as: 


Ax=B 
Premultiplying by adj.A (adj A).A X= (adj AB 
[Al X= (adj AB 


Criterian for Consistency 


1. Matrix method 
1. If | A | # 0, System is consistent having unique 
solution 
2. If |A| #0, and (adj 4).B # Null matrix 
System is consistent having unique non-trivial 
solution 


3. If|A|#9, and (adj A). B = 0 (Null matrix) 
System is consistent having trivial solution 
4. If | A | = 0, Matrix method fails; then the system of 
equation given by AY — B can be consistent with 
infinitely many solutions or it can be inconsistent 
also. 
Casel: 
tions 


if (adj A). B = null matrix > Infinitely many solu- 


Caseli: If (adj A). B #0 Inconsistent = (no solution) 
eg, 2x y=3and 4x | 2v=6 


a, by x d,| | => |A|=0soA | does not exist but system has infinitely 
AX Bwhered [4% & G|x |ylB la many solutions. or 
a, bc ¢ d, ie. x =m and y = 3—2m is solution 
Given adj(A), B, |A) 
y + 
Case |: if |A| +0 Case Il: if JA] = 0 
(adj A)B then |A| x = 0 (null matrix). 
X= “TAI Now |A| x = (adj A).B 
! 
@ If (adj. A) B is non null, then y Y 

equations have non trivial adj (A).B +0 {adj A) B=0 
unique solutions. Then equation does not The system has infinitely 


@ If (adj. A) B is a null matrix 
then x = 
{unique trivial solution) 


hold as L.H.S. is a null 
matrix and R.H.S. is a 
non-null matrix. 


many solutions. 
i.e., system is consistent. 


Therefore system is 


inconsistent. 
FIGURE 1.3 
When System of Equations is Homogeneous G)%, + Oy Xy t...+ O,%,, =O 
and Linear Equations Gag Xy + ygXq teoeet Eog%y =O 
Consider the following system of homogenous lincar 
equation in » unknowns gy X, + Ay gh tet By Xq_ =O 
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m of cquation can be writtcn in matrix form, as 


(ii) If No. of cquations < No. of unknowns, then it has 


follows non trivial solution. 


A 
(adj. A).AX = (ajd A).B 


4, 


Ay yz 


a 
G) If|A | #9, the system of equations has only trivial 
solution and that will be the only solution. only one trival = Infinitely many 
(ii) If | A | = 0, the system of equations has non-trivial solution solutions 
solution and it has infinite solutions. FIGURE 1.4 
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TEXTUAL EXERCISE 9: (SUBJECTIVE) 


1, Using matrix method find the values of / and 4 so that 
the sysicm of cqualions 2x—3y -5z 0 12;3x-y-4 
Zz pyx-Ty-8z |7has 
Gi) a unique solution (ii) infinite solutions 
(it) no solution 


2. Determine for what values of A and y the follow- 
ing cqualions x +p — 2 6.x -2y- 32 10, 


G) no solution 
ii) a unique solution 
(ii) infinite number of solutions: 


3. Let 4 and a be real. Find the set of all values of 4 for 


which the system of linear equations Ar sina, 
cosaz 0,x+cosay—sinaz 0,-x+sinap— 
cos@.z Ohasanon-tivial solution. Ford 1, find all 


x-2ytdz phave the values of a. 
Answer Key 
L442 Gi) 4=2 and p=7 (iii) 4 = 2 and p#7 
2 @ 4 3and ps 10 Gi) 4 #3 and ye may have any value Gi) A Bandy 10 
3.20 Inet wd + wid. © Zand 2€[-v2,v2| 
TEXTUAL EXERCISE 4: (OBJECTIVE) 
1. The system of homogeneous equations: 2x | 3) (a) 0 (b) 1 
z=O:x y 2z=0;3x 1 y 2z=Ohas (c) 2 (da) None of these 


(a) only trivial solution x = y =z =0 
(b) infinitely many solutions 

(c) can't be s 
(d) None of these 


2. The equation 2x 3y | 6z = 4, Sx | Jy | 4z= 1, 3x 
2v 4z =Ohave 
(a) unique solution 
(b) no solution 
(c) infinitely many solutions 
(a) None of these 
3. If the system of equationsar y=1,x | 2v=3.2x 
3v = 5 are consistent, a is given by 


4. If the system of equations dx — 2y—2z 1, 4x + iy 
-—z 2,6x+6y+/z 3hasa unique solution, then 
{a) A can't be | {b) 4 can't be 2 
{c) A can't be 3 {d) None of these 

5. The system of linear equations x y z= 2, 2x 
y z=3,3x 1 2v | kz = 4 has unique solution if 
(a) ke0 (b) -1<k<1 
() -2<k<2 fk 0 

6. The value of ‘a’ for which the following system of 
equations has a non-trivial solution: 
ax (a ly! @ | 22 = 0, ae 1 fa! Dy 
(a 2z=0:x | vy | z=0, is equal to 


(a) 0 
() -l 


(b) | 
(a) None of these 


7. The real value of r for which the system of equation 


Qe yi 3z=0.x 1 22 =0,2e | z= Ohas 
non-trivial solutions is 
fr 2 (b) r 2 
f)r 0 (d) None of these 
B If2e py 6c=8:x 1 2lqz=Six y 32=4, 


then the values of p and g, when the system of equa- 
tions have 
(i) no solution 


@)p 2q¢ 3 (b)p#2.q 3 

(©) p 3,q 2 (@) None of these 
Gi) a unique solution 

(a) p=q=2 ~— (b) p#2.g=3 


(c) p#2,q#3  (d) None of these 
(ii) infinitely many solutions 


@)p 3.¢ | )p 2qeR 
(c) p#2,q#3 (a) None of these 
9, The system of linear equations ax by = 0, cx 
dy O has a non-trivial solution if 
(a) ad—be 0 (b) ac-hbd 0 
(c) ad—be <0 (d) ad—be>0 
10. The value of A for which the equations» | y 3=0, 
(l+Dx (Q+4)y 8=0,.x (+Ay (+4) =0 
are consistent is 
Answer Key 
1. (a) 2. (a) 3. (a) 4. (b) 5. (a) 
9. (a) 10.(ac) 1 @) 12) 13. @ 


m LINEAR TRANSFORMATION 


‘The transformation in which the straight line remains 
straight and origin does not change its position. We repre- 


x 
sent point (x, )) by column matrix [7] and transformation 


mapping is denoted by a matrix operation which transform 


E 


el] 


x x 
Definition: Any transformation of [7] to ey that 


can be expressed by the linear equation a,x + by 


ax 


X and 


+b,y Fis called lincar transformation. 


i. 
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@ 1 (b) 5/3 
©) 38 (a) None of these 
The equationsx 2v!3z=1,x y 4z=0,2x y 


7z = | have 
(a) only two solutions (b) only one solutions 
(c) no solution (qd) infinitely many solutions 


12. The system of equationsy | y | z=8.x y 2z=6, 
3x | Sy 7z=14 has 
(a) a unique solution 
(b) infinitely many solutions 
(©) no solution 
(d) None of these 
13. The system of equations x | 2y  3z = 4; 2x | 3y 
4z =5;,3x | 4y | Sz =6has 
(a) infinitcly many solutions 
(b) no solution 
(c) unique solution 
(d) None of these 
14. If a> b> c and the system of equations ax + by + cz 
0, bx +eyt+az Oandcx -ay-bz Ohas anon- 
trivial solution, then both the roots of the quadratic 
equation a? +bt-e 0 are 
(a) al least one positive root 
(b) opposite in sign 
(c) positive 
(d) imaginary 
6. (©) 7. (a) 8. (1) (b) Gi) (©) (aii) (b) 
14. (a) 
i 4 [7] -[; } Operator Mf = ie al is 
a. bly} LF a, >, 
matrix of transformation. 


Origin remains invariant of such transformation. Some 


common linear transformations are 


vk wN 


Drag by a factor k along x-axis 


. Enlargment or reduction 

. Rellection in any linc through origin 

. Rotation through any angle about origin 
. Shearing parallel to x-axis/y-axis 


Compound Transformation 


When a transformation (2) is carried out alicr (1) the compound 
transformation is denoted by a matrix operator M, o M, = M, 
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M, where M, and M, are respective matrix operators for () and 
Gil) operation, M, o M, is known as composition of M, with M, 
(order of performance of operations must be mentioned) 


m THE REFLECTION MATRIX 


The Reflection in the x-axis 
Let P (x, y) be any point P(x, v,) be its image after reflec- 


xox 
tion in the x-axis, then | (O' is the midpoint of PP") 
-y 


‘These may be rewritten as 


These systems of cquations in the matrix form are 


sauce le Oe 


1 0 
Thus the matrix F ‘] describes the reflection of a 


point P(x, y) in the x-axis. 


P(x, y,) 
FIGURE 1.5 


Reflection in the y-axis 


Let P (x, y) be any point P'(x,, y,) be its image after 
reflection in the y-axis, then 


( — 
HA=yY 


‘These may be rewritten as l 


(O' is the midpoint of PP!) 


x =(-D.x+ Oy 
y=Oxtly 


These systems of equations in the matrix form can be 


p is 
written as = 
wl Lo 


FIGURE 1.6 


‘Thus the matrix F describes the reflection of a 


point P(r, v) in the )-axis. 

Reflection Through the Origin 

Let P (x, v) be any point and P' (x,, v,) be its image after 
reflection through the origin, then 


[yonx ; 
(0! is the midpoint of P P*) 

(yany 

x =(D.xt0y 

=0x+(Dy 


These systems of equations in the matnix form can be 


Seale eI] 


‘Thus the matrix 0 


These may be rewritten as | 
y 


0 
| describes the reflection of a 


point P(x, v) in the origin. 


P(x, y) 


FIGURE 1.7 


Reflection in the Line y=x 
Let P (x, y) be any point P” (x,, y,) be its image aficr reflection 


ee (O' is the midpoint of P P') 
x 


in the line » = ste | 
vs 


x =Ox+Ly 


‘These may be rewritten as 
y=lxt+Oy 


FIGURE 1.8 


‘These systems of equations in the matrix form can be 


wtcre EFL IE] 


ol 


‘Thus the matrix 
1 0 


describes the reflection of a 


point P(x, y) in the liney =x 
Reflection in the Line y= xtan 6 
Let P (x, y) be any point and /” (x,, y,) be its image after re- 
x, =xcos2@ + vsin2@ 
flection in the liney x tan 0, then 3 
y, = xsin2@— ycos2¢ 
(O' is the midpoint of PP") 
x, = xcos20 + ysin 20 
‘These may be rewritten as 
y, = xsin20 + y(—cos 20) 


These systems of cquations in the matrix form ean be 

7 x] foos2@  sin2@ [x 
written as: =i 

ys sin2@ —cos2é@ || y 

cos20 — sin20 


sin2@ -cos26 
reflection of a point P(x, v) in the line y = x tan@. 


‘Thus the matrix describes the 


P'x,, ¥4) 
« 


FIGURE 1.9 


Rotation of a Line Passing Through Origin by 
an Angle @ 


Let P (x, v) be any point such that OP = r and POX = ¢. 
Let OP rotate through an angle @ in the anti- 
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clockwise direction such that P’ the 


new position 


(py) is 


x, = xc0s0 ~ ysind 
OP'=r¢. OP OP"): then 


=xsin@+ yoos@ 


These systems of equations in the matrix form can be 


; x,] [eosd -sind][x 
written as below 7 
y,| [sind cosd || y 


cosO -sind 
Thus the matrix describes a rotation 
sin@ cos@ 


of a line segment through the origin by an angle @. 


P(x, y,) 


FIGURE 1.10 


Shearing by Angle @ Parallel to x-axis 


Y 


Pxxy) P(X) 


O/<—x—> ytand—> 


FIGURE 1.11 


Clearly ¥=x+ytan0;F=y > [i -[e dl 
x} Lo 1 fly 


TEXTUAL EXERCISE 10: (SUBJECTIVE) 


1. Obtain the matrix of transformation for the following 
transformations: 
(a) refle 
(b) a stretch by a factor of 2 parallel to OY 


ction in the x-axis 


(c) an enlargement by a factor of k> 0 

(d) reflection in the x-axis combined with a stretch by 
a factor of 2 parallel to OX 

(e) reflection in the line » =x 

() rotation through an angle 0 about O 


(g) shear by angle 6 parallel to x-axis 


(A) reflection in the origin O 


1d 
2. Describe the transformation represented by i i 


3. Wnitc the following transformation in matrix form 


3 eel 
ai ats y, and x,= ah + ee 
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He find the transformation in matrix form which 0 11x oa 
éxpromen yy, interns Of 5. Using transformation f all I } find the 
2 2 = y y 
4. Find the equation of the image of the line y= 2x 1 equation of the images of the lines 
under the transformation [21 fx 2 (by ay x 
9 2 () x-y-2=0 
Answer Key 
1 0 1 0 k 0 2 0 ool 
L@|o - © Jo 2 lo & ®M lo a © |1 0 
cos? sin @ 1 tan@ -1 0 
) | sind cose &) 02/1 ® 0 -l 
2 Poy) > Poe tyxety) 3 y,= 4, 2 > and y,= a By 4.x=1 


5. (a) Y= 2 &) y=2V @xXt+Y 2=0 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


SUBJECTIVE SOLVED EXAMPLES: COS ae 


REES2. C= A) ie cosa 
1. Show that pre multiplication (post multiplication) of a % 
square matrix 4 by a diagonal matrix D multiplies each 1 lana/2 || cosa@ —sina 
row (column) of 4 by the corresponding diagonal ele- | — tan a/2 i} 
ment of D. Deduce that the only matrices commutative 


with a diagonal matrix with distinct diagonal elements = 


sina cosat 


l-tan?ar/2  -2tanar/2 


are diagonal matrices. Also, show that if a diagonal = 1 al 1+ tan? a/2 + tan? a/2 
matrix is commutative with every matrix of the same |-tana/2 1 2tana/2  1-tan*@/2 
type (with all non-zero entries) for multiplication, then l+tan?ar/2 1+ tan®@/2 
itis necessarily a scalar matrix. (14 tan?@/2) tan at 21+ tan? a/2) 
Solution: Lct A — [a,] be # x # matrix commutative with = (1+ tan? @/2) 1+ tan? @/2 
SVE RT diagonal matrix B 7 tan or/2(1 + tan? a/2) (1+ tan? a/2) 
We take B = Diag. |d,...6, | with diagonal elements T+ tan?a/2 (4 tan? @/2) 
all distinct. 
The (, /the element of BA = ba, and the (i, jth 3 1 tan er/2 =] A=LILS 
element of AB = ba, tana@/2 1 
As AB = BA 130m 
We have ba, ba, a, = 0 when H 
1#j (or by, when (#4) 3. Find x so that [Ix 1] ]0 5 1]/1|=0 
Thus A is a diagonal matrix. Let 4 Diag. 0 3 2]Lx 
[yp 1s SAT 
We take now 8 = [6,| which is any matrix none of *s os illite 
whose elements is zero Solution: [1 x 1) 2 =O 
The (, th elements of AB and BA being a,b, and a,b, 0 3 2)Lx 
We have a,b, = 4,b,, l 
= 4,=4, (forb,,#0) > [lSe 16x14) }1]=0 
Thus A is a scalar matrix o 
2 9 —tan(@/2) aT Sid tae => [l+5x-64+x°+ 4x] =Oorr+ 9x +7=0 
. and / is a 2 x 2 unit 
tan(@/2) 0 —94,f(81-28) . pa V53 


cosa sing 2 2 
matrix, then prove that?-A (JA) ; " 
sina cosa | | 4. ICA and B are square matrices of order #, then prove 


that 4 and B will commute if and only if A — // and 


Sotatiou? Since k | BF commute for every scalar A 
1 

Solution: Suppose the matrices A and B commute, ie, 

0 —tana/2 AB = BA 
and given lana 0 Then to prove that the matrices A — 77 and B — AF 

tees commute [or every scalar 7, we have 
i A= ina 1 (A-1D (B-AD = AB-/AI-AB — 2P =AB-iA-AB 
saa 2 AB-MA+B)+21 
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Similarly, (B - 4) (4 - AD = BA- MA - B+ BE 
But itis given that ABBA 

Therefore (A — A) (B -1.) = (Bi (4-8 for every 
scalar / 

Conversely, suppose that 4 — 47 and B — AF commute 
for every scalar 4. Then (4 4D(B AD=(B WW 
“A zw 

AB MA B)+21=BA MA B)+H1 

or AB = BA and hence A and 8 commute. 


cosa sing 
5. IPA, 


| then show that 
—sin@ cosa 


cosna sinna 2 a 
@ a) = , where 77 is a positive 
sin na cosna 
integer. 
ALAS, 


Solution: (1) We shall prove the result by induction on 7. 


ay ae on 
& = 


—sinla cosl@ 

Thus the result is true when » = |. now suppose 
that the result is true for any positive integer n, 
: cosna sinner 

Ms | _sinnar cosna 

We shall prove that the result is true for n 1 if it is 
true for n. We have (1,)"*!= 4)", 

3 cosma sin al COS ml 


-sinna cosna || —sina@ cosa 


cosne cose —sinnwsinee — —cosne sinc + sin ne cose 
—SiN NE COs —cosnacsin@ —sin ne sin + cosa cosa 


cos(n+ Da sin(nt+le 
~ | -sin(at Dee cos(nt la 


‘Thus the result is true form 1 if it is true for n. Now 
the proof is completed by induction. 


cosa sing || cos# sing 
-sinfi cosf 


cosacosf-sinasinf cosasinf'+sinacosf | 


(i) A 


sing cosa 


-sinacosf-cosasinf -sinasin f+ cosacosf 


ate 


_ | costa +B) sinfar + B) 

~ |-sin(a + B) cos(a + B) 
&. IPA and B are matrices such thai AB BA, then show 

that for every positive integer n 

(i) ABY BA Gi) By a" Be 


Solution: (i) We shall prove the result by induction on 


To start the induction, we sce that the resull is truc 
whenn | 

For AB'=AB BA BA 

Now suppose that the result is true for any positive 
integer n. 

Then 4B’*! = (4.8%) B = (BV)B = BYAB) 

= BY (BA) = (B"B) A = BY”, showing that the result 
istueforn 1 

Now the proof is comple 
Gi) We shall prove the 


y induction 


It by induction on ». To 
start the induction, we sce thal the result is truc 
when 1. For (4B)'=4B_ A'B! 

Now suppose that the result is true for any positive 
rer a. ic., (ABY A" B then 

(ABY'~} = (AB) (AB) = (A"B") (AB) = A" (BMADB 

=A" (ABB |by part (i) of the question| 

= A"~! B°*), showing that the result is the for n | 1, 

The proof is now complete by induction. 


. If A and B be m-rowed square matrices which 


commute and »# be a positive integer, prove the bino- 
mial theorem (4 + By" "C, A" = "C, ANT B+ + 
"CANT B+... 40, BP 


Solution: We have A | B = A! +B 


Now (4 - BY = (4 - B) (4 - B) 

=A? +AB + BA — B? by distributive law 

?+2AB — BY since AB BA 

C A+ CAB CB 

‘Thus the thoerem is true for » = 2 

Now assume that the theorem is true for n i.e., 

1 By aC An CLAN BI. 
+°C,, Be 

Then (4 + BY"''= (4 ~ B) (A - BY 

A+ BY OC, AN + CAMB EC AIT BE 

AB +O BY 

SAN OC, BAT °C, ANB) +... + °C, BAY” BP 

OC) APB $40, Beth) 

Now 4B = BA, We can prove by induction that for 

every positive integer n, BA” = A? B. 

Again BAY ' B= (BA" 9) BY = (A" 'B) Br= An" 

BBY =A" Bet) 

Alsor"Car Ca 1, =" IC, = band C1 "C, 

= Coe 

Hence (4 + BY =" Ca" + CHC)" B= 

4OC "CAB He IC, Be 

="IC AEM IC, APB OIC At BP 

4.4" CBP? Thus the theorem is true for 


& 


a 


n— 1, if it is true for a. But it is true fora 2. 
Hence it is true for all positive integral values of . 


ab BP 


. Show that the Matrix 4 = 2 


gs | is nilpotent such 


that A? 


matnice: 


abo BP 
Solution: If.4 = 5 i 
-a* -ab 


peu-|@ ? ye? 
mo -a° -ab||-c? -ab 


_f@b-ba— abs—ab’ |_[0 0 
- -@b +a | [0 0 


O. Conve 
such that 


show that all 2-rowed nilpotent 
O are of the above form 


-ab+a'b 


lence the matrix A is nilpotent of the index 2. 


Conversely, suppose A = Fe ‘| is a two 
rowed nilpotent matrix such that A O ic, 
a+ py aft pd -[} al 
ayt+yS B+? | [0 0 
Tf the above cquation holds, 
a+ py=0 ‘i 
ap + ps = 0 (ii) 
ay+yds=0 «iii 
yB F=0 liv) 


must hold simultaneously. 


From (i) and (iv), it is obvious that the above four 
equations will hold simultancously if a? 
= + 6. If « = -6 the above four cquations will hold 
simullancously for all values of the numbers a, f, y 
proveided thay are related by the condition @& + fy 
=0 


Fic, a 


If a = 6 and either of them is not equal to 0. we 
have from (ii) and (iii) 6 = 0 and y = 0. ‘Then from 
(i) and (iv), we shall have a = 6 = O. Llence if 
a = 6 #0, then above four cquations cannot hold 
simulltancously. 

If@=8 0, then cquations can hold simullancously, 
but this solution can be included in the solution 


a =-8, a2 + fy =0. 

a Bp 
‘Thus the matrix A is nilpotent if A = ane and 
@, , y are any numbers related by the condition a + 
fy 0. Obviously the matrix 4 is of the given form. 
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11. Discuss for all valucs of & the system of equations 


Solution: 


13. 


Qe + 3ky - Gk - Az 0, + (- Ay - (4k - Dez 
0.x - 2k - lp - Gk+4)2 0 


The given s 


em of cquations is equivalent to 
the single matrix equation. 

2 3k « 3ke+4] [x 
AX=|1 k+4 4k+2/|y|=0 

1 2k+2 3k+4][z 


Performing R, < R,, we have 


1 k+4 4k+2][ x 
2 3k 3kt4 yy] =0 
1 2k+2 3k+4]/ 2 


Performing RX, > R, — 2R,, R, + R, —R,, we have 
1 k+4 4k+2][x 
0 k-8 -Sk |ly| =O 
O k-2 -k+2})z 

If the given system of equations is lo possess any 

linearly independent solution, the coefficient matrix 

A must be of rank less than 3. For the matrix 4 to 

be of rank than 3, we must have (k — 8) (4 - 2) + 

5k (k-2) #0. 

ie. A? +2k 1 8k 16+ 5k? - 10k #0. 

ie. 447-1640. ie, k#+2 

Now two cases ari 

Case f: When k # +2, the given system of equations 

pos: no linearly independent solution and xy 
z_ Ois the only solution. 

Case i: If k = 2, the equation (i) reduces to 
1 6 10 |/x 
0 -6 -10|] » 
9 0 O |z 

being of rank 2. the given system of equations now 

possesses 3 — 2 = | linearly independent solution, 

The given system of equations is now equivalent to 


cS: 


O. The coefficient: matrix 


6 10z=0.x ! Gy 10z =0. Thus y = 


x=0. 


Hence, x 


Let 4 be a 3x3 matrix given by 4 =(a,),,,. If for 


KAY O and a, = -2006, 
then sum of digits of clement a,, must be equal to. 


every column vector 
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xy 


Solution: Let X=) x, | 5X ‘AX = O |Null matrix] 


% 


MM Ms (4 
=> © X,Y) ay ay dy 
yg 
2 2 2 
= ax? tax, t+ a,x, + (a, +a) 4x, + (a, + a,) 
x, + @,, +4,,)ex, = 0 
If this is true for every x, XX) 
then a,,=a,,=a,,= 9 
and 44) =~) 3 = “Asp yy = “Ay, 
Now as a,, = -2006; a,, = 2006. 


sum of digits of 2006 = 8 


1 25a 1 18 2007 
14 If |0 1 4} =/0 1 36 |, then evaluate 
090 1 ne) 1 


(n +a). 


1 oan nassSk| 7, 


= 18 2007 
At=|0 1 an |=|0 1 36 
0 0 1 00 1 
~ ? £ 
=n =n 9 +» 9at8>)k = 2007 
a 


> 9at8 [=] = 2007 = 9a = 2007 - 288 


=> 9a =1719,a = 191 nta=9 +191 = 200, 


SECTION-II 


OBJECTIVE SOLVED EXAMPLES 


1. What is wrong in the following computation? 


1 0017 ff. 07. .fo 17)" 
= +10° 

LP 11 00 

oy fl oJ fo 1 
+nx10~ 

1 11} [0 0 

0 17 fo 0 

Sinee }y g| =| o| fork22 

@ [° if _fo 

a 2 
oo} jo 

(b) computation of second term on R.ILS. is not valid 


(c) first term should be calculated completely 
(d) None of these 


0 
dl for & >2 is not true 


Solution: (d) (4 | 8)" can be expanded using binomial the- 


: 10 01 
orem if A and Beommute. Since}, || and| 9 4 


do not commute, we cannot usc binomial 
theorem. 
cos? sind 1 
2. fA . , then 1s: 
-sin@ cos@ 7°" sim. ” Ant 


{a) azvcro matnx 
ool 

2 
-1 0 


Solution: (a) 1.4” =[2, |, then lim 14 =| im 6] 


(b) an identity matrix 


(d) None of these 


n= nn noe 


i" [ cas(n@) me 
-sin(n@) coas(n@) 

cos(nO\/n — sin(nOVn 

a beoness Scan 

1 < cos (6), sinG@) < 1. 

lim cos(nf) 62m sin(n@) 


moe 


Since 


3. A= be ; then A® is 
v21 
1 0} 10 
@ lo 50] ©) |50 4 
1 25] 
Oly 4 (d) None of these 


Solution: (d) We have 


Solution: (a) 


| The matrices 


» Leta 


__[1 of! Lp 1 ep o 
@= Vy Hae 1 faary aff 4 


1 0 
In general, by induction A” = . 2 | 


=> A= Be 
25 1 


cos@ sind a 0 
ae and i ‘| 
commute under multiplication 

(a) ifa bord 
(b) always 

(c) never 

(d) if a cos@ # 6 sin® 


-sinO ||a 0) | acosd -bsind 
cos ||0 6} Lasin@ bcos? 


a 0|/cosO -sin? _|acosO —asin? 
and 0 4b] sine | bsin@ bcos? 
asind bsind 


=> (a—b) sin0=0 
eithera=4 or sin? =0 
> O=neneZ 


sing 


ne, where is an integer 


cosO 
sin 


cos? 


[ez,] be m-rowed square matrix and /,, be the 
matrix obtained by interchanging the first and sccond 
rows of the -rowed identity matrix. ‘Then A/,, is such 
that its first 

(a) row is the same as its second row 

(b) row is the same as the second row of 4 

(c) column is the same as the second column of 4 
(d) row is all zero 


Matrices 1.47 
a a,][0 1 0 
. a {[1 0 0 
Solution: () 47, =|“" An 
dep fa. Hela (10> 20 1 


=> First column is identical to second column of A 


V341 
22 
i fin 
22-22 


Q  PTAP. then PQ?” PT is cqual to 


20100 0 2010 
‘ t 
© 0 soil ) ; 1 


io 
©) [: ] 


Solution: (d) Consider the product 

V+ V3-1][ V341 
“22-22 || 2N2 
1-J3 = ¥341|| ¥3-1 
“22-2 || 2 


Ji ol, ; 
“lo 1}> a 


Now,Q PAP 

=> Q (PTAP) (PTAP) 

=> QO (PtP) (PTAP) 

> Qe = prymop 

> P,Q pre p, pr ag p, pt = saw 
20g 


ste = fe Re 3 


7. Let A be an w x n matrix such that A” = od, where & 
is a real number different from | and —1. ‘hen, the 
matrix A +f, is 
(a) Singular 
(b) non-singular. i.e., invertible 
(c) Scalar matrix 
(a) None of these 


6 Let pa 


(d) None of these 


ppt = 


PrA?P 
PrA'P 


eof @) 
(Ce of @) 


Solution: (b) Let 8B =A +1, Since A = B —J,, the condition 


A® = ad can be written in the form (B-1,)"= a(B - 1) 


1.48 Algebrall 


=> BOC BHC B+ + ClyNl, oB-al, oti Se 
seal pel Mapes Pur eas 
= cote EOP Te TCU BE OBS a HosigeAs dive fila boecdi ech eu Te CO: 
=> BB OC BPC B+. + C1 -al) Br ibest 
[ely -al, za 
Since ly"! —0 #0, [ra 441 we say d*°= | @ h | and we say that A is the 
Bis invertible efi 


Llermitian matrix if A = A®, 
Suppose 4 is the Llermitian matrix such that 


8. If A* = O for some value of k and B= {+A + A? 
+... +4*1, then B ! equals 


(a) 1-A (b) J+A A? =O then 
(ce) [=Ae (a) None of these @) A= A’ (b) A=A' 
©) A=O (d) A= 
Solution: (a) Let B=/+A+A?+A3+..4+A*?! Bata a 


BO-A)=(1t+AtA? +... FAY AD 


=I-A+A-At+ ate. ¢4ri_ gta ge | Solutlomd= a ef 


A= 0) BI 
Hence, (- Ay! =7+4+ 4? +... +A =B A?=A.A=AA? ['. Given that A = 4°] 
= B' J-A G2 Be laa 7 
9. If a= cos 8 +i sin 8, b = cos 20 - i sin 26, ¢ = cos > A#=|d e fl lb e h 
abe ghi efi 
30 +i sin 30 and if A=|b e a), then find the laP+|bP+leP ad + bo + of 


cab 


=> | dates fe dP tlel sisi 


values of 6 if matrix A is non invertible 


garth +ie gd the tif 
(a) nnn eZ (b) 2na;ne Z ad, 5 
(©) Qn +1) n/2,n € Z(d) None of these ag + bh + ci 90 0 
abe dg+eh+ fi |=|0 0 0 
Solution: (b) We have. |i ¢ a{=0 lgP+lAP+liP] [0 0 0 
cab “. Given A? = O) 


lal? + b2-|cP? 0 


= -I2 @-b- 0) [(a—bY + b-0 +(e-a]=0 > 

=> Hithera |b | c=Oora=b=c => Re(a) Reh) Re(c) Im(a) Iinth) Ime) 0 
Ifa | 6 | ¢=0, then we must have Similarly 

=> cas 0 + cos 36 + cos 20 = 0 & sin® + sin36 - Re(d) = Re(e) = Re(f) = Im(d) = Im(e) = In(f) = 0 
sin20=0 and 


or, cas 20(2 cos 6 + 1) =0 &, sin 28 (2 cos6 -1}=0 
The above cqualions do not hold simultancously 
As Cos 20 = 0. => sin20=+1 
2 cos) 0 => cos0 = 1/2 


cos® # 1/2 and cos6 = -1/2 
cos8 = —1/2 => sin20#0 


> 
> 
=> cos) =+ 12 
> 
> 


= e™ which is satisfied only when 
=1,i¢,cosQ+isin0=1 


cos 0 = 1 and sin0 =0 
O=2nn,n€ Z 


Re(g) = Re(h) = Re(i) = Im(g) = Im(h) = In(i) = 0 
0+0i O+0) 0+07 
. A=|0+0i 040) 0407 
O+0F O+0F O+07 


= Null matrix of order 3 = 3 


V1. Lct A be a square matrix such that 4? = 4 and 


[4 #0, then 
() A=-A’ 
(©) A’=- 


Solution: (b), (d) 4?= A 


Al #0; 


Pre multiplying above cquation by 4~! we get 
A'AA AA Tord T 
Now IA 
= A N=Ad' =] 
=> option (b) and (d) are correet 


12. Let A be as in above problem and B = 44 — 2/, 
where / is the identity matrix, then 

(b) B= 2B 

(@) B=O 


Solution: (a), (b) B = 44 — 2/ = 44 - 2/ = 2 
> B= 4P=41=28 B= 2B = 41 

13. Let A be a square matrix of order # x # and let P be 
a no gular matrix, then which of the following 
matrices have the same characicrislic roots. 
(a) A and PA (b) A and AP 
(c) A and P AP (d) None of these 


Solution: (c) [ct the characteristic root of A be 2. 
=> |4-a/) =0 
For POAP, |PAP — al] = |P AP —1.P PI 
=|P|d-Al] Pl=|d- All. 
=> 1 is also characteristic roots of matrix P AP 
Q Joos > 
Cc 


n 


14, Let C,="C;, for 0<k <n and A, ae ‘ 


0 
land 4,4, - 4A, +44, + 4A-[f A then 


(aja b (b) a-b 2x PC _-n) 
() a 2b (d)_ All of these 
iG 0 Cc, 0 
Solution: 04, | a fe }44= i? Pe 
ke kit 
Cae, 9 
= de | oe, | 
“KCK 
at “he 7 
= Vda ci 
. Bees 
ra 


nt 


‘Therefore ¢ = Yeu and b= 
kt 


a 
LOCin 
m 

CC, 46.0, 4.46 ,.6,, 

and b=C,C,+C,C,+...+C,,C,,+C,,C, 
Now, C,C,=C,,C, Lv C,=C, and C, ,=C;) 
ab 


To find ‘a’ 


>a 


Matrices 1.49 
(+xy= FC ete 
(= IPE Cet Cet Oye to tC, 
Multiplying and cquating coefficient of x"! on both 
sides "C= C,C,+ CC, tt 6,C, 
FOC, tn tC C= a = =O, - 
="C om 
> a=bandatb=2xC'C,, x) 

Direction: The questions given below consist of an 
assertion (A) and the reason (R). Use the following key to 
choose the appropriate answer. 


-Ce 
Tye x Cx 


(a) If both assertion and reason arc correet and reason is 
the correct explanation of the asscrtion 
(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 
(c) If assertion is correct, but reason is incorrect 
(d) Ifassertion is incorrect, bul reason is correct 
Now consider the following statements: 
15. A: ‘lhe possible dimensions of a matrix containing 32 
elements is 6. 
R: The number of ways of expressing 32 as a 
pro-duct of two positive integers is 6. 


Solution: (c) 32 = 2°: Number of ways of expressing 32 as 


product of two positive integer: 


Possible dimensions of a matrix are {1 x 32, 32 x 1, 
2x 16, 16 * 2,4x 8,8x 4} =6 


= Ais truc R is false 


16. AzIl f(x), Ate), .., A(x) are polynomials whose 
degree > 1, where f (or) = f(r) = f(r)... = f(a) = 0 


AO) LO) LO) ve 
and A(x) = | f(x) fox) f(x) |, then 
A) fo) A) 


is also a matrix of 3 x 3 whose entries are also 
polynomials 


R:x-—a isa factor of polynomial f(x) if fa) = 0. 
Solution: (a) ({a@)= f(a) =....=f,{a)=0 
= x-aisa factor of f @) Vi 
Bie) go) g5(x) 
> AM=0-O) ] g(x) g(x) g4(x) 
B(x) B(x) F(x) 
A(x) 
a) 


polynomials. 


=> 


is a 3 x 3 matrix having its entries as 


1.50 Algebrall 


: There are only finitely many 2 x 2 matrices which 


fost ie! | 
R: If 4 is non-singular, then it commutes with /, 
Adj A and A* 
Solution: (d) The reason R is truc since A? = /4, AAt 
=A'A=1,A (adj A)= (adj AJA |A T, 
But a matrix can commute with general order 
matrices which may be infinite in number. 


: Tn 32" 
commute with the matrix | 


ab 
Let B= i F| be a matrix which commute with 4, 


then AB BA 

Sf 2]f¢ | _[a 6 1 2 
-1 -1]le a] le a@]j[-1 -1 

= [at2e b+2d)_[a-b 2a-b 
-a-c -b-d| |e-d 2&-d 

> at2e=a-b,b+2d=2a-b-a- 


-b-d=2c-d 
‘The above four relations are equivalent to only two 


independent relations a - d= 6,b +2¢ =0 

Ifd =}, thena=b +h, b=-2e 

‘rhus, [’ ree oo are all possible 2 « 2 matrices 
ec 


‘ ? do! 2) 
which commute with given matrix a-| 1 | 


& & ¢ being any arbitrary complex numbers. ‘hus 
assertion is therefore false. 


COLUMAN MATCHING TYPE 


1. Match the matrix in column I with the cquations salis- 
fied by them in column IT 


Column I Column I 
[fo + I 
|r O @ (a) O- (a+ P+ A)x— 
bao 2apr 0 

[Oo a@ r] 

Gla oO 6 (b) P+ (2+ BP +Px=0 
bri of 0!) 
[0 Boa] 

Gi}|r O Fr (©) e+e +P+r)y=0 
la f 0] 


O r -£s 
(v)}-r 0 a 
B -a 0 


(d) xt = @2 + f+ Aye? 
2afirx = 0 


(e) None of these 


Answers: 


O> ad, Gi) > @d), Gil) >), Gv) > 6) 


Solution: To find the characteristic equation of A 
OF 
@ A=|r 0 a@ 
pao 
-Ar pf 
4-Al|=O>/r -A a@ 
Bp a -a 
=> B-(@ ++ PY — 2afr = 0 
* A satisfies this cquation i.c., 
O-( + (P+ P)x—2 af 0 +. option (a) 
> xt-(@ + B+ Py? - 2 aBrx = 0 ©. option (a) 


=0 


Oar 
Gi) A=|a 0 f 
r po 
-Aa@ r 
|A--AN=0> |la -A BP l=0 
r Bp =A 


> B-(@ +B +P) -2aBr=0 ~. option (a) 
> P-(@+ B+ P)x- afr =0 
> xt-(@ + B+) x? - 2aBrx = 0 +. option (d) 


0 pa 
GQnyA=|r O Fr 
a pO 
A Pp «@ 
W-al=|r  -A r |=0 
ja fp -A 


=> 13+ afr + ha? + 2Br+ ABr = 0 


=> = (a2 + 2fr)x —2afr = 0 «. option (c) 


O r -£ 
(iv) A 0 a 
Bp -a 0 
Ar -6 
4-all=-r -A a@ |=0 
(8 -a -A 
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=> B+2+P+P)R=0 
“* Ais skew symmetric matrix of odd order, |4| = 0 
satisfy x8 + (a2 + 
f? + °)x = 0 and x cannot be factored out. 
option (b) 
2. Suppose a, b, c, d arc three distinct rcal numbers 
and f(x) is a real cubic polynomial such that 


A‘ docs not exist and hence 


& a a Ii f(0) a +5a? +16a Solving for f(0) 

bY bb 1 £(2)|_ | -B +56? +16 = @-)O=3 

3 ce © 1] £(3)| "| -c8 +5e? +160 0=3 

@ & a il a)] [-a+sa? +16d Similarly 4 = 1 and B= 4 


©. fe) is given by (x= 1) (2 + dx + 3) 
o. fo) =(e= 1) e+) @ +3) =x + 3x23 


Then based on the above information; match the 
entries from column T to their respective answers in 


column IL @ /@=0 
Column I => 3x°+6r-1=0 
(i) If the difference in the value of x where fix) Let 0, > be the roots of this equation 
achieves its local maxima and local minima is VD V48 
given by 4; then the value of 34? is. 2 W-6= Gp k 
(i) If the area bounded by f(x) in quadrant II is given y 
by K then the value of K is = P= 16 
(iii) If the area bounded by f(x) in quadrant ITT is : 
given by &, then the value of |4# is Gi) J f(x)ae = 
(iv) If the area bounded by f(x) in fourth quadrant is * 
4, then [42] equals » 
(vy) Ifa, B, y are the roots of f(x) = 0; then find the 7, ( 
value of |ocB| + |By| + fy8] 7 _ 
Column I aii x)dx= 
(a) 4 ‘ ra } L 
(b)7 1 re 
() 9 6s) [/(2)dr=|~ 
(a) 16 @ L 
Answers: (i) - 4d. (ii) —a, (iii) —b, (iv)-c, (v)-b = 
Solution : From the information provided to us, we can 
conclude that a (0) + a? (2) + a(f3)) + Al) = — = Mal=9 
3a’ + 15a* + 48a (v) Leta =-3; B-=-liy=1 
Similarly for b, ¢ and d ‘Then |aB + |By| + lay =7 
8 (AO) + 3] + PIA — 15] + x[K3) — 48] + 
[A1}] =0 is satisly by @, b,c and d i) 


COMPREHENSION TYPE 
‘The equation (i) being a cubic is being satisfied 


by 4 distinct real no.’s a,6,¢ & d and hence equa- 


tion (i) must be an identity. Paragraph for questions 1-3 


We can get that (0) = -3, A2) = 15, (A): Let 4 be an m x # matrix. If there cxists a matrix £ 
A3) = 48 & f{1I)=0 of type # x m such thal LA = /,, then £. is called left 
- fy=0 inverse of A. Similarly, if there exists a matrix R of 
(e— 1) must be a factor of fx) type # x m such that AR = I, then R is called right 

: inverse of A. 


Let fx) = (x — 1) (Ax? + Be + C) 


1.52 Algebra 
1-1 

For example, to find right inverse of matrix 4=|1 1 
23 


we take R= ae ‘| and solve AR = J, 
uovw 


ri 100 
ier i] [E 2 Z]-Jore 
uv w 
23 001 
> x-u=1 y-v=0 
x+u=0 ytve 
Qe+3u=0 Yyt+3v—=0 9 2e+3w=1 


As this system of equations is inconsistent, we say 
there is no right inverse for matrix 4. 


1, Which of the following matrices is NOT left inverse 


1-1 
of matrix | 11 |? 
2 3] 
zh 0 2773 
(a) ob) 14 
cee, Sea 
772 °| 2. = 2 
shy 0-131 
() a @}1i1 4 
-- > 0 ay) 
220) 


2. Thenumber of right inverses for the matrix [: 7 1] 


(a) 0 
(c) 2 


(b) 1 
({d) infinite 


3. For which of the following matrices number of left 
inverses is greater than the number of right inverses? 


124 3°21 
(@) | _3 9 1 (b) [ 2 Hl 


1 4 3: 3; 
(co) }2 3 @ jlo1 
5 4 44 
Solution: 


1. (c) As 2nd row of all the options is same, we are to 
look at the elements of the first row. let left inverse be 
il 


jee 
abe abe 190 
i pela Ff Lully, 
as 23 


atht+2c 1-atb+3e 0 
je potty a te 
2 2 


Thus matrices in the options (a), (b) and (d) are the 
inyerses and matrix in option (©) is not the Ief1 inverse. 
ab 
2 (d) Let right inverse be |e d 
ef 
=> b-dt+2f 0 
> %-d+f=1 


Now a-ct+2e 1 
=> a-ct+e=0 

infinite solution 
(C/ ag.c have two cqualions and b,d,f have two 
equations) 


3. (c) By observation there cannot be any left inverse for 
(b) and (d) so we will check for (a) and (c) only 
ab 


For (a) Ict left inverse be} ¢ d 


, then 


oo 
oreo 
-ceo 


eof 
Now a — 36 = 1, 2a + 26 = O and 4a + 6 = 0 which 
is not possible 
14 


|e ae 4 
fils 4 | lo! 


=> at+2bt+ Se = 1, 4a- 36+ 4c = 0, d+ 2e + 
Sf= 0, 4d-3e + 4f=1 
there are infinite number of left inverses. 


a 


1 


=> at 4d=1,2a—3d=0 and Sa + 4d = 0. Which 
is not possible 
©. There is no right inverse 


Paragraph for question 4-6 


s a matrix A satislying (47)"_ 42.4 and B 
BBT+ (4°)"4"'= 0. If C isa matrix 
AB where A, B and C are non singular 
s of same odd order and 2 #0. 

4. Value of CCT is 


@ 1 
© 


The value of B AA"B Tis 

(a) -2T (b) 427 
1 1 

(c) Ez CA @ rr 

| C P is equal to 

(a) |BP (b) [ABP 

(c) |AP (a) 1 


Sofution: 


4 


B AB? (Bary? 


A 
(ce) CA = =c= =>CT= 


a A 


(ABA )(ABATY® 


=> C.CT= 


mana ceyraran 2 
1 
= 4B A) erat, & 
ABA‘) BTAT. F 


. (A'f =A 

> A\MA'l =21 
=> ANAT) '=21 
> (A) AY SVT 
Similarly (4.47)! = 177 


= AB aay Bra = ABU BU 


aap pran, 1 
(ABO BAY) — 


= ABBTAT = A(BBAT = 


ACR DAT 


=> AdT= 


=> (uy 


a 


1 
ia 


(AAT RAAT => (AA AT 
eo) => ANA RA 


= ATA + (ii), from (i) and (ii) AA? = ATA 


Also BBT -(447y" 
Now B'AA(BY 
T 


BB =I => BBB =-27°B' 
=> BT =-B! => BTR=-277 


Was 1 1 
= G38 '=-FeO= ZrO 


. (iii) 


1 1 
BI BY BBY BBY! 
By re BY e (BBY 


| 
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|AB| 
qua 
Let A and B are of (22 + 1) x 2a + 1) order 


6 (b)IC |A 


@) 


Also A| 47 
+ 

a= 
a 


Cl + 4B =|CP AB? 


Paragraph for questions 7-9 


(C): Let A be the set of all 3 x 3 symmetric matrices all of 
whose entries are either 0 or 1. Five of these entries 
are | and four of them are 0. 


7. The number of matrices of A is 


(a) 12 (b) 6 
(©) 9 (d) 3 
8. The number of matrices in A for which the sytem of 
x 1 
linear equation A| py |=] | has a unique solution is: 
z 0 


{a) less than 4 

(b) at least 4 but less than 7 
(c) at least 7 but less than 10 
(d) at least 10 


9. The number of matrices in A for which the system of 


x 1 

linear equation A| » |=] 0 | is inconsistent, is 
Zz 0 

(a) 0 (b) more than 2 

fc) 2 {dy 1 


Solution: 


7. (a) Diagonal entries may be all one or two zero’s and 
aone. If the diagonal entries are all 1, then two places 
for remaining two 1 can be selected in °C’, ways from 
one side of diagonal. If two of diagonal entries are 0, 
which can be seleted in *C,ways, then one place for a 
zero can be selected in °C’, ways. Total number of pos- 
sible matrices =9C, +3C, x °C, = 12 

a 

8. (b) Let A = Ja, ay a; |, then the system of 

Gy Ay ss 


equations is 


1.54 — Algebrall 


a,xtayta,z=1 10. The number of A in 7 such that A is cither symmet- 
a,x +a, +a,z=0 ric or skew-symmetric or both, and det(4) divisible 
a, xtayta,z=0 by pis 
hie tage Gas @) @-1F (b) 2-1) 
For unique solution, A= |) 4 @3 |#0 © @-IP+l (2-1 
a, a; 1. The number of A in 7, such that the trace of A is not 
divisible by p but det(4) is divisible by p is 


Feat Oy (dg)? ~ ay (Ay )"— yy) + 2a 


@) ~-1)@-pt1) &) p-@-1P 


a, 40 Oa, ane ee en 
Casef: Let all diagonal entries be | .then O@e-) @) @1) 2) 
A= 1Ha,,P- (a, - @,% + 24,,4,,4,5 12. The number of 4 in 7) such that det (4) is not divisible 
Now out of 4, ,4,,,¢,, exactly one is | and other two by pis 
are zeros, 80 / (a) 2p? (b) p>—Sp 
Case fi: T.cl two of the diagonal entries be 0. (©) p>—3p (d) p-p* 


Let a, =4,, 


2p = 0, then A= a,,(a,) + 2aya,,4,,40 | Solution: 
Provided a,, #0 > 2 possibilities 


nts 


ah 
Similarly for a@,,= 4,, = 0:4, 40 and a,,=a,, = 0; | 10. A= [ where a, b,c € {0,1,2,.....p 1} 
4,,# 0, we get total 6 cases for which A +0. oe 
Casel: A is symmetric matrix > b =¢ 
9. (b) The six matrix A of which [A] = 0 are = det(d) = a? — bis divisible by p 
eves © (a 6)(a | bjis divisible by p 
0 9 1) inconsistent (a) a—b is divisible by p if a = b, then ‘p’ cases are 
hid possible - 
ob 10 (b) a ~ bis divisible by p fa bp, then 
ll 1 1|=> in consistent x =(p 1) cases are possible. 
io 1 O Caselli: A is skew symmetric matrix 
Lid Ia 0,b+e=0, then ded) 
can never be divisible by spt for b= 
h 0 Ol=> infinite solution => can never be divisible by p. Except for b 0 
=> a bh e¢=0, but this case is included in sub 
po 9 case{a) of case T 
h 1 9 So no case is possible. 
i 1 |= in consistent ‘Total number of A is possible =2p 1 
Oo Ol 11. (©) & — be divisible by p; 2a is not divisible by p 
ol => az40 
lo 1 lain consistent Now, a can be chosen in p — 1 ways (a #0) 
hoo “ 1 (A) = 2a which is not divisible by ‘p’ 
=> p42a and p is odd prime 
Eo 0 : ; > pha but a € {0, 1,2... @-D} > a#40 
0 1 1)= infinite solution => ahas (p - 1) choices ie., 1, 2, 3,...(p - 1) 
oO 1 Now since p}det (A) > pta? - be 


However pla thus p}a?. Hence ¢, b #0 (otherwise pla’) 


Paragraph for Questions 10 to 12 : 
Leading to the fact that for 4 we are left with (p -1) 


(D): Let ee an odd prime number and ft, be the following choices, 
Sabot 2.4 matnices Now fixing @ and 8 for p/a? - be 
ab - 
T= i. -| fF a,b,c € {0,1,2, vo @ and be must leave same remainder when 
ea divided by p 


i pq -rwherere (1,2... P-1} 
ifbc=mp+r & be, =m ptr 


=>he-mp =be,—m,p 


mP. 


UP og 
b b 


=>e-¢, =20m-m) 
=> there will be unique choice of ¢ € {1.2,..p-1} 
for which be when divided by p leave remainder r 
(ic, same as of a2) ic, for different values of 


ce {1,2,...,p—1} aller fixing b, be gives diller- 
ent remainder 
=> {1,2...., p—1} and there is unique ¢ for which 


bo=pq,tr 
= aand d can be chosen in (p — 1) (p — = -1P 
ways and corresponding to each pair of (a, 4) 
there always exist unique choice of ¢ 
=> No of total matrices in 7 =(p- 1) sop 1Y. 
12. (d) As = Total cases — (a # 0 and |A is divisible 
by p)-(@ Oand A| is divisible by p) =p’ -(p - 1 
= (Qp—1)= p? =p? since b and c both are coprime to p 
= one of them must be zero 


Ifb=0 
=> c can be chosen from {0, 1,....,p 1} 
and If ¢ = 0 


=> b can be chosen [rom {0, 1, ...., p= 1) 
Paragraph for Questions 13 to 16 


Suppose 4 and B be two non-singular matrices, such that 
AB = BA” and B” = J and A’ = J, then answer the questions 
that follows. 


13. If m= 2, n= 5, then p can be 


(a) 32 (b) 31 
(c) 62 (a) 91 
Solution: (b, c) B = A'BAA 


BS (4 BAAVA BAA A"BAA VA BAA ABA) 
=> 1 A'B(ABYAB)AB)AB)AA 

=> 7 A'B(BA\(ABYABYAB)AA 

=> 1 A'BA? BA BA BAA 

ari 1B BA") BA BAA 

=> =A (BAY) BAA => 1 =A BSBA? 

= ol BAY => f=A YA" 

=> 1=A£'A? =A, and A" A™ =I 

=A 7 


(Here we use AB = BA? => A*B = 
A? = BA‘, in general A*B = BA*) 
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14. [for =3 and a=4, then p=? 

(a) 80 (b) 81 

(©) 83 (a) 127 


Solution: (a) B=A'‘BAAA 
Bi = (4'BAAA) A BAAA)(ABAAAA'BAAA) 

=> 1=A"'BA(AB)AA BAA BAAA 

=> [=A4'BA(BAAA BAA BAAA 

=> | A“BRA® BA? BAY 

=> 1=AW BAMA BAD [= ABB 

=> [=A BBA" =AYAY > [= A®, 

(llere we use AB=BP => AB = (ABA = 


BAR 


15. Which of the following represents the correct relation 
between m, n, p? 

(b) p=m" 1 

(@) p=m"? 


Solution: (b) B = 4"'B A” 
BY = A'BA" A'BA".... ABA” 
tenes 
B’=A' BA"! Ba"! BA"! BAA 
> FF and 
(a) tes 
we know 48 = BA" 
=> AAB = ABA" = BA™ 
Similarly: A'B BA 
=> BY =7= ABB (AYO AM BAY? BAM. BAYA 


= AAAB = BA™ 


oo} tines 
=> BY =1=A1B? (AY? BAN! BAT... BAYA 
(on 2) tes 
=> B'=1=A4'B (A A" Bam Ba, BAA 
pean en eae 
3) times 
=> BY =1=A4°B (A BAT? BA BAMA 
(3) tee 
and similarly, we get {= A! BY (ay? 4 


> 12474" (BY =1 


> 1=(4y"> > pa=m"-1 


16. Which of the following ordered triplet Gn, n, p) is 
false? 
(a) (7. 4, 2400) (b) (5. 6, 15624) 
(c) (3, 3, 2197) (d) C11, 4, 14640) 

Solution: (c) Clearly 2197 # 13*-1 
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TUTORIAL EXERCISE 


SECTION-III 


OBJECTIVE TYPE: (ONLY ONE CORRECT ANSWER) 


then ABA is 
symmetric 


ICA and B are symmetric matri 


(a) symmetric matrix (b) ske 
(c) diagonal matrix (d)_ scalar matrix 


If the product 


yer eee 3. i! ig is equal to the matrix 
Oo 1/0 10 1 o1 


3 
fe Th then the value of » is equal to 


(a) 26 
(c) 337 


of n matrices 


(b) 27 
(d) 378 


b 
. ILA i ‘| satisfies the equation x* — (a — b)x — 
ec 


k 0, then 
(a) kobe (b) k ad 
(c) kat +bett+d (d) cd be=0 
4, Identify the incorrect statement in respect of two square 
matrices.1 and B conformable for sum and product. 
(a) 1(A+ B)=1,(A)+1,(B) 
(b) ¢,(aA) = att, (A) 
(©) 1{A")=1,(4) 
(a) t,(AB) # t,(BA) 
5. A and B are two given mairi such that the order of 
Ais 3 x 4, if A'B and BA’ are both defined, then 
(a) order of B' is 3 x 4 (b) order of B'4 is 4 x 4 
(c) order of BA is 3x3 (d) BYA is undefined 
x 3 2 
6 Matrix A =|] y 4]. ifxyz=60 and &r + 4y + 
222 
3z = 20, then A{adj.A)is equal to 
64 0 0 88 0 0 
(a) | 0 64 0 (b) }o 88 0 
Oo 0 64 Oo 0 88 
68 0 0 34.0 0 
© |o 68 0 @ |0 34 0 
Oo 0 68 Oo 0 34 


LY «27 £0) 2.-=1 5 
7. 1ctA+2B | 6 -3 3)/and2A4-B=/2 -1 6], 
§ 3 1 O-T 2 
then fr (4) Zr (B) has the value equal to 
(a) 0 (b) 1 
(c) 2 (d) None of these 
8. The number of solutions of the matrix cquation 
X? other than J is 
(a) 0 (b) 1 
{c) 2 (d) more than 2 
9, There are two possible values of A 
in the solution of the matrix equation 


10. 


ll. 


12. 


1 
2A+1 -S A-5 B ie 14 D where A, B. 
4 A 24-2 C EOF 
C,D, BF are real numbers. ‘he absolute value of the 
difference of these two solutions is 


8 11 
M3 {by > 
1 19 
(c) 3 (dy 3 
Number of real values of % for which the matnx 
A-1 A A+l 
A=| 2 -1 3 | has no inverse is 
A+3 A-2 A+7 
(a) 0 (b) 1 
(c) 2 (d) infinite 


21 304 
Let three matrices A = F i} and 


c= see , then 
2 3 
4eBCY aaa 
4(A+t, ABC +1, A(BC) +t, ACY ae ee 
2 4 8 
(@) 6 (b) 9 
(©) 12 (a) None of these 
IfA and B are different matrices satisfying A? = B? and 


A?B = BA, then 
(a) det@4? + B?ymust be zero 
(b) det(.4 8) must be zero 


13. 


14, 


1S. 


16. 


17. 


(c) det(4? + Bas well as det(4 — B) must be zero 
(d) Atleast one of det (4? + B®) and det(4 — B) must be 


zero. 
a Bd 
Let the matrix A and B be defined as A baa and 


301 
B +} Hf then the value of Det. (24°8-'), is 
(b) 1 
@ 2 


1 


For @ matrix A 
i) 


To 


2r-1 : 
aye the valucs of 


rel 


2r-1 
1 is equal to 


1 100 1 4950 
a b 
ofr} of 4 
1 2500 
fe) [1 5050 @ |) > 
Oo ol ool 
abe 
Letd=|p qr land suppose that det. (4) = 2, then 
ee a 
4x 2a -p 
the det. (8) equals, where B= |4y 2b -q 
4z 2 -r 


(a) det (B) =-2 
(c) det (B) =-16 


1rd : 
-1 


A? is null matrix, then the product ab equals 


(b) det (B) =-8 
(d) det B)=8 


1 
al where a and b are real numbers and 
b 


(a) 0 (b) 1 

(c) -1 (d) +1 
hz Gy 

Let Ay=|ay a ay] and Tet A, denotes the 
?s1 yn ay 


determinant formed by the cofactors of elements of 
A, and A, denotes the determinant formed by the 
cofactors of A, and so on A, denotes detemi- 
natnt formed by the cofactors of A,,. then the 
determinant value of A, is 


() ay ) Ay 
(©) av @ a2 


18. 


19. 


20. 


21 


22. 
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1 tanx 
wa [ |: then the value of |474~| is 
—tanx 1 
(a) cosdx {b) sce*x 
(e) —cosdx (d) 1 
10 0 
IfA=|0 1 0 |, then A? is equal to 
ab -l 
(a) unit matrix (b) null matrix 
A (d) -A 
aoo 
dA |O @ OJ, then [Aj dA | is cqual to 
004 
fa) a’ (b) A” 
(©) a (d) None of these 
If A and B are two square matrices of the same order 


and m is a positive integer, then (4 1 By" = "Cyl" 
MCAT B+ OC AUB AMC, A BY + OC, BM if 
(a) AB = BA (b) AB! BA=O 

(c) A" O,B" O (d) None of these 

IfA = (a,),, is @ skew symmetric matrix, then 

(a) a, =0.Vi (b) A A’is null matrix 

(c) [4] #0 (d) None of these 


. If a matrix A is symmetric as well as skew symmetric, 


then Aisa 
(a) diagonal matrix 
(c) unit matrix 


(b) null matrix 
(d) None of these 


. fA and B are symmetric matrices of the same order, 


then 

(a) AB is a symmetric matrix 

(b) A —B is skew -symmetric matrix 
(c) AB | BA is a symmetric matrix 
(d) AB — BA is symmetric matrix 


. Matrix A has m rows and » + 5 columns; matrix B has m 


rows and 1] 
(a) AB and BA are square matrices 

(b) AB and BA are of order 8 x 8 and 3 x 13 respectively 
(©) AB OBA 

(d) None of these 


ncolumns. If both 48 and A exist, then 


. Lot A,B be two square matrices of the same dimension 


and let [A, B] AB — BA, then for three 2 x 2 matri- 
ces ABC, [ [A, BIC] +09 B. Cl, Al+ [ICAL Bl is 
cqual to 
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28. 


29, 


30. 


3h 


32. 


33. 


34, 
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(a) 1 

(©) ABC- CBA 
If the matrices 4,8,(4 | B) are non-singular, then 
[Aa +By? By is equal to 

(a) A+B (b) 4'-B? 

(c) | By? (@) None of these 

If A and B matrices commute (given that A and B are 
non-singular), then 

(a) 4”! and B also commute 


(b) 0 
(a) None of these 


(b) Bo and A also commute 

(c) A“ and B+ also commute 

(d) All the above 

‘Trace of a skew symmetric matrix is always equal to 
ay, ) Sa, 

(c) zero (d) None of these 

The number of non-zero diagonal matrices of order 
4 satisfying A? = A is 


(a) 2 (b) 4 

(c) 16 (a) 15 
0 ¢ -b a@ ab ac 

IfA=|-c 0 a|andB=|ab b* de}, then 
b -a 0 ac be @? 

AB is equal to 

(a) AP (b) B? 

(c) O @ 1 


Let A be a square matrix of order 3 such that transpose 
of inverse of A is A ilsclf’, then |adj (adj A)| is cqual to 


(a) 9 (b) 27 

(c) 4 @ 1 
a a 

Wd |f db, then Adis 
yo¢ 


(a) a non-singular matrix 

(b) a symmetric matrix 

(c) an identity matrix 

(d) None of these 

IfA and B are two square matrices, such that AB = O, 

then which of the following is possible? 

(a) A and 8 both can be non-singular matrices 

(b) Neither 4 nor 8 can be null matrix 

(c) If A be a non-singular matrix, then B cannot be a 
null matrix 

(d) dt B 0 


37. 


39. 


. Let C, = Cyfor 0 <k Sn and A 


. If A and B are two square mat 


k, 9 
k>1and A, +A,+..44, = , then 


0k 
(b) kth =C,, 41 
@) he Chay 


(a) k= k, 
() k=, 


such that 


B —A"'BA, then (A + B)* is cqual to 


(a) O (b) A? +B? 

() 2 +24B Bo @AIB 
x 2 -l 

wa f-l1 2 (eS and det (adj 
2-11 5 

(adj AY) = (14)*. Then the value of x is 

(a) 2 (b) —2 

©) 9 (d) None of these 


. Let A and B be two 2 x 2 matrices, consider the 


statements: 
@) AB=O>A=OrB=O0 
Gi) AB =1,> A = B '; provided 8 is non-singular 
Gil) @ | BY =A? +248 B? then 
(a) (4) is false, (11) and (iii) are truc 
(b) G@) and (ii) are false, (41) is truc 
{c) (i) and (ii) are false, {i11) is true 
(d) (ii) and (ili) are false, (i) is ture 


The inverse of a skew symmetric matrix of odd 
order is 
(a) asymmetric matrix (b) a skew symmetric matrix 


(c) diagonal matrix — (d)_ does not exist 


. Give the correct order of initials 7 or # for the 


following statemtnts. Use 7 if statement is true and 
F if it is false. 

Statement - 1 : If 4 is an invertible 3 x 3 matrix and 
Bisa3 4 marix, then A 'B is defined. 

Statement - 2 : Ii is never truc thal A + B, A—T3, and 
AB are all defined. 

Statement - 3 : Every matrix none of whose entries 
are zero 1s invertible. 

Statement - 4 : Every invertible matrix is square and 
has no two rows the same. 

(a) 
(by 
©T 
(d) TTTF 
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SECTION-IV 


OBJECTIVE TYPE (MORE THAN ONE CORRECT ANSWERS) 


1. If matrix A = |4 ¢ a|, where a, 6, ¢ are real 
cab 
number, abc = 1 and 
following is/are possible. 
(a)albte=1 (b) @ +R +=] 
(c) ab be | ca=0 @a@t+h+e=4 


= {, then which of the 


2. If A and B are 3 x 3 matrices and |A| # 0, then which 
of the following are true ? 
(a) |AB)=0>|B|=0 
(b) |AB|=O0>B=0 
(c) A} =|Al* 
(d) +A] =2 [A 
3. If D, and D, are two 3 * 3 diagonal matrices where none 
of the diagonal clements is ero, then 
(a) DD, is a diagonal matrix 
(b) DD, = DD, 
(c) Di + DY is a diagonal matrix 
(d) None of these 


4, If A and B are two matrices such that their product AB 
is a null matrix, then 
(a) det.A # 0 => B must be a null matrix. 
(b) det B #0 = A must be a null matrix. 
(c) Atleast one of the two matrices must be singular. 


(a) If neither det. 4 nor det. B is zero, then the given 
statement is not possible. 


5. If a6 and ¢ are all different from zero, such that 


Leg 12, 
1116 thenthemaixa | 1 1450 1 
abe 1 1 dte 
is 


(a) symmetric 

(b) non -singular 

(©) can be written as sum of a symmetric and a skew 
symmetric matrix 

(d) None of these 


6. The system Y= 8 of n equations in n unknowns has 
infinitely many solutions if 
(a) det 4 #0 (b) (adjd)B #O 
{c) dettd 0 (d) (adjA)B OO 
7. If, for a square matrix, A = |a,| of even order, a, = 
P P,then 
(a) A is skew - symmetric 
(b) |A| is a perfect square 
(c) A is symmetric and |4| = 0 
(d) A is ncither symmetric nor skew symmetric 
8. If A,B and C are three square matrices of the same 
order, then AB = AC > B= Cif 
{a) [A] #0 (b) A is invertible 
{c) A is orthogonal (d) A is symmetric 


SECTION-V 


ASSERTION AND REASON TYPE 


The questions given below consist of an assersion (A) 
and the reason (R). Use the following key to choose the 


appropriate answer. 


(a) If both assertion and reason are correct and reason is 
the correct explanation of the assertion 

(b) If both 
not correet explanation of the assertion. 


crtion and reason are correct but reason is 


(c) If assertion is correct, but reason is incorrect. 


(a) Tf assertion is incorrect, but reason is correct 


Now consider the following statements: 


1. A: lfa2 * 2 matrix A is such that AB = BA for every 
2 x 2 matrix 8. then A must be a scalar matrix. 
R: Every 2 x 2 matrix is conformable for multiplica- 
tion with every 2 x 2 matrix. 


2 A:ITD  diagld, d, , a]; d,#0°V i, then 

D? = diag |d,', d,'. 

R: lf D = diag|d,. d, d,,. ., dj, then D" = diag 
[Ge dS aaa de] 
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A: If a,b,c are real numbers with abe = 1 and AA? oT, 


abe 

whered =|6 ¢ a|, then’ +6) +¢=40r2. 
cab 

Pe ee | 

—+-+-=0 

abe 


Let X be any matrix of order m x 2, where n < m and 
not all clements of X are zeros, then 


5. 


A: [-XCX"| will be a singular matrix 
R: [7] will be the product of two determinants, 
where each one of them is zero 


i, 


A: Amatrix [a a, 7 can not be expressed 
I 


As Te 
as sum of symmetric and skew symmetric 
i 
R:Amatrix [a,],,,, 4, =—— is neither symmetric 
gions TF y 


nor skew symmetric 


SECTION-VI 


LINKED COMPREHENSION TYPE 


Consider a system of linear equations in three 

variables x,y,z 

ax | by 

axtby-ez d, 

which can be expressed by the matnix cqualion 
a b o¢||* 4, 

ey || ¥ |=] 4% 
a,b, es|L7} | 

Tf is non -singular matrix then the unique solution of 

above m can be found by ¥  A“B. 

If A is a singular matrix ic. |A| = 0, then the system 

will have infinite number of solutions, if (dd A) 

BO and the system has no solution (i.c¢., it is 

inconsistent) if (Adj A) B # O, where (Adj A) is the 

adjoint of the matrix A, 

which is obtained by taking transpose of the matrix 

obtained by replacing cach clement of matrix 4 with 

corresponding co-factors, 


ez=dy ax by lozg=d, 


or AY = B 


Now. consider the following matrices A = 
alo ail f @ x 
1 6 d},B=|0 d e|,U=| gh =| 0 hLXx=|y 
lbe f gh h 0 z 
. The system AX = U has infinitely many solutions if 
(je dab=1 (bhe adh g 
(c) ab 1h g (je dh g,ab 1 


. If AX = U has infinitely many solutions. then the 


equation BY = l’ has 

(a) unique solution 

(b) infinitely many solutions 

(c) no solution 

(d) cither infinitely many or no solution 


3 


If AY = U has infinitely many solutions, then the equa- 
“is consistent if 
(b) d=0 


(d) adf#0 


100 

IA 2 1 Ofand 1,0, Uy are column matrices 
3-12" 1 

satisfying 
1 2 2 

AU, = |0],AU, =|3],AU, =|3] and U is 3 x 3 
) 0 1 


matrix whose coloumns are U,,U,.U;, then answer the 
following questions based on above passage 


|. The value of |U] is 


(a) 3 (b) 3 
(c) 3/2 (d) 2 
. The sum of the elements of L/ is 
(a) -1 (b) 0 
©) -1 (a) 3 
5: 
. The value of [3, 20] U) 2} is 
i) 
(a) [5] (b) [5/2] 
() IA] (a) [3/2] 
: There exists a matrix 8 such that ABA’ = N, where 
120 
A=/|2 1. 6} and Nis adiagonal matrix of the form 


001 


N = diagonal (n,, 7, #,): ,, 7, 7, are three values of 
n satisfying det(1 nf) = 0;(n,> 2,> 1,) 


L 


. Three roots of » are 


(a) 0,1,2 
(c) -2,2.3 


(b) -1,1,3 
(d) 3,1,5 


. Matrix A satisfies 


(a) 2 tn i nns=0 
(b) 2 tn inng=0 
(c) A-(, tnd tna? O 
(d) None of these 


. The matrix B is 


(b) scalar 
(d) skew-symmetric 


(a) symmetric 
(c) skew | lermitian 


Matrices 1.61 


10. Trace of matrix 4? is 


(a) 3#4+14+¢ 1 (b) 2*+3# 2 
(c) #-2F+2 (d) 2§+1 
V1. The value of det B is 
(a) -9 (b) -1/3 
(c) 81 (dy 1/243 
12. Consider the principle diagonal elements of B as 
(6,, &,, 6,) such that 6, > 6, > 6,,then the value of }. for 
which 6,, 4,, (6,2) are in G.P. 
(a) 3 (b) 1 
©) 18 (d) 81/91 


SECTION-VII 


MATRIX MATCH TYPE 


If A is non-singular matrix of order n x n,then 

Column [ Column Il 
(i) adj( is equals (a) |A|" adj A) 

A 

) Al 

(©) |Al"-?.4 
adj(adjA) 

(d) are 

(©) ldy' * 


(ii) adj() "is equals 
(ili) adj( A|A)is equals 


(iv) adj(adjA) is equals 


» Ais a square matrix such that 


. Ifa, B, y € (, 2/2) and | o 


Column - IT 

(a) involutary matrix 
(b) idempotent matrix 
(c) symmetric matrix 
(d) nilpotent matrix 


Column - T 
@ a 4 
(ii) A" =O 
(iti) 


3. Column I 
(i) If A, B and C be 2 x 2 matrices with entries 
from the set of real numbers. Define * as follows 


ANB = SCAB BA). then 


qi) If A, B and © be 2 x 2 matrices with entrics 
from the set of real numbers. Define * as follows 


ANB= (ABs A'B), then 


qi) If A, B and C be 2 x 2 matrices with entries 
from the set of real numbers. Define * as follows 


A*B = 5 (AB~ Ba). then 


Column IT 
@A*B BFA 
(by A*(B CY 
(c) A*A =A? 
@)A*I=A 
() A*1=0 


AX BAAS 


SECTION-VIII 


INTEGER TYPE 


0 2sinf tany 
sa sin 


=sin Bf 


tany | is 


cosa any 


orthogonal, then find pels 6 
Sa 


» Let A= leds be a square matrix whose elements are 


distinct integers from 1, 2,.....9. The matrix is formed 


so that the sum of numbers in every row, column and. 
cach diagonal is a mulliple of 9. Find the number of 
all such possible matrices 

3. Let XY be the solution set of the equation 4* = / 


where A= and T is the corresponding unit 


matrix and x € N, then find the minimum value of 


E(cos’ 0-+sin’ 0), 0€ a-{ in ez} 
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abe 

4. The matrix A=|6 ¢ a] where a, , ¢ are real 
cab 


positive numbers, abc = | and A‘ = J, then find the 
sum of all possible values of a + 6 + ¢*. 

Let a, 6, c, d be real numbers in GP. If #, v, w satisly 
the 


em of cquations, # + 2v + 3w = 6, du + 5v + 


6w = 12, 6u + 9v =4. Also, iil is known that the roots 
of the equation (2+4+4) e+ |b cPt(e aPt(d 
“uovow 

bYpe lu vo w=Oand202+ka de—9=Oare 

reciprocals of each other. Then find the of value of 4. 
sind cos? sin 20 

6. A=] sin@+2x/3) cos(@+2xr/3) sin(20+47/3)|, 

sin(@-27/3) cos(0-2m/3)  sin(20—4a/3) 
then find |A| for all values of 8. 

7. Consider the system of lincar equations in x, y, z: (sin 
30)x — py — z= 0, (cos 2 0) x + 4p + 3z = 0, 2x + Ty 
+ 72 = 0. If the values of 0 for which this system has 
nontrivial solutions are given by aa, am + (-1)" wk, 
then find the value of k: 

8. If the system of equations 2x — 3y + 5z= 12, 3x — y+ 
hz = wt, x — Ty + 82 = 17 has infinitely many real solu- 
tions, then evaluate 4 + | 

Answer Key 
SECTION III 
1. (a) 2. (b) 3. (d) 4. S. (b) 

I. (a) 12. (d) 13. (d) 14. (a) 1S. (c) 

2 (a) 22 (a) 23.) oS. (a) 

3L() 32) =. 33.) 4 SS. (a) 

SECTION IV 

1. (a,b,c.d) 2. (a,c) 3. (abc) 4. (c,d) 5S. (a,b,c) 
SECTIONV 

1.) 2. (b) 3. (b) 4. (a) 5. (a) 
SECTION VI 

1. (bd) 2.) 3.(abc) 4. (a) 5. (b) 

1.) 12.@) 

SECTION VII 


1. @) > (bd), Gi) — (©), (iii) > (a), (iv) - © 
3. (i) — (a,b,c,d), (ii) — (), (ili) — (b,e) 


SECTION VIII 
1.12 2. 48 3.2 4.6 5. 10 
4 12. 27 13. 1 


. Let (x, y, 2) be points with integer coordinates 
ing the system of homogencous cquations 
3x —y—2=0, 3x —2=0, 3+ 2p +2=0. Then 
find the number of such points for which x? + y? + 
2<100 


10. Find the number of 3 x 3 matrices A whose entries are 
either 0 or 1 and for which the system 
x 1 
Al v|=|0| has exactly two distinct solutions. 
x 0 
11. Lct & be positive real number and Ict 
2k-1 2vk ak 0 2k-1 vk 
=| We 1 -2k|&B=|1-2%k 0 Wk 
vk % = -Vk -2vk 0 
If det (Adj. A) + det (Adj. B) = 10°, then find [é],.. 

12. Let a, 6, c € R* and the system of equations (1 — a) 
x oy z=O.x+(-bwiz=0.x y(l-e)z=0 
has infinitely many solutions, then find the minimum 
value of ‘abe’ 

13. Find the number of values of & for which the system 
of equations (k + Ix + 8v = 4k, kee + (k + 3) = 3k-1 
has infinitely many solutions. 

6. (©) 7. (©) &8@) %@) 10. @) 
16. (c) 17.0) 18) 1% (a) 20 @) 
26. (b) 27.) 28d) 2%) — 30. A 
36.) 37.) 38) 3) 40. () 
6d) 7. (ab) —-& (a,b) 

6. (@) 7. (b) 8. (d) 9. (a) 10. (a) 
2. G@) > (0), (ii) > (4), Gail) > (a). (iv) > (©) 

6.0 7.6 39 9.7 10. 0 


XN 


» 


> 


w 


Matrices 


HINTS AND SOLUTIONS 


TEXTUAL EXERCISE 3: (SUBJECTIVE) 


445 
S a-p-| ] 


4-43 


so (A~B)-C 


4061 

-13 -1 
es A-(B-C 

3] 47> -C)= 3 


Clearly (4B) (BC) 


, 3x 3y ¥t4 
Solving 32 3w| [xtw-l 


y-4,2-43,w-3 


em acd—A=24-|! | > [3 | 


5 -7 
of <4 
C#aA 


Now #-C=[ 


x+y+6 
2wt3 


44 


oF 22:39) 
Similarly (1 1B) (AB) an ] 


me 3-1 24+F 2 348 2-i 
(i) AtA= 
6-i 5 4-25 6+i 5S 4425 
[4 6 4 
12 10 8 
= [2 -% 3-7 2 2 34: 
(i) B-B= = 
B+i 2-3) Gti] [3-F 243) 6-1 
[0 4 -2% 
[2 6% 2 
oe ae 2 34% 2-7 2 2 3ti 
did) A+B = = + . 
6+i 5 442 3-§ 2437 6-7 
[4 343% 5 
[9 7438 10+é 
2+i 5 OFF 3=t 2° 64% 
A=| 3 6-# 2 |:B=) -1 0 8-27 
8-i 7 542i 2 35 4427 
3. 7 1S+2F 
G) (A+B)=) 2 6-7 1O-2:}; 
10-% 12 9+47 


5 a 

(A+B)=| 2 647 

10+? 12 
TIAN B)-516 G19 41-20 33 
PAy-2 § G6 £1512F-13 1 Qand 
TB)-3 § O1412I-T1G 

=> TA) TB)-20 34 
Clearly 7A B)-Tr(A) Tr(B)- 20 34 

142) 3 3 
Gi) A-B=| 4 6-7 -6+2F|; 
6-i 2 1 
-1-2) 3 3 
(A-B)=| 4 647 6-25 
6ti 2 1 
T(A -B)~-1-24+6-4+1-6-Jand 
THA) - THB) ~ 13 - 27-7 -F-6 +3 
Clearly Tr(4 - B) ~ T(A) - THB) 

(ill) T.(AFB) = 5464149 -43 = 20-31; 
ae) 
And 7.(B)=3+i4+044-21=7-i 

=> Tr(A)+Tr(By = 20-31 
Clearly Tr(4 +B) = 1A) +7r(B) 

(iv) 1 (A-B) = -1- 2464841 = 6-4, 
Also 7.(A)-7,(B) = 13-21-74 = 6-3 
Clearly %,(4—B) = 1. (A)-7,(B) 


15-2 
10427 
9-47 


—§4+64i4+5-2i = 13-25 


TEXTUAL EXERCISE 4: (SUBJECTIVE) 


1 2 1 


a 


-2|x[452]x| -3|x|3 2)=|-2]x[452]x]-9 6 


3 5 3 is 


1 9 6 
— |-2]19 6]=|-18 


AB=|2 3 -l[xjO 1 
35 TL) 2 


Nu 
W 
wok 


T3002: 1 
BA=|0 1 2}x}2 3 -l1/=|-4 
12 0)[(3 1 


RAS 
o 


So AB + BA 


4 


10 


1.63 


1.64 Algebralll 
cos'@ — cos@sind]| cos"d cos dsing 
cos@sin@ sin?@_ || cospsing —sin?¢ 
— costo 9) 28G808% c0sOsing 

sin@cosé sin@sing 


When even 0= {cae onZ+4} then cos(O) — 0 which 


makes it a null matrix 


1-2 3]f1 -2 3 -12 -5 1 
3-12 3 -If=}1l 4 1 
1 24-3 1 #2 7 NW + 
2-23 6 6 -9 
and (-3X4-31)=(-3)] 2. 0 -1]=]-6 0 3 
3 21 ~«-21 O° S33 
6 12 
so A’-34+9=|5 4 4 
2 8 -3 
& ds cos +sin@ — /2sin@ 
-y2sin@ cos? -sin@ 
fez costsing V2sin@ l[cos@+sind  /2sin@ 
-V2sin@ cos@-siné || —V2sin@ cos@-sin® 
1+sin20—2sin?@ y2sin6cos# +V2sinB cos? 
-y2sin@cos@—2sinBeos@ ———2sin® @+1-sin20 
_[sin20+e0s20 — y2sin20 
-V2sin20 — cos20-sin20 
Thus by induction, it can be verified that 
» _| Sitn@ +cosn8 V2sinnd 
-V2sinn8@ — cosné—sinn® 
111 y Ui ae | ts a a | 12.3 
6 A=|0 1 1]>47}0 1 14/0 1 1f=]o 1 2 
oOo1 00 1/0 01 ool 
12 31 11 1 142 14243 
Further 4*=|0 1 2]/0 1 1}=/0 1 142 
Oo 0 140 O01 o 0 1 
13 0+2+3) 
A=/0 1 3 
00 1 
1 nntl) 
2 
By induction, A"=|0 1 " 
00 1 


nw 


a 


bad 


° 


10. 


12 


13. 


14. 


pt 5 


TEXTUAL EXERCISE 1: (OBJECTIVE) 


-1 3 

2 0 
23 

@) lay), 2 =lE+ Db, -[; 1] 


aa bee -Ay--1.2-0,a73 
@ fT l=] g | packer he Qe 


(6) Cayley Iamilton 


1 
(a) [glans =IGF- 2k) = [: 


. ©) a,—k forall 1 <i<n = Ted ~ nk 


. (a) AB defined = A and B are of same order. 


AB defined = no. of column in A 
~ No. of rows in B 
=> Both are square matrices of the same order. 
0 1 oyf1 2] [3 0 
(ce) BA=]0 2 113 Of=)10 1 
23°04 1 io4 


13 2/1 (7 +2x) 
(ce) x] 20 5 1/2) =flxld2+x) 
15 3 2]|x (21+2x) 


~ [(@2 + 16x — 28)] = [0] (given) so x ~ - 2, -14 
2_f1 1p. 17] _p3 o7_ 
m4 -|; ‘I: ah -™ 


bla 6] [ta +0’) 
a|¢ = 
© (; ‘li ‘| 2ab 


(given) 
=> aa? + Band §- 2ab 


2ab | fa pf 
(a +5°)| [Bo 


(b) A=1,,,=9 A? =s,hence A? 24-34 (or 3/,) 


(b) A scalar matrix is diagonal {&, &,... 6) which become 


identity matrix if and only if ~ 1 
galt We Vf e 

© 4 lo ito «}Lo a 
-1 OJ-1 0] fi o 

As = Sh, 
o -1ffo -1]>[o 1f°? 


At (n times) - A™ = 1, 


And A* = 
=> A‘. At 


0 © -b][a* ab ac] fo 0 0 
() |-c © a|lab & be|=|0 0 0 
b -a O]lac be 7} [0 0 0 


© a-a #5 f-2ab 
=> (a+by-ao-B 


TEXTUAL EXERCISE 5: SUBJECTIVE 


. (a) a, ~ i ~J#~ a, = [a,] is symmetric 


(b) a PG P- (a) > 1a,] is skew symmetric 


Yes a square null matrix 


|. Let if possible in the case of a hermitian matrix the det(4) — 


a+ ib, then det A’ a + ib 
a-ib 


But |4|=|(A%| 2a tib-a thb-03A-aeR 


dO Oecd 
0 


0 
D= diag (dd,..d,) = 


004 
00 Ody 
Id,00 0 
4,00 0.....0 : 
0 4, 90....0 bo d 0 
[Da dylecccenccsnnne [= ady ‘ 
00 0 Oud, é : 
OO 0... d, 


Continuing gives D ~ d.d.d,.....d, 


By Ayn hy 
ay ay 4m 
Lot Brew and 
Gua Gar Foun. 
a, dy yy 
Fie ar yz 
Bs 
a, am Gy Nic 
Bi Bea gates 5, 
by by Day 
For clarity write B' = 
ba Pas Pom 
If C ~ BB! then C ~ (BBY), > Liebe = Loon | 
= 


Since ba. [eynen = 


> 


Matrices 1.65 


To show symmetry L¢y Janae = [ss | = ba «| 
ni rm 


Lalas we [Cains ENCE Symmetric. Similarly for BB 


. Let A be a skew symmetric matrix 


=> A=A 
Let n be any positive integer, then 
(a9? - (AAA... AY AP ANAP AT) “(47)" 
{Ay if nisodd 
~ (AY ae 
A’ ifniseven 
-(A")if nisodd 


A‘ if niscven 


‘Thus (A"y! -{ 


"is skew-symmetric forn—odd 


> 
"is symmetrieforn= ven 
TEXTUAL EXERCISE 6: SUBJECTIVE 
fs 1 yaa 
Ado) 4 4 1 4-8 
1-84 74 
1 $1.0 0 
-—0 81 O[=L 
3 
a o Oo 81 


Sinee AA’ ~ J => (427A) A'— A“ 80! 4 


cos? 0 sin@ |[/cos? 0 -sind 
AA'= o 1 0 i) 1 0 
-sin? 0 cos@||sind 0 cos? 


100 
=j0 10 
001 
. (a) AN-ODA" T- Ts0(A DAM IB 
A-I-t 
> A A bam = FA Dor AP 


(b) Since nis odd,(4 DU AIA AM 
AM} - AN-I-T 


Sof AIA? A A 


cay 
Cyt At Dt 


Given BY J and AB ~ Ba? 
=> B-A‘BA*-A ‘BAA 

B!~ I= (A 'BAA) (4 'BAA) (A BAA) ~T 
=> 1-(4'BA) (BA) (BAA) 
=> 1-A1B (AB) (ABYAA 
=> I-A BBAYBA) AA (+ AB ~ BAY) 
=> I-A) BBA. But 
=> I-A 1BBA(BA?) A AB (AB) AS A 
= 1-AtBAY~ AU AP 

Thus k,,, ~ 7 for 4é-1 
‘Ans. 7 


1BXBADAS 


1.66 Algebrall 


3. (acd) A-7-BS A‘ 7+ B-2B-7-B-2B 


2 3 
P “ -I-B-A 
5 A= a ¢ A-1} B=3AB-B B-B B-O (null matrix) 


A-I-B>BA-B-B’-B-B-O 


3-5/2 3] [2 a4 0B yJTo a a 
> bates 4 Sla|-l 4 S)=4 | 4 @ att=la fp -7|[28 B -Al=F 
13 4]1 3-4) ly = we Soe lllee mage 


=> Ais idempotent 


GQB+r) 2B-r)  (2+r) 


2 2-4 2 a2) (gta gras?) (y2—ptoo? 
Bre else de i =|28-7) (@2+R 47) (2-8-7) =F 
fos (9-26) (=P) (@ +P +r) 
2 2-4) [2 2 ce a ee ae 
> # -1 3 Gives 20° 
1 1 -2 


1 
=> Ais ie with ae ae iLis idempotent > =+—~ and ep le 
B Je mirnty 
Ha Adsl te eae 5. (b) 4 is orthogonal 
= AAT-1 => A'MAT- AY, 80 AP- A? 
0 4 310 4 31 f1 00 6 (ac) A is orthogonal 2. AA"= 1 


> @ell -3 31 3 -3l<lo 10 => det (44")= (det A) (det 4”) 
14 ater 4a 4} loo.1 => det A—— 1 as det A det A? 


=> Ais involuntary Matrix. ee 
7. (a) Matrix |-5 011 |is skew symmetric 
8. Given AB- A and BA-B Mes cog Ot 7 1 0 
Now 4? — A.A. ~ (4). A ~ (AB).A (+7 A AB) . 
— ABA) AB C2 BA~B)-A 1 = (197-7 8. (©) a,=0 fora symmetric matrix > Trd — 0 
=> (ATP = At = At is idempotent matrix 9. (a) Ais skew symmetric => A7~ =A 
Similarly B” is idempotent So (AAAY'= AAP (A) CA) A) ~ AP 


=> A? is skow symmetric 


A is nilpotent matrix of index 2, 4? — 0, For 7 ~ 1; 


AU-A)-A + #-A +0 10, (a) (AaT — ATA) = (AA? - (AIA) AAP - AMA 
Now, for n 2 2, AU + Ay" = AIP "CA "CA + CA = Symmetric matrix 
tA CA 11. (a,b,c) A and B are symmetric 
HALAL OC, CALE PC AMY = A-Aand B'=B 
-A1O-A;, Thus AG LAY -AVneN => UIBY-BIA -BIA-A BSoU1B)is 
10. + Ais idempotent, 42 ~ A; for w~ 1, (4 +2 =1+(2!- DA symmetric 
For >2:(4-D"=(f+ Ay" (AB | BAY —(ABY | (BAY - BA? ABBA AB 
TTC AIC APC AS CAN AB | : 
-I+CA-"CA-CA+ CA So(AB | BA)is symmetric 
(AA BAW AA PH A AS AH Now, (4B BAY - (ABY (BAY -B -BA 
AA-A- A.) AB- (AB BA) 
=T+A (C490, °C, — PC) -1- Qn 1A Hence (AB BA) is skew symmetric 
14, wt, 
TEXTUAL EXERCISE 2: (OBJECTIVE) TEXTUAL EXERCISE 7: (SUBJECTIVE) 
1. (a) B-B.B-BAB)-BA-B 1s 3 
1 (a) A=}1 4 3) and|[4 -1 
2. (b) B- BA BIB) ~ BA(B) ~ B(AB) — BA- B > BB eae 


Also, A — AB => A(A) - AB(A) - A (BA)- AB - A => A? 
Both are idempotent Cp WE gal sO, = £1, C2 36x 


a Fea 


Matrices 1.67 
C470, Cy 73, C47 06,71 Hoe ae) 33 
73-3 (b) | 2 1-x 3 |=0 gives 
30020 Ix 
(1=x) fx? - 1 - 2x6} (22x -9} -2(4-3 + 3x} — 0 


25 3 => Wet Ilxt4—x-0; 80 4? = 1 (42-34-11 
(b) 4=|3 1 2/and Al-4 7 
an 9 67) fl4 3 6 53301 
1 1 
ste ters nie 3% -G]}8 9 wl-j6 1 s)|-t7 -s 
ik SB fate 10 7 13) [9 6 14 in 
wT hey ~ By 5.€y- 13 
3 1 =7 & a-[? ] 
=> At=-|-1 -1 5 rh 2 
x ns _ 
i i, A a-0aP* |} ]=8 9@ »11-0 
args 
| 3 > ¥ Se17-0 
2 A={1 3 -3 . By Cayley Hamilton theorem 
-2 -4 -4 # 5A 1-0 A) 
Are 3 Now 24° 341A? 4)-(42 SAT) (2A 8 
= 214 + 57) + (1384 — 4032) ~ 0 - 1384 — 4037 
=> |Al=|1 3) -3)=1 -24)-(-10) +32) --8 #0 (eof (1) 
2 -4 -4 2. 2A4°—3d8 + A? AI ~ 1384 — 4037 
=> At exists 
11 3yft 1 3) fa - -12 TEXTUAL EXERCISE 3: (OBJECTIVE) 
Now#7=]1 3 -3]]1 3 -3/=|10 22 6 
-2 4 -al[-2 «4 -4] |2 2 2 ae 
1. @) A=|0 @ Of > hl-at, Adjal- A" -(a*- af 
4-8 -12]71 1 37) [12 2 60 00a 
Aé=]10 22 6 1 3 -3/=/20 52 -60 ‘ 
2 2 221-2 -4 -4] [0 -80 -88 Beh) Addl “AP 
A -0= Adj -0 
Now 4 - 204 — => AdjA is also singular matrix 
12 20 60 1 1 37) [-8 0 0 12-1 
20 52 -60|-20/1 3 -3)=]0 -8 0|=-8F | 3 @ 4=|-1 1 2 |= al—14 det Aqiada) 
40-80-88 2 -4 -4] [0 0 -8 2-11 
A-20A--81 => (48-2044? -- 847 - [af =aayt 


: 3 1 2 
= A 201- 8 ASS OOLeA) 4. (a) Let order of B be mx n 


=> For 4’B to be defined m — 3 and for BA? to be defined 
Ha74 


3. pea ae a8. order of B-3 x 4 
ly So 
5. (a) a-[> H| >A\- 35> A'= = 5 
BB. 
4. (a) ie > leone 36 lo? 1 
1 4-q] 6 @) Asat-o,so* 120 >] #0 
=A 61 W-0 


6l-A 
3 


Sth S 


ees eb a] 6 a(n ae 


cosx  sinx 
: A’= 
@-1) 6-4} 3L-1 2 sin? cos0 ese a 


1.68 Algebrall 


cosy -sinx 0 
8 (a) 4'=|sinx cosy 0/=/(-x) 
0 OF 
9. (©) LetB AB-X 
=> BB AB ~ BX ot AB~ BX 
=> (det A) (del B) — (det B) (del A) since det B #0 
det \'— dot (B “' AB) ~ det. A 


10. (b) D~ Diag (4, d, d,....d,) > D|- 2d, #0 
C-d,d, and C,-0 for izj 


1 
=> 1D =dia 
{3 


11. (ad) A" is also symmetric 


erica now [Adj | — AIM 
la? = {lap plat at 


TEXTUAL EXERCISE 8: (SUBJECTIVE) 


13-3] [1 0:0 
1. (a) {1 4 3)=/0 1 Of 
13 4) [9 o1 
R,—> R,-R, and R, > R, -R, gives 
13 3 100 
0 1 O]=]-1 1 O}4 


10 3 4 30 
R,> R,-3R,gives,}0 1 Of=|-1 1° O|.A 
001 101 
100 7 -3 -3 
R,>R,-3R, gives |O 1 O}=/-1 1 OA 
ool -1 0 1 
1 
=>Ats 
4 0 0 


1 3 3] fol o 
RR +R gives|O 4 3 }=]1 0 ofA 
o 1 1} [o11 


1 0 0] fo 4 

ROR +3Reives|0 4 3/=|1 0 A 
o11{ [o1 
10 0] fo 4 3 

R,>R,-3Reives|0 1 0f=|1 3 -3]4 
011} jo1 1 


100) fo 4 3 
R,>R,-Rgives}O 1 O]=] 1 

oo 1 [4 4 
We observe that A! —A 


13 23's TOS 

12333 @ 1-0 

231:001 

R, > R,-R, and R, > R, > 2K, 
112: 100 

— el (ae as | -110 


o1 -3 2071 


1001 2 -10 


Ry (V4) R, 
101 

= /O11l: -1 1 0 
001 


R,>R,-R, and R, > R, -R, 


7 1 Tai 


slo ale sd, 


i 
ie 
io 
wv 
w J 

wv 
meee 


»ya-[2 3° 
OA) 409-3 


Matrix obtained by using the transformation 


-l1 2 3 


Let us operate the same elementary transformation to /, to 


0.7 12 
RR 2R— Blsay) = 


Sea 
obtained matrix C = [o ] 


Now, ct =|! |]? 
o aio 


Clearly BCA 
236 
(b) A= 


3 6] fo 7 12 
2 3) [-1 2 3 


ob 2.03 


Matrix obtained by using the column transformation 


. 63 2 
Ce Cis Blsayy=] 


Matrix obtained by operating same transformations 


001 
tohisC=|0 1 0 


Now A 


Clearly B=A 


2 3 
(ii) Let A=|6 -3 
2-1 
(a) R,> R, | Ry gives the elementary matrix 
DO", 
0 1 0/=C(say) 
001 
Matrix obtained using the same transformation on 
4 2 
Matrix A, is B=|6 -3 
2-1 
Now, by jordan’s theorem B — CA 
10 1/2 3 4 2 
Now C4=|0 1 01/6 -3)=|/6 -3)=B 
0 0 142 -1 2-1 
(b) ROR, 
100 
Elementary matrix obtained - |0 0 1|=C(say) 
010 


Now equivalent matrix obtained by using same trans- 
formation to matrix 


23 
A=|2 -1|=B(say) 
6 3 
10 oyf2 3] [2 3 


Now, CA=|0 0 1//6 -3f=]2 


Matrices 1.69 


© Gee, © 
-I 


1 
Hlementary matrix obtained — F F 


| = C(say) 


Now equivalent matrix obtained by using same 


201 
transformation to matrixA~|6 -9| = Bésay) 
23 
2 3 2 -1 
1-1 
NowAc-|6 -3]]) 1 |=|6 -9|=B 
24 23 


|. Elementary matrix of order 3 x 3 obtained by using the 


elementary row transformation 
100 

R, > R,-2R,- C(say)=|0 1 2 
001 


3-32 
Now 4=|6 4 1 
3.24 
5-32 
R,>R,-2R, gives B=|12 8 9 
324 
10 07S 3 2] [s 32 
Now, C4=]0 1 26 4 1]-J12 8 9]=B 
oo 13 2 4) (3 2 4 


Ilence Gauss Jordan theorem is verified 


Elementary matrix of order 3 x 3 obtained by using the 
elementary column — transformation 

10 -2 
C9 C, 2C,- C(sayy=|0 1 0 

001 


Bh 2 al 
Now A=/6 -4 2 
5 3 1 

3 2. 8 

ives B=|6 -4 -10 

a es 


East | D OF 2: pM? a 
0 }=|6 -4 
5 3 1]/0 0 1 5. a Oe 


Ilence Gauss Jordan theorem is verified 


1.70 Algebra ll 
TEXTUAL EXERCISE 9: (SUBJECTIVE) 
2-3 sifs] [12 

1. AX=B>]3 1 Alyl=|e 
1-7 siz] [17 


A ~ 28+ 7h) +3 (24-2) —35 (21-1) 11-22 
G) For unique solution A #0 > 2 #2 
(ii) For infinite solutions 4 ~ 2 and (adj 4) B- O 


(8474) (4-24) 22] 


AdjA=| -1 u u 
(-34-5} (15-24) 11 
22-11 -117/12] fo 


-22 11 1l|jyzj=|o 
-22 11) «10 U7 0 


(Kor 4-2): (Adj A)B = 


gives 22x12 lp Ix 17-O0=>p-7 
(ii) For no solutions (Adj 4). B #0 
=> A-2pe7 
11 11/6 
1 2 31/10 
12 Aji“ 
A -(Qh-6)+@Q-A)+0-24-3 
(@_ Kor no solution |A - 0 > 2-3 and (Adj A) B20 
(24-6) (2-4) 1]f6] fo 
=> (Ad)B=| 3-4) (2-1) -2])10{z]0 
a) -1 1 ile 0 
0 -1 11/6 (#10) 0 
or 2-3)|0 2 -2]]10/=|(20-2p)}=] 0 
o -1 1 fle] [ge-10) 0 


2 AxB> 


=> p#10s02—-3and p #10 

i) For a unique solutions A #0 > 243 
(now jrean have any value) 

Gii) For infinite number of solutions |4 — 0 
And (Adj A) B-O = 2-34-10 


A sine 
3. AX =] 1 


-1 sine 


cosa [x] fo 
cosa sina |] »y|=|0 

cose ||z} [0 

For non-trivial solution of this homogenous system, 
(A #0 gives trivial solutions x - y - 2-0) 


2-0 


Now, |4 — cos2a | sin2a 


a= Visin{£+20] 
4 
= Ae[-Vv2.V2] Fork-1 => Visin( +20) -1 


Gives 2a = (2 + 


I. (b) AX = 


2 (a) AX=] 1 


TEXTUAL EXERCISE 4: (OBJECTIVE) 


23 -I]fx] fo 
. (a) AX=]1 -1 -2)/y]=/0 
(3 1 -2]z] [o 


A ~24)-3€2 + 6)-1(1+3)--8 #0 
So only trivial solution x— y—2—0 
2-3 6][x] [4 

(a) AX=|5 7 4 ]iyf=f1 
(3 2 ~]lz] lo 
A ~ 228-8) +3 (20-12) - 6 (10-21) - 234 #0 


Unique solution 


waxe|!-? [; =(2 
12 3]LyJ 1S 


anorf-of8 SEE 


=> a-y-1>a-0 


A 2 21x 
4 24 -1l/y 
(6 6 Alle 
For unique Solution 

HM] - 2022216) 24% 
=> W122 6020 
Or = 114-3040 or (2-2) {A + 20 +1) - 14} #0 

2#2 


W 
vn 


6) 2(24 12%) #0 


11 1px] [2 
AX =|2 1 -ifly]=/3 

3.2 k]lz} [4 
Ak 2) (2k 13) 
>k#0 


ic) 


(4 3)-0 k#0 


a | 1 [x] fo 
@ AX=|a (a+2) |] y}=]0 
@ (a+) (a+2)'|]z] Lo 


a+] 


For non-trivial solution 4-0 
A ~ (6a-6} -0 


2r -2 3][x] fo 
2|| »|=|0 
2 0 rilz] [o 
For non trivial solution 4 - 0 
A-2{4 3p} 1 rf2rF? 2-268 
=> 27-2) fF + 2-2} - 0 givesr—2 
{5 P+2r-2-(+ +140 


2r 4) 


10. 


2 
i) (by) AX =] 1 
i 


x 
. (d) AX=B>}1 -1 4]/y|=/0 
Zz 


12. 


MU -@ xq 3) 

For no solution |d| ~ 0 and (Adj 4) B +O 

|d -O>p-2orq-3 

For p— 2, (Adj) B - O and q € R. So consider g — 3 
3 (6-3p) Gp-12][3] [o 


and p #2, then | 0 a) 0 5)#/0 
-1 (p-2) -p) |]4} [0 
6-3p] [o 
=> | 0 |#/0] givesp #2 
p-2)} [0 


q-3,p#2 
(ii) For unique solutions |A 
(iii) Kor infinite solutions [4] — 0 and (Adj A) B- O 

‘. p-2,g@ R= A —Oand (Adjd).B-0 
=> there will be infinitely many solutions 


ont AEH 
e djly] jo] 
have non-trivial solutions if A ~ 0 
= ad be-O 
1 1 [x]_[3 
wofaty eral ltd 


|4 -14Qand 47 BX gives 


Be EF 


Putting in the 3 equation 


40 >p¥2,q #3 


homogencous equations will 


Ge 2 UI ANES 3DIH& 2-0 
Gives 347 + 2%-5-0 
(Rh 1) BA 5} -0 => A-1,A- 53 


1 2 3 


217 
l4 -0, (Adj AB - 0, 
So infinite solutions for non-homogeneous equation 


-11 -11 11}f1] fo 
As(dgAB=| 1 1 -1{/0)=}0 
3. 3-31} Lo 


11 17x] [8 
(a) AX =|1 -1 2 
3.5 72} [14 


ld ~ (7-10) - 1 7-6) - 1 5 +3) ~ 18 40 unique 
solution) 
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1 2 3x] [4 

13. (a) AX=]2 3 4]]/y]=|5 
3 4 siz} [6 
Ai 42. LIT 

Al=0,AdjA=|2 4 2 
See 

-1 2 -17[4 


(Adj Ay'B=| 2-4 2: |15|=J0 
-1 2 -1{]6} fo 


So, infinite number of solutions 


ab elf[x 9 
14. (@) AX=]b 
c a@ blz} Lo 


A ~ 0 gives a (be — a*) — b (B? = ac) + clab— By - 0 
or a BF cc? Babe -0 


ally |=[o 


> $a +b+c)fa? +b? +c? -ab— be —ca}=0 
Sincca > b> e 


ia +b +e)(a—b)? +(b—c)? +(e -a)} =0 


> 
has only solution @— 6 +¢ ~ Qi. -b~ (a-e) 
Now forf—lsaf bt | e—Ogivesa lb 1 e-0 
t-1,t-ciaor l= 
TEXTUAL EXERCISE 10: (SUBJECTIVE) 
L @) x,- x7 1x + OF 


5 ae ae Gd 8 


= Cb SD 


1 0 
matrix of transformation is 6 | 
@) x,~ Lx + Oy 
x]_[1 Ofx 
y- Ox +25 = 
a5 ig : = i 2hLy 
1 


=> Matrix of transformation is 


© x7 keke + Oy 
yy — by — Ox | hy 


[he eE] 


ko 
> Matrix of transformation is 5 i| 
@ Pi,y,) 804-2 - Le Oy 
YT yo Ox C lp 


1.72 


Algebra Il 


DM(x, ¥,) 80x, 2x, - 2.x - Oy 
¥,-¥ Ox (Dy 


x] [2 o][x 
y} Lo -1Ly 


=> Matrix of transformation is 


(o) x, 


13 av 
=> Matrix of transformation is | | 
(®) x,= x cos6 —ysind y, ~ x sin® + yeos8 


~siné || x 
cosé ly 


=> Matrix of transformation is 


x, ] Joos 


W 


vw sin@ 


cos@ 


~sin? 
cos? 


sind 
(g) x'iy ~ tan; x’ ~ytand 
¥ 


x =lytytand 1 tand][x 
> 
yy 2 Oxtly 0 o1 jy 


Reflection is origin: P(x, -y) 

=(Dxt0y x] [-1 O][x 
> = 

=0.x+(-Dy ay Oo -lIiLy 


-1 0 
=> Matrix of transformation — [ dl 


4) fl fs 
= -xtyyrxty 
ylel aly] 2 ce tenet 


This transforms a point (x, 7) to a point p‘ on the line 
y — x such that the distance of p‘ from both x-axis and y-axis 
is the (combined) sum of the distances of original point 
P from x-axis and y-axis. i.c., P(x, ») > Pat y.x—y) 

B 


1 
x, tg and x. 


x 


AF 


We observe 
B 

= ¥y 
2 
Sing ly YP sgh ey 
Similarly 5%) +> = Gy: ths = Ps 
pay Me oy Rid 
aay 2 * 2 fas Va 2 


|. yy 2e-Lor2e-y-1 


CH Le] 


= Image become the 
P(x. y) > PC, 2y) 


vertical line x — 1 with 


¥ cea 


Gives horizontal line ¥— 2 


SECTION Ills (OBJECTIVE TYPE ) 


|. (a) A= A and BY - B => (ABA)'— ANAB)?- ABA 80 ABA is 


symmetric 


. 1 1Jf1 2]_f1 3]_f1 (24 
 (b) Observe 44=15 Hy TI=lo al=lo 


aadarae st 3] 3)! ea 
Me "’LLS No ilo af fo 1 


So, in general AA Ayo... A, 
JL nt@r-D+ (1-2) 4.434241 
0 1 
so MO) 378 3 n=27 
. dF (wl bye k-0 > k-ab 
ab 0 Z 
KI= =(a+b)A-A? 
(* | acs 


ab 0] _[(a+b)a (a+byb] _[(a° tbc) (ab+bd) 
0 ab (atbyc (atb)d| [(acted) (be +d) 
ab ~ a+ ab — abe = be ~ 0 and BY bd - bb - d) - 0 
andac be ac cd-0 = cd-0 (as be - 0) 


} (d) If A and Bare conformable for product then AB need 


not be cqual to BA. Hence tr (4B) need not be equal to tr(BA) 
(b) Let B be m xn, Ais 3.x 4 80 A'is 4 x3 

A B=, * Bly Sm 3 

[A1,, 2273 

BA |B], 1], BA is 4x4 


(c) A(AdjA) = All, Al-ayz (Be Ay 32) 1-28 
68 0 0 
—60 201 28-68 => A(Ad A)=|0 68 0 
o 0 68 
5 0 10 
. (¢) (A428) +(4A-28)=54=]10 -5 15 
5 5 5 
1 0 2 
= A= -13 
a11 


8. 


10. 


i. 


2. 


13. 


maf Ke 
. (d) Let B= fil, 4 


2-45 O°) 2. =T 
=> B=24-|2 1 6} = B=/2 -1 0 
012 210 

FHA)-1; TXB)-1 => TAY— THB) -2 


@) P- Pox Gay -X- x 

NellorX-27 

Self invertible involuntary matrices. 

There are many such matrices which are inverse of their own 


ae a es oy ke | 
a) | + {= A. a 
@QA-2) € 4 Alle F 


= A 5-284 114 SH 5H-274119 
24-2- AE - 56 => AE ~ 24-54 
SAE ~ 27d? + 194 and SAE ~ 10A + 270 

194 270-0394 3)GA 1 10)-0 


A~3,A~-10/3 = Absolute value of difference — 8 
4-1 A Atil [A-1 A 44] 
@4=|2 -1 3 f=}2 -1 3 
A+3 2-2 At7T o Oo 0 
R, OR, QR, RK). Independent of % 
=> can have any value 


43-4 10 
BC = = st 
(a) Observe that E H| 15} | [: ] 


=> BC- (BCP- (BCY — «Land A(BCy — A 
So the series boils down to 


becomes, rd “. ud oo 
- 3434343, 1 = 3{2} =6 
248 
(d) A’ — 4°B — BY— BA gives 
B)- BB A)or(l? B)(A By)-O 
Vither det (1? B2)-Odet (AB) -0 
(d) A°B tis a2 x 2 matrix 
a 1 4x(-1" 
del (2A°B™) = 2? (det A)’ - S 
ara 2 (det) Sam 2 


‘(oaks aft of 
mel BL IE 
PLR 


1 (1+3+45+...99 ie. ee 


And so on => B= 
0 1 


1 2500 
Be 
br) 


15, 


16. 


17. 


18. 


20. 


21. 


22, 


24, 
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4x dy 42 zy a 
(ce) B’=|2a 2b 2c| = |Bl=(C-Bla b | 
“par par 
Interchange R, and R, and then interchange R, and R, 
a be 
=> |BI=C8X-DED|p gs r)=(-8)2)=-16 
ey 2 
fa 17] (@-) (2+4)] Jo 0 
-1 A ie i -(a+b) (6-1) -(} | 
a-b-0=>a~~-banda-1-B?-1-0 
> a-1,b--lora~-1,b-1> ab-— 


(b) Using 4.Adjd — Alf, and det(d.(Adjd)) ~ |4” 


=> AdjA - A®*90 A, ~ A2and similarly 
A,~ AS 7 Ay A, AS > A," AS and so on 
=> =a" 


(d) |A — 1 + tan*x ~ sec*x 


7 47 y= det¢dyp—— =1 
det (47 A) = dot (A), deta) ~ det) 
10 O}f1 0 07} fi 
(a) 4=/0 1 Offo 1 0 f=lo 
ab -ifla 6-1] [o 01 


(a) [A = a, using A(AdjA) - A 1, 
=> det(A). det (Adj) — |A|"- |43- a.aha - a? 

(a) (1 By", A" AMYB 8CL AM? BE is 
possible only when A’B?~ BYA?i.c AB- BA 


mc 


(a) A- Tay), is a skew -symmetrie matrix of odd (7 — 3) 
order > a,—Qand A -0;A 1 AP-O 

Forsymmetric a, =a, 
(b) Fs Sa, ay, ~ 4, 


andforskew-symmetric  @, =-«a, 4 


Possible only when a,~ 0. Henee a null matrix. 


(©) (AB) ~ BYA'— BA unless the matrices commute, they 
will not be symmetric 
(A- BY A'- BY A - B= A- Bis symmetric 
(AB — BAY'— (ABY'+ (BA)? ~ But AB? 
—BA+AB~ AB + BA -. symmetric 
(AB ~ BAY’ (ABY' — (BAY - BAY ABE 
~~ (AB — BAY hence skew symmetric 
@) TAL, 5) Bla cas 

Blea 9 leis 
= na S-mandll 
=> n-3,m-8 
=> Ais of order 8 x 8 and Bis of order 8 x 8 
=> [AB], and [BAJ 


BA-AB 


a-m 


eee 
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26. 


27. 


28. 


29, 


30. 


31 


32. 


33. 


34. 


Algebra Il 


() [f4, BI, Cl~ (ABC - BAC - CAB + CBA) 
UB, CI, A] - CBA ABC | ACB) 
IC, A], Bl— (CAB - ACB - BCA + BAC} Sum ~ O 


(b) Let A — B ~ C and (4 + BY! — D then by reversal law 
(ADBY! — BD" A7 - BC At 
—BY(A+B)A1~ BAA +B BAY 

-BY+ I-44 BP 

(d) Givon AB BA 

Pre-mulliplication by A? gives /B- A! BA 

Post multiplication by 47 gives BA ~ a7 BI ~ A"B 

=> A“ and B commute similarly B+ and A commute 


as well as A ‘and B } commute 


(¢) In skew symmetric matrix @,~ 0 Vi 
=> T(A)-0 


(d) Ais a non-zero diagonal matrix where A?— A 


=> diag. 4 =| -J2sin2@ — cos20-sin20| 

> ara, Vie 1234} 

=> a, lorovi 

=> Total (16 - 1) ~ 15 non-zero diagonal matrices are 

possible. 

0 ¢ -blla* ab ac] [0 0 0 

(co) AB=|-c 0 a |lab B bel=|0 0 O}=0 
b -a O]lac be c*}) [0 0 0 


(d) (4) = A given = A+ - AT 
AA*~ I~ AA? (Orthogonal matrix) => A ~ [47-1 
=> |Adjd| ~ AJ" 18-1 
= |Adj (Adj) — 1)? = 1 
aa 
AAT = apy 
wm aele oll 7] 
ye 
(a? +a°) {oP +ab) (ay+ac) 
-|(aB+ab) (p'+8*) (By +b} 


(ay+ac) (By+be) {x +e?) 


(d) AB ~ O gives (det A) (det B)— A 
Either det(4) ~ 0 or det@®) - 0 
("Gay 0 
0 ("Gy 
ee 


kk *C,-1 


36. 


37. 


38. 


39. 


40. 


1 


2 


(b) Given BA" BA or -AB~ BA 
SoAB BA-O=>(A 1 BY-AT1 B 


(a) det {Adj(Adj A)} - (14yt = [ale 
= A-14-3r1N>e-1 
(b) (i) AB-O >A-OorB-Ois 
Gi) AB - 1, > A- Bis true, B is non-singular 
Gii) (A — BY — A? - 24B - Bis truc only 

if A and B commute (ie AB - BA) 


(a) ‘The determinant of skew symmetric matrix of odd 
order vanishes so inverse docs not exist 


(e) Statement -1: [A], ,, is invertible and B is 3 x 4 

=> A'Bis defined so true 

Statement —2: It is never true that 4 = B,A Band AB are 
all defined, is false as they are defined for 4 and B square 
matrices of same order 

Statement — 3 ; l:very matrix none of whose entries is zero 
is invertible is false as there are matrices having all non-zero 
123 

45 6 


TS se 


elements, still are singulare.g. 


Statement — 4 : true 


‘SECTION IV: (MORE THAN ONE CORRECT ANSWER) 


ahe 
(a.be,d)abe-1, A=|b ¢ a 

cab 
A|-3be (a® BS 1c) 


A‘A~ IT => A?- A= |A —|d? — + 1 (orthogonal) 
=> Babe (al bl e)-11 
ora | BS | e-3abe_-1-24 

abella be 
Now A7A=|b ¢ allh ¢ a 


c a bile a b 


@+h +c? abt+be+ca ab+beteca 


—labt+betca a +h? +e? abtbe+ca 


ab+be+ca ab+bet+ca a +h? +07 


Clearly (a + B?— c*)~ L and (ab — bc + ca) ~ 0 

So (@— 8 — ch Babe) — (a +b - 6) + BF ct) 
(ab — be + ca} (ab + e)~-1 

(a+ b- cP (a — B+ 2) + ab + be + ea) 1 
So(a+b-c)-H 
Iffalble)—lthena 1b 38-4 
(a, c) [A], ,and |B], ,(4 #0) 

=> AB|—0 = (actA) (dct BY- 0 

> det B-0 (as |A #0) Also |>|- 4[" 


es 


. (a,b) [a,] 


4 0 0 d, 0 0 
(abe)Let D,=|0 d, O}and D,=|0 d, 0 
00 4, 0 0 4, 
dd, 0 0 
DD,=] 0 dd, 0 |=D), 
0 0) ad, 
DAD, isa diagonal matrix 
a 0 0 ao 0 
0 dj 0] and Q d 0} and 
0 0 a, oo @ 


sum gives a diagonal matrix 


|. (c,d) AB ~ O = det(AB) ~ (det A) (det B)- 0 


=> either det 4-0 or det B-0 
At lcast one of the two matrices must be singular 
otherwise this statements is not possible 


. (a,b,c) We observe that a, ~ a, = symmetric 


=> Ais symmetric 


|A abe ab te en~ abe{ie(Ledet)} 


a ¢ 
11 1 

Since a,b,¢ are non zero and —+—+—=0 
abe 


A abe #0 
Now pasa is symmetric sinee A7= A 


Kor a symmetric matrix = A—A QO (null matrix) 
Here the null matrix will serve as a skow symmetric 
matrix 


. (c,d) ‘The system will have infinitely many solutions if det 


A~Oand (Adj 4), B-O 


P (given) > a, — 0 and a,-—(°-7)~-a, 
skew symmetric matrix, since the order is even 
Det A will be a perfeet square 


Hence 


. (a,b) AB- AC > B-C. If A is invertible Lc. |A] #0 


{As AYAB) 


A“AC) => IB = IC or BC} 


SECTION V: (ASSERTION AND REASON TYPE) 


b 
. (b) Clearly reason is correet, Let 4 : ‘| 


Since AB — BA holds for every 2 x 2. matrix B. So, in 


01 
particular lot B= 
10 


a 6]f0 1] [o 1]fa 6 
Thus = 
[: al; il al: | 


a 
=a-d.b-c 
b 


4 
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1 
Furtherlet B = [° 


1 a b]f1 1 1 ljla 6 
then = 
Oo 5 allo oO 0 Ol]b a 
aa ath bt+a 
> = =b=0 
bb oO 0 


a 0 . 
= A isa sealar matrix 
0a 


But assertion docs not follow from reason. 


(b) Let D diag (d,, d,, d,,...d) 


seach d #0 
Now Adj(D) = [CD dd, ...d,, dd) 
> Gand, 1d, 4,4, 4, A, od] 
[tors } 
> Tk, 1:ky =} 4, 
lotore« j 


D? diag. (d,!d,!d,'....d,) 
Assertion is correct, reason is also correct but not 
correct explanation. 
(b) A: given abe ~ 1 and AAT 7 => AT — || 4+ 1 

ab cella be 
AMX? =|b ¢ allb ca 
ca bile a b 


> 
> 


a+b +c? abtbet+ca ab+be+ca 100 
Tlabtbe+ca a+b +e° abtbe+ca oro 

abtbe+ca abtbe+ca a+b +c° 901 
gives a? + 6*+c?—1andab+be-ca-0 
tect tet ylig 

abe 

(alb cY-@1h cl 2(ab bel ecay-1 
=> ab te) =} 
l]- @1b sc 3abe-3 (a1 bs c)-11 


For |4 ~ -1, a5 + 6) c~ 4 and for |4 ~ 1,a*- BY- c3 - 2 
11.1 

We observe that R: —+7+—=0 is true, but without using 
a c 

this result assertion can be derived i.c., by using Za?~ 1 and 

Zab-0 

Reason is not true correct explanation of assertion. 
e Fh. 


ab 
yrelt © 
7" le d f 
ab 


Let X=|e a 
uyele al 2 ‘| 


1.76 Algebrall 


a+b acthd actbf {axty+z}] [a® 
=|cathd o+d* cetdf => |(atez) =|0 
aetbhf cetdf &+f? fergythz| |o0 
ab Offac e Nowe-d => yr 
-le d Ollb d f|=AB(say) => x-a.fx—0, so either f—0orx-0 
e f ofjo 0 0 Now, |B| — a (dh — gc) fle-d)— 0 


2 


dh—ge g-h c-dlfa 
Asc~dh-g(AdjB)V-| fe  ah-f -ae |]0 
-df f-ag ad |jo 


Clearly |A| — B|- 0 > AY] ABl=|4 B 
XX is a singular matrix 
Similarly XX? is a singular matrix whon X is of any order 
m x1, m > n, Thus assertion as well as reason both are ‘adh — ge) rf 
correct and reason is the correct explanation of reason 


- a'fe =| a? fe | (Adj B) will be a null matrix 
5. (@) R:3x3 matrix 4, = = -a? fd a? fd 
i42y 
Co f-O0rx-0 = a-x-0 => (Adj 8). - 0) 
a) Infinite number of solutions 
1 i}. : 3. (a, b,c) For BY ~ F’to be consistent 
A=|7 0 -g] which is neither symmetric nor skew (Adj B). —Oie. a'fe 0; afd -0 
201 Which is possible ifa — 0 orf— 0 or d- 0 
an 0 Comprehension B: 
4 1 10 Olfx 1 
symmetric tals Sx : 
j AU, = (given) => bed 
i eran ee 1 P 
R is true statement that lvls s53 cannot be 0 aeocadkal la 
expressed as sum of a symmetric and a skew symmetric Gives x-1,2x-y-O>y--2 
matrix, is not true as every square matrix can be expressed 1 
as the sum of a symmetric matrix P(-1/2(4 + A”)) and skew 3x Ipiz-0 => 2-1; Hence U, =| -2 
symmetric matrix O(-1/2(4 - A’) 1 
SECTION VI; (LINKED COMPREHENSION TYPE) 
Comprehension A: 
a1 Ox] [yf 
1. (bd) AV-U > ]1 6 allyl=|¢ i 
1 6 ejlz A 
{ax +y) f 
=> |(xt+by+dz}|=|¢|:Now|A -(¢ d)(ab 1-0 3 
y A 
DES) Gives ¢— dor ab— 1 9 6 3 
(be-bd)  -e d f 2.0 
(Adj NU-| (d-e) ae -ad || g|=0 5 3 
0 (l-ab) (ab-||h 6 3 
bf(e—d)—cg +h 0 Sum of the elements - 0 
=> |f(d-c)tacg-adh | =|0]:1fe-dog-h: 1 2 273 
0+0-ab)g+(ab—Dh} [0 6 (a) The value of [320]]-2 -1 -1]]2 
Which is minimum and overall ¢ - d,h—g.ab-1 1 -4 -3llo 
aol idx a 3 
2 (byAK-V=> 0 d eljyl=lo - [-144]]2]=[8-3]=[5] 
f g Alle ° oO 


Comprehension C: 


7. (b) Solving |A — nf ~ 0, we got 


la-n) 2 0 
2 (=n) 0 |-(-m) f+1-2n-4}-0 
0 0 (l-n) 
=> (1 ifr 3) (11 1} -0,son— 11,3 
Asi, = n,> 1,80 n,~ 3,n,—1,n,- 1 


3.0 0 


. (d) The cquation must be in A 


. (a) Ais symmetric 
(A*) + — A and inverse is also symmetric 


1 -1 2 0 
Atzs-|2 -10 
o 0 3 


BoA'NAYT ANAT 
-1 2 03 0 0 


1 
=o - offo 1 offat 
5 [4'] 
Oo O 30 0 -1 
are Sik Bah tay 
3 3 3 9 9 
e Boole hol el-2 26 
3 3 3 9 9 
0 O -1]| 0 ool 0 Oo -l 


=> Bis cither Symmetric or Hermitian 


1 2 O//1 2 0 


10. (a) 47=/2 1 O]]/2 1 0 


oo 1/0 01 


(x1 4+2x240x0) (x2+2x140x0) 0 
-|(1x242x14+0x0) (2%2+1x140x0) 0 
0 0 1 


(242°) dx2+2x1) Olf1 2 0 


A =|(x2+2x1) 7 +27) O21 0 
0 0 140 01 
1314 0 
-|14 13 0 
Oo 01 


Frace (4) ~ 11, Trace (43) ~ 277 — 27:(44) = 83 
36414 (CL) gives (fork 2) 4141511 
£=353'+1 1=27 
k-433'-1-1-83 


12. (€) According to the given now 6, oo, =1,6, = 
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or Sag 

9 9 

8 13 91-6427 1 
1. (b) IBl=r5 me | = a a3. 

o 0 1 


ols 


ya, BT, 

bbybdareinGP => bA¢=Hie Tas) 
qo8l. 
91 


‘SECTION VII: (COLUMN MATCHING) 


1 @>b4) GD) Gi)>@) (iW) >) 


(i) ACAdj A)= Al, 
=> AAG) [4] 1,€as. AA - 2 


=> Adj (A)- AMA- al: 


Adj(Adj A) 
ar 
Adj A'|~ At or At" 


Also Adj(A* 


(i) At AdjAt~ At 
(iii) (Adj &A) where &-|A 
(kA). (Adj KA)~ RAL T,~ AT, 


ar 
Now, k= |4 = A(Adj kd) = a 


Now pre-multiply by 4+; 


AdjA 

Substitution of 4 = vA 7 gives (Adj KA)= 
— A AdjA 
(iv) Adj (Adj A) — Aj? 2A (standard result) 
(i) > (bi) — (dill) > (a,iv) > (©) 

WA -AS (b) idempotent 
ii) A"- OS (a) nilpotent 
ii) 2-1 (a) Involuntary 
iv) A?- AS (c) Symmetric 
(i) > (a,b.c.d.4i) > (b.iii) > (b.0) 


@ 4*B-(12) (B+ BA) 


@) ATR =2(AB + BA) = 5@A+AB)= BA 
b) ANB AC)= AB +O)4B CDA} 
= Fla Ac HBA +c} 


7 Slab + aap fac aca} ~A*B+A*C 


1.78 Algebralll 
1 (@) Tocheek A * I-A: 
(:) A*A=—{Ad + Ad} = Ad = A? 1 
‘ AM = SAPeATY ~ Ata} e A, 
1 1 
(d) Ati =—{Al HAl=s{AtA}=A Tieneetaar nie 
A*1-O(aince A x? - 1 
Ast Onced eho a) © A*1-Owill not hold as A*T ==(4+ A} 
So this statement is not true 2 
1 1 
di) AtB= yiAait AB} alta tas} Gi) A*B= Hap - BA} - ~5 (Ba ~ AB} 
1 1 
(a) BRA= Pita '4+B'ALe A*B False (a) B*A= {Ba ~AB}=-A*B so not true 
1 
(ob) AM(B+C)=—{AB +Cy'+ AB +C)} (b) A*(B+C)= Fae +C)-(B+C)A} 
= TAB AC + AC +A'B) - ${aB-Ba+ AC -CA} 
1 1 1 
7 FAD AB} AS (AC a'c) ~ S(AB-BA}+ {ACCA} -a eB VAC 
-A®B-A®C => AKBIC)-A*BIA+ Cis true 
=> A*(BIC)-A*B1A*C. lence true (©) A*A~ 124-4?) ~ O # A? False 
() To oer AtA-Ay @ A‘ =r “1 202A whet ieue 
eaclraguty alas 
AtAR Asha Apna Falee (e) A #1 —O as worked ind option. Hence true 
SECTION VIII: (INTEGER TYPE) 
0 2sinf tany 
1, Lot A=|cosa sin -tany Ais orthogonal => AAT-I-ATA 
cosa -sinf tany 
0 2sinf tany TO cos cose 
=> |cosa sing -tany||2sinfg sinf -sinf|=1, 
cosa -sinf tany || tany -tany tany 
4sin? B+ tan? y 2sin? f - tan? y -2sin? f + tan? y 
=> | 2sin?f-tan?y cos*@tsin? B+tan?y cos*a sil -tan?y |=, 
-2sin? A+tan?y cos? -sin? B-tan?y cos*@ +sin? B +tan?y 
=> Asif + lan?y— costa sin? + tan?y — 1 ay 
and 2sin" —tan%y—  2sin"B  tan*y — costa — sin*B — tan*y — 0 Q) 
> sin? P =san*y soos? er = Stan*y 5 3tan? 7 =1 => tany sin f= asa, B,7 € (0.7/2) 
1 1 
=> yosse=7:pasin (se 6 (=. ) -(5) =12 
64 Sa 12 5x 12 
a, a 2 
Ss paae i ‘ie ei = 924 for cach fe {1,2,3}: Day =94) foreach 
4 Oy dy Je (1,2, 3} 


Given; a, © {1,2,3, .... 9} and all a,’s are different 


=> Acontains all the elements {rem 1 te 9 such that 


a ~ ov; where 2i, pv € on 
And a,, — a,, + a,,~ 9V; where hi, pj, v € {1,2}. Now we 
can get a sum — 9 as follows 


PEAR 92) 3)-$—Sanh23. 49 


Noxt we ean get a sum ~ 18 as follow 
1+ 8-97-18: 24+7+9-18; 
34+7-8-183+6-9- 18: 
44+5-9-18,4+6-8-18 

and $-6-7-18 

Now if we desire to find the number of matrices having sum 
in each row, cach column and cach of the two diagonals a 
multiple of 9, then the require in position a, an element 
occurring 4 times in above triplets 


> 4, € 3.6, 
Following types of matrices are possible 
1 2 7 
A=| 3 [B=] 3 3 |; 
3 4 8 
6 i] 


D= a 


Now consider 4 = 3 

5 
Now, at position a,, we are to locate the element which 
appear with both | as well as with 3, which are 2, 6, 8, 9 
except for 5 as elements of A must be different 
Let us take 2 - a,, 


12 
A=| 3 |, then clearly completing A, we get 
3 
hae & 
=|8 3. 7] (Choosing other elements to form triplets 
945 


as formed in starting) 


349 
If we interchange 1 and 5 to obtain 4,=|7 3 8 
621 
13 9 6 
Also A? =|2 3 4] and 2 
675 - 


Thus from A we got 4 matrices 4, 4,. 47,42 
Similarly from B, C, D. ..., K. Ewe gct 4 matrices 
Thus, total 12 x 4 — 48 such matrices 


Matrices 1.79 


2 -1f2 -1]_f1 o 
= =1,4-2,4,6,8 
F al 2 [: 


=> 3X(cos* 8 + sin’ @) ~ (cos* 8 + sin? 8) + (cost 8 + sin’ 8) 


| (cos? 0 sin’ 0) 
2 2 

_ HO tte ante 

1-cos'@ 1-sin*@ 


Using AM = GM, 


) = veot? @tan*@ 


= (cof 8-tan°8)>2 = So, minimum value ~ 2 


abe 


As|b © al={a'+6' +c —3abe} 


cab 
from AAT— Fa 1 Oand ab! be ca-O 
lA] - A? — 1 > a — BF c'-3abe ~ a - bo ~ +1 


a- 8 +c-24 fifat+b +71 then at bi c8~ 4} 
=> Sum ofall posible values—2 4-6 


1 2 3]u] [6 
AX =|4 5 6])v |=/12|,|4|=36 
6 9 ollw] [4 
-1 -1 
Rie] | 3 
X-A'B- 1 fia} -|2 
6 4 3 
1 5 
“Tz. 3 
ns 11,1. 9 


13, v-23,w- 53 —+-+—=- 
eee viv w 10 


and (w@+vt+w)—2 
Asa result the given equations are 


oo 2 2 2 ef 
a" +[(6-¢) +(c-ay? +(d-5) |xr+2=0 


and 20x7 — k [(@- d']x-9- 0 


10 ; 20 
Now, sy le- +(c-a)° +(d-by e- = 0.4) 

yk 9 

*4+—\(a-d -—=0 
x sll ys 30 oii) 
[quating we get & — 10 as shown below 

10 r -20 
From (i) equation, # + £ = 5lze -cy']; a= get 
An et 1,1 _a+gp 
From (ii) equation, — += 
a p op 


K ao) 
~ al 20-9") S530 


& 


> F(Z )ee-67] 20 [oe Jae=19 


(. When a.,¢d are in GP thon (a — d}* ~ [(b - 6) + 
f af ltd by) 


1.80 Algebrall 


sin@ cos8 sin2@ 


6. |Al=|sin( +2273) con(o+) sin( 20+] 


sin(o-22} cos(0-25) sin( 20“) 
3 3 3 


Observe that in R, and Rythe (1 B)and (AB) formis there 
Operate R, > R, +R, +R, 


sin? —sin? sin 20 — sin 20 


2 
> la =pin( 2+2£) vos(on22) sn(20+2) 
3 3 3 


pn( 0-74] con(0-24) sin(20-“) 
3 3 ~ 


=> A -Ousing sin(A |B) sin(A B)—2 sind cosB 
And cos (A — B) + cos (A — B) ~ 2cosd cosB - 0 


sin30 -1 1| |sin30 0 1 


cos? —cos? 


7. |Al=|cos20 4 3|=|cos20 7 3| 
2. 97 2 14 7 
=> A—sin30 {49 42} 1deos20 14-0 
Or siv38 + 2cos20 — 2 
3sin0 4sin'O 1 2(1 sin) 2-0 
3sind —4 sin'O Asin?0 — 0 
gives sinO {2sin0 —3} {2 sind - 1} —0 
go sind 0-9 0~ nn, sind — 12 — mw 1 Cy 
sin0 — 3/2 is impossible , so & - 6 
2-3 Six 12 
8. AX=|3 1 aAlly[=|u 


1 7 site} [a7 
Givos 4 ~ -22- 114-0 %-2; (Adj ANB-O 


22-11 -11/[12] fo 
=> }22 1 lilly |j=/0]sy-7.s04 p-9 
22 11 11174 Lo 


9. (Qx-2)-y~ 0, 3x-2) 0; 3x tz) +2y-0 
Soy — Oand 3x-2 
x ty?—2< 100 gives 10x7 < 100 
So x $10 =x -0,-1, 12,13 
Hence 7 such points are possible. 


a a, affx] fl 
10. Let A=|a, a, a,[ »|=|0 
ja, a, aliz] [0 


anda,x ay az —1 has exactly two distinet selutions, 
which is not possible 

Under the given conditions (a,.a,,a,— 0, 1) and x, yz €, 
R. So there is no unique A, matrix. > 0 


l2k—-1 2VE 2vk| 
ui. [Al=|2Ve 12k 
2k 2k  -1 
Operate R, > R, | Ryand take (2k | 1) out from R, 
ak-1 2vk 2vk 
l4l=(2k+D} 0 01-1 
-2Vk 2k +1 
Operate C, > Cy 1 C, 
ak-1 ave vk 
|Al=| 0 Q — -1|(2k +1) 
-2Vk 2k-1 0-1 
= (2k 11) 2k VE BR} 2) Qk 12=2K 11) 


and |B ~ 0 (Skew symmetric determinant of odd order) 
A|— (2k 1 Adj ~ (Aly! (2k )PQK 1)! for 
n~3; |Adj B -|B2-0 
=> (2k + 1)'- 10°32k +1- 10 
k-912= [kl-4 
I-a 1 1{;aos 06 
2 |1 1-8 1f=]o -b ¢ 
1 1 Ine 1 1 tee 
~ (a) {be — bc} -b (-) ~ -abe + ab — ae ~ be 
-ab\ bet+ea abe-Oorab be | ca-abe 


ror 1.1 
a, b, ¢ are real and positive so —+=+—=1 
abe 


1fl tid iy? 
teomotttytylls( 4 
azomaoi{iet 1} (=) 


1 Lid) 54 
* ala b ef ~ abe 

Fi cd abe 227 

abe 27 


Minimum value of abc — 27 


13, (k+ I) xt Sy—4k-0 
kek 3 Ge 1)-0 
[Super imposition of two straight lines] 
Si 


4 
For infinite solutions = 
a. 
2 


k+1]_ 8 _ 4k 
3k 


k Ok43 
From first two parts, we get (k— 1) (k- 3) ~ 8h; 
4k +3-0,(k-3)(K-1)- 0: di) 
Krom last two parts 44° + 12k- 24k 8; 
=> 4P 12% 8-Oork DK 1-0 «id 
From (i) and (ii), we get k ~ 1 is the solution. 
number of values (of &) ~ 1 


m@ INTRODUCTION 


We are familiar with simultancous linear equations. The 
equations in two variables can be casily solved. But if the 
number of variables are three, then our task becomes length- 
icr because now we have (o first climinate one unknown by 
using any two equations, and then again climinate the same 
unknown [rom a different set of two equations. We thus get 
two equations in two variables which can be casily solved. 
We can solve a system of equations of 3, 4, 5... upto # vari- 
ables by allempling same method as explained above. But 
imagine how tedious it is going to be. 

Mathematicians observed that whatsoever be the number 
of variables, the steps involved in solving the system of equa- 
tions follow a certain sequence of algebraic operations being 
performed on these equations. To carry out these operations 
readily and simultancously, the terms of the equations were 
sought to be arranged in a convenient manner, which therefore 
developed the tool of the determinant and it was propagated by 
Leibnity, in the conchiding portion of the 17th century and fur- 
ther developed by Cramer, Lagrange, I aplace, Lapha, Cauchy, 
Tacobi cle. With the result of this a number of propertics of 
determinants were identified and made applicable 

The knowledge of detcrminants is also very usclul 
for almost all the topics of mathematics especially in the 
coordinate geometry and calculus. Some of the 
formulae are ci to remember in determinant form as. 
compared to their other style. Determinants are also used 
in climinating certain variables out of given equations to 
obtain the climinant. Usually, itis used to write the climinant 
expressions and other conditions in compact form. 

This chapter deals with the evaluation of 3rd order de- 
lerminants mainly by application of properties with proper 
technique for speedy results. All theoretical aspects arc sup- 
ported with adequate number of illustrations and of differ 
ent levels of application 


vector: 


Determinants 


@ DEFINITION 


Consider the two homogencous lincar equations a,x + by = 
0...) and a,x + by = 0...) Multiplying the first equation 
by b, and the second cquation by ,, then subtracting and 
dividing by x, we get a,6,—a,b, =0. This result is sometimes 
a 4, 
a, b, 
is called a determinant. It is denoted by A. So determinant 
can be precisely defined as below: 

"Determinant is a square arrav of elements which is 
associated with some definite numerical value (Remember, 
the matrix is a rectangular arrangement of numbers and 
has no numerical value)." If A = la,f be a square matrix, it 
can be associated with a determinant formed by the same 
array of elements of the square matrix A, and is denoted by 
the symbol det Aor A. 


written as A = =0. ‘lhe expression on the left side 


Basic Properties of Determinant 
For any given determinant. the following points are to be noted. 


(a) Number of rows = Number of columns (i.e., defined 
only corresponding to square matrices) 


(b) It is not simply a systematic arrangement of numbers 
(as matrix) but it also has some numerical value. 


(ce) The number of rows (or of columns) of a determinant 
is called order of determinant. 
Expansion of Determinant 


Determinant of order2 Let a,,, a,,, 4,,, 4,, be any four 


real (or complex) numbers, then symbol A = 


2.2 Algebrall 
represents the number (a, 4, — @,4,,) and is known as 
determinant of order two and above numbers (a,,, 4,, cle.) 
arc known as clements of determinant, Value of determinant 


oforder two (product of elements of principal diagonal) — 
(product of elements of off diagonal) 
5.2 See 
c.g., Lel a matrix A= so that |A |= 3 
7 33: 7. 33 
then A =5x3-7x2=15-14=1 
1 Az hy 
Determinantoforder3 A=|a,, a, ay 54,€ Ror 
451 F303 
C represents determinant of order 3 x 3. 


The elements a,, Gy a,, are called the principal diago- 
nal elements and the elements a, Gy, a,, are called the off 
diagonal elements. 

To understand the expansion of higher order determi- 
nant we should lear the concept of minors and cofactors. 


m@ MINORS AND CO-FACTORS 


Minor 


‘The determinant obtained by deleting the i row and j* 
column through the element a, is called the minor of element 
a, in the determimant ( a,|) of order 1 and is denoted by 44, 


For example: 


yy 


ed 


Ay 


(The minor of a,, in a,, (denoted by M,,) 


Gi) The minor of element of A of 3 x 3 order 


a Gs i 
= My= (the determinant obtained by 
ay Os 
deleting the clements of row and column passing 
through a,,). 
Co-factor 


The co-factors of the element 4, is (-1)'*/ times the 
determinant obtained by deleting the i row and j* 
column passing through a, We shall denote the co- 
factor of an element by the corresponding capital 
letter C,, ‘The minor 44, multiplied by (-1) ‘*/is called 
the co-factors of the element a, If we denote the co- 
factor of the element a, by C, then co-factor of a, is 
C= lM ; 
Cy= CDM, 


Gy A Oy 
IfA=]4@ Gy @; | (So, we will get 9 minors /cofac- 
Gy G32 yy 


tars corresponding to 9 elements of the above determinant), 


Determinants 
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Expansion of Determinant Using 
Minors/Co-factors 


‘The value of determinant is defined as the sum of the prod- 
uct of elements of any row (column) by their corresponding 
co-factors, 


M1. a 


Let A=|a, ay dy, 


Jay) yy yy 
lt x_n tal, [tn 
iz ays 
lays] J, ys] J 


Sn FA 2Ci2 + 3Cig 
expanding along 


= MNF 9F53 


M3449 


— 44,4, + 


- 1345, 9yy 


a. 


wa 3 4, yyy + 


12921433 


Therefore the valuc of the determinant can be obtained 


88 A= dy Cyt aCy+a,Cy, (expanding along R,) 


or A=a,,C,,+4,,C,,+4,,C,, (expanding along C,) 
or A=a,,C,,+4,,C,,+4,,C,, (expanding along R,) 


Tn gencral, expanding along /" row we get 
” 
A=a,C, +a,C,+.. +4,C,= Sac, (for all 
i=1,2,....0) ae 
And expanding along ; coulmn, we get 


n 
or A= ay Cy Fa Cy to Fa Cy = Lacy (for all 
j= 1. 2,....0rn) 


2.4 Algebrall 


Sarrus rule of expanding a determinant of third 
order Sartus gave a rule for cvaluating a determinant of 
the order three mentioned as below 

Rule: Write down the three rows of the determinant. and 
rewrite the first two rows just below them. The three diago- 
nals sloping down to the right give the three positive terms 
and the three diagonals sloping down to the left give the 
three negative terms. 


yy 2 Hy 
IfA=|a,, Gy dy, then 


4s) Ayn yy 


FIGURE 2.1 


(Positive Terms 


m@ APPLICATION OF DETERMINANT 


Out of wide applications of determinants: a few are given 
below. 
C1 Area of A with vertices A(x,,y,),B(,.¥,) CO 57.) 


vil 
is given by A= yl 
dd] 


where x| denotes absolute value of x 
1 Cross product of vectors 


tb J+ bk 
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jk 
=> a@xb=la, a, 4, 
, by b, 


Itis also used to find the scalar triple product (S.'.P.) of 


a, a, a, 
three veetors @.(b x2) is$. TP. of [abé]=|b, b, B, 
le 4 6 


(oetailed explanation would be given in the chapter 


of vectors) 


TEXTUAL EXERCISE 1: (SUBJECTIVE) 


1. The co-factor and minor of any element of deter- 
minant will be equal when sum of the row num- 
ber and column number is for that particular 
element. 


2. If we have » order determinant, then how many 
co-factors are possible for such determinant? 


4, Find the value of 4 for which the points (2, 5);(4, 5) 
and (6, 4) are collinear 


5. Find the area of triangle having its vertices A(2,5); 
B(4.8) and C3.4). 


6. If |C| be the determinant formed by replacing the 
elements of [A] by their respective co-Lactors and 


3. Fivalulate the following determinants 302 9 
oP 3? oat bt+e atb a |Al=|S 7 2); then find the value of |C| 
(a) |? 4? 5? (b) |et+a bte b 011 
Ys 6 +b ctac 
¢ aa 7. If a, B. y. are the roots of a cubic equation fix) = 0, 
ra) 2ab a? BP FO) & 07 
(ce) [0 a b (dy |@ BP ab then evaluate |f(B) BB? 
boa bab a? sa) y ¥? 
7 M1 Oe ai ; panes 
i 8. Show thal the valuc of determinant fy w a] is 
fe) |17 19 23 @) bx 0 z hi 
29 31 37 Ty -z 0 always non-positive. 
Answer Key 
leven 2 3.(a) -8 ) @+H+-Zobo C)@+h Cd) (+H (©) 36 Cf) zero 
4.5 5, 5/2 square units 6. 4900 7.0 
m PROPERTIES OF DETERMINANTS eg. If A= Bel = (a, 6, — 6,4.) and A’ = i 2 
eo Os. ri 7 is Pe 


Property 1. The value of determinant remains unalicred 


if the rows and columns are interchanged 


= (a, b,- a,b) > A=N 


2.6 Algebrail 


Property 2. 
then the value of determinant will be zero. 
ao 

eg./6 0 6 

e 0 


If all the clements of a row/column are zero, 


-a 
=0 (expanding along second column) 


-e 


Property 3. 
determinant 


Reduction and increase of order of 


(a) If all the elements in a row (or a column) except 
one element, are zeros the determinant reduces 
to a determinant of an order less by one. e.g., 
3.0 0 
255 7 
4 | 


ad | (expanding along first rows) 
1 


(b) A determinant can be replaced by a determinant of a 
higher order by one as per the requirment 


2 3 1 0 0 2.73" 0 
eB, ‘ ‘lle 2 3) or |-5 40 
0 -5 4 09 01 
oo 1 1 0 0 
or | 2 3 Oforjl 2 
5 4 0 2-5 4 
Property4. If any two rows or two columns of a determi- 


nant are interchanged, the determinant retains its absolute 
value but changes its sign and symbolically the inter- 
change of #” and j rows or i andj“ columns is written as 


t BS 
eg, Ap=|(2 3 4 
015 


= 115 —4)-—2(10 -0) + 3(2-0) =-3 

Interchanging Ist row and IInd row. we get 

2 3 4 

1 2 3}=2(0-3)-3(5-0)+4(1-0)=3. 
Oy ak 7S: 


Clearly A,=—A, 


Property 5. The value of a determinant is zero if any two 
rows or columns are identical. Symbolically, it is writen as 
App, = O0rA, .=0 


Rs — R, ‘ 


Let A=|a, | 


in yaa 
Then A=— A (By R, @R, ic, interchanging Ist and 
3rd row) 


=> At+A=052A=05A=0 


Property 6(a): If every clement of a given row of matnx 
Ais mulliplicd by a number 7., the matrix thus obtained has 


such that 2, and 2, are identical 


determinant equal to 2 (det A). As a consequence, if every 
clement in a row of a determinant has the same factor this 
can be factored out of the determinant 


Symbolically, it is written as Asm. A, 
. 


ote 
32 24 «16 

eg, |8 3 5 | [taking out 8 as a factor common 
4 5 3 


from Ist row.] 


43 2 132 
= 8/8 3 5] = 8x4|2 3 5] [by taking 4 
4 53 153 


common from the ist column| 


a a, a, 
Proof: LetA= |b, 6, 6,| and B be the ma- 
GC, Cy 


trix obtained from A by multiplying the 2nd row of 
Aby a 
a4 a 4a 
Then B= | ab, ab, @&b, |. By expanding det Bin 
Ci Ga es 
terms of the 2nd row, 
det (B)=6.B,C,, +0b,C,, +.0B,C,, 
.C,, and C,, are co-factors of corresponding 
of row of dei(A) as well as det(B) 
=a |b, Cy +B, Cyt b Cyl = a1 det 
If all the elements of a row (column) of a determinant 


are multiplied by a constant (4), then the determinant 
gets multiplied by that constant. 


1 kb, q a, b, a 


where 


c¢lemen 


(b 


la, kb, c,|=kla, 

la, kb c| la, by cy 
la, 6) |ka, kB ke, 
Kila, b; @|=|a, by 
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Property 7. ‘Ihe value of the determinant correspond- | Property 8. If any row or column of a determinant be 
ing to a triangular determinant is equal to product | passed over » rows or columns, the resulting determinant 
c will be (—1)’ times the original determinant. 


ab 
of its principal diagonal clements. cg. |Q ¢ 
00 


a 
es b 
abe (expanding along C 


TEXTUAL EXERCISE 2: (SUBJECTIVE) 


1. Mention the property/properties and their sequence to 2. Evaluate the determinants without cxpansion 
obtain the following transformations 2 4 6 


3 1 5 
4 8 12 


la bel ly z x 
3. Show that the determinant |x jy  zl=|m on ft 


i om al ib ec 
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4. If |A| = 5; where 4 is a square matrix of order n, then | 6 Identily the transformations Ti € {1,23 } 
find |m Al where m € R 5 10°38 ita 
5. Identify the transformations T, § © {1.23.3 9 6 3 |—4 5302 2 2}-4> 
2 4 6 h 23 4 26 24 8 S14 
l 3 S|— ssl 3 s|-55/4 3 1o|—4 2 6 2 6 6 6 
12 8 16 B 24 12 2 8 6 6 6|—2525 5 20 
4 3 1d 4 3 1d 25 5 20) 2 6 2 
4 2 6|-* 5/12 2 8 
12 2 8 4 26 
Answer Key 
1.7): R, OR, and C, Cy, Ty Transpose is taken, ic RO C) Ty: Ry > /3GR)) and C, 1/2 QC), 


T,: Ryo R, and R, > 31B R,) 2.0 


4. S(m)” 


5.7, RoR and R, > 22; Ty: €, 9 AG and Cy 2Cy; TRO Ry TER OR, 


6. 1: R > C and then taking 5.3.2 common respectively from C,, C,, C, ie. Ci 
: R, rolling over two rows XR, and R, 


R, > 2Ry Ry BRR, > SR 


Property 9. (a) If every element of a column or (row) is 
the sum (difference) of two terms, then the determinant is 
equal to the sum (difference) of two determinants of same 
order; one containing only the first term in place of each sum, 
the other only the second term. The remaining elements of 
both determinants are the same as in the given determinant. 


a bo, a4 bh 4G 
Let Aj=|a, 6, ¢,|, A,=|d, 8 ©] be two 
as b, e d, b, cy 


third order determinants which have 3 — 1= 2 (one 
less than the ‘order') columns identical. ‘hen their ad- 
dition is also a determinant of the third order given 
atd & G 
by A,+A,=|a, +d, 6, ¢, 
atd, b ec, 


aha 
Similarly. if As=|d, ¢; |. then 
Gy By 0, 
a, b G 
A,tA,=|¢,+4, b+e, oth 
a, b, ‘ 


But A, + A, cannot be found like this. 
The above process ean be generalized as given below: 


FO) gr) hr) 


ic. S a, Dy ec; 


ul eae Salers 
LIM Yao Yao 

ot rt et 

=| a, b, Cy 

4, b, ¢ 


(b) A determinant having two or more terms in the 
clements of a row (or column) can be written as the 
sum of two or more determinants. 


4, a, a, 
Proof: LetA=|a,+f, a,+6, @,+6,| and 
ba 2 Cy 
a, a, a. 


A=|" % % 
4 & 
The truth of the above properly can be established 
based on following crucial facts 
O Co-factors of x,in A, is the same as co-factorof (, + 8) in 
A Firstnote that the minors in the clive determinants 
having a look at the following pictorial 


are the same, b 
representation of the minors of 


2.10 Algebra Il 
a ty a, a, a 4, 
Slap er arls|@rhA est Bp a+b 
G 2 4 im % 


U Secondly, check that the same signs get prefixed to the 
minors of x, and o, + 8, because they occupy the same 
position in the respective determinants. Therefore, 
expanding the determinant in terms of its 2nd row, we 
get A= (a, + B.) x co-factor of x, in A, + (ar, + B,) * 
co-factor of x, in A, + (a, + B,) x co-factor of x, in A, 

3 3 
= >; a, xcofactor of x, in Ay + yi &, x cofactor of x, in A, 
ca isl 
a 4, a) |a a, a 
a|+1 BB 
3 G Oy Sy 
‘This last step being true because one can expand these deter- 


minants in term of their 2nd rows and also the co-factors of the 
at's and B's in these determinants are just those of x/s in A’s. 


= ean hy 


Property 10. The valuc A of a determinant A remains 
unchanged if all the clements of one row (column) 
arc multiplicd by a scalar and added or subtracted to 
the corresponding clements of another row(column). 
Symbolically, it is written as A=A. 
(or Ac, v0, 1m) and operation is also symbolically written 
as Ri R, + mR, or C, > C, + mC, 


RR, 1 mk, 


4, a, a, 


Proof: Jct |A| = |b, 6, 6,| and if R, >R, + @R,we 


as Ege Ss 
4, 4, 4, 
getdet B,|B =|bt+ac, b,t+ac, +a, 
CG Cy ron 


‘The theorem says |B = ri which can be verified as 


4, 4, 4, 
B=\|bt+ae, b,+ac, b, +a, 


Cy ey ce, 
fc ieec | ( fie  S 
=|) 6 b|+lac, ac, ac, 
(a) i 7 or 7 
A 4 4% 
=|A tal c, ©] (R,andR, are identical) 
Ete has 2G. 
=|A|+vcro=|A 
l 2 3 5 2 13 
eg, LetA=|2 3 4)=-7 :andA\= 2 3 4 
2 0 5 De OS: 


LR, >R, +2R,), gives 5 (15—0)—2 (10-8) + 13 (0-6) 
=75-—4-78=-7. lence A=A, 


Property 17. (a) The sum of the products of clemenis 

of a row (or column) with their corresponding co-factors 

is cqual to the value of the determinant. e.g. aC, + a, 

i $4, Cy ta, CA 

(b) Sum of the products of elements of any row (or col- 
umn) with the co-factors of the corres sponding ele- 
ments of a parallel row (or column) is always zero. 
Be 4 Cy Fay Cy, + aC, =O 


4 2 3 
Proof: A=|a, dy, a/:R, OR, +R, 
45, yy sy 
ay ay As 
Aaa, +a, a, +4, a, ta, 
ay sy as, 


Now expanding along R, 
A= (a, ae 4,) Ce ak (a, ok: 4,) Cy hb (a, + a;) Cy 
A= Cyt Oly, + gay) + Ca, + OC * 
aC) 
=> A=AtaC, +a,C 


wean 
2 aC, +a,C,, +a,,€ 


eer’ 
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fern + 
~ aC ta, 


The same argument will prove the [acts: a, 


aC), ae aly, + aC, 


Concluding the argument, we may note that, in any 
determinant. if the elements of any row (or column) are 
multiplied by their respective co-factors and the results 
added, we get the value of the determinant. Contrary 
to which, if these elements are multiplied by the 
co-factors of the corresponding elements in a parallel 
row (or column) and the results added, we obtain zero, 


Property 12. If the clements of a Determinant A involve 
x, L¢., the determinant is a polynomial in x and if it vanishes 
for x = a, then (x — a) must be a factor of A. In other words, 
if Wwo rows (or two column) become identical for x = a, 
then (x — a) is a factor of A. 

Generalizing this resull, we can say if r rows (or 
columns) become identical when a is substituted for x, then 


eS, 
(x —ay ‘should be a factor of Aeg., IfA= |x 9 4 
x 16 8 


alx=2,A=0(" C, and C, become identical at x = 2) 
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rc 


ILLUSTRATION 14: 


SOLUTION: 


loa a 
A=|0 b-a@ 6°~a’!|; Taking (6a) common from R, and (c — 5) from R, we get 
0 c-b cf -# 


la @ 
A= (6-aXc-)|0 1 b+a|. Apply R, >R,-R; A=(@-b)b- ole -a) 
0 1 e+d 
ta@{ ]1l 11 
Aliter: |1 6 b?|=| a 6b c| (R«+C). Substituting a = 5, we can see that 
le ¢ a Bo 


First and sccond columns are identical which implies thal (a — 5) must be a [actor of A. 
Similarly, putting b = c, c= a we can show (b — c) and (¢ — a) must be a factor of A. And as we 
know that the product of the diagonal elements of given determinant (A) is 1. }.c?, which is a 
third degree expression, so A is a polynomial of degree 3. And (a — 5) (6 - c) (c — a) is a factor 
of A which is e polynomial of degree 3 itself in a, b, c. Therefore, the only other factor of A that 
can be a constant, say &. 


ee tee 
A=|a@ bc} =k(a-b)(b-c) (c-a) 
ap ¢ 


In order to find the value of k, give arbitrary values to a, b and c such that calculations remain 
simple and the two sides do not vanish. e.g., assuming a= 0, 6=1,c=2 
111 
we get,|0 1 2) =k(-1)(1-2)(2-0) 
o14 
or 2=2k = k=1 (onsolving the detcrmmant along first coulmn) 
a 


Ilence, | @ 6 c| =(@-b)(6-c)(c-a) 


oR e 
a +1 ab ac 
Prove that | ab B74+1 0 be | =1l+a+b +e 
ac bec? +1 
a +1 ab ac 
LHS | ab B*+1 be | (Multiplying C,,C,, C, by a, b, ¢ respectively) 
ac bee? +1 
la(a* +1) ab? ac? 
i 2, 2 2 
Be, = Bec, 0.8 6,04 > A=T) ab b+ be 
ac Be ee? +1) 


Now taking common a, b,c from R,, R,, R, respectively, the determinant transforms to 


(a? +1) BP 2 l+a74+b? 407 b? a 

=> A= @ 84) ct |=feate ee B+) 2 
abe 

@ BP +h) +a thee BO e+) 
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ILLUSTRATION 15: 


SOLUTION: 


ILLUSTRATION 16; 


SOLUTION: 


(Applying C, >C, +C,+C)); Taking (1 + a* + 5 + c*) common from C,. 


2 
ce 


(4) 


Applying the transformation [R, > R,—R, and R, > R,—R,] 


2 
ce 


ol; 


h oP 
> A=04@+P +e) @4Y e 
I~ “45% 
18 
=> A=(A+a+h+e7)/0 1 
0 0 


1 


~) 


Since the above determinant is upper triangular, therefore, 
> A=(t¢e+R +L LI=+a+h+e)=RILS 


x moni 
ax bl 
Show thal the roots of the cquation eB ead = 0 are independent of m and n. 
abel 
x-a m-x n-b 0 
Let A= eb bot Ponce 
0 0 x-c o|’ 7 "> 
a b é: i) Sere 
x-a m-x n-b 
=> A=] 0 x-b b-x!| =(x-a) (x—b)(x-c) . A=0 > (x-a) (x—b) (e-c) =0 
0 0 x-¢ 
=> x =a, b,c which are independent of m and n 
Aliter: Using method of factorization: 


Putting x = @ and taking ‘a’ common from first column, the first and fourth coulmn of the 
determinant become identical, therefore x — a is a factor. Now putting x = 5, second and third 
row become identical. Similarly putting x = c, third and fourth row become identical. 
‘Therefore the LIS expression has (x — a) (x — 5) (x —c) as a factor since it is cubic in x because 
the product of the diagonal clements is x*. Therefore when cquaicd to 0, it will have three roots 
ic, x =a, b, ¢ which arc obviously independent of m and n. 

1 be be(b+c) 
Evaluate the determinant | 1 ca(c+a)|. 

1 ab ab(a+b) 


ca 


1 be beh +e) 
Let the given determinant A= |1 ca ca(c+a) 


1 ab abla+b) 
‘Transforming (R , > aR,, R, > bR,, R, > cR,) and dividing the determinant by abc. 
a abe abc(b+c) 
Sy wet Nae aie tehate ea) 
abe 
ce abe abc(a+b) 
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‘Taking (@bcY common from C, and C, both, we get > 
al (bte) 
a- @2)5 1 +0) 
abe 
c 1 (a+b) 
Applying (C ,>C, + C,) and taking (@ + 6 + ce) common from C, we get 
11 (b+e) 
=> A=abc(a+b+c)|1 1 (c+a) 
11 (@+5) 
=> A=abclat+b+c).0=0 (. C, and C,, are identical) > A= 0 


(bon 6 
ILLUSTRATION 17: Let A =| (@-1)* 2n°  4n—2 |, show that )'A, =C aconstant w.rt variable a 
(@-l 30 3n’ -3n at 


(a-l) 7 6 
SOLUTION: Given A,=|(a-1)? 2? 4n-2 
(a-1) 30° 3n? -3n 
C,, and C, are identical for all determinants, therefore applying the property of summation 
of determinants. 


: 
Yae-p nn 6 na=Y) a 6 
aa 2 
i : roe 
=> YA, =|Y@-y? 2 4n-2 an Nee) Qn? dn-2 
n n 
ae 
S@-w 3n? ant—3n ee 3n? 3n?—3n 
a 


‘Taking hoo common from Ist column of the determinants 
1 


6 n 6 
= MN! ana on an-2 


12 
3n?-3n 3 3n? -3n 


= 2@=1)) 9 =0 (Since C, and C, are identical) 


abe 
ILLUSTRATION 18: If a, b, c be posilive and not all equal, then show thal the value of the determinant bea 
cab 

has negative sign 


la b cl jatbte b 
SOLUTION: LetA= |b ¢ a/=|a+b+c c¢ a) |Applying transformation C, >C,+C,+C,] 
ic a b| \jatht+e a Bb 


lbe 
=(atbtoj}l c a (aking (@ + 6 +c) common from Ist column) 
la Bb 
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TEXTUAL EXERCISE 3: (SUBJECTIVE) 


1. Without expanding the determinant, prove the following 
18 40 89 
(a) }40 89 198] =-1 
89 198 440 

a B 3 a a 
(b) |(a+l)? (+)? (c+IP|=4]a b 
(a-1? @-1% (e-1P a 


(c) bob 


Mle yo Zlale yp oz 


2. Solve for x and y 

x+20 2x+3 3x44 

G) |2e4+3 3x44 4x45 | =0 
Bx+5 5x+8 10x+17 


6F 37 1 
Gi) |4 38 -ll=xey 
20 3 3 
3. Watbt+e=0,solveforx' | ¢ b-x a |=0 


4. Prove that 
S-a S-a, S-a, la, 4, a, 
@ ae Soa ae =-2la, a a, 
S-a, S-a, S-a la, a, a, 


where S=a, + a, + a, 
a b-e ctb 
_ jate b c-a 
ai) a-b a+b c¢ 
=(atb+cKae th +e’) 
a b ¢ 
Gi) | a BP a 
b+e c+a ath 
=(atbtcya—byb—c)e-a) 
S. Add the following determinants without expanding 
them: 


la b 4 6 
(a) |e y 2|tla b el+ 
IL 3-3} yz 

x oy z| bee 

5 T+\x y z| 

la be 6 8 

o | LP 14% 
yy b 


ae! 
my, 


 [teseif eb! 
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6. By using the propertics of determinants, prove that 


la b 
(©) fe } y 1005 1002 3 
+..0 if |x] b1<1 the determinant |2006 2009 —3| vanish. 
3008 2998 10 
Answer Key 
2.) x=-lor-2 (i) «=Oandy=0 3.x=0 or t Sa +B +etor + 3 (ab + be + ca) 
at 4B te a b a b 
S@ |x y z]@®|x yl ©] x y 
10 18 26 l+x It+y I-x I-y 


TEXTUAL EXERCISE 3: (OBJECTIVE) 


la bte @) 4 
1. The value of the determinant || 5 e+} is "0 
lc ath iJon 
(a) abe (b) atb+e 6. The valuc of |"C, 
¢ +ht+cP 2 2 
(c) 0 (dd) (@tbtey ommmLon ac, 
a-b b-c c-a when m is 
2. IfA=|b-c c-a a—b), then A= (a) 6 
e-a a-b b-e (b) 4 
(a) dabe (b) abe ©) 5 
(c) 0 (d) None of these (d) None of these 
3x-8 3 3 10 4 3 4 x45 3 
3. One root of the equation] 3 3x-8 3 |=0 71fA=|17 7 4|.A,=|7 x+12 4} such 
n 
3 3 3x-8 4-5 7 -5 x-l 7 
is 
that A, = —A,: then 
(a) 8/3 (b) 23 a 
(©) 13 (d) None of these Qiks. 
(b) x has no real value 
1 1 1 (©) x=0 
4 ["C, "IC, "PC,| is cqual to (d) None of these 
mem ™ 
G G 1 0 0 0 0 
(a) m (m+ 1) (b) 0 202 0 0 oO 
@1 @ me —1) 8 Thevalueof [4 4 3 06 0} isequal to 
5. If , 8, yare the roots of the cquation ¢ + px + q =0, eon Sa 
a py 6 6 6 6 5 
then the value of the determinant |f y @ | is (a) 6! {b) 5! 
y a p (c) 1.273.4°.53.64 (d) None of these 


a py 6 
o 
9, If? = JT and #= o, B, y, 8 then By & 
y & a Bp 
Sa py 
is equal ta 
(a) i (b) = 
(e) 1 (0 
10. If, », z are in A.P., then the value of the determinant 
a+2  a+3 at+2x 
at3  at4 at2vlis 
at+4 at5 at2z 
(a) | 
(b) 0 
(c) 2a 
(d) a 
ll. If a, B, y € R, then the determinant A = 
(e+e (eee 4 
(e+e ®Y @F—e Ay 4] is 
(e+e 7% (ee "YP 4 
(a) independent of a, fp and y 
(b) dependent on a, f and y 
(c) independent of a, f only 
(d) independent of «, y only 
Answer Key 
L () 2. (c) 3. (b) 4. (c) 5. (c) 
AL. (a) 12. (c) 13.(a) Ia) 15. 


m SPECIAL DETERMINANTS 


Symmetric Determinant 


Symmetric determinant is a determinant in which the 
elements situated at equal distance (symmetrically) from 
the principle diagonal are equal both in magnitude and sign. 


aheg 
ic, Gp element (a,)=(Gi"element(aeg|h bf 
efe 


= abe + 2fgh — af — bg cht’. 
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265 240 219 


12. ‘The value of the determinant |240 225 198] is 
219 198 181 
(a) 779 (b) 679 
() 0 (d) None of these 
3421 3422 3423 
13. The valuc of the determinant [3424 3425 3426 
3427 3428 3429 
is cqual to 
(a) 0 (b) 1 
(ce) 2 (d) None of these 
Be? ab ca 
14 If} ab +a be | = ak, thon k= 
ca be a +h? 
(a) abc? (b) ab’? 
(©) be?a’ (d) cab 
nol 5 i 
1S Ifu,=|n 2N+1 2N+I], then Su, = 
we 3N?3N a 
@ N+) (b) 4 
2 
() NS @) 0 
6. (©) 7. (a) 8 (0) 9d) 10. (b) 


Skew Symmetric Determinant 


All the diagonal clements are zeros and the clements situ- 
ated at qual distance from the diagonal are equal in mag- 
nitude but opposite in sign. ic. @ /) clement = = Y, i) 
% clement. ic, a, =— a, The valuc of a skew symmetric 
determinant of odd order is zero 


O & -¢ 
eg, A=|-b 0 a/=0 
ce -a 0 
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Cyclic Determinants: 


Determinants in which if @ is replaced by 4. 6 by c and c by 
a, then value of determinants remains unchanged are called 


Circulants: 


Circulants are those determinants in which the clements of 
rows (or columns) are cyclic arrangements of letters 


cyclic determinants. 


Ixta x+bh xte 
1 (| @ |jxt+b xt+e xta 
@ |a@ 6 © |=(a-b\b-c\e-a) xteo xta xtb 
ee re a be dl 
(Already proved in previous article) w be ae i bose ee tates 
(ara iy PD le © a =-atbteSabe 
Gi) fa 6 © |=@-bb-oe-aatb+e) gach -e| ee 


nn nr 


ab 
Gi) |b ¢ a] =-@+b34+c—3abe) 
ca 


1 1 1 b 
iii) a a a = (a — bb — ee — alab + be + ca) la? 8 llrta y+b zte 
a be (iv) |b? c? a’iily+b zte xta 
(can be proved using factorization) la? BD? c?||z+e x+a y+) 


REMARKS 


1. An expression is called cyclic in x, y, z iff cyclic replacement of variables does not change the expression. 
e.g.,Xt+ytz,xy+yz+zx etc. 
Such expression can be abbreviated by cyclic sigma notation as below: 


Yrarty tz, Vwawtyzta, D(x-y)=0; 
xtytz4exrtytz7= Prt Dx? 

2. An expression is called symmetric in variable x and y iff interchanging x and y does not change the expression. 
e.g.x?+y", x? +y?—xy ;x? + y? +x°’y + yx where as x’ - y’ is not symmetric. 


m PRODUCT OF TWO DETERMINANTS 


Two determinants are conformable to multiply iff they are of same size 


1. Method of multiplication: (Row by Column) The ij“ element Py of product determinant Ip,Jis obtained by dot product 
of row vector of Ist determinant with j* column vector of the IInd determinant. 


a bh Gg oe a 3 
cg, Let A,=]a, b ¢,|,A,=|m, mm, m, 
a, by ty Am Om 


ai t+bton altbhm,+en, al, + bm, + cn, 


= A=AA = ani + bm ten, anf, + bm, +en, al, + bm, +c,.n,| (row by column) 


laf, + bum, + cn, nl, + bm, + on, at, + bm, + on, 


Since value does not change when rows and columns are interchanged, thus we can also find the product by row = 
row or column « column multiplication. 
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2. Method of multiplication: (Row by Row): [lere p,, is obtained as dot product of /* row vector of Ist determinant 
with j* row vector of IInd determinant. 


Therefore take the first row of A, and the first row of A,iic.,a, b,c, and J, J, f, multiplying the corresponding clements 
and add The result a), + b, f, +c, , is the first element of first row of A 


Now similar product of first row of A, and second row of A, gives a, #1, + bm, +c, m, as the second clement of first 
row of A, and the product of first row of A, and third row of A, gives a,n, +, , + ¢, 2, as the third clement of first 
row of A. Proceeding in the above manner, we get 

al+bhit+el, am, thin, tom, amt+bn,t+en, 
=> ASAA,= lah t+ bt, tel, am, +b,m,+e.m, an, t+b,n, +en, 

at, +b, +e, am tbm,+em, a.m, +b) 


+n, 


3. Method of multiplying: (column by Column) = Take the firs 
and J, #, a, multiplying the corresponding clements and add. The result a, + a, m, + 4,1, is the first clement of first 
column of A ic, p,=C, *C, (where C, is column of A, and C, is j*column of A,) 


column of A, and the first column of A, ic., a, a, a, 


Now similar product of first column of A, and second column of A, gives a, /, + a,m, + a, n, as the second element of 
first row of A, and the product of first column of A, and third column of A, gives a,/, + a, m, + a, , as the third element 
of first row of A,. Proceeding in the above manner, we get 


lal tam, tan, al,t+ayn, tan, al, + ayn, + an, 
> A=AA,= Jah + bm, + bm bl, + ym, + hyn, bly + bom, + by, 
lad, te,m, ten, of, teym, ten, Gly + cam, + er, 


4. Method of multiplying : (Column by Row) A = |p, where p, = dot product of C, column vector of A, and 
R, row vector of A, 


NOTE 
For the two determinants to be multiplied without expanding them, they must be of the same order. 


/ ADJOINT OR ADJUGATE DETERMINANT 


The determinant A‘ =|C\] where C, is the cofactor of a, in A= |a,| is called the adjoint or adjugate of A 


Jacobi’s Theorem: 


if 


A= le, is a determinant of n order and A’ = ICL the adjoint of A, then A’ = A”! when A# 0. We have 


rl v1 


HA or a! [Cy Cy or Cy ee < 
aarefn te tofu Co Ga Bec Dace = Deuce 
Jt tae oan] (Ct Co Cal Ln 
tel, Wee Con Sane = 


(By product thcorem, taking row by row multiplication) 
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A 0 o 

oO A o 

= =a" 

0 0 A 
ee A when i= j 

Since Cy, = 
De ” {o when i# f 


A= A"! when AZO 
Note that [fA =0, then A'=0. 


Reciprocal Determinant: 


IfA=|a,) #0, then A" = 


| where C, is the cofactor 


of a, 1s called the reciprocal determinant of A 


Method to Break a Determinant as the 
Product of Two Determinants 


Although the factorization of determinant as the prod- 
uct of two determinants is an arbitrary process, but if we 
observe the following points, then the process becomes 
simpler. 


(a) Observe the diagonal symmetry of the clements and 
apply the following facts: 

4 ‘The determinant of skew symmetric determinant 
with odd order always vanishes, therefore any odd 
order skew symmetric determinant can be broken. 
into product of two matrices of which at least one 
is singular. 


UW The determinant of skew symmetric determinant with 
even order is a perfect square. ‘herefore an even 
ordered skew symmetric determinant can be writ- 
ten as a square of a determinant having symmetrical 
elements. 


(b) Observe the symmetry of the clements and make sure 
whether (/, 7)" clement of the given determinant can be 
written as R, C, where R, is the ¢* row of the first fac- 
tor (determinant) and CG is the" column of the second 
factor (determinant). 


(c) While applying the approach (b) it is advised 
to choose the G. s)® element to be diagonal 
elements 
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(a-xyY (b-x)? (ce-x)? 
SOLUTION: Given determinant Ais |(@-y)’ (-y)’ (c-y)? 
(a@-z) 6-2" (©-2 
@—2axtx? B-2be+ x? co -2ex+x? 
=> A=|a-Jayty’? B-2byt+y? c?-2eyty” 
a@-2art+2? b?-2bz+2? c?-2z+27 
Each clement has expressed as sum of three clements, looking al column (i) a*1s common factor 


in Ist term, —2¢ in second term and | in third one and similarly looking C, and C, and therefore 
constructing diagonal elements we get, 


1x xt] la Bc? 
=|1 y y?| |-2@ -2b -2c]} (taking - 2 common from R, interchanging R, and R,) 
Vez oat 1 1 1 


x 
y @ 6b ec} (using the method of factonzation for two circulants) 
2] la BP ct 
=2(«-y) 0-2) @-x) (@—b) (6-0) (€-a) 
cos(A—P) cos(A—Q) cos(A-R) 
ILLUSTRATION 21: Evaluate the determinant |cos(B- P) cos(B-—Q) cos(B-R) 
cos(C —-P) cos(C-Q) cos(C -R) 
cos(A-P) cos(A—Q) cos(A-R) 
SOLUTION: Given determinant A is |cos(B- P) cos(B-Q) cos(B-R) 
cos(C —P) cos(C-Q) cos(C -R) 
(. cos (A — P) = cos A cos P + sin A sin P) 
cos P 


[cosA smA 0] |sinP | and therefore breaking into two determinants, we get 
0 


cosA sinA 0||cosP cosQ cosR 
=> |cosB sinB O||sinP sinQ sinR|=0 
cosC sinC 0 0 oO 0 


Theorem 1: For a given matrix A if C be the co-factor matrix of A, then determinant of C is equal to A\"~' where nis 
the order of the matrix A. (Its proof is given in the chapter of Matrices.) 


a@+2? abt+ch ca—ba a 
ILLUSTRATION 22: Prove that |ab—cA b*>+A* be+ad|x|-c A = R(t a + BP + C2)? 


act+bA be-ad ¢?+A* bo -aia 
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Theorem 2: the determinant of skew symmetric matrix with odd order always vanishes. 
0 -a, 
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Example: .cl a skew symmeiric determinant of third order be A given as 


0 b ¢ 0 -b -e¢ oO bb ¢ 
-b 0 aj. Interchanging rows and columns, we getA= |b 0 —-a/=(-1¥|-b O al=-A 
-e -a 0 lc a O -c -a 0 


(Taking — 1 common from each row) 
=> 2A=0>A=0 


Theorem 3: The determinant of skew symmetric matrix with even order is perfect square. ic., of the form 


(x (abe... ? 


; where a, b, e .... are elements of determinant 


O a be 
0 al Ia 0 de 
Example: =a =(af -be+ced) 
ample) lat Lb: cao 0 Fe ee 
Ic -e -f O 


TEXTUAL EXERCISE 4: (SUBJECTIVE) 


1. Without expanding the = determinant, show 2. Prove that 


that the valuc of the following determinant sin'A + B+C) ain'd ain. 
s real ies : ays 
ee sinfa+A) — sin(B+C + A) sinc 
224 PGSM sing@+B) sina +C) —sin(A+ B+) 


(a) 3-55 8 445i 


Gy +41 4-5 9 vanishes if sum of A. B, C is odd integral multiple of z. 


3. Split the following detcrminant as product of 


0  p-q p-r two determinants and hence evaluate ils value 
i) |g-p 0 q-r tty 42? tyztzxe artxytyz| 
rop r-q 0 lyetzytxz 24xtte? yetexty 


zxtxptzy ztoxtey tx ty) 
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Answer Key 


3 (ty +2 —3o2y 


TEXTUAL EXERCISE 4: (OBJECTIVE) 


laa a’tbed 


lb BB +eda 


lL. IfA= ; then A is equal to 
le & ef +abd 
lod ad a +abe| 
(a) abc (b) Bold 
(©) eda (d) 0 
y+z 2 y 
21) 2 zt+x x |=kxyz, thenk= 
yv x oxtyl 
1 (b) 2 
(c) 3 @ 4 
3. ‘The value of the determinant 
lat+b +2 a b 
e b+e+2a b is 
e a et+at2b 


(a) 2a b ec) 
(c) ab be lca 


(b) 2a 6 co} 
(d) 2bc(ab | be | ca) 


kta a a’ 
4 if |xt+b Bb 6) =0,a4b4e#a, thenx= 
Inte ¢? ¢ 
@ te oy tte 


Sab 


Sab 
Ce abe 


5. If @, 6, ¢ are non-zero real numbers such that 
be ca ab 
bc|=0, then 


lab be ca 


Answer Key 


1. (d) 2. (d) 3. ) 4. (b) 


5. @bed) 6 @ ©, 


Leal 1 ] | | 


a) —+— =0 (b) —+ +—=0 
7 abo eo? om) a ba? co 
(ce) aur ae, (ad) Lillo 
awa bo” e¢ abe 
6 @ The value of ~~ the determinant 


2a aby + a,b, 
a,b, + a,b, 2a,b. 


ab, +a,b, 
ayb, +a,b,] is 


ab, +a,b, a,b, +a,b, 2a,b, 
(a) | (b) -1 
(c) 0 (@) a,a,0,b,b,5, 
l+a l+ax l+ax? 
Gi) ITA=|1+f 1+ fx 1+ Ax"], then A= 
l+y ltyx l+yx? 
(a) 0 (b) (a-BYB-yMy-at) 
(c) afy (d) None of these 
pobe¢ 
7Watp,b#q,c¢#r and la q e= 0, then 
abr 
Fe a OL Ef 
p-a q-b r-e 
(@) 0 (b) 1 
@) -1 (a) 2 


8 IC Pm) +n) =1 cte. and, + my, + an, = 0 for 
A omon, 


i,j € {1.2.3} andizjetc..then A=|/, m, n,)= 


ts mz, Ny 
@) 1 (b) 2 
© 3 (d) +1 
@@ 2@ 8. @) 


m@ DIFFERENTIATION OF DETERMINANTS 


AC) fie) 


of order 2. which 
BO) &, 


Given a determinant A = | 


is a function of x, then 


dA alf) f)|_ a ts 
pre BC) 2,(o|" de (F,COg,0) — 2,000) 


= (KONO) + BOOM! 0) - BOL) -— LOE) 


Determinants. 2.25 


_|fe) £O) 4 [AQ ACO 
ax) Dd} far) gs(x) 
Similarly. we can write for the determinant of order three: 


Rule of Differentiation 


The differentiation of a deicrminant can be obtained a 
sum of as many determinants as the order. The proc 

be carried out along the row/column by differenti 
row/column al a time and retaining the others as they are: 
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m@_ INTEGRATION OF A DETERMINANT 


Integration of a determinant: As determinant is a numerical 
value, so it can always be integrated by expanding bul the 
integration of the determinant can be done without expan- 
sion, if it has only one variable row/column. 


J) gs) Ate) 
Given a determinant A(x)=| @ b c 
I m n 
(where a, b, c, 1, m and n are constants) as a function of x. 


» i 7 
J fede fxeode Ja@de 


A 
So fA@ide=| a b c 


rs m a 


F(X) gtx) h(x) 
Proof: - A(x)=| a b c 
t m ” 
= f).C,, + gx).C,, + AG).C,, 


where C\, = bn—me,C,, = el-an,C,,= am—bl 


= Pacdr=C, fi feoac+ 


; : 
Caf 60) de + Cf AG) de 


[rode Jgcode [aae 


= a b c 


TEXTUAL EXERCISE 5: (SUBJECTIVE) 


1. If p(x), q(x) and r(x) are three polynomials of 
Pex) p(x) p(x) 
ge) g(x) 9@)| is 
r(x) r(x) r(x) 


degree 2, then show that 


independent of x. 
2. If (x), Gx) and f/(<) are three polynomials of 
degree 2. ‘hen find the nature of polynomial $() 
Fis) G(x) HO) 
where (x) =|F'@e) Gi) A(x) 
IE") G"Qx) HE" Ge) 
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e sinx ] 
3. If A=|secx Ind+x*) 1] =a@+ bx + ex’, then find 


] 
the values of a and b. 


cosx x 1 
4. 0 f(@)=|2sinx x? 


lanx x 1 


2x), then find lim ©. 
aoe 
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3125 2eos’x sin2x — sinx 
5. If f@)=|6x* 2x? x") Find the value of f"{a) 6. If f(x) =| sin2x 2sin?x —cosx|, find 
loa @ sine -cose 0 
Spt feo + FO} ae. 
Answer Key 
2. d(x) is aconstant 3. a@=0,5=-1 4, -2 5. 0 6. —7 


TEXTUAL EXERCISE 5: (OBJECTIVE) 


x’-5x+3  2x-5 3 x’ sinx cosa 
1. (i) I A=] 3x7 +x4+4 6et] 9] =a+b tex 3. Let f(x)=|6 -1 0 |, where p is a constant, 
7x -6x+9 l4x-6 21 Pp pp 
+a, thon MOjic, L(A) ate = then “TF p(x)] atx=0is 
de de 
(a) 6 (b) 5 (®) p ) pip 
() 4 (d) 0 © pip (d) Independent of p 
x x? oe? ' 
(i If A=|1 2x 3x?|, then “() = Rina, aoe 
0 2 6x a 4 Let f(x)=|2! sin™ cos], then gee at 
(a) 6 (b) 6x i ms re ie 
(©) 6x? (da) 0 
eta? oxt+l 3 Ga. ‘ 
iS 2 4 ‘a) (b) p 
ii) If fox) = ia a : : : , where x 4 0 and or (a): Indépendedt tp 
f' (x) =0, then @, B*, c® are in 1 a a 
(a) AP (b) GP 5. Let f{x)=|sin(v—1)x sinzy  sin(n+1)x|_ then 
(c) ILP (d) None of these cos(n—1)x cosnx cos(a+1)x| 
a raco=|@ C+) tren tim SO) [7° F (Ae is equal to 
Rane? FSU, oe @ a-(+a (b) tata 
(a) -l (b) 0 (©) a+ (+a) (d) (1+a+a%) 
() 1 (d) None of these 


Answer Key 
L@@ MEO Gi @ 2@ 3@ <4@¢4 5@ 


m SYSTEM OF LINEAR EQUATION System of Equations in Two Variables 

Let the given system of equations be a,x + By = ¢, and 
A system of linear cquation is said to be consistent if it has a by 

at least one solution. aetbyso, (whee 5) 


Solving by Cramer's Rule for two variables, we have 


x . y Ss 1 oR, 
be -Be,  a0,-a6, ab,—af, 
x 
1 
a % 
¢. A, 
Thus x 222. 
a 4| A 
ae. bh ie: By 


This is known as Cramer's Rule. According to this 


rule, if 


Gi) A: the determinant of the coefficients 


ii) A,: what becomes of A when the coefficients of x are 


replaced by c's, 


(iit) Aj: what becomes of A when the coefficients of y are 


replaced by e's, then x = > and y = = 


System of Linear Equations in Three Variables 


The given system of linear cquations in three variables 


x, pand zis 
axtbhy+tez=d, 
axtbytez=d, 
axt+bytez=d, 


a bo aq hg 
Let A=|]a@, 6, ¢,|, A,= |d, 6, ©}, 
a, by, ey dy by cy 

cy a b 4, 

a], Aj=la bd, 

a a bd, 


| jaxtoyteaz b o 


¢,| =laxtbytoz 6, ¢, 


c,| jaxtbytez b,c, 
» ol [ay & allez 4 


=|ax b, e}t}by b, ,H]e,z b, cy 


ax b o| lay b& | Jaz & oy 


=xAty0+z0=xA ue @ 


Similarly, we can prove the other two results. 
yvA=A, 
and zA=A, 


Determinants 2.29 


Now there are two possibilities 


Casef: If A #0, then x, y, z will have one definite valuc. 
In this cas 


ziven system of cquations will have a unique 


solution. x = 


Caseli: If A= 0, again there are two possibilitics; 


(i) A=0 and at least one of A,, A,, A, is non zero. 
Let A, #0, then from (i), A, =x A will not be satisfied 
for any value of x because A=0 and A, 40, hence no 
value of x is possible in this case. Similarly we can 
analyse for y and z. 
Thus, if A= 0 and any of A, A, and A, is non cro, 
then no solution is possible and hence, the system of 
equations will be inco: 
(i) A=OandA 
Tn this cas 
all values of x, y and z 
But since a,x + b,y + ¢,2 = d,, therefore only two 
of x, py, z will be independent and the third will be 
dependent on the other two. 
Thus infinitely many values of x, y, z, are possible 
and oul of x, y, z, only two can be given independent 
values. Hence if A =A, =A, = 0, then the system 
of cquations will be consistent and it will have 
infinitely many solutions. 


ZA will be true for 


Condition For Consistency of Three Linear 
Equations in two Unknowns 


Consider the sy: 


cm of three lincar equation in x and y: 


axtby=e +i) 
axtby=c, wit) 
and a,x + b,y=c, oii) 


will be consistent if the values of x and y obtained from any 
two cquations satisfy the third equation. Solving the first 


ao 
la, Cy 
Pra eal 
la, 5, la, b, 
‘These values of x and v will satisfy the third equation if 
a & G 
Als |t Bae lee hi 0 
by la, b, a 
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This is the required condition for consistency of three 
lincar equations in two unknowns. If'such system of equations 


Given out of A, A,, A,, A, 


If A# 0, then system is 
consistent and has unique 


is consisient, then the number of solutions is one and hence 
this system of equations give an unique solution 


set of finite solutions. 


J 


a, =A, 54,20 
= System is consistent with 
infinitely many solution. 
Because 0 = x.0 has 


| 


At least one of A,, A,, A, is non zero 


=> system becomes inconsistent 
and so has no solutions 


infinite solutions 


eg, A=1 then 1=x.0 
never possible. 


FIGURE 2.2 


m SYSTEM OF HOMOGENEOUS LINEAR 
EQUATIONS 


A system of lincar equations is said to be homogencous, if 
the sum of powers of the variables in cach term is same and 
constant term as RHS = 0. Let the three homogencous linear 
equations in three unknown 
axtbhyt+ez =... 
(ii) 
(iit) 


x,y,z, be a,xt by +e,7 =0.... (A) 
a,x + by + ¢,2 = 0... 


A =0 


Clearly, A 


a bo 
Now, ifA=]a, b, ,|#0, 
a, bc, 
=> then «=—+= 


sox=y=z Qisasolution of system of cquations (A). This 
solution is called a trivial solution. Any solution other than 
=7 = 0 if exist is called a non trivial solution. Non 
trivial solution exist iff, A= A, =A, = A, =0, then all valucs 
of x, y, z satisfy the system of equation and thus system has 
infinitely many solutions. 


Given out of A, &A, =A, = A,= 0 


J 


IfA #0; 
then system 

has x =y =z=Oas 

uniqueftrivial solution 


| 


IfA=0 
If A= 0, since A, =x. A therefore 
O=x.0, there will be infinitely many 
solutions for x. Similarly for y and z. 
» So condition that a homogeneous 
set of equation has non trivial 
solution is A=0 


FIGURE 2.3 


m GEOMETRIC INTERPRETATION 


Two Dimensions A s 


em of lincar cqualions in two 
in 
then it represents two lines in 


variables represents lines two dimensions. If the 


system has lwo equation 


two dimensions. The system has either unique solution or 
infinite solutions or no solution according to the two lines 
being non-parallel. coincident, or parallel. 

Three Dimensions: ‘[hree planes represent a system 
of three linear equations in three variables. If three planes 


have a common point the system has a unique solution (as in 
fig @). If three planes are coincident or have a commen line 
of interscction (fig (i1)), then the sysicm has infinite solutions. 
Finally the system has no solutions, if cither three planes are 
parallel or two are parallel and third is intersccting them or the 
three planes are forming a prismatic hut (fig (iii), (iv) and (¥)). 


P(xyz) 
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ayy 


&) 


m ELIMINANT 


Tliminant of a given number of cquations in some vari- 
ables is an expression which is obtained by climinating the 
variables out of these equations, ¢.g., if the equations a,x + 
b, =O and a,x +b, = 0 is satisfied by same values of x,then 


a b, 
a,b, — a,b, =0,1.€., the second order determinant ae 


a by 


= 0, which is called climinant of the given two equations. 
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~ 


ILLUSTRATION 32: Show that the system of cqualions ax + 4y + z = 0, 2y + 3z — 1 = 0 and 3x — bz + 2 =O has 
(1) an unique solution, if ab # 15, 
(2) infimicly many solutions if ab = 15 and a = 3, b= 5, 
(3) no solutions if ab = 15, a#3,5#5. 


SOLUTION: The given systcm of cquations can be wrilicn as 
ox + dy +2=0, O.x + 2y + 3z=1 and 3x + Oy -bz=-2 


a4] 0441 
=> A=|0 2 3|=30-2ab; A=|1 2 3 = 4b-20; 
3.0 -b —2 0 -b 
@-"0"\ I a40 
AS O 1 3|=-ab+6a-3; A,=|0 2 1|=-4a4+12 
3 -2 -b 3.0 -2 
Now the system will have unique solution if A #0 => ab # 15 


Ifab = 15; let us re-write A, A,, A, by substituting 5 = 15, 
a 


we get, A= 0 90, A,= 6a - 18, A,=-4a+12 
a 


We note that there is a value of a for which A,, A, A, vanish simultaneously which is obvi- 
ously @ = 3; Also for a # 3 all the determinants become non-zero. 

‘Thus the system will have infinitely many solutions if ab = 15, a = 3 and will have no solu- 
tions if ab = 15,a#3,b#5 


ILLUSTRATION 33: Show that the system ax + y + z= a,x + by +z = b andx +y + cz = c is 
inconsistent, if abe - a —b-—c + 2 =0 and atleast two of a, 4, c are different from unity. 
all all 
SOLUTION: Wehave A=|1 6 1|=abc—a—b-c+2, A,=|b b 1| =abc-atb+c-2be 
lle eo le 
A,= abe —b +a +e-2acand A,= abe-c + a+ b—2ab 
Now for a system to be inconsistent, it is necessary that A= 0 
=> abe—a—b-c+2=0 
But for a system to be inconsistent, il is necessary thal A = 0 and al least one of A,, A,, A, #0 
A. = abe—a-—b—c+2+2b + 2c -2be -2 
=0+2b + 2c —2be —2 =—2(1 — 5) (1 -c). (/ A=0) 
Similarly A, = - 2(. -¢) (1 -a), A. =-2(1-a) (1-4) 
For A, 4, and A, simultaneously not equal to 0, at least two of a, 5, c, must be different 
from unity. 


ILLUSTRATION 34: For whal values of p and g the system of cqualions 2x + py + 6z = 8, x + 2y + qz = 5 and 
xt+yt3z=4 has 


G) unique solution Gi) no solution ii) infinitely many solutions? 
SOLUTION: Herc the sysicm of lincar cquations in x, y, zis 
2x + py + 6z=8;x+2y+gz=Sandx+yt+3z=4 
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~ 
2p 6| |2 p-2 0 
A=|1 2 g/=|1 1 q-3|(,>C,-C,.C,>C,-3xC) 
11 3] [1 0 0 
p-2 0 
> =@-2@-3) 
1 q-3 


if p #2, g#3 then A #0 and so the system will have unique solution, i.c the system will be 
independently/solvable/consistent 


If p = 2 or g =3 then A=0 and so the system cannot have unique solution. When p = 2 


8 p 6| |g 2 6] |41 3 
A,=|5 2 gl=|5 2 g|=2/5 2 g/=0 Co R,=R) 
413] [41 3] |41 3 
28 6| |1 43 
A,=|1 5 q{=2/1 5 g/=0(-R,=R) 
143] fl 43 
22 8| |l1 4 
A,=|2 2 5]=2|1 2 5/=2@)=0 (/R,=R) 
11 4, [li 4 


when p= 2, A=0=A,=A,=A, 
the system of cquations will have infinite number of solutions for p = 2 and for any real 
value of q. 

8 p 6| |O p-2 0 
When g=3,A,=|5 2 3/=|2 2 3/,R, +R, -2R,=-~-2) GB) 

4 1 3] jl 1) 3 
if p # 2, A, # 0 and so the system of equations will have no solutions, i.c., the sysicm is 
unsolvable/inconsistent when q = 3 but p # 2 
‘Thus we find that the system of equations will have 

@) unique solution if p # 2 and g #3 (ii) no solution if p # 2 and q = 3 
(ii) infinite number of solutions if p = 2 and g ¢ R 
op eB 
ILLUSTRATION 35: Using condition of consistency of equations, prove that |bg 6 q|/ =Qifbe+qr=cat 


cre or 
rp =ap+pq=-1 

SOLUTION: We have be + gr=—1, multiplying by ap, abcp + apqr + ap=0 0) 
ca+rp =-1, multiplying by 4g, abcq + bpgr + bq =0 Gi) 
ab + pq =- 1; multiplying by cr, aber + cpgr + cr =0 Gii) 


(i), Gi) and (iii) may be considered as three equations in (abc) and (pgr) 
Ilence, using consistency of equations, i.e., eliminating abc and pgr, we get 
Sedat 5A op: a P 
q 6 bq) =0 - |g & @|=0 
rocoor coer 
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TEXTUAL EXERCISE 6: (SUBJECTIVE) 


1. Eliminate m from the equations mx — my + a = 0, 
my +x=0, 
Eliminate #, # from the cqualions mx — my + a = 0, 
wx —nyt+a=Oandmnt+1=0 


Eliminate m, n between the equations mx — ny = 
a(n? — 77), me + ny = Zamn, m? +? = 1 


Fliminate m from the equations y + are = a(] + m), 
my —x=a(l—m) 


Find the solution of system of cquations x + y = 4 
and 2x—3y=9 


6. Let the system of equation be a, x + 6, y +0, 2 = 0; 

axtbytez=Oaxtbyte,z=0 

(a) If A #9, then given system of equations has only 
trivial solution and find the number of solutions in 
this ¢ 

(by If A then given system of cquations has 
non-trivial solutions as well as trivial 
and find the number of solutions in th: 

(©) Find A for non-trivial solutions of 
homogenous lincar equations. 

(a) Homogenous system of cquations is always 
consistent. (Truc/Falsc) 


7. If the system of cquations in x, y, ac + hy + g= 0, he + 
by +/=0: ax?+ hey + by? + 2ge + 2fp te=radmits of 


a solution, then prove that + 


Determinants 2.35 


8. Test the consistency and solve them when consistent, 


9, Find the values of c for which the equations 2x + 3 


the following sys 
+yt+z=Iixt3p-22 


em of equations for all values of A x 
= 1, 3e+(242)p—32=2441 


3, (e+ Iet(C+ Myact6: (C+2ix+ (ct 4Py= 
(c + 6) are consistent, Also solve above equations for 
those values of c. 


Answer Key 
Letyita?=0 @wrta=0 Bety=a 4.e4+ y= 2a 5. x =42andy=02 
6. (a) one (b) infinite (c) A=O (d@) ‘True 8. For 4 # Six =- Sa74. =24-) , 44“) 
9 ¢=0,-10 
TEXTUAL EXERCISE 6: (OBJECTIVE) 
1. Find the values of 2 and ys for which the cquations (a) AP (b) GP 
xtytz2=3, xt 3p t+ 2z=6andet Ay+3z=p (c) UIP (ad) None of these 
Dave's unique soluten, 6. The equations 2x +y = 5, x +3y = 5, x—2y =O have 


(a) A=5, #9 
(c) A=5,h=9 


(b) AF¥5. HER 
(a) None of these 


2. Find the values of 2 and yt for which the cquations 
xtp+z2=3,x+ 3p t+2z=6andet+ yt 3z=y 
have no solution. 
(a) A=5, n#9 
(ce) A=S, a9 


(b) AF5. HER 

(d) None of these 

3. ind the values of 2 and ys for which the equations 
xty+z2=3,x+3p+2z=6andet+dy+3z2=p 
have infinitely many solutions. 
(a) 4=5, p#9 (b) AF5,pER 
(Cc) A=5, p=9 (d) None of these 


4. The system of cquations 2x —y + 2=0; x= 2p + 
= y+ 22 = has infinite number of non trivial 


for 


(b) A=5 
(a) no real value 


ul 


. If the system of equations x + day + az = 0. x + 3d) 
+ bz =0,x +2 cy + cz = 0 has a non-trivial solution, 
then a, &, ¢ are in 


Answer Key 


1. (b) 2.(a) 3.) 4b) 32) 


(b) one solution 
(d) infinitely many solutions 


{a) no solution 
{c) two solution 


. Let a, b,c, d. uv, v be non-zero integers. If the system 
of equations ax + by = u and cx + dv = v has a unique 
solution, then 
{a) ad-be=0 
{c) ad-be #0 


1 


(b) ad - be = 
(d) None of these 


. If the system of equations ar + by + ¢ = 0, bx + ey + 
a=0, cx +ay + 6=0 has a unique solution, then the 
system of equations (6 + c)x + (c ta)y + (at b)z= 0; 
(c+ a)e + (at by t (b+ e)2=0 and (a + b)yx + (b+) 
yt(et+a)z=0 has 
(a) only one solution (b) infinitely many solutions 


(c) no solution (d) None of these 


. The number of values of k for which the system of 
equations (A + 1) x+ 8) = 4k and kr + (K+ 3)y = 34-1 
has infinitely many solutions is 


(a) 0 (b) 1 
fe) 2 (d) infinite 
6 &) © 8. (>) 9. (b) 
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MULTIPLE CHOICE QUESTIONS 


SUBJECTIVE SOLVED EXAMPLES: 


cos’# cossind -sind 


1 If f(@)=|cos@sing sin? cos@], then find 


SECTION-I 


sin@ —cosé 0 
the value of f (2) 
6 
cos?O — cos@sind -sind 
Solution: f(A) =|cos@sin@ sin? 0 cos0| 
sind —cos0 0 
4 an a 
cas’ — cos sin— —-sin— 
6 6 6 6 
f FZ \=lcostsin= — sin? cos 
nano eet ee ee) “6 
sin™ ~cos™ a) 
6 6 
a ML 
4 4 2 
| 1 il 
4. 4 2 
1 8B 
2 
o2(bg Sle Bed) 
4\4 4 4 4 2. 8 8 
(Expanding along first row) 
> f | (Ona ce 
6 16 16 16 
atx ab ac 
2. Show that the determinant | ab B? +x be 
a ac be 4K 
is divisible by »°. 
@t+x ab ae 


Solution: Let A=| ab Bb’ +x be 


ac be 4 


a ab ac 
Putting x=0, we get, A=] ab 8? be 
a be 
aoa a 
=abc|b 6b 6 |=0 
coc oc 


At x = 0, A = 0 since three columns identical, 
Therefore (x — 0) is a repeated root of the equation. 
= x7is factor of determinant. = A is divisible by x? 


3. If m and p are positive (m > p) and A (m, p) 


"C, "Con "Cys 
= |mc, "IC, MC, .], then prove that 
m-aes ma m2 
“pe “p-3 
mc 
A (in, p) = Fe, Nesp cm 
Solution: We know thal,"¢, =—™__= mig 
"(ma piipt po? 
=> A(m.p) 
Money mM one, Moni, 
p Pt pal PF pt a P 
_| mtle« m+) m+n, 
p 7! p4l pt2 7! 
m+2 CS, M+2 me: c, mt2 oe: Coy 
Pp pti pt2 
_ (m+ 1)(m + 2) _ “Cy 


pip+D(p+2) Sw-te-™ FAG, Ao te 9 
4, Without cxpanding at any stage show that 
xtx x+l  x-2 
2x4+3x-1 3x 3x-3) =¥ A+B where A and 
v+2x4+3  2x-1] 2x-1 
8B are determinants of order 3 not involving x 
Solution: ‘he given determinant 
e+e x+1 x-2 
A=|2x'+3x-1 3x 3x-3/:(R, > R,-R,-R) 
x +2x4+3  2x-1 2x-] 


ee l= x22 
>a=| -4 0) 0 |:@,>R,-R) 
v+2x4+3 Qx-1 2x-1 


xtx xt] x-2 
>aA=| 4 © 0 |x€,>¢,-c) 
x43 x-2 xt] 
tx xtl -l w+x xt) -1 
=> A=3) -4 0 O}=12) -1 i} i) 
x43 x-2 1 x+3 x-2 1 
Operating (R, +R, +x°R,) 
, a oo? | 
=12)-1 0 ©] (R,>R,-R) 
x+3 x-2 1 
x xt+l -l 
=> A=12/-1 0 0 
=o 2 
x ox 0 0. <ol> sl 
=12)/-1 0 O]+12)/-1 0 O} =xd4+B 
3. <3: 22. 3° <3: 22 


§. Show that the following determinant is independent of x. 
sin(v+a@) cos(xt+a) atx sina 
sin(e+ B) cos(x+f) b+x sin 
sin(x +7) 


cos(x+y) ctx siny 


sintx+@) cos(x+a@) atx sing! 
sin(v +f) cos(x+f) b+~ sin fi 
sin(x+7) 


Solution: A = 
cos(x+y) c+xsiny 
Differentiating w.r.t x (column-wisc), we get 
lcas(x+ cr) cos(xt+ar) atxsin a 
oe lcos(x+ #) cos(x+ 6) b+xsin B| + 


cos(x+y) cos(xt+y) ¢+xsiny 
sin(v+a@) -sin(x+a@) atx sing! 
sin(x+ #) -sin(x+f) b+~x sinf| + 
sin(x+y) —sinQr+y) et+xsiny 
sin(x+a@) cos(x+@) sing 
sin(x+ #) cos(x+ $8) sin f) 
sin(x+y) cos(xt+y)  siny 


First two determinants are vanishing. In the third 
determinant 
C, >C, - cose. C, and C, > C, + sin xC, 


Determinants 2.37 


sina 


sin f 


siny 


sinxcosa@ cosxcosa 


=|sinxcosf cosxcoas f 
sinxcosy cosxcosy 
cosa cosa 
cos £ 
cosy 


sina 
sin £] =0 
siny 


= sin x cos x |cos 
cosy 
(. two columns are identical) 


Since aa = 0, Ais independent of x. 


dx 
2cos’x sin2x sin x’ 
6. Let fix) = | sin2x  2sin?x — cosx |, then find the 
sinx  —cosx 0 


* 


valuc of Treo f'ohde 


2eos*x sin2x -sinx 
Solution: Given f(x) = | sin2x 2sin?x cosx 
sinx — —cosx 0 


C,> C,+2sinxC, 


C,> C,-2eos x CAR Further operating, 


C, > C, - 4sine Cy, C, > C, + dcose C, 
2 a) sin x| 
f=} 0 2 cos x |= 2sin? x + 2cos*x = 2 
sink —cosx 0 


CO) + f'@).de = af dam 


0 


> 


ry) 


sin2Ad sinC sinB 
7. In AABC, prove that | sinC sin2B sind | =0 
sinB sind sin2C 
2sin AcosA sinc sin B 
Solution: A = sinc 2sin Boos B sind 
sinB sin A 2sinC cosC 


2.38 Algebrall 


late? +c? a") 


e 


“Peeaab 


; 


Operating 


3 (b? + 


ac* 
ab? 
(eo? +c? -a") 
a 
Bw 
CC) =—C 
c,>¢,-C 
e-a’) 
e 
ro 


ba® ea? +?) 

? e 

(ch +a? 8) a 
@ (a? +B? -<?)} 


Lv C, and C, are identical when (@ — 6?) and 


(a 


8 Ifa, b,c#0and| 1 


the value of pee 
ab 


Solution: LctA=| | 1+6 


=> A=abe By dy 


lta 
1 
11 
lt+a 1 
1 a 
hein 
a b 
a 
Bod 
a b 


c?) are taken common| 


1+ 
1 


b 


1 | =0, then find 
l+e 


(laking a, b,c, common from C, CC, respectively) 
Operating (C, > C, +, +€)) 


= abe 


But given that A=0 +. abe (Care 1) =0 
abe 
Buta, b,c #0, therefore |, 1 | =-1 
abe 


9. If A, B and C are 3 distinct angles in the interval 
sin’ A sin’ B sin’ C| 
(0, 2/3) and A=|sinA sinB sinC], then prove 
cosd cosB  cosC 
that AZ 0. 
sin? A sin’ B sin*C) 
Solution: Let A= |sind sin sinc 
cosA casB  cosC 
lsin?.A sin? B sin? C’ 
=sind sinB sinc | 1 1 1 
cold cotB coil 


(Applying C, > C,-C, and C, > €,-C)) 


cotA cotB-cotA — catC'-catA 
Expanding along R, and simplifying, we get 
A=-—sin(4 — B) sin (B -C) sin(C —A) sin (A+ B+C) 
Since 4, B, C € (0, 2/3) and are distinct, so none of 
these factors are vero. Hence A ¢ 0. 


10. If a and x are real numbers and n is a positive integer, 
then show that 


wh 


a"-x @ x 
ax altar 
aM —-x aax 


at gh 
4% gi gts 
ght gh® gh ght gmt _y 
1 1 ged 
pied 7 sae aad 
=a" (1-aP (+a) la a? atx] 
ja’ a’ as —x| 


Two columns are indentical, so A = 0 for any x. 


11. Let & be a repeated root of the quadratic cqualion 
fx) = 0 with the leading coefficient as unity and A(x), 
B(x) and C(x) are polynomials of degree 3, 4 and 5 

Ate) Bx) (x) 

Atay Bla) Cla@})_ is 

\A’(a) Bay Ca) 


respectively. Show that 


divisible by f(x). 

Solution: Since « is the repeated root of the quadratic 
equation f(r) = 0 
Therefore Ax) can be written as: f(r) = ( - a)? 


1 cos(a—B) cos(y — a) 
cos(a — B) 1 cos(B —y)|=0 
cosy — ar) cos(B-7) 1 


12. Prove that 


Solution: The above determinant can be expres 


cosa cos # + sina sin B 
cos’ +sin® B 
cos Bcosy +sin Bsiny 


cos? a +sin? & 
= |cosa@cos # +sin asin B 


cosy Cos @ + sin Y sin @& 
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AG) BO) CQ) 
Let g@)=|A@) Bla) Cla) 
Ata) Bia) Ca) 
Since two rows are identical for x = &, so (¢ — @) is 
A(a) Bia) CXa) 
root of g(x); g(a) = |Al@) B(@) C(@)] =0 
Ata) Bia) Ca) 
Since in g’(x) two rows are identical for x = ce, 
therefore (x — @) is a factor of g(x). Then (x— a)? isa 
factor of g(x), which completes the proof, 


cd as product of two determinants. 
cosy cosa +siny sina 
cos B cosy +sin fsiny 


cos*y +sin?y 


cosa sina 0 cosa cosf cosy 
=|cosB sin 0|x|sina sinf siny | =0x0=0 
cosy siny 0 0 0 0) 


13. If a, B are the roots of the equation a? + by + ¢ = 0 
and $= a” + p", then show that 
3° 14S, 145, 
b 
les, 148, 145-44 te) (8 —dac) 
14S, 14S, 145, . 
Solution: The determinant 
3 l+at+P lt+a?t+ pf? 
ltat+B l+@e?+f ltas fp 
lta tf? l+ae+f l+a'+p' 
lL le Al 11 1 
canbe written as|] a@ £|x|l a@ @ 
l@ pl ll pf 
a | 1 11 1 
=|1 @ £P|x|l a Bp 
le BY ll & B 
1o1oafp 
=|1 a | = GB Boe + B- B+ oP oF 


= (a8 (B- a) + of - P+ B- aP=f- (a - p) 


C= (a+ f)+ appa (daca b+ oy” 
a’ 


14. Let a, 6, ¢ be real numbers with a? + 6? + c? = 1. Show 
that the equation 


lax—by-c bx tay exta 
bxtay -ax+by-c¢ ev+b |=0 
exta eyt+b —ax—by +c! 

represents a straight linc 

Solution: Given 

ax—by-e bx tap exta 
bxtay  —ax+by-c ey+b =0 
exta c+ -ax—by +c! 


(C, DaC, + bC, +0) 


(@+b?+e7)x — betay exta 
=> [(@+R+e7)p -arthy-e oytb =0 
(+P 40) a+b -ax—by te 


2.40 Algebrall 
x bxt+ay exta 
=> |y -axtby—c oth =0 
1 cytb -ax—byte 
Applying C, > C,- 6 C, and C, > C,—-C, 
x wy a 
=> A=|y -ar-e b =0 
ley -ax-by 
Applying R, > R, +xR, +yR, 
x ay oa 
> A= y -ax-c 6|=0 
xty tl 0 a) 
> (+324 D aby tae tac) =0 
> axtby+c=0 


x? +3? +140 for any xandye R 


15. Find the coclficient of x in the determinant 


(+x) (tye (+x 
(+xy* d+xy dexy 
(+x +x (tx) 


Solution: Since we have to find the coefficient of x, there- 
fore we, after applying binomial expansion, will 
ignore the terms containing powers of x? onwards, 


I+abx l+ab,x 1+a,,x 
I+a,bx l+a,b,x 1+ a,b,x! 
It+a,bx lt+ab,x 1+ 4,b,x| 


‘Now the above determinant can be writicn as the sum 
of 8 determinants as below: 


11d} Jl 1 ax] |1 a,x 1 
=]l 1 felt 1 abe l4]1 abe 1 
Pid} fit abe} fl ade 1 
bx abx| labx 1 | 
+ x a,b,x\+]a,bx 1 | 

x abx| |abx 1 | 
1 abx| labs abx 1 
2 1 abx|+labx ajbx 1 
1 abyx| ade abe 1 
abx  abx 
abe a,b, 
% PaX ay 
a,b,x ayb,x| 


Observing the above determinants, we get that the 


value of some determinants is zero and the value of 


rest of the determinants, has the coefficient x? atleast. 
Therefore, no determinants whose coefficient is x. 
=> Cocllicicnt of x is zero. 


16. I 2e t+ py t+62=8: x4 yt gra Sxtyt3rc4 
Then for what values of p and g, the system of cqua- 
tions have (i) no solution (ii) a unique solution (iii) 
infinitely many solutions 


2p 6 
Solution: | Jere. 1 2 q@ =@-2@-3) 
113 
8 p 6 
> A= |5 2 gf =4q—15)(-2) and 
413 
28 64 2p 8 
A=] S$ q/=0 >Aj=]1 2 S=p-2 
143 | 
Caset: When A#0ic., p #2 and g #3, then given 


system of equation has unique solution 
Case2: When A=0ie.p=2org=3 
=> When p=2,A4=0,4,=0, A= 0, A,=0 
Given system of equations has infinitely many 
solutions. 
= When q=3, p #2,A=0,A,#0 
Given system of cquations has no solution, 
Concluding above, we can say that 
Gi) unique solution when p #2 and g #3 
(ii) infinitely many solutions when p = 2 
(iii) no solution when p #2. g = 3. 


17. Prove without expansion that 


ah+bg g ab+ch ah+bg aih 
bf+ba f hbt+bcl=albft+ba h b 
afthe c hg+ fe afthe g f 
Solution: Rewriting the given determinant as mentioned 
below: 


ah+bg ge abt+ch aht+bg a ch 
=|bf+ba fe hb+be|-“|bf+ba h ch 
"laftbe oc? bgt fel “laf+be g of 


By operating in second determinant C, > C, + 6C,, 


we get 
ah+bg a ab+ch 
=—A,-“|bf+ba h hb+eb 
© “Va tbe g betef 


1 ah+bg -a abt+ch 
=—A,+—|bft+ba -ah hb+cb 
. “laf tbe -ag bg +ef 


ah+bg ge-a@ abtch 
dor ebar fexah. pbveb 
laftie =a beg 
a h glo aA 
Uy oe flea 0d 
Ne fel oe 8 
ah g||0 ad 
= Ly, b f\xla O ¢l=0 
le tf c| |-b -e O 
18. Factorive the determinant 
l betad Betad 
A=|1 catbd a+b d® 
lL abted @b+e'd* 


betad =x 
Solution: Lot ca+bd = y 


y | and using C, > C, + 
abted =z 


2abed, C, in the given determinant 
lx x 

A=|1 yy] =@-y) @-2) @-»). 
lz 2 


By putting the valucs back and solving it, we get the 
required answer 


A= —(a—b) (b-0) (¢-d) (a—d) (b-d) (c-d) 


yz-x 2x-y? xy—2? 
19. Show that] zy —y? xy—z? yz—x? 
xy-z* oyz—-x? zx-y? 
we 
= r ue 
we we r 


where Pax +y?+2and waxy tpztzx. 


‘¢ 


Solution: Consider the determinant, A= 


Now 
‘< &ON 


Zz 
x 
We see that the £//.S. determinant has its 


constituents which are the co-factors of A. [lence 
LALS, determinant = A* 


Determinants 2.41 


x p zilx yz 


=ly z xl[ly zx 


zx yl|z x » 
wey tz xyptyztze xytyztzx 
=lxytyztzx postr yzetextxy 
zxtxytypz yztxztxp P+xvrry? 
r uw wv 
=|" r ua 

ue aa r 


20. If a, Band yare such that & +f += 0, then prove 
1 cosy cosf 

cosy 1 cosa] =0 

cos cosa 1 


that 


Solution: Operating C,  C,—cosyC,,C, + C,-cos BC). 
1 1) 0 
cosy 


sin’ y cosa —cos Bcosy 


cos Bi cosa —cos Bcosy sin? B 
1 0 0 
cosy sin?'y sin fsiny 
lcosf -sinysinfB — sin’ # 
vaa=-(B+y) 


cosa = cos(f +7) 
cosa@ = cos Beosy — sin Asiny 
= | (sin? y sin? B — sin*y sin? f) = 0 


21. Given thal @ = cos0 + i sin0, fi = cos20 — é sin20, 


a py 
y = c0s36 +7 sin 36 and if |# y a |= 0, show 
y a Bp 
that @= 2nz,n © Z 
apy 1 
Solution: | y @ ~y @ +B + a— BY B- 
y a p 
+(y-ay)=0 


=> atPptry=Oora=fp=y 
Ifa+B+y= 0, we have cos@ + cos2@ + cos 
36 =0, sin@ - sin2@+ sin36=0 


cos26 (2cos@ + 1) =0 @) 
and sin20 (1 —2cos) = 0 (i) 
which is not possible as cos20 = 0 gives 


sin20# 0, cosO¢ 1/2 


2.42 Algebrall 


and cos0 = -1/2 gives sin20 ¢ 0, cos0 # 1/2 
equation (i) and (ii) docs not hold simultancously 


atptyéd 
a@=fB=yore'?=e-% = e™ which is salisfied only 
by c= 1 


i.c., cosO = 1, sind =0, so 0= 2a, n © Z 


22. IfA+B+C =z, then find 


sin(d+B+C) sinB  cosC 
—sinB 19) tan A 
cos(d+B)  —tand ia) 
0 sinB cosC 
Solution: A = | —sin B a) tanA 
-casC -tand 0 
0  -sinB -cosC 
Apply R  C we get, | sin B Lu) —tanA 
cosC tan 0 


taking - 1 common from each row 


0 sinB  cosC 
= -|-sinB i) tanA| =-A 
-cosC -tand 0 
=> 2A=0 => A=0 


Note: Skew symmetric determinant of odd order is zero, 

23. Using properties, prove that 
atx oy Zz 
x aty z |=a@(atx+yp+tz) 


x yo oatz 


Solution: Applying R, > R,- R, 


atx oy oz 


0 -a a o -1 1 
Applying R, > R,- R, 
a+x yz z 
Az=al-a a O}=a°|-1 1 0 
1 


Applying C, oC, +€,4+C, 


G+xt+yt+z y z 
A=a@ a) Doak 
9 i a | 
at+xty+z yptz 2 
Sai ta) 1 l)=a{atxt+ytz) 


0 O» | al 


@+2a 2a+1 1 
24, Prove that | 24+] a+2 1) >or=or<0 accord- 
3 3 1 


ing asa>lora=lora<1 


Solution: Some times a determinant has all its elements 
1 (or equal) in a row (or column) 

{eg., in the third column}. By transformation 
R, >R,-R,, cle, 
yeros in a particular rew or column and which reduces 
the order of the determinant. Operating R, > R,- Ry 
and, >R,-R, 

a@+2a-3 2a-2 0 


il is very casy to get at Icast lwo 


=> A=| 2a-2 a-1 0}: R.>R,-2R, 
3 3001 
@+2a-1 0 0 
=> A=| %a-l) a-1 0 
3 3 <t 
(a-l~r 0 
= -1y 
2(a-1) a- ) 
A>Oif(a-1P$>0ic a>1,A=0if(@-1)= 
ic, a=landA<Oif(a-1P<O0ica<] 
a+A ab ac 
25. Solve] ab B+A be |=0,2ER 


ac be c* +h 


Solution: Important: Some determinants are such that 
there is a factor common between the elements in the 
first row and the first column but not necessarily at the 
junction of the row and column. Similar situation may 
exist for the other rows and columns. In the above 
problem those common factors are a, b, ¢ respectively 
In such problems, common factor 
wise (or column wise) and r 


taken out row 


ntcred columnwisc 


(or row wise) respectively 


at+Ala b e 
llere A=abe| a b+Alb ¢ 
a b e+Ale 
eth ce 
=| @ O44 & Jc 4c,+C,+6, 
a BP eta 
AH@+R 407) BB 2 
=l|At(@+h 4c?) B+A oe? 


At+@+P 40°) 


1 Ca 
=|At(a? +h +e7)J]1 +A ce? 
1 Bb eta 
R, > R,-R,, R, ORR, 
1 ¢ 
=[At+(a? +h +e7)]]0 2 0 
00 4a 
= A + at + b? + €2) (because the determinant is 


triangular) 
the equation is 20. + a? + 2 +c) =0 
> 2=0,-@+h +0 


26. For a fixed positive integer on, if 
ni (n+Dl (n+2)! 
A=|(a+1)! (+2)! (#+3)!|, then show that 
(n+2)! (n+3)! (nt)! 
A —4 is divisible by n. 
(nly 
1 (ntl) (ntInt2) 
Solution: A= nl. (n+l) (@a+2)!|1 (2+2) (at2\nt3) 
1 (a4+3) (n+3)+4) 
1 (atl) (a+1)(r4 2) 
=> A=nl(ntlint210 1 24(n+2) 
a) 1 2(n +3) 


> A=@'Pt DAM +22 


= A= 26n? + 2m bn 2) = 20? +4n? +50) +4 


(aly 

> A —4=2n(n* +4n+ 5). which is divisible by n 
(a 

=> A __4 isdivisible by 
(nly 


x x(x?741) x41 


27, Evaluate the determinant |y p(y? +1) y+1]. 


z z2(z+l) zt 


x x@?tl x41 x vol 


x 
Solution: Let A= |y yO" +1) yt] =|y y° 1 
z 2(z74+1) 241 zzol 
(C, > C,-6,,€, > €,-€) 
x eo 


sa 
=ly-x yx 
z-y 


0| @, >R,-R,R, OR ,-R) 
z-y 0 


Determinants 2.43 
=0-NE-yY)-E-yO-3 
=@-yy-nyr-2+yz-27-y xy) 
= (yy - 22? - + y@—O1 = & YK -2E-%) 

(et+ytz) 
a be acte 
28. Show thal |a?+ab 6? ac | = 4a? bce 
ab tbe? 
a be acte 
Solution: L.ILS.=|@+¢5 ac 


a e ate 
=abc|at+b bb a 


a e 0 
=abce|ath b 2b 
5b b+e -2b 


(applying C, > C,-C,-C,) 
‘Taking 2b common from column C,. 


a e 0 
= 2ab’cla+b = b — —1| (applying R, > R,-R,) 
db bte -1 
aoe a) 
=2ab*cla -c 0) = 2ab e(-ae - ae) = 4a" bc? 
b bte -1 
29, Let 
secx casx sec’ x + cat xcosee x + cosy] 


f(x) =|cos*x cos? cosec*x + cos! x 


cos? x 


1 cos? x 


then, cvaluate f : ” (0) de 


Solution: 
0 0 x + colxcosce x 
Ff) =|0 cos? x — cos! x 
1 cos” x cos’ x 
ER, R,—s00 xR, R, > R,— cos x Ry) 
A= (aco?x -+eol x, cosee x K-costx + cas!x) 


sin? x — cos? x 


Now, f°" (0) de= J" (Csin® x —cos* xe 


a 2 a2 
2 fa} o4 
23 (; ;) 


Using Wallis theorom = > 


2.44 — Algebrall 


30. If p, g ER; and p> + g@— pg -p—qt1 <0 and 
1 cose cosh] 
at+b+ce=0, then evaluate A =|cose Pp cosa 


cosa cosh g 
Solution: Given p? + @?-pq—p-q+1<0 

=> @-1IP+@-I+@-Nd-gse 

Dividing by (g - 1°. (Assuming (¢ — 


=> (= (et ‘)e1s0 which is not possible. 
-q 


1) #0) 


l-q 
q= => pr-2p+1<0 
1 cose cos) 
=> p=1 A=|eose 1 cosa 


cosa cosh 1 
Leta=B-C,b=C-Are=A- 
Clatbt+c=0) 

1 cos(4—B)  cos(C - A) 

A=|cos(A-B) 1 cos(B-C)| 
lcas(B-C) cos(C - A) 1 

sind 0 cosC| 
sinB Ox|sinA sinB  sinC|=0 
sinC 0] | 0 0 co) 


cos A cosA cosB 

= |eosB 

lcasC 

3A. If all the entries of a 3 x 3 determinant are cither 1 

or = 1, show that the only values the determinant can 
take are 0, + 4. 


a bh ¢, 
Solution: We have A= |a, 6, = a,b,c, + a,b,c, + 
a, b, 


a,b,c, — a,b,c, — a,b,c, — a,b,c, wi) 
Since all the nine umbers in the determinant are 
either 1 or -1. each term in R/S of (i) is either 1 
or — 1. Therefore the maximum and minimum value 
of such a determinant may be 6 and —6 respectively. 


We will show that these values can never be attained. 


The determinant is equal to 6 if and only if 
7 a,b,c,=1, 

and a,b,c, =— 1, a,b,c, =— 1, a,b,c,=—1 

The above six equations cannot cxist simultancously. 

To show this let us multiply all the above equations to 


ab,e. 


abe, 


arrive at a contradiction 7 6? cf aj 3 ¢} aj bcp =-1 
which is impossible as square of a real number is > 0. 
A similar proof can be given in order to show that the 
determinant cannot be equal to — 6. Now we show that 
the determinant cannot be an odd number cither. From (i) 


A=x, +x, +x,-x,—x,—x, (such that x, = a,b, ¢, ote) 
where cach x, is either 1 or —1 


=(%,- x) + &,- x) + @,-— x) =», ty, +y, where 


Now since each x, is either 1 or — 1, each y, is either 
O or 2 or-2. Consequently, v v,+y, +, is essentially 
even. Now, we show that there exists a determinant 
with entries 1 or —] whose value is equal to 4 or (-4) 


1 -l 1 
This determinant is ]1 1 -1 
—-1 1 1 
(interchange any two adjacent rows to make the 


value — 4) 

We finally show that the value of the determinant 
cannot be + 2. It is sufficient to show that the value 
cannot be 2 (for if 2 is possible — 2 is also possible and 
if 2 is not possible then — 2 is also not possible) 

Note that A= 2 if and only ify, = 2, y, = 2, y= - 
(or their permutations) 


or y,=2,¥,=0,¥,=0 (or their permutations) 

Now y,=2 => aby,=1,abe,=-1 
y,=2 > aboc= 1, a,b,c, = 
Yy=-2 > abe,=-l.abe 


On multiplying all the six relations, we get 1 
a contradiction 
Again v, = 2, v, = O.¥, 


> abs, 
abe, = = wi) 
a,b,c, = 1, a,bc,= =; 
which again yields 1 = - 1 a contradiction 
(Ati) a,b,c, =— 1, a,b,c, = — 1 is also possible 


but the final result is not affected) 
32. Show that Ata, b, c) 


(b+cy a a 
=| BP (eta? |= 2abe(atdbte) 
° ee (atby 


Solution: Applying C,> C,-C, and C, > C,-C, 
we gel Ata, b,c) 
(b+cY (atbteya—b-c) (atb+ea—b-e) 
=| BB (ctat+byet+a—b) 0 
oad i) (atbte\atb—c)| 
(b+cy (a-b-c) (a-b-c) 
=(atbtcy| & (tab) 0 
co 0 (a+b-c) 


33. 


On applying R, > R, - (R, +R), we get 


2b De 26 
As(atb+cy| 8 (c+a-4) o 
? 0 (at+b-c) 


=a t b+ cf [hele ta— bat b—c)-O0+ 
clat b-o)b? + bceXe +a—5)| 

On expanding along Ist row after taking 2 as a 

common factor 

= 2Aat b+ cPlabe? + bea? + cab?| = Qabela +b + oF 

Prove withoul expanding and applying concept of 

factorization that 


loa? <a 


then the expr 
rows twice). On pulling a = b 


sion docs not change (interchange two 


1a@ a’ 
LUS=|1 @ a’]=0. 
le 


= (a - bd) is factor of LHS. Similarly, (b - ce) and 
(¢ — a) are also factors. Note that (a — b) (b — c) 
(c — a) does not change if @ is replaced by 4. 6 by 
cand ¢ by a, But the degree of expression is 5, 
therefore it must have a homogeneous symmetric 
expression of degree 2 as factor. The two degree 
symmetric expressions are only a® + 6° + 7, ab + 
be + ca, (a + b+ 6), a + b+ c — ab — be - ae. 
‘Thus one of the following must be an identity. 


laa 
1B Bl=k(a—byb-ec—aa? +B? +07) 
tee 
l@a@ 

or [1 & | =k(a—byb—ee—aylatb+ey 
le ¢ 
l@a@ 

or |1 BB] =ka@— bb - ee - a) (@ + B+ 
Le? e} et ab-be-ac) 
l@a@ 

or |1 & | =k(a—byb-ec—ayab+ bet ac) 
Le’ ¢ 
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(where & is a constant) 
In the first assumption, pul a= 0, b = 1,¢=—1, we get, 


10 0 
11 1)=s@-Dd+)DC1-0) (2) 
11-1 


=> 2=4k > k=-1/2 

Again pulting a = 0, b =1, ¢ = 2, we get k = 2/5 
Since the two values of & are different, the first of the 
above cannot be an identity. We can similarly show 
thal second and third are not identities cither. Thus the 


la@ a 
only possibility left is fourth. Thus |! 8 4°] = & 
Lee 


(a —b) (b—c) (e-—a) (ab + be + ac) 
On putting a= 0, 6=1,c =—1 we getk=1 
(any other choice of values for a, 4, ¢ will yield 


same A) 
laa 
34, Without expanding, show that |1 47 8° 
1) se? a? 
la@ 
=(ab+be+ac)|1 b bh? 
le ¢ 
la@ a 
Solution: Let A= |1 6° B 
1 ec 
Va a a] |beo @ a? 
Then A= abe|1/b b BD l=lac bb? 
Ve ec c? lab cc? 


be-a a a 
6B 


= |ac-B (CC, 9 C,-€) 


lab-c? cc 


lbc+ac—a*? a a 
=lacthe-b b BC, 3C,t+eC) 


ab ec 


betac aa 
=|actbe+ab-b* b b) (,>C,+aCy 


abtac ¢. OG; 
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35. 


labtbe+ac a a 
=|abtoctac 6 B| €,>C,46C) 
labt+bet+ac e & 


laa 
=(ab+bet+ac)|1 b b?| =RHS 
lee 


Let p be the sum of all possible determinants of 

order 2 having 0, 1, 2 and 3 as their four elements. 

Then find the common root « of the equations x? + 

ac t+ [m+ 1) =0: 2 + be t+ [m+ 4] = 0,8 — ex + 

[m + 15] =0 such that «> p, where a +b +c =0 and 
2n 


1 
m= lim— ¥ (where |.] denotes the greatest 
vin + 


aes cer 
integer function) 

Solution: [ct @ be the common rool, then 
@+aa+[m+1]=0 (0) 
a@+hat[mt+4|)=0 (i) 
@-cat|m+ 15) =0 (iii) 
From (i) + (ii) - Gii), we get 
@ + |m|-10=0 (iv) 


1s r 

But a=lin—)) —— 

mn yn +r 

1g rin 
=lim— 


* et {lt ein)? : 
=Vi+x" f 


p= 5-1 


‘Number of determinants of order 2 having 0,1, 2, 


3=41=24 
a, a, 

Let A, = >! be one such determinant and 
a, a, 


there exists another determinant. 


a, 4% 


A= 


{obtained on interchanging 2, 


hay 
and X,) such that A, + A, = 0 
p= sum of all the 24 determinants = 0 
Since a> p => a>0 


Therefore from the cquation (v) we get «= 3 


36. Let A and & be real. Find the set of all values of 
for which the system of linear equations 2x + (sina) 
y t+ (cosa)z = 0 ....(); x + (cosa)y + (Sina)z = 0...) 
and — x + (sina)y — (cosa)z = 0...(iii) has a trivial solu- 
tion. For 2 =1 find all values of a, 
Solution: For non-trivial solution 
A sina cosa 
A=|1 cos@ sina |=0 
-l sine cosa 
Expanding we get A(-1) - 1{-2 sina cosa) - 1 (sin? 
a@—cas*a) = 0 
A= sin 2a + cos 2a 
If 2=1, then sin 2a + cos 2a = 1 or 


Now [mJ =[v5-1)=1 aie ain 
From equation (iv) a + 1 -10=0 or Qa = Ine ts neZ 
> a=43 ol) ae 
37. Prove that 
2 ar pryt+d of + 78 
at pty+d 2a + By +8) ay +8) + O(a + B) =0 
op + Opty +5) + (a + By aps 
2 y+d-a-f op +95 
Solution: A=| a + B+y +8 (a+ By +5-a-B) ably +5)+6(a+ B) 
off +78 aby +5-a- fp) 2apyd 
On operating C, > C,- (a + f).C, 
2 1 of + 78 
=(y+8—a— fp) x at+Bry+d (a+ B) ofity +3) + (at p) 
of +985 op 2epyds 
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1 1 of +76 
=(y+5-a-B) y+d (@+B afy +3)+ lat B) 
7S op 2apyS 
1 = “0 
On operating C, > C,-C,=(7+8-a-p) |y+d (a+f) 9}; 
yo of 9 


C, > C, - aB.C,- 6.C,= (y+ 8 - a - B) x 0=0 
Aliter: In this method, if you can observe the determinant, as product of two determinants then the solution becomes 
extremely simple. But for that the experience counts.As in the given determinant 


2 at ptyt+d aptyd 
A= lat Bry+d 2at By +d) afity +5)+78(a+ B))=0 
af +ys = ay +6) +y8(at B) 2apys 
Looking at the diagonal symmetry of the elements, we can write above determinant as product of two determinants 
1 1 0] |1 (@+f) of 


ytd (a+) O|x|1 (+d) wW}=0x0=0 
yo ap 0} | 0 a) 
P(x) q(x) r(x) 
38. If p(x), g(x) and r(x) are the polynomial of degree 2 and if f(x) = | p(x-@) g(x—a@) r(x — @)); then show that 
p(x -B) q(x- B) r(x- B) 
Sf" (x) is independent of x 
Solution: Let p (x)= a,x? +b x tes @) ax tbxtesr@)=aethxte, 
P(x — 0) = a, (r— aP +b, (ea) +6, = p(x) - 2aa, x +d); where d, P— ba 
Similarly p(x — B) = p(x) — 2fa,x + e,, where ¢, = a, fF —b, fi 
Pe) qx) r(x) 
f(x) = |p(x)-2aaxt+d, g(x)-2aax+d, r(x)-2aa,x + d, 
pP(x)-2faxte, g(x)-2fBax+e, r(x)-2fa,xte, 
Applying, + R,-R, and R,>R,-R, 


PAX) qx) rx) P(x) gh) r¢x) POX) glx) rex) 
d,—2aax d,—2aa,x d,—2aa,x| =| d, d,  d,|—2ax) a, a, a, 
¢,-2fax ¢,-2fa,x e,-2Pa,x| 6 & & Q  & es 
POX) gee) r(x) PO) qe) r(x) POs) gtx) rx) 
—2Bx| dd, d,|40:f@=| 4 4d, ad, |-2al a a, a, 
a a4 & 6 & & 6 & & 
P(x) g(x) rx) pix) gi) rx) PR) ¢'&) re) 
26) dd, d,|-2ax| a a, a,| PA 4 da, a, 
a a, @, 6 & & 4 a4 4 
P's) g"(x) rr") Po) ¢@ re 


then f'() =A +A, +A, +A,+ApwhereA=| 4 4 4 |:a=-4tal a a 
& ey & a é. e; 


1 z 3 
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PO) ae) re PO) g"y r(x) g's) "(xy 
Aj=-46) dd, dy |; A=-2ex] ad, d, 
a, a 4 & e, e, a 4, 
pe) 4g") rca a a, a, Bix) g*(x) rr") 
Since, | a, a, a, |=2/a, a, a,| and] 4 d, ds | =O (ie, A, =A, = 0) 
g & & ee: 4, a 4, 
PMX) g(x) "(xy P'(x) g"@) Fr") P(x) ge) Fr) 
Sie=| a, ad, d, | -4a] a, a a |-4f|) dd, ad, |=0 
e e ¢. 4, e, e a a 4, 


since f(x) = 0. . f"(x) is a constant and hence independent 


cos2@ cos30 
cos 20 
cos0 


cosé 
39. Prove that |cos30 — cos0 
cos20 cos30 
358 


we sink 


3. 
= asin 22 sin 
2 2 


Solution: Applying C, > C, + C, + C, followed by R, > 
R,-R, and R, > R, —R, and expanding along 
thal the determinant is 

cos@ + cos 20 + cos30 cos20 cos30 
cos2¢ 
cos@ 


cosé 
cos30 
1 cos20  cos30 
= (cos 0+ cos 20 + cos 30)}1 cos 20 
1 cos3@ cos@ 


cos@ + cos 2 + cos36 
cos + cos26 + cos30 


cosO 


= (casé + cos26 + cas3@) 
1 cos 20 
0 cos@—cos2é 
0 cos3@ —cas2é 
= (cas + cas26 + cas3@) x {(cos@ — cos2@) (cos? — 
cos38) + (cas3@— cas2@P} 
This can be simplified using the results. 
(cos@ + cas2@ + cos3@) = 2 cos2 6 cos 6+ cas 2 = 
cos 2 8 (2 cos @ + 1); Also, (cos@ — cos26) 


0+26 . 20-0 
sin 


cos 30 
cos26 —cos3@ 
cos@ —cos3@ 


=2sin =2sin 22 sin? and 
2 2 


O+30 . 3 


oO 


cos@ —cos3@ = 2sin sin =2sin 20sin@ 


and cos 30 — cos 20 = —2sin F sing 


Now, the determinant now be written as cos 20 (2cos0 


7) 
2 


30.0. : a Oh 
+1) | 4sin—sin—sin 26 sin@ + 4sin? — 
2 2 2 


of x. 


= 4sin? 2 (e0s26 (20050 +1 


( 


Further simplification follows after noting that 


3 x5) 
sin 3 sin26 (2cos@/2)+ sin* #) 


sin 2 2c080 +D= sin Sf + 2( = 2sin(6/2)] 


=sin 2} 3— Asin? 4 = 3sin 2 — 4sin? 4 
2 2 2 2 


And 4sin (0/2) cos20 = 2{asin.os20 


36 


= sin— 
2 


e750: 3°30. 
sin— — sin— 
2 


| 
= sin (2 + 2) +sin [» = 3) 
2 2 


5e 30 
= sin— + sin— 
2 2 


-{ 


and eos sin 26 


After substituting these results, the determinants 
become 
3é 


2sin | 
2 
al Z ~) 
sin — + sin — 
2 2 2 
2 2 


sin —| 
Using the identity (a — ) (a + ab + bY) = (a — BY) 
This proves the result 


. 50 30 
sin —— sin— 
2 

4 

+ sin” — 


| 


358 


sin’ ——sin 
2 
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SECTION-II 


OBJECTIVE SOLVED EXAMPLES. 


1. If x, y, z are integers in AP, lying between 1 and 9, 
and x51, 41, and z31 are three digit numbers, then the 


5 4 3 
valuc of | x51 41 231| is 
¥ ¥ Zz 
(a) etptz (b) x-ytz 
(c) 0 (d) None of these 
Solution: (c) 
Ss 4 3 
A= |100x+50+1 100y+40+1 1002+30+1 
x y Zz 
5 4 3 
= 11 (R, > R,— 100R, - 10 R,) 
By 
=x-2y+z=0 x.y, zare in A.P.) 
1 x xt+l 
2. If fix) = 2x x(x—1) x(x +1) 
3x(x-1) x(x -D(x- 2) xe? -1 
then f(100) is equal to 
(a) 0 (b) 1 
(c) 100 (d) -100 
1 x x+l 
Solution: (a) f()=x x @-1)| 2 (-D xt] 
3 (x-2) x41 
(Taking x common from &, and x (x — 1) from &,) 
1 x 1 
=x2(@e-1)]2  (x-1) 2| =O forall 
3 (x-2) 3 
(operating C, > C,-C,) ‘£(100) = 0 
cos2x sin*x cos4x 
3. If the determinant | sin?x cos2x cos? x | is 
cosdx cos’x  cos2x 


exapanded in terms of sinx, then the constant term in 
the expansion is 
(a) 1 

() -1 


(b) 2 
(a) None of these 


Solution: (c) The constant term = value of the determinant 
alx=0 


4. If the system of equations ax + by + ¢ = 0; by + ev + 
ex + ay + 6 = 0 has a non-trivial solution, then 
the system of equations. 

(b+ oxttayt(atbyz=0: (eta tat byt(b 
+eyr=0, (at bet toy t (ct az=O has, 

{a) only one solution 


a= 


(b) no solution 
(c) infinite number of solutions 
(d) None of these 


Solution: (c) For cxistence of a non-trivial solution of the 


abe 
first system | ¢ a/=0 
cab 
lbe 
=> (atb+c)|1 ¢ al =0 
lab 
l be 
=> {fl ¢ al=0 orfatb+ce)=0 
la b 
1 6b € 
= 1 c-b a-cl=0 or(atb+e)=0 
0 a-b b-e 
e-b ae _ oy or(at+htc)=0 ~@ 
la-—b b-c| 
The second system will have a non-trivial solution if 
b+e cta atb 
we can prove that A=|c+a@ a+b bte|=0 
ath bte eta 


l e+a ath 
Now, A=2(a+b+e)/1 ath 
1 bte 


bte 

ct+a 
lo c+a atb 

=2a+b+aj|0 b-c 
0 b-ae 


e-a 


c-a 


bre 
-a ¢-8) 


=Watbte) 
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c-b a 
= ¢Matbte) 
a-b b 


The second system will have a non-trivial solution. 


(using equation (i)) 


Note: 


Remember that the existence of one nontrivial solution 
implies existence of infinite number of nontrivial solu- 
tions for homogencous equations. 


+e ab ac 
5.10 | ba ct+a? be | = square of determi- 
ca ch a +h 


nant A of the third order, then A is equal to 


Oe b abe 

(a) je O @ (b) |b ca 
bad eahb 
0 -c b 

(c) |e 0 -a (d) None of these 


Oe b| [0 ¢ b 


Solution: (a) Check |e 9 a|x|c 0 a| = the given 
boa 0} |b a 0 
determinant 
x bb 4 
G&IA,=|a x b [ are the given 
a x| 
aaex 


determinants, then 
(a) A, =3(A,P 


(b) (did), = 3A, 


() 2, =3(A,7  @) A= 3(A,7? 


de 
10 O| |x b bl jx bb 
Solution: (6) a, =) 4 x bl+/0 1 Oltla x b 
“laa x| jaa x} lool 
x bl |x xb 
= =3A, 
ax ax a 


7. In a quadrilateral ABCD. 

cas(d + D) 

sinB cos(B+ D))|. then Ais 
cos(C + DY 


cosA sind 
Let A= |cosB 

cosC sinC 
(a) independent of 4 and B only 
(b) independent of B and C only 


(c) independent of A, B and C only 
(a) independent of A, B, C and D all 


Solution: (d) Applying C, + C,-C, cos D + 
So A= 0, hence A is independent of A, B,C 


sin(d+B+C) sinB cos 
8. IfA+B+C=z, then -sinB 0 tand 
cos4+B) -und 0 
is cqual to 
(a) sind sinBsinC — (b) 0 


(c) sin? (4+B+C) 


Solution: (b) Above i 
odd order bee: 
B+C)=0, theref 


(d) None of these 


cw symmetric determinant of 
s(4 + B) = -cos C and sin (A + 
‘ore its value is vero. 


9. If @ is a cube root of unity, then a root of the equation 


x+1 @ oe 
@ xt+@> 1 |=0is 
a 1 x+a 
(a) x= 1 (b) x= 0 
(c) x= @? (d) x=0 
xt] a 
Solution: (d) LetA=| @ x+@* 1 
o* 1 x+o 
Apply C, 9 C, +, +, 
x+lt@+o> oO oe 
A=|x+l+o+@ x+o0° 1 
xtl+mt+a? 1 x40 
flto@t+a 
1 1 1 
=x|@ x+@? 1  x=0 SA=0 
ao 1 xt+@ 


Hence, x = 0 is one of the roots of the equation. 


cos'@ cos@sin@ —sing 
10. For| cos@sin@ — sin°@ —cas@ |, 0) is cqual to 
sind —cos? 0 
a) 0 (b) 1 
© 2 (a) None of these 
Solution: Applying C, > C, - sin 0 
cos 0.C, 
1 0 -siné 
> s@=| 0 1 cos0 
sin@ —cos? 0 


Apply R, > R,—R, sin 0+ R, cosd 


1 0 —sin@| 
=> f(0)=|0 1 cosd| =1 
Oo 0 1 


=> f(O)=1 for all 0, it is an identity 


11. The values of @ lying between @ = 0 and @ = > 


and salis[ying the equation, 
L+sin?@  cos*é 4sin40 
sin?O 1+cos’?O — 4sindQ | = O are: 
sin’ 0 cos” 0 1+ 4sin40| 
(a) 2% b) Ua 
24 24 
() 2 (a) 7 
24 24 
Solution: (b) and (d) Using R, > R, - Ry and R, > 
1 0 -1 
R,-R,, we getA=| 0 1 -1 
sin?0 cos?0 1 + 4sin 40 
Apply C, > C, +C, 
1 a) =] 
=> A=/1 1 -l 
1 cos?@ 1+ 4sin 40 
Apply C, > €, +, 
0 a) -1 
=> A= 0 1 -1 


2+ 4sin4@ cos*@ 1+ 4sin 40 
Expanding along C, and solving (2 + 4 sin 44) =0 
=> sind@=- 1/2 
5 agate Jn le 
6° 6 24° 24 
12. If the system of the equation ax + by + ez = 0, 
bx + cy + az = 0 and ex + ay + bz = 0 has non-zero 
solution, then which of the following may be true? 
(a)a+ht+e=0 
(b) a=b=e 
(c) (a—bY + (bc) +(e —a¥ =0 
(d) None of these 


abe 
Solution: |6 ¢ a| =0 
cah 
=> a(be—a*)+c(ab—c?)—b(b*—ac)=0 
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= -a3—c3—b'+3abe=0 

=> @+B4+0-3abe=0 

=> (@tb+e@t+h+c%—ab-—be-ca)=0 
Hence (2), (b), (©) follows. 


13. The value of 


leos (2/3) cos (27/3) 1 
A= -1 cos (7/3) cos (27/3)] is cqual 
cos (27/3) -1 cos (47/3) 
to: 
(a) 2 (b) 1/2 
(©) -1/2 (a) 1 
V2 -V2 1 1 -l 2 
Solution: (b)|}-1 1/2 -/2|=—)-2 1 -1 
v2 -1 1/2 Le 52% 1 
1 1 
> —(4)= a 
x xt+a x+2a 
14. The value of the determinant) x+1  x+2a x+4a 
x+2 x+3a x+6a 
is 
(a) 0 (b) @-x3 
(c) P-a@ (d) @- ay 
x xta x+a 
Solution: Given A= |x+1 x+2a xt+4a 
xt+2 x+3a xt+6a 
R, >R,-R, and R, >R,-R, 
x xta xt+2a 
=> A=!/1 a 2a |=0 
loa 2a 


15. The value of a for which the system of equations, 
@xt(at lPyt (at 22 = 0; avt (at yt 
(a+ 2)2=0, x+y +z=0, has anon — ero solution is 


@) 1 (b) 0 
(ce) -1 (d) None of these 
@ (a+ly (a+2)% 
Solution: |a@ (@+1)  (@+2) | =0 
1 1 1 


C,>C,-C, and C, >C,-C¢, 
‘ vane +a ‘| be 2y + (a41P f 
a 


a(a+l (atl) (@+2) 
a 1 1 
1 0 0 
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=@+a(atl)-(at2¥-(a+1) @+2)=0 
=> a=-l 


16. If a, 6 and ¢ are non — zero real numbers: then 
Be? be bt+e 
ca 


A= ca e+a| is equal to 


ab’ ab a+b 
(b) a2b2c? 
(a) zero 


(a) abe 
(c) be+ cat ab 


Solution: (4) The given determinant is 


Be be bte 


Az|e'a’ ca c+a 
@h ab atb 
be 1 Vb+Ve 
> A= clea 1 Werla 
ab 1 \a+l\/b 
(Applying &, >, -R, and R, > R,-R,) 
c(b-a) 0 Wb-Va 
=> A=@Rctla(e-b) 0 We-Vb 
ab 1 Va+Vb 
c(b-a) 0 a) 
=?Be late _ (e-6) 
=> A= be? |ale-b) 0 a 


ce 0 -4 
A=@bc(b-a)(c-b)|a 0 -¢ 
ab 1 4+} 


(expanding along C,) 


=> a&bc%(b — aye —b) (-; + ;) =0. therefore (d) 


is correct answer. 


17, If A+ B +C =z, then the value of the determinant 


sin?7d_ cota 1 

A= |sin?B cotB lis 
sin’C catC 1 

(a) 1 (b) -1 


{c) 0 (d) None of these 


sin?A cota 1 
Solution: A= | sin?B cotB 1 
sin’C cotC 1 


Applying R, >R,—R, and R, >R,-R, 


sin? A cot A 1 
= Az=|sin(B+A) sin (B-A) S2A=® 9 
sin AsinB 
sin (C+A) sin(C-A) we 
Expanding along C, we gel 
Aq sin (4 - B) seta Oy Ten $. 11 |- 
sin A smA sind 
18. The absolute value of the determinant 
-1 % 4 
3422 24+2V2 1) is: 
3-2¥2 2-242 1 
{) 162 tb) gy2 
(c) 8 (d) None of these 
-1 | 
Solution: (a) |3+2V2_ 24+2¥2 1 
3-2¥2 2-2V2 1 
Operate C, > C,-(C,+C,) 
462 
=A=/0 2+2¥2 1]=(-44V2) 
0 2-2¥2 || 
=2[-4 (2+ 2V2 -2)] 
=-16 J2 . Absolute value = 16 ¥2 
x ¥ z 
19. If A, = oe 2x3 3x4" |. then the 


2(2"-1) 3G"-1) 447-1) 


value of 3 A, 
an 


(a) xtytz (b) n 
@1 @ 0 
x y z 
Solution: (d) A= | 2’ 2x¥ 3x4" 


202"-1) 3G"-1) 44"-1 


x y Zz 
=> YA, s[2+27 4.2" 2437.3") 3444”) 
{ 


4 2(2" -1) 3" -D 44" -1) 
x y z 
Sa, _|20=2") 230-3") 30-4")x4 
om 1-2 1-3 1-4 
2@2"-1)  33"-1) 4(4" -1) 
x v z 


2(2"-1) 3@"=1) 4(4"-1)] So, 2nd and 3rd 
2(2"-1) 3G"-1) 4@"-1 


rows are same. Y, D,= 0 So, @) is correct 


ret 


abe 
20. The determinant |x y 2] is same as 
Vai tae 
x oa x b q 
(a) jy 6 @ (b) [vy @ 2B 
28 F Zc F 
x oz y| yp b gq 
() JP rq @ |x a pl 
aecb zer 
abe 
Solution: (d) The given determinant A= |x yp 2| 
(Changing C, and C,) py 
bac 
A=- ly x 2| (Inlerchanging rows R, and R,) 
lq pr 
pox sz yb@ 
A=|b ac => A=|x a p]l Ro 
q pr Zz er 


21. 


So, (d) is correct 


If a, 6, ¢ are non-zero real numbers such that 

bc ca ab 

ca ab bel =0, then 

ab be eal 

@ techy tise @ 1 yy s0 
a ba co a bo ca 

cy -, 1,1 =0 @ None of these 


an boc 
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be ca ab 

Solution: (a,b,c) Given, | ca 
ab be ca 

(aby + (bey + (cay — 3(ab) (be) (ca) = 0 

(ab + be @ + ca @) (ab @ + be @? + ca) (ab @? + 

be » +ca)=0 

[i @ ty e+z0)@otzat+y wart 

yotz=xr+y+2- 3x2] 

=> abt bew+caa=O0orabartbe o+caw=0 

or ab @ + be @ + ca = 0. 


ab bc|=0isa circulant. 


> 
> 


Eee ee ae ere 
co a bo 
1 1 1 1 1 
or Boeri zy =Oor— + 7 
co a ba ec aw ba 
Sit : + bodes Lg u =0 
a bo o a bo ew 
or as + sulle + at =0 
ama ba ec 


22. The determinant 
cos(¢+¢) -sin(6+¢) cos2¢ 
sind sing | is 
—cos0 cosd 


A= cos 0 

sin 0 

fa) 0 

(b) independent of @ 

(c) independent of ¢ 

(d) independent of both @ and ¢ 


Solution: (b) Apply R, > R, + R, sin g— R, cos > 


2cosOcos@ 2sinOcos@ 0 
sind cos? sing 
cos@ sing cos?) 
Apply R, > X 
2cosd 
cos@ -sin@ 0 
A= 2ecos¢) sind cas@ sing 
—cos0 sind cos¢| 
Apply R, > R, +R, 
0 0 cos¢ 
= A=2cos¢|sin@ cos@ sing 
—cos@ sind cos¢ 


=> A=2cos7$ 
Ais independent of 0 


2.54 = Algebrall 
x 3 6| [2 x 7| [4 5 x 
23.11)3 6 x/=|x 7 2|/=|5 x 3| =, theneis 
6 x 3] |7 2 x| |x 45 
equal to 
(a) 9 {b) -9 
(c) 0 (d) None of these 


Solution: (b) By circulant determinant property a+ 5+c=0 
D> xt3t+6=xt2+7=xt+4+5=0 
=> x=-9 
24, If a, 6, ¢ are sides of a triangle ABC and A, B, C are 
angles opposite to a, b, c,then 
a bsinA esind 
bsin A 1 
cos A 1 


AS cos | gives 

esin A 
(a) A=area of triangle (b) A = perimeter of triangle 
(©) A= Sa? (d) None of these 


sind 


in B sine _ k 
a b c 
a kab kac 


wecan say A=|kab 1 


Solution: (d) Using 


cos A| 
kk ac cosd 1 
C, > Cla and R, > Rfa 
1 kb ke 
=> A=a@lkb 1 casd 
Ike cosa 1 
Substituting, kb = sin B and ke = sin C 


1 sinB sinc 
= Aza’|sinB 1 cos] C, C.-C, sinB 
lsin€ cosA 1 


and C, > C, - 


1 0 0 
=>Az=a’|sinB 1-sin? B cos A—sin B sinC] 
lsinC cos A—sin B sinC 1-sin?C 
cos” B cos A —sin BsinC| 
eos Asin BsinC cos*C 
=> —=|(cos? B cos? C) - (cosd — sin B sin CP] 
A taped Ser 
=> — = cos? B cos? C —cos*A — sie sin? C + 2cosA 
a 


sin sin C 


A 
=> = =(cos B cos C - sin B sin C) (cos B cos C + 
a 
sin B sin C) —cos*d + 2cosA sinB sinC 
A 
=> => =cos (B + C) cos(B - C) - cos? + 2 cosd 
sin B sin 
A 
=> > =cos (x — A) cos (BC) — cos A cos (« — (B 
a 


+C)) +2 cosd sinB sin C 

= A = cosa (costB +0) — cos (B-C)) +2 cond 
a 
sin Bsin€ 


= cos A (2 sinB sin C) + 2 cosd sin B sin 


i) 
=> at =0>A=0 
7 
i | 
25, 1 fO)=|1 e® 1 | then 


1 -1 -e* 


ni 2 
@) [2 s@nde = 2)" sonde 
(b) f@) is purely real 
(c) flm/2) = 2 
(d) None of these 
Solution: (c) On operating R, > R,—R, and R, > R,-R,, 
1 1 -1 
we get ft0) = |0 e” -1 2 
0-2 l-e® 
Expanding along C,; £(@) = @*- 1) (l-e *)+4 
® |-l+e"+4 
Checking fix/2); Putting 0 = 2/2 
Amiy=e + Zeer =i 424+ C)=2 


26. Let ax’ + bx® + ox + det + ex + f+ ge th 
G41) GF 42) (+0 
Gtx) (e+) (x? +2)). Then 
(242) Gt+x x4] 
(a) g=3andh=-S (b) g=-3 andh=-5 
(©) g=-3 and h=-9 (d) None of these 
Solution: (d) For attaining 4, we put x = 0 in fx) 
O+1 0+2 0+0) 
=> AQKV=h=|0+0 O+1 04+2/=9 
1O+2 0+0 O+1 
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= b= 9; For attaining g: we pul x= On FO) oe SE FTI 
oo x42 x+y 28. A=|2+i gq 3+i| is always 
f(ey)= f2xt1 xt x? 42/4 13. Sere 
Break Fela (2) real (b) imaginary 
xt] 9 2x ax} [xt] x742 2x4] (©) vero (d) None of these 
ais 1 Gta is x+l 2x Solution: (a) Since A= X 
et +2 Qvtl xt]| fe? +2 x +x 1 ‘Kix tost only 
e 
Pytnng 2 =O} 29. If a, b and c are pth, qth and rth terms of an HP, 
PZ OW Or ONE Zeal 
be ca ab 
=f'O)=]1 1 2+]0 1 2+f0 1 O 
on 2 0 I] j2 1 «VW i201 fen PY Aaa 
lye cbs el 
SPECDREDES (a) term containing a, b,c, p,q. 
g=9> (b) aconstant 
27, Let m be a positive integer and (c) zero 
2r-1 bel Or 1 (d) None of these 
A= m-1 2 m+i Solution: (b, ¢) If 4 is the first term and D is the common 
sin?(m?) sin?(m) _ sin(m*) difference of the corresponding A.P., then 
nm 1 1 | 
Then the value of SA, is given by == A+(p-DD = At (q-DDiT=AtG-DD 
our t e a b ¢ 
a) 0 (b) mt Va Wb We 
(c) 2" (d) 2" sin?(2") NowA=abe|p oq or 
n 1 Ld 
Solutions (2) )A,=A, +4, +A, ton +4, (Operating R, +R, -D(R,)-U-D)R) 
a m a 000 
2x¥r-mty Hee, YI A=abe|p q r|=0 
i ro ro ro 
Sas m-1 2” m+1 a 
ms sin?(m") sin?m — sin(n?)| 30. The value of the determinant 
sind cos? sin 20 
melo” mal sin(0+ 22/3) cos(0+2m/3) sin(20-+ 4/3)| is 
=|m?-1 on m+1\/=0 sin(@ - 27/3) cos(@- 27/3) sin(2@ - 42/3) 
isin? oe sin? m sin we (a) 0 (b) 2sin@ 
(2 R, and R, are identical) (©) sin2e (@) None of these 


31. Solution: (2) Applying R, > R, +R, + R, and using trigonometry, the given determinant becomes 
sin@ + 2sin@ (-1/2) cos@ + 2cos@(-1/2)  sin2@ + 2sin 26 (-1/2)| 


=| sin@+2n/3) cos(0 + 21/3) sin(20 + 47/3) 
sin(0 — 22/3) cos(0 - 21/3) sin(20 - 47/3) 
0 a) 0 


Using sin (4 + B) + sin (4 —B)=2 sin A cos B= |sin(@+2/3) cos(0+2a/3) sin(20+42/3)) =0 
sin(Q-2/3) cos(0- 22/3) sin(20—47/3) 
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MATRIX MATCH TYPE 


32. Match the following 


Column I: 


(i If a= 7 


, and the valuc of the 


determinant |u, 4, 4,/=K. ‘Then K = 


ty Hy 


(1+ p?-q*) 2pq ~2q 
Gi) HD=)  2pq Ip? tq?) Op 
2q 2p (l-p*-4") 


and D > Kp?q?, the value of YK =. 
(ii) If || denotes the integral part of « and x = ay 
taz,v=az+ ax and z= a,x + ay where x, v, 
z are not all zero, If a, = m — |m], m being a non- 
integral constant and a,a,a, >; then & = 
4sin*0 1 1 


A=|(sind-1) (sind+2) (sing -1) 
(sind +1) (sina +1) 


(iv) If 


sin’ 
z 
and fz Ad@ = -ka; then k= 


Column TT 
fa) 1 

(b) 3 

(c) 4 

(dy 0 
Answer 


@ > @, 


Solution: 


Gi) > (0): di) > (a); Gv) > ©) 


= f eee =| a . 
@ I) eoste Fh =p form=1 


Now, 2u,_,- (tt, + u,,) 
cos(2n + 4x 
en 72008(2a + 2)x+ (me) 
+e 
= Jj cos(2me) J 
4 1—cos2x 


2 T ~2oas(2n + 2)x+ 2oos(2n + 2)xcos2x 
‘ 1—cos2x 


= J -2eos2nt 2xde = [=o =0 
a n+l 


di) 


Henee #,+u,,,—2u,,=0 a) 
A=|u, us, uj=|u, u, u,|=k (given) 


Applying C, > C,-2C,+C, 


@,—2u,t+u, u, uy O uw, uy 
k=|t,-lctug us u| =|0 uw, u{=0 
jt,—2tg +g Uy Uy OO uy uy 

I+ p?—q? pg -2q 
D=| 2pq 9 1-p?+@? 2p 
2g 2p I-p-q? 
Operating C, > C,—gC, and C, > C, + pC, we get 
1 0 
D=(t+p+Py|lo 1 
a -P 
Operating R, + R,- gR, 
1 0 -2q 
=d+p+q7y'0 1 2p 


0 -p 1-p?+q@ 
Ftp tgyVd tp + eat pt ey 
Applying A.M4. > G.M. inequality, we get 


1+ p?+q° 
> fp2g? 
an LA 


=> D227 pg= kp'g'(given) = Yk =3 

ii) Given x = ay + 4,2 wf) 
y=aztax Gi) 
z=axtay iti) 


U 


u 


Since x. y, z are not all zeros, therefore given sys- 
tem of equations has non-trivial solution. 
1 -a, -a, 


la, -l a,|=0 


. (iv) 
Since a, = m — [mi] and m is not an integer, 
therefore 0 <a, <1 

0<l-a?<1 (vy) 
From equation (iv) 1 —@2-a, = a+ 2a,a.a, 


2 a2 pge = 
a, +a, +a; +2aa,a,=1 


1-a 


(1-a3)(Ql-a?)=(a, 40,4, 3) 
Similarly (1—a?\(\-o3)=(a,+a,a,)~ (vil) 


and (I-a;)(I- ... (viii) 


5 t aja, =a, + 2aa,a, + aza; 


=(a+42,) 


2 
(a; + aay 


>o 


From equation (viii), 1a? 
* l-a 

From equation (vii), 1 -a,2>0 

2 3-(@+al+@)>0 = @tasar<3 
From equation (iv), 1 - 2a,a,a, <3 

> aaga,>-l1=-k (giver) > k= 1 

(iv)Put sind = s and apply C, > €,- C,and C, > C,- 
C, and use the formula a* - b= (atb)(a-b) 
Also take out 2sin0 + 1, 1.¢., 2s + 1 common from 
cach of new C, and C, 


2s-1 0 1 
A=(2s+l)] -3 3 (s-1Y 
O's (1) bs? 


Again apply R, > R,- 3R, in order to make two 
zeros, we get 


2s-1 0 1 

A=(2s+l)| -3 0 -(@s?+2s-D) 
OF i s 
28-1 1 


= -(2st1}? 


-3 -(2s°+2s-1 


= (Qst1)? [(2s-1)(2s*+2s - 1) - 3] 
= (Ast1)?[(4s*+2s? - 4s-2] 
= (stl)? [2s%2st1) - 22s+1)] 
= (2s +1) (2s + 1)Qst- 2)) 
=-2(2s + 1)3(1 - 83) 
Now, l-s*= 1 —sin?@ = cos = ¢’ 
A=-2 (883 + 3.487+3.28 + 1c? 
= —16 sin’6 cos*@ -24 sin’6 cos*6 —12sin6 cos’8 
—2cos"6 We know, 
i) if f(x) is an odd function 


J feae 2f S(x) if f(x) is an even fuction 


Jado = 0-24.2[" "sin? Ocos? 0d0-0 


- 22f""cos'ado = 
a 
(Using Walli’s formulae) 
=-3n-n=—dn=-kn (given) > k=4 
COMPREHENSION TYPE 


A 3 x 3 determinant has its entries as either 1 or -1. The 
number of such determinants is 2° = 512. We will call a 
3 x 3 determinant with entries 1 or -1 as minus special if 
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product of clements of any rows and any columns is -1 ¢.g., 
1-11 
ie 
111 


—]| is a minus special determinant 


33. The number of 3 x 3 minus special determinants 


must be 
(a) 10 (b) 12 
(c) 16 (d) 18 
34. The number of n x n minus special determinants 
must be 
(a) 2 (b) 26 


13° —370+ 26 


(c) (d) None of these 


35. The minimum valuc of a 3x3 
determinant is 


minus special 


(a) 6 (b) +4 
() 2 (d) 0 
Solution: 


yy Ayn Ay 
33. For A=la, a 


4s. 2 3 


ha Gag 


Each of the elements a, 
equal to 1 or —1 
*. Total number of such determinants is 2° 


ie Ag Aye every Gy, CaN either be 


To find the number of minus determinants, Ict us 


: ay A 
consider A'=|" 0” 
Gy, ayy 


Now these 4 clements a,,, 4, 
be equal to 1 or =1 


4° Ay) @, Can cilher 


Total no. of such determinants = 24 = 16. 


Let’s take an cxample A‘, 


Now looking at the values of a,,, @,,, @. 
can say that @,, has to be equal to 1. 


aye Aggy WE 
(in order the maintain the product of the elements 
of first row as —1) 

Similarly a,,= 1; a, = 1; a= 1 and thereby a, 
Sat 


3 


And hence, we observe that the elements of R, 
and C, take their values automatically. 
-. No. of minus determinants = 2* = 16 
Ans. () 


2.58 Algebrall 


34. As explained in the above question, we observe that 
for an n x n determinant, the clements of R, and C, 
will take their valucs automatically depending on the 
values of rest of the clements of the determinant. 


ay cary ise SSS S Oa 
G5 Ay Ay gy 
| | | | 
| | | | 
eit Anis Anis Qn tn 


The no. of clements in A’ = (a — 1° 
Fach of which has two options (1 or -1) 


No. of minus determinants of A = 2° 
35. The minimum value of a 3 x 3 minus special 
determinant 


ay, yy 


A=lay dy Ax 


a. 


bine. a 


3 


A Oy yy Oy, + yy Oy yy + yy ay Ay — yy Og yy — 
@,, Gy, @,— 4), 4, @,,. Now 
each of these terms will be equal to 1 in magni- 
tude 
the minimum value of A can be -6 
But it is not possible. 


yy Bay Ugg = yy yy Ogg = yy yy Ugg = Ay, Ay A. 


Al the same lime 
= (@, 4,4, 4, a,,4,, a, 4, a.) = —1 (impossible) 
Also A cannot be odd 


sum of 6 terms whose modulus is 1 cannot be 
odd. 


‘The next possible value of A can be -4, 
| 

Let A=/1 -1 
-l 1 1 


minimum value of A is -4. 
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TUTORIAL EXERCISE 


SECTION-III 


OBJECTIVE TYPE (ONLY ONE CORRECT ANSWER) 


. If a, 6, ¢ are all different from zero and 


Ita 1 1 
1 146 1 |=o> then the value of a'+ 51 + 


1 1 l+¢] 
clis 
(a) abe (b) atb'e?! 
(c) -a-b-e @ -1 


I+sin>x cos’x —4sin2x 
Letfix)=| sin?x 1+cos*x  4sin2x |, then the 
cos*x 144 sin 2x 


maximum value of fx) is cqual to 
(a) 2 (by 4 
(c) 6 @ 8 

Ix? +3x x-1 x43) 
2-x x-3), 
x-3 xt4 3x 


Tf pete text tsxtrs| xt] 


then fis equal to 


(a) 33 (b) 0 
(c) 21 (d) None of these 
0 sina@ sin@sin B 
. Let A = —sin a 0 cosa cos B | , 
-sinasinff -—cosacos # 0 
then 


(a) |A| is independent of @ and 
(b) A ' depends only on a 
(c) A! depends only of B 
(d) None of these 
abe 
» Let a determinant is given by 4 = |p @ +} and 
x oy z| 
ptx qty rtz 
suppose det. d=6.IfB=|atx b+y e+z |, then 
at+p bt+q ctr 


. Ifthe 


(a) det. B=6 
(c) det. B= 12 


(b) det. B=-6 
(d) det. B =-12 


a b atb aoe ate 


6 Tet D,= |e d c+d| and D,= |b d b+d 


lia b a-b| aoc atbte| 


dD 


then the value of (where 6 #0 and ad # bc), is 


(a) 2 (b) 0 
(c) —26 (d) 26 


tem of equations, ax - ay — 1 =a and bx + 
(3 — 2b)p = 3 + a, possess a unique solution x = y= 1 
then 

(a) a=1 3b=-1 
(c) a=0;b=0 


(b) a=-1,b=1 
(d) none of these 


. Number of triplets of a, b and ¢ for which the system 


of cquations, av — hy = 2a— band (ce + 1)x + ey = 10 
— a + 3b has infinitely many solutions and x = 1, p= 3 
is onc of the solutions, is 

(a) exactly one (b) 
(c) exactly three (d) infi 


. The number of values of K for which the 


system of cquations (kK - 1) x + Gk + 1) py + 
ke = 0, (k - 1x + 4k — Dy + +3) z= 0 and 
Qe + Gk +1) py + 3k — 1) 2 = 0 has a common 
non-zcro solution is 


(a) 0 (b) 1 
(c) 2 (@) 3 
2 i Qty 
z Zz zt 
was |-2t2 iL 1 | then the 
¥ x x 
yety) 
= 


incorrect 
(a) Ais independent of x 
(b) Ais independent of » 
(c) Ais independent of z 
(d} Ais dependent on x, v, z 


2.60 


1. 


12. 


13. 


14. 


Algebra Il 


Read the 
carefully 


following mathematical statements 
L ‘There can exist two triangles such that the sides 
of one triangle are all less than 1 cm while the 
sides of the other triangle are all bigger than 10 
metres, but the area of the first triangle is larger 
than the area of second triangle. 

IL If x, y, z are real 
1 1 1 
ETT TTY 

(e-yY (yozy (ex) 


( 1 1 1 ) 
= + 
yoy y-z z-x 


then x, y, 2 all different. 

ILL Log, x. log,r. log,x = (log,x.log x) + (og x.log.x) 
+ (log,x.log,r) is true for exactly one real value 
of x. 

IV. If a matrix has 12 elements, then number of 
possible orders it can have is six. 
Now indicate the correct alternative . 

(a) exactly onc statement is INCORRECT. 

(b) exactly two statements are INCORRECT. 

(c) exactly three statements are INCORRECT. 

(d) All the four statements are CORRECT. 


numbers, such that 


me mx — p mx+ p 
If f'@ = n ntp n-p |, then 
mx+2n mx+2n+ p mxt+2n- pl 
vy = f(x) represents 
(a) a straight line parallel to x-axis 
(b) a slaright line parallel to y-axis 
(c) parabola 
(d) a straight line with negative slope 
Iy-1 (x-D? x? 
If A (x) = |r-1  x*  (x+1)] then the 
x (x-1 (e4 1? 
coefficient of x in A(x) is 
(a) 1 (b) -2 
(c) 6 (d) 0 


In a square matrix A of order 3 the clements, a,'s are 
the sum of the roots of the cquation x? - (a + b)x + ab 
the product of th 
unity and the rest of the clements are all zero. Then 
the value of the det. (4) is equal to 


(a) 0 (b) (@ | by 
Ca B @@ bya 4) 


rools, a, ,'s are the 


15. 


16. 


17. 


18. 


19, 


If a, b, are real then the value of determinant 
la@*+1 ab ac 

ab b? +1 be |=1 if andonly if 

ac bee? +] 


(a) at+b+e=0 (b) atht+e= 


@)atbt+e=-1 (da b c=0 

a a+b at+2b 
The valuc of the determinant |a+ 2b a ath 
: atb at+2b a 
1s 


(a) 9a%(a + b) 
(c) 3°%a +b) 


(b) 9b%(a +b) 
(d) 7a*(a +b) 


Ifx=a 28; (a, 6 € R) satisfies the cubic f(x) = 
a-x 5b b 
b ~a-x —b |=0, then its other two roots are 
b b a-x| 


(a) real and different 

(b) real and coincident 

(c) imaginary 

(a) such that one is real and other imaginary 


If the system of linear equations 

x ay az=0 

x 3by 6z=0 

x-dey+ez 0 

has a non-zero solution, then a, b, ¢ 
(a) are in GP. 
(b) are in ILP. 
(c) satisfy a | 
@) are in AP. 


2b 3c=0 


Give the correct order of initials ‘!’ or F for following 
statements. Use I if statement is true and F if it is false. 


Statement I: If the graphs of two linear equations in 
two variables are neither parallel nor identical, then 
there is a unique solution to the system. 

Statement [1 : If the system of equation ax 
by =0. cx | dv =0 has a non-zero solution, then it 
has infinitely many solutions. 

Statement LI: The system x |! y | z=1,x =», 
yv=1+z is inconsistent. 

Statement IV : If two of the cquations in a system of 
three linear cquations are inconsistent, then the whole 
system is inconsistent 
(a) FFTT 

() TIFF 


(b) TTFT 
(d) TTFF 


20. 


21. 


22. 


23. 


24, 


25. 


There are two numbers x making the value of the 
Wi NS: 
determinant [2 x —1| equal to 86. ‘The sum of 
iO 4 2x 
these two numbers is 
(a) -4 (b) 5 
(ce) 3 (9 
If ptqtr atb+t+e 0, then the determinant A 
pa qb re 
=|qe ra pb) equals 
rb pe qal 
(a) 0 (by 1 
(c) pa gb | re (d) None of these 
If AABC is not a right triangle , then valuc of 
tana I 1 
A=] 1 tanB 1 | is 
1 1 tanC) 
(a) -1 (b) 2 
(c) 3 (d) 0 
If a, 6, ¢ are even natural numbers, then 
la-l a atl 
A=|b-1 b  b+1) is cqual to 
le-l ¢ e+] 
(aya ble (iby a & 
(ce) abe (a) None of these 
TorA @+h+e.B abt+be+ca, (a - hb - 
o 3abe)* is equal to 
BAB A BB 
(a) |B BOA (b) |B BA 
A B BI BoA BI 
BB A 
() |B A BI (a) None of these 
A BB 
IfA, B,C are angles of a triangle ABC, then the value of 


Z iB _C 

sin sin 7 

2 2 2 

. . B A 

the determinant|sin(A+B+C) sin— cos 
AtB+CE Cc 

cos tan d+B+C) sin] 


is less than or equal to 


26. 
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(@) 12 (b) 1/4 
(ce) 18 (d) None of these 
2S 
The sum of two non integral roots of 3. x 3] =Ois 
S 4 x 
(a) 5 (b) 5 
(c) -18 (d) None of these 


There are three points (a,x), (b,y) and (¢,z) such that 
the straight lines joining any two of them are not 
equally inclined to the coordinate axes where a, b, ¢, 


xta y+bh zte 
xy,zER If lyt+b zte xtal =Oanda c= 8, 
zte xt+a yptb 
then x, 2, zarein 
(a) AP. (b) GP. 
(c) ILP (a) None of these 
1 1 1 
28.16 |"C, “°C, ™ SC,}=283°57, then a + Bt y= 
mC mC oC 
“3 “2 “2 
(a) 3 (b) 5 
() 7 (d) None of these 
e*  sin2x tan x? 
29. If A(x) =|In+x) cosy sinx| = A | Bx 
cosx*  e*=1 sinx® 
Ox? + ...., then B is equal ta 
(a) 0 (b) 1 
&) 2 (a) None of these 
30. If o,8,y are the roots of ° + ax? - b = 0, then the 
a By 
determinant A=|6 y a| equals 
y a Zp 
(a) -—@ (b) a 3b 
(c) a2 +3b (@) a 
31. Let a 6 c be cube roots of unity and 
lar +7 ct 
A=| @ Be? a |, then 
Be Bb eta 
(a) Re(A) =0 (b) Im(A)=0 


(c) Re(A) +Im(A)=0 (d) Re(A}tIm(A) = 4 
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xta x +1 || 
32. Ifa, b,c are in A.P. and fix) =|7+ 8 2x*-1 1), then 
xte 3x°-2 ] 
F(x) is 
(a) 0 (b) 1 
ia ~ the (a) abe 
atbhte 
sinx+sin2x+sin3x sin2x  sin3x’ 
33. If Ax) = 3+4sinx 3 4sinx|, then 
l+sinx sinx 1 


the value off fGxde is 
4 


(a) 3 (b) 2/3 
(c) 13 (d) 0 
34. Which of the following determinants docs not vanish ? 
1 be beth +e) 
(a) fl ca ca(e+a) 
| ab abla+b) 
| ab Bivae 
ab 
11 
() I be =4+= 
boo 
lca Ay al 
ca 
log, xyz log,» log, 2| 
(©) flog,xvz 1 log, 2| 
log, yz log. » 1 
(d) None of these 
b aca +b 
35. ‘The determinant | 4 v3 ba+e| is equal 
ath bate a) 
to zero, if 
(a) a, 6, ¢ are in AP 
(b) a, 6, ¢ are in GP 
(c) @ is a root of the equation ax? | Sx | ¢ =O 
(d) None of these 
36. Ifa,b,c,d> OandVxe Ri» @-B- ye —Aab— 
33 14 Ina 
betedx # ¢ #<0.then|65 27 Ind isequal 
97 40 Ine| 
to 


37. 


38. 


39. 


41. 


42. 


@ 1 (by -1 
(©) 2 {d) 0 
A determinant of second order is made with the 


elements 0 and 1. The number of such determinants 
with non negative value is 


(a) 3 {b) 10 
@u (da) 13 
a -fB 0 
If fora, B#0,/0 @& A} =0, then 
Bb 0 @ 


a y m 
(a) = is one of the cube root of unity 


(b) a is one of cube root of unity 
(c) Bis one of cube root of unity 
(ad) None of these 


cosa —sina 1 

IfA= | sing cosa 1}, then 
cos(a@-f) -sin(a-f) 1 

(a) Aeti— V2, 1+¥21 

(b) Ae |-1.1) 


() Ae, -¥2, V2] 


(d) None of these 


. If a, 6 and ¢ are the sides of a tangle ABC and 


abe 

bea 0, then sin + sin?B + sin’C is equal 
cab 

{a) 3 sinA. sinB. sinC 

(b) sin34. sin3B. sin3C 

(c) sinA. sinB + sinB. sinC + sin. sinA. 

(d) None of these 

Ifa > b> cand the system of equations ax + by + oz 

=0, bx + ey + az =0 and ex + ay + bz = 0 has anon- 

trivial solution, then both the roots of the quadratic 

equation af + bt +e =0 are 

(a) such that al cast root is positive 

(b) opposite in sign 

(c) positive 

(d) imaginary 

If [x] stands for the greatest integer less than or equal 

to x, then in order that the set of equations x — 
Set y= 2 [2x] x fe] y= [2 a] may be con 

then a should lic in 

(a) [3, 7/2) 

(©) GB. 78] 


(b) 3. 7/3) 
(a) None of these 


43. I nis a positive integer, then 


nl (nt DE (+2)! 
A= |(+Dl (n+2)! (2+3)!| is equal to 
(n+2)! (+3)! (at)! 


(a) 2nl(n + 1)! (b) 2nl(n +3)! 
(c) 2n!l (2+ L)!(n + 2)! (d) Qn! Ga + Dla +2)! G2 +3)! 
44, If in a triangle ABC, 
1 1 1 
c= |=0; 
2 


A B 
col col 
2 2 


B Cc Cc A A B 
tan — + tan, tan— + tan tan— + tan 
2 2 2 2. 2 2 


then the triangle must be 
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(2) equilateral 

(b) obtuse angle 

(c) isosceles 

(a) None of these 


45. Ifa, b, ¢ are sides of a AABC and 


a B e 
(a+ly (+1 (e+)? 
@-ly @-) f- 


= 0, then 


(a) ABC is an equilateral triangle 
(b) ABC is a right angled triangle 
(c) ABC is an isosceles triangle 
(a) None of these 


SECTION-IV 


OBJECTIVE TYPE (MORE THAN ONE CORRECT ANSWERS) 


L 


Let {A,,A,A,,....A,}; (ot necessary A, # A for i#/) 
be the set of third order determinant that can be made 
with the distinct non zero integer @,, 4, d,.......0,, then 
(a) k=9! 

t 
©) >» A4,=0 
(c) atleast one A= 0 
(d) None of these 


x? (ytzy 92] 


2. Let jy? (z+x)? zx]. Which of the following can 
2 (x+y) x 
be true? 
(a) Ais divisible by 2 - y? + 2? 
(b) A=0 


(c) A is divisible by x+y +z 


(d) A is divisible by both (« y)and( y» 2) 


x xox 
3. The A@)=|x 1 x*/=0 has 
be? x1 


(a) exactly two distinct roots 
(b) no pair with conjugate roots 


(¢) cach non-vero root of A(x) = 0 have modulus unity 
(d) three pairs of equal roots 


lcos2x sin?x cos 4x] 
4. Let A(x) =|sin?x cos2x cos? x|= @, — @,siny + 
cos4x cos?x cas 2x 
a,sin’x +.... , then 


(a) a,= (b) a, =0 
() a, 
eo y 2? 
5. Factors of A= |yz zx xy| are 
i here ba 
(@yiz (b) z x 
(c)x y dd) ely zi zx ly lay 
6. If a, 6b, e¢ are sides of A ABC such that 


ic beosB+cB acosAthatcy 
a coasB+afB beosA+catay| =O (where a, 
b acosB+bf 
B, yeR"), then MMBC is 
(a) isosceles 
(c) can't say 


coos A+ aa + by 


(b) cquilateral 
(d) right angled 
7. Let fix) = a- bx — cx? and @ #1 be a cube root of 
la b cl 
unity and A=|6 caf, then factors of A arc 


ca &b 


2.64 = Algebrall 
(a) fC) (b) fe) 
(©) fo’) (d) None of these 


+x ox x 


8 Suppose] «  1+x x? | =pxS+ get — ox? -— me? 


x x 1+ 


+ ax +z be an identity in xVpg.r, onnze % inde- 
pendent of x, then 
(a) n=3 
(e) z=0 


(b) z= 
dz 
la® a -(b-c) be 
9, ‘The determinant|s?  b?-(e-a)’ ca 
lc? c?-(a-by? ab 


1 


1 


is divisible 


by: 
(a)a-bte (b) @t+tb)tej(er+a) 
©) @-B-e (d) (a@—b) (b—c) (c—a) 


10. The value of 0 lying between fae 


and o<A< and _ satisfying the equation 
2 
l+sin?A cos*A —-2sin4@ 
sin?-A l+cos*A _2sin4g |=0 is: 
sin? A cos?A 14 2sin 4d) 


(a) 4= 


() A= 


2r x  n(nt+l) 
M1. IfA,=| 6r?-1 vy n°(2n+3)], then the value of 
4 -2nr 2 W(ntl) 


ya, is independent of 
ct 


(a) x (b) v 
() 2 @syzn 
u sinkO 
kk +1) 
2. If D, = 
x y Zz 
1 n 
sn{ Jos 0 
a 
27-1 — 
n+ sin 0/2 


then SD, is equal to 
asl 


(a) 0 
(c) independent of 0 


(b) independent of n 
(d) independent of x, y and z 


13. The digit A, B, C are such that the three digit 
numbers A88, 688, 86C are divisible by 72, then the 


A68 

determinant | 8 B 6 | is divisible by 
8.230. 

(a) 72 (b) 144 

(c) 288 (d) 216 


SECTION-V 


ASSERTION AND REASON TYPE 


‘The questions given below consist of an assertion (A) 
and the reason (R). Use the following key to choose the 


appropriate answer. 
(a) If both assertion and reason are correet_and reason is 


the correct explanation of the 


ion 


(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 


(c) If assertion is correct, but reason is incorrect 
(d) If assertion is incorrect, but reason is correct 


Now consider the following statements: 


LA: If x, ». 2 


a b-y e-z| 


are different from 0 and 


A=la-x 6 z| =0, then the value of 


la-x b-y 
a bi¢ 

the expression —+—+— is 2. 
x yp z 


1 3cosx 1 
Ri lf Ax) =|sinx 1 
1 sinx 1 

valuc of fx) is 10 


3cosx|, then maximum 


la bte a 
A:lf|é eta 8*|=0 where a, bc are distinct 
lc ath & 
real numbers, then straight linc av + by + ¢ =0 
passing through a fixed point (1, 1). 
R: Any line passing through the intersection of 
two lines can be expressed in the form of 
L,+AL,=0 


. Az Sum of product of clements of any row/column 
with cofactors of some other row/column van 
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R: ‘The value of a determinant does not change when 
following row column operation are performed 
RR ++ER, CCFC 47 

4. A: The determinant of skew symmetric matrix of 
odd order vanishes 

R: |4’] = [4 and [kdl = Ad where n is order of 
matrix A. 


S. A: The determinant of Llermitian matrix is always 
purely real. 


R: If fa,] 


iglnxn 


is Hermitian a,= a, and |A| = AT, so 


A=A= |A| and therefore /(A) = 0. 


SECTION-VI 


LINKED COMPREHENSION TYPE 


A: Adeterminant is called cyclic if it follows the arrange- 


ment symmetrically with a, 6 and ¢, ie. the cyclic 

replacement of variables, e.g... a + 5 > ¢ > a do 
111 

not change the value of expression.e.g.}a 5 c|- 


la Be’ 


‘Now if we increase the degree of any row in this deter- 
minant, its value is increased by an expression which 
is also cyclic and increases the degree of the value of 
determinant. 


. The value of the expression  |a* 


equal to 

(a) (@ b)(b c){e a) 

0) @ bb et ata b 
(©) (@ bb e)(e ayab | be | ca) 
@ @ bb ele aabe 


» The valuc of the 


equal to 
@ @ 4) Ke a) 
O)@ 4b Ke ata & o} 


(c) (a—b) (b- ce — aab + be + ca) 
(@) (a—b) (bce - a)abe 


abe 
3. The value of the expression |g? 6? c 


aw ec 
(a) @ 5) che a) 

{b) (a@- b) (b-c)(e - ala — b -c) 

{c) (a- b) (b-c)fe — a)(ab — be - ca) 
(d) (a—b) (h-c)(e - a)abe 


B: For angles «,f,y,0 € R, A,(a,B,7) be a determinant de- 


costa +@) sina +@) 
fined as A,(o.,B,y) = Jeos(f+@) sin(f+@) 1),then 
cosy +0) sinfy+0) I 
answer the following problems based on it. 


4. Ifa=A_,@.,B,y). b= A_,(0,B,7), then which of the fol- 
lowing is true? 
(a) a=b 
()a>b 


(b) a<b 
(d) 2a=6 
S 4, | when 0 = ~ is equal to 
do 6 
(a) -1 
fe) 1 


(b) 0 
(d) None of these 


6. Ifa= pr . then A, is maximum when y is equal to 
3 


fa) ate 


a 
6) ae 
by) a2 


@ a+ a (d) None of these 


2.66 


Algebra Il 


Ix y z 


8. The valuc of x? + y? +73 can be 
(a) 6m 41 
(b) 3m 41 
(©) 3m 
(@) None of these 


9. The cubic equation whose roots a 
be 


(a) mP+t-1=0 
(b) m®-t-1=0 
() mP +m? +m+1=0 


ox ly! and z4 can 


SECTION-VII 


: Ifxyz=manddetA=|z x y|. where is a matrix 
yz x 
such thal AA”) 7 ATA, ic, A?) = A7then answer the 
following questions. 
7. The valueofx! ty li zlis 
(a) tm 
(b) +1 
(c) 0 
(d) of? 
MATRIX MATCH TYPE 
1. Consider the system of equations x, + 2x, + 3x, = 1, 
x, — 2x, +3x, 2; x, - 2x, +3x, 3, then match the 
following columns 
Column-I Columo-IT 
@ x= (a) 23 
Gi) b) 473 
iii (©) -13 
iy) x, (d@) 1/3 
sec’x | 1 
2. Let fix) = |cos?x cos*x cosec*x}, then 
1 cos*x cot? x 
Column-L 


i) Period of fix) 

Gi) maximum value of Ax) 
Gr: 1 
Gil) } SQoide-7 


Gv) minimum value of f(x) 
Columo-IT 


3a 
@) ry 


(b) & 
© 1 
{d) 0 


3. Match the following 


Column-T 
i) Ifa, 6,¢ € R—- {0} such thata #5 4c #a and 
l+a 1 1 
ttl sy then 1 146 1 |is 
abe 
1 1 Ite 
(i) Ta, B,y € R, then 
1 cos(a—f) cos(a-y) 
cos(f — ar) 1 cos(f—y)| is 
| cosy —a@) costy — f) 1 
Gii) If # 1 be cube root of unity, then 
1420" +0™ wo 1 
1 140" +20" o 
o wo 240 420°" 


is 


(iv) If a. &. c € R — {0} such thata # b#e¢ # a, then 


fa) (a-by (a-cy 
(b-ay 9 (bc) | is 
(e-ay (c-6y 0 
Column-I 
(a) symmetric 
(b) singular 


(c) non-singular 
(@) invertible 


3 


4. 


5. 


~If|p-x 4g 
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SECTION-VIII 


INTEGER TYPE QUESTIONS 


rr-z 
r—z|= 0, then find the value of 
p-x* q-y r 


Pp 4a-y 


ple + gly + rlz, x, y,2#0 
be ca ab 
. Find the value of the determinant | Pp  ¢ rl; 
1 1 1 
where a, Be are p,q” and r terms of a HP. 
‘The determinant 4 tr f be ‘| e112 
/3 3) |V/9 3 


is equal to 


hye yn 
it jy" vy"? oy" | = @& - WY - DE - » 
yhogh? gn 


(I/e + Vy + 1/2), then n equals 


a 1 1 
If the value of the determinant | 1 b 1} is 
1 1 ra 


positive and abe > -k ; then find the maximum valuc of 
k, where a, 6, ¢ > 0. 


Tf the value of @ lying between 0 to 2/2 and satislying 


I+sin?@ cos*O — 4sin4d0 
the equation | sin"@  1l+cos*@ 4sin4d@ |=0 
sin'@ cos’ @ 1+44sin4e 


is given by nn/k, where LICF (n, 4) = 1, then the value 
of kis given by 


1 cos x l-cosx 
7. If A@) = |l+sinx cosx 1l+sinx-cosx|, and 
sinx — sinx 1 


facade is equal to —I/k, then find the value of k. 


cos x 1 0 4h 
I=] 1 2eosx 1 |, and f feeder is 
0 1 2cosx 9 


equal to -1/é: then find the value of k. 


10. 


i. 


12. 


ia) ot 
. rr(@)= 1 e” 1 |, then find f (2/3) 
14 e# 


x cosy e* 
Ife)=|sine x? 
tan x 1 2 


see x}, then find the value of 


fo a 


Find the number of distinct real roots of 
sinx cosy cosx 

cosx sinx cosx|=0 in the interval —7/4 < x 
cose cosx sinx 
sald 
Find the number of values of & for which the system 


of equations (4 + lx + 8y=4 ky ke + (kh + 3)y = 3h -1 
has more than one non — zero solutions. 


xt] 3x+2 Sx+4 
13. If | x 3x41 Sx+3 |20 for all x > —- 1/k, 
x Gxtl)? Gx+3) 
then find 4. 
l+a,4+4, a, +8, a, +6 
a i ee 
a, +b, a,+b,  lt+a,+b, 


15. 


16. 


3 


Yia+o+ ¥ Via-a,Xb,-6); then find the 


Pt ise js3 
value of k 
IC A, B, C are angles of a triangle, then find the value 
gi gm 
of eres 
le" grid gnc 
ot sinx cos x 
Iffor)=| 2! sin (rw/2) cos(nm/2) |. Then find the 
a a @ 
a 
valuc of 4_j f(xy] at x=0. 


a 
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17. Ia,= [""(& + sin 0)" cos do; and the value of the 
; 

kOOR 

determinant |a,,, +1 (+1) 
Gy KAD (h+27 


g 


is given by 2k, 


then find the value of k& 


l+sin?x sin? x sin? x 
18. If A@) =| cos*x — 1+cos? x cos*x |, find the 
4sin2x  4sin2x 1+ 4sin 2x] 


maximum value of A (x) if 0 <x < 2/2. 


x 4x46 2x? +4410 3x°-2x416 
x-2 2x42 3x-1 
1 2 3 


19. If fix) = 


And {f *x'L ses a} = 2k, where [] denotes the 


greatest integer function, {} denotes 
then find the value of k. 


actional part; 


Answer Key 
SECTION III 
1.) 2. (c) 3. ©) 4. (a) 5. () 6. (a) 7. (a,b) & (d) %() 10. @) 
1.) 1a) Ba) dS (@) 6H) YK) (DD 20. (a) 
2 (a) 2b). A) 24 (a) 2S) 26 (B) 27 (a) Ka) 29. (a) — 30. A) 
31. (b,d) 32 (a) 33. () 9-34.) 35. (b) 36. fd) 37) BK) 39 (a) 4D. (a) 
Al. (a) 42. (a) 43. (c) 44. (c) 45. (c) 
SECTION IV 
Le (a,b) 2 (aed) 3 ©) 4, (a,b,c) 5. (abe d) 6 (bd) 7.(abc) & (ad) 9% (acd) 
10. (abe d) LL. (a,b.c,d) 12. (a,b.c,d) 13. (a.b,c) 
SECTION V 
1. (b) 2. (a) 3. (a) 4. (a) 5. (a) 
SECTION VI 
1. &) 2. (c) 3. d) 4. (a) 5. (b) 6. (b) 7. (©) 8. (b) 9% (ab) 
SECTION VII 
lista), > (b), i> (€), Ww dd) 
21>), i>), i> (a), Wo Md) 
3.i> (acd), i>(ab), i>), 1v > (b) 
SECTION VIII 
1.2 2.0 3.0 4, -1 3.8 6. 24 72 8. 3 x21 10. 0 
1. 1 12.1 13. 2 14. 1 15. -4 16. 0 17. 3 18. 6 20. 3 


. even 


Ther 


(b) 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE 1: (SUBJECTIVE) 


‘o will be n?entrics -. 17° cofactors 
2? 3° 4! |4 9 16 |4 5 7 
3? 4? S=|9 16 25/=|9 7 9 
4? 5? | fe 25 36} fl6 9 1] 
457i 5 Qi 
=|9 7 A=|5 2 O -200-14)--8 
l6 9 2 |7 2 Q 
lb+c atb a 
A=|eta bte b 
lath cta c 
(Note: observe sum along the columns) 


(o) 


ROR IR, R, 


Aatbt+c) Watbt+e) (at+b+c) 


A=| cta bte b 
atb eta c 
2 ya | 


A={atbtejleta b+e B 
la+h eta ¢| 
operate C,:C, Cand Cy C, 
) 9 1 
- (a+b+e}(a-b) (c-b) Bl 
(b-c) (a-c) ¢| 
—(a@ bley{(a bya c) (bh oF} 
(al ble) (a? bc) (abl be cay} 


- za +b +e){(a-b)* +(b-cy +(c-ay} 


2c, 


ora 1 be Babe 


la b O| ka+s) BO 

lo a bl=ka+s) a & 

lb 0 al ka+s) 0 a 

(a+b) 0 

=| 0 @-) + |-@ Hee 
0 =a (a-b) 

=(a'b){a & ab}—a 

ab at pt) (arte? +2ab) a? 


ab} 


B 


@ bab) = Ka? +b>+2ab) Bb? 2a8} 


Bo o2ab a? a? +b? +2ah) 2ab 


2 
a 


ho a? BF 
= (a+b) B* 2ab) 
1 2ab a® 
1 a e 


= (a+b) |0 (6?-a*)  (2ab-57) 

(0 (2ab-b?) (a? -2ab)| 

=(a bY (hb? &) (a? 

= (a+ bY {at ab? + 2a'b — 2ab? — 

= +a bY f(a" 1 bt 2a%b) | ah? 

= (a — bY (a? + BP aby} — — {Ca + BYP} 
7 11 13/ |7 4 QJ 


b§—4a 


29 31 37] |29 2 6 


-2 


-x O z/=0 


-y -2 O| 


® 


(third order skew symmetric determinant) 
~O +x tyz} +p) tz} - 0 


4 The points will be collinear where area of A~ 0 


iP 5 eee | 
ic, 54 5 I]=0> 2 0 of=0 
6 b 1 2 (b-5) oO 


orb 5)-0s0b-5 


Fey ip st 
5. a=|l4 8 
2 

B 4 af |*f -1 0 


3.2 -9 [3 1-9 
6. |al=+5 7 2 
o) 


=> A-15 55-70. We know that C - CT 
2 C7 |Adja ~|4"? ~ 70? - 4900 


7. @.B.y are the roots of x) — 0 


. fd-ate Oe P& Y-atl bx! 
-af’ (2 BP pe (aP+Py | ya)x 
We observe that fla) — f(B) — fy) ~ 0 

fla) a el 0 a a& 
Ilence |f(8) 6 f'|=|0 B f=0 
IY 7 Pl Ox #7 


2ab) (2ab BY} 


17 19 23)/=17 2 4) (C,-C,5C, 


2.69 


2 — dab)} 


abla? By} 


; : 
3. 0] -—|-2-3] == square units 
2 2 


cx d 
ofy} 


2.70 Algebra ll 


le @-w) Gv-vy 
8 A= Gry) (-y)| -- 


uP 06 


1 


0 


0 


eee 


— Orv} <0 


TEXTUAL EXERCISE 2: (SUBJECTIVE) 


uP 


,.|4 ¢| ld b 
lb a 
3d 6B 


c 2a 


ay 1 


1,20, C,and R, @ Ry Ty: Interchange rows and column 
(ic. taking transpose) : rows <> columns 

R,> V3GR) C,> 2020) 

:R, R, and then R, > 3(1/3 R,) 


4 6 
2. [3 1 5|=0 @sR,-2R) 
8 12] 
la be bac 
a |e y ale-ly x dlcQecy 
tom al im 1 ai 
ted ip ew ee 
-|y 2 slcecy--lb ¢ al=h n J 
im nd lim n ll |b ¢ a 
(By operating R, oR, and R, > Ry) 
4. A 5: Al, > ml — mi" [A] — Smt me R 
1 1 
R218) and R24(28,] 
1: C, > VAC4C,) and C, > 722C) 
TR, OR, TA ROR, 
6 Interchange Rows and columns (Transpose) 
1, Re Cand then taking 5, 3, 2 common from C,, C, and 
, respectively 
T:C,> V5, C,,C, > 1BC,; C,> 120, 
T,: R, 92R,, R,93R, and R, > 5R, 
T,: R, © R,then R, > R, of rolling R, over R, and R, 
TEXTUAL EXERCISE 3: (SUBJECTIVE) 
18 40 89 18 40 89 
1. (a) AO 89 198)=|40 89 198) 
89 198 440) 9 20 44 
(By R,> R, -2R,); next operate BR, R, - 2Ry 
0 @ 1 
-|40 89 198/-40 20 9 89-800 g801- 1 
9 20 44 


(by 


(d) 


20 


(ii) 


a B 2 
2 2 2 | (ROR IR, 2R) 
Ka-1y @-1Y 1" 
a e c 
ol hr 1 1 |R>R-R) 
(d-2a) (1-28) G20) 
ae Rt 
-2 1 1 1 OR-R) 
2a -2b -2c| 
ee 
dla b cl{R, eR) 
oe ae 
h a a] fl a@ be 
a= b 8-1 b cal=( AY 
hc c’| fl © ab 
la be la a? abel 
Now, A, =|1 b cal=—b 8? abe} 
abe], 
lc abl lec? abe} 
rel? ey jal @ 
- eo =-\b 1B 
wel et de et 
la @ 
-|l b 
h ec 
lax by cz ab el |a b ¢ 
xy? zl —(ya)ly y alale yz 
| Came West Lol od pe az 
x y 2 
(x+2) (2x43) (3x44) 
(x41) (x41) (x41) }=0 
(x+2} 2x42) 6{x+2} 


(By R, OR, 


RY. RR, 


(x41) 

— |(e+l) 0 9 
(x+2) (¥+2) 4(x+2)) 

Gre, O:C,9¢, ¢ 


(x+2} (e+) 
=0; 


- @& DEINE D 1! Ie! 2}-0 
-3@- 1D {+ D@+2)} -0>x--1,2 
(4+67) 0 0 

40 3 -laxty 

20003~«5 


G-6i£3 +3} -0x-0,y-0 


R)) 


Katb+e-x) c b 
3. atbte-x) (b-x) a2 | (C9G,16,1C) 
Katb+e-x) a (c—x)| 
ll c b 
—{atbt+e-x}l (b-x) a 
Il a 
1 c b 
—(atb+e-x)0 (-x-0) (a8) 
0 (a-c) (e-x-5Y 


~(a-b+e-O[iCx)-b-0)} (2) --} a0) 
(@ Bl 


—(at+b-c-3x) {-(a? ct ab be ac} 


= F(erb+e-3) De (a bY Ob oF Ce ay] 


Eithorx-Oorx*-(a@ hb cP 3(ab be ca) 
=> x—0orx?—-3(ab + be — ca) 
Now(a hb cP=a? bc? | 2ab | 2be \2ca 
=> 0-a— b+? —2 (ab + be ca) 
=> ablbe ca- VW2(a be) 


oc?) 


Siget B(a? +H 46%) or x= "Kab the +ea) 


x=Oor+ Rea +b vcore [-3(ab + be +ca) 


(a, +4.) (a, +4,) (a, +a,) 
Ka +@,) (a, +a) (a, +a,) 
Ka, +a.) (a, ta.) (a, +a,)| 
(By operating C, > C, 1 C, | CD, we get 
Ka, +a,+a,) (a, +a) (a, +a,)) 
2\(@,+a,+a,) (a@,+4,) (a,+a,) 
a, ta, +a) (a,ta,) (a, +a,)| 


3C,96, 


Operate C, > C, 


(a, +a, +a,) 
2\(a,+a,+a,) -a, -a, 


Ka, ta,+a,) -a, -a, 


Operate C, >C, C, C, 
a, -a, —a, a a 4, 
-2la, -a -a,)=2(-1 Ja, a a; 
la, -ay -ay lt, ay a 


Gi) Multiplying C, by a; C, by 6: C, by c and dividing the 
determinant by (adc), we get 


a bec? +be| 


Aslet+ee F 
abe |" ie 
atHeb abe? <e 


ce —ac| 


Determinants 2.71 


sy afl Babe cP + be 
OR toad COC, CI 
ca cee eae 
C, and taking at + 8? + c2common from C,) 
ssa {l bt-be ch tbe 
HEF) be be -ael (By R> R, 


abe No ab+he be 


Rand RR, R,- (ab | ea? Bl ey) 
(ii) Operate: (R, 9R, - R,), then 
a b ¢ 
A=| @ a ° 
(at+b+c) (at+b+c) (at+b+e)| 
aoboc 
-(atbtc}a® Bc? 
111 
(a-b) (b-c) ra 
— (atb+e}(a-bya+h) (h-eyb+e) | 
0) 0 1 
1 1 © 
-(a b c){a bb co) (atb) (b+e) 7 
Q 0 1 
—(a-b-c) (a—b) (b-c) (c -a) 


la b el la b e| la 


b 
5. (a) Rearrange and get |¥ y z/+/x yp 2jt+]x y 
2 4 6 |3 5 


13 5 


yoz 


@ b 
=| y 
-) =O 


(c) Similarly Let af 
Ls 
a b 


then A= HOG dacs 
(xt txt > Wty ty t 5) 


2.72 Algebrall 


6. Operate C, > €,-C,-C, 
0 1002 3 

we get 1=/0 2009 -3/=0 
IO 2998 10) 


TEXTUAL EXERCISE 3; (OBJECTIVE) 


fl a b+e| |L a bte 
1. (ce) lB ctal=|0 G-a) (ad) 
lc atbl |0 (c-a) (a-o)| 
Operate R, > R,-R,, R, >R,-R, 
-(b a)(a ©) (e ajfa 6-0 
0 b-c e-a| 
2. (ce) OperateC, >, C,1C, 4=|0 e-a@ a-bl=0 
l0 a-b b-c 


(3x-2) 3 3 
3. (b) 1=|Gx-2) 3-8 3 
(3x-2) 3 3x-8 
By operate (C,>C, C,1) 


3 3 

= Gx-2)/1 3x-8 3 
Hl 3 3x-8 
1 3 3 


= Gx-D]0 Gr-1) 0 
lo = 0 Gx-1n) 


-Ge 2) Bx 1h 


21111 
=> ar or ear => x23 
1 1 1 
4.) asic, CC, 
C, GC, 
1 a) 0 
-|"C 1 1 


Re, MC SG Big: ae) 
Operated C, > C.-C, €, > C.-C, 
= ACC, IG) IC, MCD 
"ICC, 28 IC, 
Using "C.-C, ,+*C we get 
AWC, "C= (41) m=) 


5. (c) a, B,yare the roots of? | px q—0 
So, a— B+ 7-0; of + By + yup, By ——¢ 


le # ¥| ! £ 
iB y al=(at+fP+y)l y al=0 
y @ Bp h @ A 


Cr @ B p-0 


10. 


il. 


12. 


WE Pez Nee 

{e) 42=|"Co Nex Ee 

BCo EGS ue 

‘We observe that operating C, > C,— C, and using "C, , 

UMC = IC, gives MC, 1 C,-MC- NC NC, # NC, = 
’C,-PC,_,and PC, PC,- BC,- PC, m—5 


mea 


=0 


“m3 


“a4 


4 10 3) [4 xt+5 3 
Rewriting 4=-|7 17 4/=-|7 x+12 4 
-s 4 7] |S x-1 7 
(Given A, --A,) 
Comparing column # 2 of both gives x — 5 


S 


(b) ‘The given determinant is triangular 
A~ product of diagonal clements 


. (d) =a, By, 8 => a. B, 7, 8 are 4 roots of (i)! 


ie,ofe §-O>aI1 Bl y18-0 
using C, > C, 1 C, 1 C, | C, gives all elements 
of C.-0=A-0 
(b) Observe that 2R, — R, +R, 
=> A-O(as x,y,z are inAP sox | z-2y) 
lb (es-e*) 4 
(a) Operate C, > C,-C, then 1=]4 (e*-e *) 4)=0 
lb (every 4 
So Ais independent of a, 3. y 
265 240 219 


(e) A=[240 225 198 
219 198 181 
Apply C,>C, Cand, > C, C, 
la6 21 219 
4=}2 27 198), 
88 17 181 


3 


operate CC, 2C,.C,%C, 10¢, 


4 2 9 
4a=|-12 27 -72): 
4 17 il 
Apply R, > R, -R,: R, > R, +3R, 
lo 4 2 lo 2 -1 
A=|0 78 -39) - 2x39f0 2 -1/=0 @sR,-R) 
417 ut 47 


13. (@) Operate C, 9 C, Cand C,>C, C, 


3421 1 


1 
§ 


1 
j=0 
] 


14. (a) Writing A as the product we get, 
lo « a] fc B 
A=|e 0 alxle 0 al=(Qabey =4k = &- abc? 
lb @ Of b a 0 
sy 1 1 $ 2 1 ay 


Yu, =|P 2+ 2N4i]4)2? 241 2N41) + 
a 3A? 3N | 2? 3N2 BN 


18. (d). 


a. af 3 
B? 2N+1 2N +1]+... upto =" 
B* 3N? Ny 
N(N+1) 
2 
N(N+1)QN +1 
2 


JX +o} 
2 


NON +1) 
12 


QN+1) 2N+)) 


3N? 3N 


1 5 
2N+1 2N+4] 
3N? 3N 


6 
2(2N +1) 
BO )N +1) 
Observe that C, - C, 1 C,=3 A-0 


A= 


TEXTUAL EXERCISE 4: (SUBJECTIVE) 


345% (3/2)-4i| 
on ee 
(a/2)+4¢ 4-5h 9 


1. (a) Let 4= =AtB 


We observe that 4=|3+5/ 8 


3 _ ay 44+5t 9 
2 


A-A+iB- AT A=A-iB > A+iB =A-1B 
A ~ A > B-0, hence Ais purely real 
0  p-@ p-r 
(b) A=|q-p i) q-7| Third order skew symmetric 
r-p r-qg 0 


determinant => A - 0 


lsin(d +B +C) sind sinB 
2 A= -sind sintA+B+C) sin 
-sinB -sin® sinfA+B4+C)) 


If A + B-C ~ (2k + 1p, thon it is a skew symmetric 


determinant of odd order +. A-0 
lx y» 2zllx ¥ 2 xy 2 
3. A=|p z aly z af—[y 2 x 


iz x yilz x x |z & x 


~ Byz-@ ty +2P- G+ F-3yz) 


3. (b) 


4. (b) 


Determinants 2.73 


TEXTUAL EXERCISE 4: (OBJECTIVE) 


a bed| 
B edal gg 
ot abd] it 4 
# abe 
abed| 
abed| 
abed| 
abed| 
a | 
By 
: fEOA=-4 SA-A-A, 
e 
@ | 
ly+z 2 y 
A=| 20 zx x |=keyz;Putx—1,y— 2,273 
» x xty 
Is 3 2 
1=[3 4 1] operate, +R, 2Rand RR, 3R, 
1 3 
-1 -3 
4=|3 4 1=(-1) gl 35)-24 
-7 -11 9 


So, kayz ~ 6h ~ 24 gives k- 4 


Operate C,> C, + C, - Cand take 2a + 8 + ©) 
common 


1 a b 
A=Aath+el b+e+2a b 
1 @ c+a+25) 
1 a b 
- Aatb+c}0 (a+bt+ce) 0 
0 0 (atb+e) 


Which is a triangular determinant => A=2(a—b +c) 


ha a h a @ 
— xl Bop tabcll b 
ho cc? he cf 
-x(a bYB oie a)(Lab) | abe(a Bb ce a) 


bb hfe a) fxfab_ be ea) | abe} - 0 
‘. ~abe 
(given) x =— Cs a#tb#ce#a) 
Sab 


2.74 Algebrall 


be ca ab 
5. (abcd) lea ab bel = (Lab) Q{aby) Yab\X{be)} 
lab be ca 


~ ~(ab — be - ca) (ab? + Be + Ca) — (acd™ + bea? + 
abe?)} — 0 
De ae | 
ab— be + ca~0 gives —+—+—=0 
a bec 
Using x? — y? — 22 (ay — yz + ax) - @ — op — 0%) (x -'¥ 
20). So either 
ab — 0 be + wea ~ 0 dividing by @*abc (@* ~ @), 


Le Te 
we get —+—_+—=0 

a bo co 
or(ab w%be  wea)- 0 


Dividing by «abe, we get tele 
or (ab — @*be — @ca)~ 0 
; Loa 
Dividing by o* abe, we est —— +5 +2 =0 
6 ()) (©) writing the determinant as produet 
lo a allo o 0 
a=) a, Bll & 
lo a, all, a, a, 


6,)=0 (row x column) 


IL l+eex Itaex’) la ltax 1+a: 
Gi) As|l l4+fx 1+ Ax|+|B 14+ Ax 
 l+yx l+yx?] |y 


ltyx 


lax ax? ll a @ 


Now A=|l fx fx'l=x'|1 fB pl=0 


hove yx] ly 7 
{Operated C,>C, C, COC, Cy 
la 1 ] 
and 4=|6 1 1/=0 
y.] 


{Operated C, > C,-xC, :C, > C,-8C,}. Thus A- 0 


Ip b c| |p-a b-q 0 
7. (a) la g cl=| a q ¢ 
la br 0 (6-4 (-c) 
Gives (p - a) {g(r - c) — ¢ (6 - g)}- at - g) & - c}} - 0 
Dividing by (p — a) (q — 5) (r —c) gives. 


Cc a 
++ 
a 


4 
q- © p-a 
0 


b 
q 
So ;——+1-+——_+ 
tps } q-b 
P 


Pi is 


p-a q-b 


fom nil f 4 
8 (d) Let |, m, mlm, om, m|=|2 =1 


f, m nim nn 
Since, S¥} =] and £2, +m,m, +n, =0 ete. 


=> A-l=>A--1 


TEXTUAL EXERCISE 5: (SUBEJCTIVE) 


1 Let A-fy => 44 _ pe 
ae 
Pe) pe) pd! [pC p(x) p(x) 
—\9') a) gO) +a) 9") g"CO)) + 


ry’) r"G)| [r@) "Gray 
lgix) pix) | 
g(x) g(x) 0) =04040=0 
ro) rte) 0 
As p(x), g(t). 109) are polynomials of degree 2, implies 
PPG) g™@)—r@)—0 
Hence f(x) - 0 = fx) - Ais independent of x. 
F(x) Gx) HG) 
2 $)=|F'@) Gx) M'(x)| as in question ¢ 1, (x) is 
IF"“(x) G"(x) "(x 
independent of x and it is a constant function. 


ee sinx y 
3. A(x)=|scex log(l+x*) 1]=a@+hx tex" 
x x 1 
1 oY 
A@)=/1 0 1=0 >a-0 
Oo 0 1 
2xe* cose 
A(x) =|secx log +7) 1 
x a 1 
e sinx 1] ) ¢ 


e sing 1 
2x 2 
+ |scextan x Tat Ol+|scex log(dl+x°) J 
s : ax, x 
x eo 


A'(0)-0--1-0+0--1-5 


cosx ox 1 
4. f(x)=[2sinx x? 23] 
lane ox 1 


-sinx 1 0] |oosy x 1) lease x 1 
f'@)=|2sinx x 2a|+|2cosx 2x 2)+|2sinx x? 2s] 
tanx x 1] |tanx x 1 


secvx 1 0 


=> C0)-05 lin Z © LO) _ p2,a12=0) 
2x 
Now, f(x) — (0-0 + 0) + (2-0-0) +(0+0-0)--2 
limL® = pry =-2 
¥O x exa0 
30201 302 1 
5. f(x)=|6x* 2x? x']: f(x) =[A]+]12x 6x" 4°] +[B) 
1 a @ 1 a a 


where |4 — 0, |B — 0 as one row is zero in both and 


3°92 1 er rae! 
Sx) =f12 12x 12x"], f(a)=12 1a 1207 
loa @ la@a@ 


as R,- 12R, f(a) - 0 
2cos*x sin2x  sinx 
6 f(x)=| sin2x  2sin?x -coss| 
sinx cos 0 
Observe that C, + 2sinx.C, + C, is uscful 
2cos? x + sin? x) sin2x sing 
=> f(x)=[2sinxcos.x—2sinxcosx 2sin?x —cos.x| 
sinx —cosx 9 
2 sin2x — sinx 
S(x)=| 0 2sin?x -cosx}, 
lsinx —cosx ) 
Now C, + C,- 2cosx C,, gives 
2 0 sinx 
f=] 0 2 -cos-} 
sine —cosx ) 
— -2cos? x — 2sin*x - (-2) 


Pa *2 
Sot -0= [ (d+ sedjdr= J -2de 


- (25-8 


TEXTUAL EXERCISE 5; (OBJECTIVE) 


5x43 2x-5 3 
LG) @ atya|3e4x44 6x41 9 
7x? -6x+9 14x-6 21] 
2x-5. 22-5 3 
=> A@)=|6x41 6x41 Of - 
l4x-6 14x-6 21 
x?-5x4+3 2 3 
3xtxtd 6 9/40 
l?x*-6x+9 14 2] 


Determinants 2.75 


3 2 3 
A(ey=04/4 6 9/+0-5(42 42)-0 
Bes lo 14 21 

ha x x 
Gi) @) 4=/1 2x 3x? 

lo 2 6x 


1 2x 3r| fe x? x] fe oo 
A(x)=|1 2x 3x7]+|0 2 6x|4]1 2 3x7]=6n" 
lo 2 6x| fo 2 6x} fo o 6 


1 oxt41 3) \xte’) ax? 3 
Gil) @) f{Y=fl 2xt+2 34]Cr+57) Bx 3/40 
1 3x*4+7 3] [(xte?) 12x° 3} 


(x+a*) 1] (x+a) 11 
=> ftxy=0412x'\46) 2 1) - 12x*|@?-a) 1 | 
(x+e) 31 (2-6) 1 


-123 {RP a? # c}-0 
x20 52 -@ic? 
=> @, 63 care in AP. 


© Ae)= e* Ind +x) 
: tanx — sinx 
A(x) _ AQ) 


M0) = o> lim—— 


1 1 
xe" | —— 
Ax) = l+x|+ 
tanx sin] 
ho A(x) 
i 


=1 > lim——= 
1 z20 x 


e  Ind+x) 
sec?x cos 


> AO)=0+ 


x sinx cos.x| 


.@) An=|6 -1 0 


3x° cosx —sinx| 
=> fty=|6 -1 0 


pop Pp 

6x -sinx —cosx 
= si-|6 1 0 

PoP Pp 


& 
= FlMaroA{6 1 0/=0 
P 


2.76 — Algebrall 
lx" sinx cose 
4. (ad) fOd=|at sint cos 
PoP Pp 
nt ) 
7! sin] —+x cos] —+x 
(F+) 
Sele sin" eos = 
2 
P Pp Pp 
a" f(x) 
Thus x=0, 22 9 
hus x + 
1 a a 
5. (a) fex)=|singn—1)x sinax  sin(@n +1)x! 


lcos(n Ix cosnx cos( +1)a{ 


Operate ©, C, Cy 2eoset, 


ll+a*-2acosx a a 
= f= 0 sinnx sin(n +1). 
0 cosmx cos(7 +1)x| 


— (1 + @?— 2a cosx) {sin nx cos (2 + 1)x — cos nx sin 
(n | Vx} - C1 a? 2a cosx) sin€ x) - a sinde 
(1 +a) sinx 


=f fydr=f “tasin2e-(+a )sinsjde 


_ Gay 


2 


2 12 
cos 2x |) HI +a?)cos.x|” 


- (S)o-nsaseo-n -a-(l-a’) 


TEXTUAL EXERCISE 6: (SUBJECTIVE) 
a 
ieee (-2) x[-E pee =0 
2 y a 


Alliter: 


(using Matrices) 


from @) and Gi) -1-2 
x 


¥ 
=> ay-af- x => vtoxytar—0 

2mm 1-0 = m- 1 (i) 
Given equations are ax my a -0 (i) 
and wx ny a-0 (iii) 
Gi) mand Gii) x m gives. 
pax omny an —0 and mi mny |am-Qor mel y 


—an~ 0 and x + y + am ~ 0 (using mm ~ 1) 


-x alfm] [-y 
> = 
a -xila -y 
Since there are infinitely many real m, 2 for which 
ma- ol 


-Sx2-@-O>x--a@ 


‘ls wy tay —y (x la) 


a,=|* 2 |=» —y(e-a) 
a-y 
A-A,-A,-0=% a-0 
im -nlfx]_[a(m® —n°y 
nomsiy} [2ame 


=n) > 2 
— aQn? = 1? ym — 2anm?~ am? — ami 
m 


am (nt? |) - am 


242 
pea Yo Sanda ac Ga nae 
n 2anm 
am?n + an* = an(m? +n°) = an 
> mars 
aoa 
1]: 1+ 
¥] _fad+m) yee al 
mity| latl-m) -1 


la+m) 1 


sepa ek 


salmon 1 mj—a(e 12m 1) 


A = 
ype ho? +2m-1) 


7" m +1 
a alt adm 
= LL a(—n) 


= alm —m? = 1 +m] ~-a fm? - 2m 1] 
A? _ atm? — 2m —1) 


A (a —1) 


= war = [(? +2m—1)? + (07 -2m 1°] 


—S 209 + 8m 42-4? | 
GP HF 


= tn +2m? +1) = 2a? 
m+ 


wi ty— 2a 


5. x+y-4-0; 2x-3y-9-0 
. 


21 1 
Gives ¥=—=4.2 and y=-~=-02 
5 5 


a 


Lomogenous system 

(a) A #0, number of trivial sol — 1 

(b) A~ 0, number of solutions are infinite 

(c) A=, for nontrival sol of homogenous system 

(d) Consistancy of homogenous system of cquation is 
always there 


7. Given: ax hy g-0 é) 
hx by +f-0 - ii) 
and x(ax hy |g) y(hx by f) axl fv c t-0 
or gxify ¢ t-0 Gii) 


(i) and (ii) are linear in x and » so any solution to these will 
also solve (ii) 
ah g a h gl la hk O 
A b of |=0,ic, |h b fl+]h 6 O]=0 
lg f (e-t) le f cl le f -f 
=> {abe | gh af bg? ch} Kab h)-0 
ah g 
hob f 
(abe + 2fgh —af*-bg*-ch*) _ |g f 


Gives t= : 
xe ab 


8% xty-z-1 
xl3y 22-1 
3x— (A +2)y—32- 24-1 
1 1 1 1 0 o 
l4l=fp 3 =f 2 
3 (4+2) -3] [3 (A-1 -6| 
If || -O then 2-5 
We observe (i) — 2 (ii), gives 3x — Ty —32 - 3 
And for i. — 5 iii) is 3x 7p 
=> A#Sic., Al #0 then 


3z — 11. So inconsistent. 


Bel Ty 32-3;3x GQ 2y 32-2 1 
Gives (1. — Syy — 22-2 
AHL 


where 2 #5 


Determinants 


2.77 


Putting in{i) and (ii) + +zslie,xtz= 


nnd 4 et beet te egy Oe 
a- 4-5 
4i-4 
Subtraction gives 7 = — 
HA —5) 
“Ta A-2 
Similarly * = andy 
imilasty x= Sandy = 
9. 
(cl elle 4)y-( 16) 


(c+ 2Px-(€ + 4¥y - (-6F 
Will be consistent (the concurrent lines or three superim- 


posed lines) 
2 3 3 
ie, ](€+2) (+4) (€+6)/=0 
e+2P (c+4Y (+6) 
2 1 0 
gives | ¢+2 2 2 


ie +2)° (4e+12) (de +20) 


~ 2(8¢ ~ 40 - 8c -24) - (2c* 20 + 32) - 0 
Gives ( 2c) (c | 10)-Ogivese-0, 10 


TEXTUAL EXERCISE 6: (OBJECTIVE) 


fH, AN PL, * ede 
1. (b) 4=fl 3 2=10 2 1j=5-A40 
lh 2 3) JO &-1 2 
Gives 2 #5 (now p € R) 
1 11 
2 (a) A=/1 3 2/=0 for no solution (i.e. % - 5) 
2 3 


Also af least one of A,, A,, Ais non zero 


311 ]3 11 
Consider 4.=|6 3 =] 0 1 Of- i920 
we 5 3] |u-9 2 A 


no 3 y ft oa 1 
=> ue%4a-|1 6 Y= 3 1 
1 yw 3] fo G-3) QI 
—6+3-us0,ie, p49 
3. () xty-27-3 serie) 
x1 3y 122-6 Gi) 
xtiyt3e—p iii) 
2Gi) (i) givesx Sp 132-9 
Comparing with (iii) 2-5, u- 9 
And it will give infinitely many solutions 


2.78 — Algebrall 


4. (b) For infinite solutions of Homogenous system, A~ 0 
2 -1 1 2 -1 1 
So|] -2 W=|-1 -1 9 
A -1 2| 


—-1-(A-4)~ 0 gives i. 
5. (c) For non-trivial solution, A~ 0 
lL 4a al |l 4a a 
ic, || 36 4|=|0 Gb-4a) (b-a) 
h 2¢ e| |o (2-day (e-a) 


~ (3b - 4a) (c - a) = (ba) 2c - 4a) 


1 
~ ab be — ae ~ 0 gives ~ 
¢ 


So a,b.¢ are in ILP. 


6. (b) Wi y-5 : i) 

5 eve ii) 

Gii) 

From (iii), we get x ~ 2y putting in (i), gives y~ 1 so.x~2 
ii) is satisfied for. x— 2,» — 1, so one solution 


a 


(c) axt+by—u 
ex | dy-v 


(a, b,c, d, u,v are integers) has a unique solution. 


b 
Now, for unique solution zr ic. ad- be #0 


c 


(c) ax + by-c-0, bx-cy+a-0,cx+ay—b-0 
has a unique solution (Three concurrent lines) 
la be 
=> |b c¢ al=0 The second system (3 planes) 
le a b 
(b+e) (e+a) (a+b)| (atb+c) (c+a) (a+b)| 
Kate) (a+b) (b+e)}/=2\(atb+c) (a+b) (b+)! 


a+b) (b+c) {c+a)| Ka+b+c) (b+c) (c+a)| 


lb (ct+a) atb Ib (c+a) al |b c¢ al 
= 2le (a+b) (b+ej=le (+b) dl=le @ 3 
la (b+c) (c+a)) ja (b+e) cl la Bb | 
la be 
—|b ¢ al=0 
le a 


9. (b) (Dx 8p—4kandkxe (kb 1 3)p-3k 1 
4, 


Vor infinite solutions “= 4 
a, By 
k+l 8 4k 

kb Ok+3) 3k-1 
Solving first two, we gel 
=> 2 ak 13-0 


0 


4k 1 3-8k 


w 


=> &-3&-1)-0 
. k-1,3and solving last two 

AR + 12k 24k —8 

4k 12k 8-0 

RP 3k12-0, 

k-1,2 

k— 1 will satisfy all the requirements 


udy 


SECTION III: (SINGLE CORRECT ANSWER) 


ee lib lie 
l+a 1 1 a: 
. (d@) 4=| 1 146 1 | - abellia lt lie}: 
1 1 ite 1 
lia 1/b 14+ 
¢ 
Lott Pe ue he, 7d 
ate(te beds t hh W+l/b Ve wabe(1teds4) 
a © a ¢ 
1d  lfb Ite 
Since abe #0 
way 0 so ue 
ab a 
ll+sin*x cos*x — 4sin2x 
(c) 4=| sin’x 1+cos’x — 4sin2x 
sin’x — cos*x 1 +4 sin 22] 
i 0 -l 
=| 0 1 -1 
sin'x cos'x (1+4sin2x)| 
1 4sin2v | cos*x | sin’x- 2 4 sin2x 
Maximum value of A~ 6 
0. -<l 3 
(c) Pulx—O.then ¢=|1 2° -3/=21 
3 4 0 
(a) It isa skew symmetric det of odd order so it will vanish 


=> A is independent of a and B 


A= 6 @) 
ptx qty rtz 
Now, B=|a+x b+y c+z 
a+p b+q cir 


ip qr |x ¥ al 


10. 


ja b atd| la b O 
d ctd| d 0 |=(-25){ad -be} 
a b a-b| la & 28 


jae ate lai c O 
D,=|b d  b+d |\=|b d 0|=b(ad—be) 
la c¢ athte! la ec Bi 


D,iD,~ 2) 


. (ab) ax ay 1- a, forx-y-1 gives 


=> @-1>a~-+1;Fora-1 

=> b  2b)-4gives b-lorb— land fora— 1 

=> b-(3-2b)-2>6-1 
a=1,b=-lora=-1,b=1 


2 (d) x- ley 

‘Now, ax — 2a - b gives a—3b — 2a —b or a~ — 26, 

(e Wx ey-10 a Bbgivese 1 3¢-10 a1 36 
4c-9 18-8 


= 4c11-101 Shor b= 


80 @ 


u = 

2 gba (URE EE Bee oy ei 
3° 3 

Many such triplets are possible ie. infinelly many 


. (c) For non-zero (non trivial solution) 


(k-1) Get) 2k 
|d|=0,s0f(&-1) (4k-2) (kh +3)]=0 
2 k+l) Xk-1) 


Kk-1) Gk+l) 2k 
=> | 0 (k-3) (k43) 
2 Gk+l) 3k-1 
k-1 3k+1 2k 
> 6-3)]0 1. -1|=0 
2 3k+1 3-3] 


k-1 Sk41 0 2k 
=> (k-3)| 0 0) -1 |=0 
2 6k-2 3k-3 
Ak 3k IGE 1 Ok 
2(k — 33k? — 9k) — 0 
2k 3)3(K)(k 3)-O>k-00r3 


Dj-0 


1 1 ~(rty) 
z z 2 
“tz 1 1 
(d) A= pore 2 3 = 
(ytz) x4+2ytz2 -(x+5)) 
x2 XZ xz? 


Multiply ©, , C, and C, respectively 
With x.y, z, thon 


Determinants 2.79 


x y _(xty 
z Zz Zz 


pix zix 


y+z) p(et2ytz} -y(x+y) 


1 - = 
Now C, > €,-€, + C, gives, 
ney 
lopez _{e4)) 
= 
A=lo pix zix |=0 
lo y(xt2ytz) -(x+y)y 
z i 


Ais independent of x, y, 2 


11. (d) (i) Consider an equilateral A with sides 0.99 cm, then its 


3 
4 
Consideranother Awithsides 12m, 12m and 24—H,}1 0",then 


7 
the area of sceond A, = 3024 —A),j144 (. B ) 


area — A, =——(0.99)* sq em 


hor 


1 he ‘ 
= =(24-A) f12h-4 4h 0" 0 
2 4 


area — 0, so (i) is possible 
eee ees 
(e-yP (zy (z-0)? 


1} 
a} gives 


ee ae sl 0 
(90-2) (a= yy =) 

=> for x,y,z are all different real numbers. 
faxdn xine 
£13.74. 


(ii) Given 


(iii) LALS —log,x log,¢. log. = 


2 1 1 1 
pus - mf _ 1, 
CO) Bind nda am 


fnx _ in3+éindt tnd 


So-— = 
fn3ind ins fn3fnd tn 


s gives x ~ 60 


Gili) > true 

(iv) 12-1 12-2x6-3 4 
Solx12:121:2 6,6%2:3 44x 3aresix 
matrices of different order, hence (iv) true 


12. (@) Observe that C, > C,+C, 2C, gives 


mx i) mx+p 
S@=| » 0 w-p j=0 


pax+2n 0 mx+2n- pl 


2.80 Algebrall 


=> fix) — constant 
=> a horizontal line which will be parallel to x-axis 
Kx-1) (x-1" x 
13. (a) A@=[(x-1l) x? (t+1)' 
x (x-1? (+) 


bh (ye 
=> A@=f x Gt) 1 
I (x-1)° (+15 
e-1) A&x-1l xt Kx-l) (e-1P 3x7 
Ke-1) Qe (et DF -D x? 3K 4197] 
x Ax-1) (4) x (-lP X47 
Pulx-0 
1 o [4 2 fii gd 
=> A@=fl 0 +1 0 +h 0 3 
h 1 aj jo 2 a jo 1 gi 
lo 1 of 1 -2 g f-i t g 
-fl o +hi 2 asfo -1 3 
lo 1 jo 2 jo rg 
-€1) (4) 6-1 
14. (d) Under the given conditions the determinants 
(ath) ab 0 
l4l=] 1 (a+b) ab |; gives A - (a? + B\a - 5) 


cf) 1 ath 
la(a? +1) ab? ac? 
15. (d) A=—| ab bb? +1) be? 
abe ig 2 2 
ae we ee? +1)| 
‘ +a? BP CH 
= on a (B41) oe? 
bias a Bw c+] 
BF e* 
Ota th +e +1 c* 
HBF? +1] 
lo oO -1 
— (+a?+b? 4070 1 -1 
1 6 674] 


=(@ Bo ctl 1)(1)-1 Given) 
> A+R 0,s0a-b-e-0 


¢ 
Ba+3b a+b a+2h] 
16. (b) A=Ba+3b a a+b 
Ba+3b a+2b a 
ll a+b a+2b 
-— Xat+bjl @ atb 
1 a+2b a 


P Gi3pqip gir-Oorp ¢ 


1 (a+b) (a+2) 
— XatbyO 6 -b 

lo 8 2b 
~ 3(a— b) (38*)- 98*(a — BY 


fa+2b-x)  b b 


17. (b) A=|fa+2b-x) (a-x) 6 |=0 


fa+2b-x) b (ax) 
1 b b 

=> (a+2b-x))0 (@-b-x) 0 J=0 
lo 0 (a-b-x) 


Gives x @- b, ab so roots arc real and coincident 


1 2a a 1 2a a 
. (b) || 36 b/=0 > lo Gb-2a) (b-a)/=0 
I 4c ¢ 0 (4e-2a) (e-a) 
Gives 3b 2ac 3ab | 2a?! dac 2a? dbe 2ab-0 


= 2ac-ab beor cee 
bea 


= a,b,c are in ILP. 


(b) Statement [: is true, if lines are not parallel or 
coincidental then they will intersect in a unique point 
Statement [1: In homogenous system a non-zero 
(non-trival) solution means infinite number of solutions as 
the system is consistent. Statement I] is true. 

Statement III: False, x — y ~ 2/3 and z — -1/3 is the 
solution. System is consistent. 

Statement IV: If two cquations in a system are inconsistent 
then obviously the whole system will be inconsistent 


1 2 $ 
(a) 4=|0 (+4) -11)/=86 2 8x1 4-86 
lo 4 2x 


=> ¥-4r-21-0 


=> Sum ofroots— 4 


pa gb re 
(a) A=|ge ra pb 
rh pe qal 
—par(a® bc) abelps\ gq’ Py 
From p-q+r-0 >pt+q--rso(p—qgy--r, 
S S— 3pgr 
Similarly a* — &* + c' — 3abc 
2. A= pqr Babe) abe(3pqr) - 0 


tana 1 a) 


(b) 4=/ 1 tanB 1-tanB| -tan Aan Blanc 1) 


1 1 tanC -]] 


— I(tan C-1-1-tanB) 
—tanAtanBtanC tanA tanB tanC 12-2 
(Using tan 4 tan Btan C~ tan A + tan B— tan Cina A) 


Ka-) a (a+t) 
23, (d) A=|(b-1) b (64D). we observe that 2C,-C, 1 C, 
ie“) © (+ 
0 a atl 
Operation C, > C,+C,-2C, A=|0 b b+I/=0 
OQ ¢ e+] 
24, (a) A Bic?,B-ab beleca 
la bc 
we know that (a? bc? 3abe)— |b ca 
lc a b 


la b cella b ¢| 
(a+ bi + ¢%—3abcy— |b c al |b oc 


lec a ble a Bl 
P+P +e? abtbetca actab+be| 
—Jab+betca a? +b +c? abtbe +cal 
ab+bet+ca abtbetca ab +b +c° 
AB B| IB A BI 
-|B A Bl=CyB BOA 
BOB OA IA BB 
WiAL OB 23 iG 
lsin— sin sin—| 
2 2 2 
. A 
25. (c) 4=| 0 sin— cos 
0 ) sin’ 
2 


Since this is a triangular matrix 
A> sin A/2.sin B/2.sin C/2 
‘The maxima will be at 2A — 2B -— ZC - 60° 


5 
1 
ic., equilateral triangle = => as(3] rT 


2 
Kx-5) 2 5] x-53) 2 5 
0 x 3=| O x 3 


Ks-x) 4 xf | 0 6 (x45) 
— (w— 5) {2 + Sx 18} — 0, sum of roots = 


5 


ll (y+b) (e+e) 
27. (a) AT(etytz—a—bte)— fl (ete) (xtal=0 
Il (x+a) (p+) 


Sinceea 6 c-0; 


1 (+8) (zt+e) 
20 (zt+e)-(r +b) (e+a)-(z +0) 

0 (¥+a)—(z+e) (y+b)-(e+a)] 
=> &]r-y zat oy+b)—-Wtby-@tag—o 


1@ be a @ oF & ade c) (lay 
(—a)(zte)}—0 


A=(ely 


Determinants 2.81 


{0x +a) +b) +10 48)—| _ 
(+P +2 +e)-(xt. ayy 


o 


1 
(xt y4z) if 


> xly 2-Oorx | a—yl b—2 | ¢ (impossible as line 
scgment joining any two points is not cqually inclined 
to axcs 


= 2/2 )ax42 > x22 areinAP. 
2 2 


28. (a) Operate C, Cyand C, Cy then 
1 0 0 
3 3 
=C="C, 
-3¢" bat OPne one On| 
Z {@ +6Xm+5) | mlm 1) _ 2m +3 mr +3 
2 2 2 


msg om 


7 a(B)-27-7 <2 >a-0, 8-3-0 
a-Bpty-3 
e*  sin2x tans? 
29. (a) A(x) =|f(1+x) cosx  sinx 
cosx*  e-1. sinx? 
“At Be -C¥ =. > BOAO) 


e*  sin2x tanx’ 


. 1 | 
Now, A'(x)=|—— -sinx cosx]+ 
l+x 
cosx* et sin x? 
é 2cos2x 2xsec” x°| 
fn(l+x)  cosx sinx 
cos.x? el sin x? 
e sin2x  tanx* 
+ |fml+x) cosx — sinx 


-2xsinx? —e* 2xcosx7 


1 0 OF |} 2 Oo fl OO 
=> A@)=/1 0 140 1 O40 1 O=-O>SBR=0 
1 Oo OF |} O OF fO 1 A 


la B 
or 
a 


| 
a@|—3oPy {oo Bly} 
7) 
a, B, yvare the roots of x'— ax? + 0x - 0 
= a Bly— aandafy— 6; Yop-o0 
=> D-Ha+BP+y) {art B+ — oP — By — yo} 
~ Ca) {( — By)? — 3E 0B} ~ ala) — 0] — a? 
31. (b, d) Let a1. 6 ~ @ and ¢ ~ o*then @- 1, Bo 
oe: 


30. (d) 4 


2.82 Algebrall 


(using 1 @ — @*- 0) bi sie Oy ta 


Rea ef oe inx inxs inx 

ds fnxyz fay Enz 

oa Ite Ca aired 

+o” (+at+e’=0) @ lfnxyz fny nz 

=> 4=| 1 0 1 inz inz inz 
e 20° oe 


log. x log,y log, 2 
1 


20) (1 — @?- @) — (20 (20) - 4o!— an 
(20?) (1 - 0?- @) — (207) 20) - do? 4 Ga bane 


x flog,x log,y log,z]. 


=> Im(A)~ 0; Ro(A) —Im() - 4 log, x log,» log, z 
32. (a) Column wise differentiation gives sinee R, ~R,~R, 
h 41d © AO so all determinants are vanishing 
fey=f 2-1 1 a b aie +b) 
 3x7-2 1 35. (b) A=| 6 c bate 


a 0 
Ixta 2x 1) |rta (x4) Pe ah abeter 0 


x+b 4x l4|x+b (Qx-) 0 CL, (aC, C,) gives 

xtc 6x 1| |x+e @x'-2) O a b 0 
Operating, R, +R, R, 2K, gives zeroes in R, of middle . : ° 
determinant, ‘ . aath bate aa’ +2ba tc) 
=> fa) 0-0+0-0 — (ac b*)(ao? | 2ba ce) 


A-Oila,be are inGP. 

36. (d) Since a.b.c,d> 0 
(@ B c)# ab beledx (b elds 
(ax — by + (be — 0) + (cx dP <0 


sine sin2x  sin3x 


() f)=| 0 3 sing! 
0 sine 1 


33. 


— sine {3 4sin¢x} - sin3x 


1 Fe fa Si = or a, b, ¢, dare in GP. with common 
= F=f sin3vax = 20838] _ (-y}o-n-3 ; 
° 3 3 ratio x. 
34. (d) (a) 
la abc abclb+c) jl@ 1 bte 33 14 log,a 33 14 log,a 
Ag lb ab b _(abey’ bo. e b 
Papel Ee BRE Oe cy eta Now A=|65 27 log,5| - |-1 -1 log,/— 
Je abe abela +b) le 1 at) by 40. tog.¢ a 
h 1 (+e) -2 -2 we, (5) 
a 
—{abc\atbtefl 1 (c+a)/=0 : 
1 (a+b) (using R, > R,- 2K, and R, > R, - 38.) 
h t 144 
ata B3 14 ta 
Pid b ca 
i) A~ abel — += -H A & (2) =(-19)m (#) 
eee 0 0 m{[S 
b ae e 
111 ince(b? = A= 19 inl 
Operate C,> C, - Cand takeout (E4542) then Sinceiby oe Na 210. lo 
. a c 
h we dl 37. (@) Lot the determinant of 2 x 2is |" “], 
fog Set le Jay ayy 
Sela Be tee ; lr = Total number of determinants under the given condi- 


tions — 2'- 16 


38. 


39. 


40. 


41. 


Now 


O 1) jO 
Lo =], |= 71 are the only determinants 


with ve values 
number of non-negative determinants ~ 13 


la -p 0 
(a) 4=|0 @ fl=a’-p=0 
B 0 @ 


=> (4-8) fo? + B?- ap} —0 


a 


> a=por( 2) (Z}n=0 but a # B (given) 


Which shows that r is onc of the cube roots of unity 


cosa sing i) 
(a) A=] sine cosa y 
lcos(a-f) -sinfa-f) | 
Operate R, > R, {R, cosb} | R, sin b 
cose —sinw 1 
A=|sina cosa 1 
0 0 1+sin B -cos A 
- £1 (sinB  cosf)} (cos’a sin’) 


Now sin B | cos B- sa{sn(e+#)be[-V2.02] 


=> Ae fl-v2+1+V2] 


la be 
(a) |b ¢ al=3abe-(a' +b +c*)=0 

ke a b 
Gives (al ble) {a? ble? (ab be | cay} -0 
Sinceeal b ¢ £0 


1 
5 ta byt AP (-ay7}-0 
ora—b—ci.c., cquilateral triangle so ZA~ ZB- ZC— 60" 
B 
2 


3 
=> sinvd | sin’B sin’'C— { =3sin A sinB sinC 


(a) For non-zero ‘non —trivial solution 


la be 
A=|b ¢ al=3abe-(a° +bo +0°)=0 
lc a B 
ie, (@1b ca bP+ cf (ce aF}-0 
Since a» b= ec . (at b+o-0 
{asa b20.6 c20,c¢ aid} 


Now a#— bi + ¢~ is satisfied by #1 
(Asa | b | ¢~9), the other root will be c/a 


or (2-1) 
@ 


At least one positive root 
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42. (a) x-3y 4, Set y= 


43. (c) 


44. (c) 


15x + 3y-6 
5 9 
16x- 10 or x=— and y=-— 
8 8 
[2n]x — [ely ~ [2x] 
gives 6x 2y—6- [2a] 
6 < 2a <7, s0a€ [3,35) 
nm (n+)! (+2)! 
A=|(n+))! (+2)! (n +3)! 
er +2)! (+3)! (+4) 
nl (n+l)! (n +2)! 
-| atny (nt D+)! (+2). +2)! 
(n+l)(n+D! (24+2)(2+2)! (2 +3).Cn +3)! 
(By R,>R, Rand RR, +R, R) 
n (n+)! (i+ 2)! 
- nin!) GtD.Gr+lt  Gr+2)(r+2)! 
ntl a!) (2 +2 (4D! (243)? (nv +2)! 
(By R, > R,-R,) 
1 1 1 
— ().(n tli +2) 8 n+l n+2 
(atl (9427 (9 43)" 
~ 2¢n!).G1 = I) + 2)! 
1 1 1 
A= cot 4 cot. cot = =0 
2 2 2 
B Cc iC. A 
tan—+lan— tan—+tan—  tan—+tan—| 
1 0 i] 
-| cott cot -cot# 
2 2 


2 2 2 
( A B ( G -) 
= | tan=—tan= || cot —-cot— 
2 2 2 2 


tan4 -ten? tn? —fan c fan c —ian A 
2 a aa 
tan 4 -tan e -tan & 
ya ig 


Pa A B B Cc Cc A 
Vither tan— = tan— or tan— = tan— or tan— = tan— 
2 z 2 2 2 2 


At least isosecles triangle (not necessarily an 
equilateral A) 


2.84 — Algebrall 


45. (c) Let d=Ka@+l)’ (+1)? (c+ 
Ka-1)> (-1* (e-1" 
aap (BP =e") ? 
An Ka-batb+2) (b+e+2Kb-c) (c+) 
(a-ba+b-2) (b-cXb+e-2) (c-1)" 
(a+b) (h+e) oc? 
— (a-byb-c)] 2 2 142¢ 
-2 2 1-2¢ 
a+b) (b+e)  c? 
- (a-byb-e)] 0 0 2 
-2 2. 1-2¢ 


=(2)(a b)(b ©) [2b 2 2a 2] 


— (A) (a - b) (6 -c) (¢ - a) — O gives cither a ~ 6 or b- 


¢ ore a, 80 (al least) isosceles A 


(Not necessarily an equilateral triangle) 


SECTION IV: (MORE THEN ONE CORRECT) 


1. (a,b) Witha,, a,, a, ...., a, distinet numbers the number of 
3 x 3 determinants formed — 9! irrespective of their values. 
By interchanging two consecutive rows (or columns) the 
value of determinant become ive so for this pair the 
sum ~ 0 

91 
=> Total sum ~ 0 forall the pairs 
2. (a,c, d) Operate C, > C, = 2C, then 
le? yp? +27 yx x? 1 ye 
As|y? x42? xz] = Gkty?+2/y? 1 xe 
Zz? xt+y? J 27 1 oxy 
xe eye h x x 
2p By gt 
a SAFE yy a tay teh yy! 
en 3 3 
zh z xyz h 2 2 
= @ty zy YY 2@ Ye y 2 
Bet le 
3. () A@=|x 1 x7)=x-x°)-¥(x-3*) 
Ix> x 1 


~ x08 - 1) (2-1) - 0 gives x —0,+ 1,0, 07 


cos2x sin?x cos4z| 

4. (a,b,c) A(x)=|sin*x cos2x cos” x| 
cosdx cos*x cos2z| 

oq fol 

AO)=|0 1 =| 1 1]=C)=4, 

1 1 joi 


ax) os 
> disinx) dx & 


Atx-0,cosx—1 


fa 
ate} 


1-2sin?x sin?x — 1+8sin'x—8sin? | 
AG) = sin? x 1-2sin?x 1-sin?x 
4+8sin*x—8sin?x 1-sin?x 1-2sin?x 


Diff. wart to sinx (sin x — t) atx — 0 gives 
lo o of fl oy fi on 
jo 1 J4+l0 0 o]+]o 1 1)=0=a, 
11 yf ry fod 


a ~4t 2 = 3285-164] 
{Ax} = r 1-2 «601-7 
twee! Wee 8 1-1-2287 
1-2¢ Po 148i" -877 
2 At -2t 
+8 -87? 1-¢ (1-20) 
1-29 Po 148-8? 
+ e 1-2? 1-7 
(320-161) -2¢ At 
a -4 2 -16 
URE v ee =o 1 1 |4o40 
(atx =0) eet 
1 0 1 1 0 1 
O+/2 -4 -2/4+0)+50404+/0 1 1 
ty D> I-16 -2 -4| 


-18 4 14-36 = 2a,-36=4,-18 

2) ety" pt Gt-y') 
1} = i) 1 ce) 

2] \ie-y) yy Gy) 
A-@ ye YEP yMEIY) El y}O 12} 
~@-NO-2ME-H)-YE-Nty@-)} 

-@ YY DE YEE yl? xp l yz zx} 


(a, b, c,d) d= 


(b, d) Operate C,>C, BCandC,>C, ¥C, 
lc beosB acosd tee 
A=|z ceosB beosA+aq 


lb acosB ceosA+ba 
Operate C,> C,- aC, 
le b al 


—cosB.cosAla ¢  b|——-cosd cosB{c? + b — a— 3abe}— 0 
bac 


=> cosd.co 5s th+e){(a-by +(b-cY +(e-ay} =0 


=> Either @— 5 ~¢ or cosd — 0 or cosB - 0 
A may be equilateral or it may be right angled at 4 or B 


la bc 
7. (a,b,e) 4=|b ¢ al=3abe -(a' +B +0°) 
le a B 
A- (a b e){a bo ca) {al bo? cay} 
for f(x) ~ a + bx — cx? 
fl)-alb ¢.fo)—a | bw | co? 
fl@?) ~ a+ ba? = cw ~ a — ba? + co 
fA), fl) and feo?) are the factors of A 
(d4x) x xt 
8 (ad) A=] x lex 
x x tx 


~° 


10. 


11 9 ff 6 of fl og 
{4 =|o 1 o+h 1 ol+fo 1 of -3 
“> bo | fo Wy fit 


= z%-landn-3 


(a, ¢, d) Operate C,—» C,-(2C, + 2C,) 


la? -(b? +07 +a") be la’ 1 be 
A=|b?-(c? +a° +b") ac] — -(a° +b +e°)b? 1 ac] 
le? -(a? +b? +07) abl ic? 1 abl 

la a 

— (a? +b? +67)/b) b 

ee | 


~ (a + Bc) (ab) (b- 0) (C- a) (ab +6) 
(a, b, ¢, d) Operate C,> C,-C, + C, 


l+sin?¢ cos? (2 +2sin40)| 
Az=| sin?A 14 (242sin40) 
sin? cos? (2-4 28in 40) 
+sin?4 cos*A | 
= 2 +sin4d)| sin?d  1+cos*d 
sin?dA — cos?A 
1 -1 
-| 0 1 0|20 +sin4ay 
sin? cos*d 1 


ai 
A-2(1 + sin 48)-0 3402-5 


2 
3 
A ig independent af A and @ = oo. 


Hence all options are valid 


Determinants 2.85 
Li. (a,b, ¢, d) 
2042434..4n) x wnt) 
y= 6 4PePtiu.te yn y wW2n43) 
rt 4dr - 2 +2434...0¢m) 2 wort] 
antl) x n+l) 
=| Qn'+3n'+n-n  y n'(Qn+3)asC,-C, 
{intl —Gt+D}o oz n(n +1) 
A-O 
§ “4 » 
2 sinkO 
oc me ra r(r +l) z 
12. (a,b,c,d) PP, =] © y : 
= 
A sn” "osin’o 
2” —1 — 
ntl 6 
sin= 
2 


1 
ni +1) 


) (2 1 } 1 n 
+... —-—— |- 1- —~-=—_ 
f nat ntl atl 


(2) - nO 
sin{ —— |@.sin— 
22 2 -sisayy 


wat 


{sin 6 + sin26@ +....+ sin} = 


in’, 
2 
b-1 — g 
ntl 
=> A=| x vy 2/=0 aR, —R, 
Brat a ag 


n+l 


13. (a, b, ©) Operate R,> 100K, + 10R,+ R, 
A 6 8 
= 4=|8 B 6 
|488 6B8 86) 


Let A88 — 72n,, 6B8 — 72.n, , 86C - 72.0, 


A 6 8 
=> A=72/8 B 6 
Ph 7%, 7] 


Further A88 — 72n,, Also 288 — 72 x 4 
= 44-2 

Similarly 6B8 ~ 72 n,, Also 648 ~ 72 x 9 

n,— 9, B~ 4 and 86C ~ T2n, and 864 ~ 72 x 12 
n,~12,C74 


uy 


2.86 Algebrall 


26 8 1 6 4 
Hence 4=72|8 4 6| -72x2x2]4 4 3 

l4 9 12 9 6 
=> A- (288) 


SECTION V: (ASSERTION REASON TYPE) 


+beS-alenn lo 0 
yoe 


-a)toe =0 gives 2+ 545-2 since x,y, 
x yz 


zH#0 
Ais true, similarly 
1 3cosx 1 0  3cosx-sinx 0 
sine ak 3¢cos.x| =|sinx 1 3cos.| 
1 sinx 1 1 sinx 1 
—(3casx sinx) (3cosx — sinx} 


-a of feeos -Fgtns| = 10 cos(x +4) 


3 1 
Where cos$ =—— and sing =—— 
VIO vi10 


=> Maximum value of f(x) — 10 


But no where this statement (R) is supporting the 
statement A 


ja la 
2. (a) A=(atbh+e)/b 1B 
lew le 


—-(@—b+c)(a—b)(b-o)(c-a)-0 
Since a,b,c are distinct 
a-bt+e-O> (at bac 


ax—by-a-b-0 
a(e—1)- 4-1-0 
@-1)+bia@-1)-0 
which is the cquation of straight line passing through 
the point of intersection of x - 1 — 0 and y- 1-0 
ie.,(1, 1) a fixed point. 


vuy 


3. (a) Sum of the product of elements of any row‘column with 
co-factor of some other row‘column vanishes, is true 
‘Phe statement that the value of determinant does not change 
when R, > R, + IR, or C,> CIC, G7) is performed. 
‘The statement is true and it is basis of the truth of 
statement A. 


4. (a) The statement R: that |A” ~ [Al and |k — #* Aj where 77 

is the order of matrix A is true 

If we put k ~ -1 and (7 ~ 2m + 1) so that w is odd then 

kA-A’so kA|-€1Y""' | - [A 

=> If there is a skew symmetric matrix of odd order then 
A\-A- lAl=> Al-0 
So statement assertion is true and it can be derived from 
statement R 


5. (a) IfA-|a,) 


‘ine 


[4"|=|4] so 4= 4=|A| 


is Hermitian, then (7)" = A 


=> 4,=a,and 
=> I|-x aythen |A)-% iy 


Since 4=4 => x1 ip—x iy = Im(A)-0 
Hence R statement is true 


This implies that the determinant of a Hermitian matrix 
will be real 


=> Statement (A) is true and it is implicd by (R) 


SECTION VI: (LINKED COMPREHENSION TYPE) 


1 1 1 b abe 1 | ie | 
1. (by) A=|a? Be? == B clala bc 
loc ca ab} 1 1 A] fat Be? 


~(a—b) (b-©) (c-a) (at 6-0) 


a ob el la Bc? 11 


2 la? cl=la Be 
loc ca ab] [1 1 1 fa? be ce} 
—(a—b) (bc) (¢ —a) (ab — be + ca) 
abe 
3. (d) d=|@ 8 c*]-abe(a Bb ole a) 
I Bt 
t adeed 
as d=abela 8 c|-abela b)(b c){ce a) 
la? c3| 


cos(a+@) sin(a+8) 1) 
4. (a) A,(a,f.y)=|cos(B+0) sin(f+e) | 

cos(y+@) sin(y+@) 1] 
cosa 1 
cosf 1 


cosy 1 


b=A,,(a.B,y)= o( Zn} sn(Z+9) 1 


Now oon( = + «) 


z 
sin] —+a |= 
and ( ) 
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F 3B Ts 
sina — cosa + sina 1 
2 2 


-sin B [Peon dana} 1 


—siny NB set sia i] 
2 2 


2G 
Operate Cy a and the take out “common we will 


observe that b-a@ 


d 

(b) ai A, (a. B,Y) operate derivative (Column wise) and 
observe 

For Ist column Derivative C,=—C, 

For Ind column Derivative C,~ C, 


For IIJrd column Derivative C, - 0 


dA, 
> Beos{a+2)-tsin{a+Z)=-sina ap (ePar)=9 
C cos(y+6), 
po( +0422) sin( #0422) 1 scuay 
6. (b) Ay=| cos +8) sinB+0) 1 R, OR, RyandR, oR, Ry gives 
cos(y +8) sin(y +@) ] 
A B 
. . (cos(«+@), (cos(B+8), 
-2sin( 6 +042 sine 2eos( +642) in ol sin(a+0) sin(B+0) 


cos(y +0) sinfy +0) 


-Vinin( +042) Vicon{ p40 4 
c 3 
- 23: 
-2sin( 27 +0} 2eos( 227 +9) 
2 2 


afer) -sleonre 


Which is maximum for & -y— #3 — 2nn.n € Z 


> yra-(2nr+Z)nex => yaa forn=0 


sya 
7. (0) xz-m.det A=|z x 
yous 
Given A’ — I> [Al ~ 47 — 41 
A-x+y 2 3yz 


al le Fs) oe 


4 -2sin( 2 40 }sin( 2-7) 2eos( A240}. 22) t) 
2 2 2 2 
1 


2.88 Algebrall 


iw ty? +27) (Sa) (2) 
-| Gy) x) (29)=1, 
Exy Sy Ix 
Soxp-ypztzx-0 
sy oo payee 
x por m 
8 (by t+ yh zt Gm -L 1 
Sox ty—2'-3m-1 
11 
9 (a, b) Roots of cubic —— 
xy 
Ml=@+y+2@+¥ +27 -xy-w—x)= 
@tyt27(l-O=xtytz 
xtytz 1 1 1 a 


+—== and 
XZ OE Xm 


1 dy heal 
—=—,-+-+-=0 
wz mx oy z 


i 
z 
Now, 


Equation will be & — 0 — (-l/m)t — Lim ~ 0 gives mr 
+t 1-0 


SECTION Vil: (MATRIX MATCH TYPE) 


1. (i) > (a), fii) > (b), ii) > €), iv) > @) 
4, 2x, 
3x, +x, > 2x, 
2x, + 3x, + 2,73 
A= 18 and Ay, — 12; Ax, = 12; Ax,- 6 

2 


2 
Gives m= 35% =5 


3 
Sox, ¥7 43x, 1-13 
2 (1) > (b), Gi) > (©), (iii) > (@), Civ) > @) 


see’x 1 1 


J(x)=|cos*x cos*x cosec*x 


1 cos*x — cot?x 


Operate C, > C,-C, eos*x 


sec? x oO 1 
f(x) =lcos*x cos?x-cos*y cosec*s| 
1 oO cot? x 


~ cos? x (1 - cos? x) {sec’x cot?x — 1} ~ costs 


= FE 


1 
r= {3 +4c0s2x +0543} 


Poriod of fx) — x as cos'y — cos" (x — 2) 
max value of fix) — 1 at x—aw 
minimum valuc of (x) — 0 atx ~ (2k — 1) 22 


“a “(3 cos2x 1 
yde = [|= + + cosa late 
[x ) J 3 5 tg ) 


3 sin2 1 3 1 
—oxt +—sin4s| 


x 
8 4 


3. (> @).).@) 
@ abheeR 


(ii) (a), (b) 
(O},aibic 


Gil) + (by(iv) > (by 


1 Vb Vel 


~ abe +f} 1 0|-abero 
“lo 0 1 


Non-singular so invertible 
Also it is symmetric as a, ~ a, 
1 cos(a— 8) cos(a- y)| 
(ii) Jeos( B - or) 1 cos(P - y) 
cos(y—ar) cos(y - f) 1 
(Determinant of symmetric matrix) 
lcosa sing O|lcosa cosf cosy| 


—|cos# sing Oljsina sinf siny]/-0 0-0 
cosy siny Ol] 0 0 0 


=> singular 
1+ 20 +7 a 1 
ii) 1 l+o?+2o a 
a a 2+e+207| 


oa oF 1 0 0 Ita) 
-|1 @ @|=]1 @  @ | (using R, R,-R) 


jo @ -e! a @ 


-o 
—-@)@)—0 

=> Singular 

(iv) This is a skew symmetric matrix of odd order 


=> Singular 


SECTION VIII: (INTEGER TYPE) 


= 9e{ 242422} 1 0 |=0 
Rae 0, 0) 1 
For x,y,z 70 . Petter 
x yg 

ria Lt (-+) (2-2) 
la b el a \b a) \e a 

2. q t|=abelp (q-p) (r-p) 
ra 1 0 0 


-aonnf t-te] 


- Atg-Dad= 4, +0-Da 
c 


ore 
ae 
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ha? x 
ax yt oy 
h 2? 2 


-@ 


—2)(Z—x)iQ@y — yz + zx) ry'2"} 
=| oy anenn Leto} (given) 
xyz 


‘This is possible only when (xy yz | zx) (x y"2") 
ie 
state => n- 1 
xyz 
Alter: Degreeon L11S.-0 (212) (2 13)-5 3n 
Degree on RALS.-3 1-2,s0H- 1 


@1l 
5 |l b 1]=+2-(atbtc)t+abe>0 

1. 1 ":¢| 

=> abet2>a-bte 
ding othe Cate dveita. -b 2b tate 
So abe | 2 > 3(abe}" put (abe)! — 
Sox +2» 3x orx'§-3x-2>0 

> (x Nite 2>0 

=> @-1%@+2)=0 

=> x12>05x> ie, abe> 8 


k-8 
6 Applying RvR, Ryand RR, 


ll+sin°@ cos*@ 4sin46| 
= 1 i) 
-1 0 1 


— 2 — 4sin'8 — 0 gives sin4@ ~ -1/2 


ie, 40 -ma+c-or(-2) 
6 


at F 


ma 
@=—+(-1 
or 4 Cy 


1 
For 0 © [0, /2), put m— 1, then 9 === 


24 
ped nx 
- 0=—, 0=" 1CK(n.k) =1 
put m — 2, then va FE? (ak) 
=> k-2 
7. Operate C, > C,+C, 


1 cosx 0 
A(x)=|I+sinx cosx 0) 


sinx  sinx 1 


2.90 Algebra ll 


1 
— ~sinxcosx = Ag ainge 


: en 
is (-3 J sin2xdx =+eos2x - 1ey-y--} 
2)4 4 , 4 2 
11 
— -p=-— > k-2 
DES Ak 
cose 1 0 
& f(x)=| 1 2cosx 1 | -4cos?x 3 cos.x—cos 3x 
0 1 cosa 


2 2 ir? 
Sede = J cosa = 83 eve 
: 


Can 


oa 


9 f@)=|I 0 |=(e “-1Ke* -1) 


1-1 (e*-1} 


—-{el +e — 2} —-{2 cos 0-2} 


2 15) 


Observe that f(x) is an odd function as f(-x) ~— f(x) 


a 
> j f(dde=0 


2 


1 


10. 


1. Operate C, > C, CG, 2cosx) 


common 


C, and take (sine 


| cosx cos.x| 


A(x) =(sinx+2cosx)|l sinx cos. 
| cosx  sinx’ 
1 cosx cosx 
= (sinx+2cosx)|1  sinx cosx 
0 0 (sinx-cosx) 


~ (sin x — 2 cos x) (sin x — cos x — 0 


for -2<x<% 
4 4 


x d 
=> Number of solutions ~ 1 ie., x= 7 is the only solution 


12. For more than onc solutions of linear cquations they must 
coincide 
8 Ak 


&4+1 ‘ 
“e E+3 3k-1 ea 
From first two members 
4k 3-0 

= k- 1013, k= 1 satisfied (i) and &- 3 does not 
k=1 


13. Operate R, > R,- R, 


1 1 1 
AQx)=|" 3x41 5x43 
I? Gxt? (5x43) 


1 9 9 


=|x 9 (2x4) (4x43) 
xP (Ax 41(2x41) (4x +3\(6x+3) 

1 0 a) 

= (Qxtl(4xt3)}x 1 1 


x? (4x41) (6x+3) 
= (Qe - 1) (4x — 3) (2-2) - 2 (x + 1) Qe + 1) (4x 43) 


1 
Observe that for A > 0; x2 3 gives k-2 


2 
(l+a,+4) (a, +4,) (a, +h,) 
14. | (a4h) tay.) (a, +h,) 
(a, +h) {a,+4,) (+a, +,)| 


+S (a, +5)+ = Di@, - a,b, -4) 
3 


a he 
To get k put a,’s ~ 0 and b's ~ 0 then 
109 
4=|0 1 O/=1 6-1 
0 1 O 


15. Puta-e 4, B-e*andy—e* 
=> aby — ett = gy 


1 
a oY OC 
1 
The detcrminant-|¥ — > @ 
we 
pad 
re 


Multiplying by o°B*7°- (-1)°- 1 


Using Py — VB, aby 
Multiply C,, C,, and C, respectively by &, Band y 


Vee, avy - 


@ -a -al }1 -1 -l 


ee # ai A 
COE il er a 
0 a -2| 

-|4 1 -]=-4 
Pah OL 


nt ue 
be! sin] x+——] cos| x+— 
2 2 


a" . (ax ax 
Sly % ei 
16. ftx=|n sin( ) cos: 


atx-0:R=R, 
a 

So f(x) =0 atx-0 
de 


1. a= fe +sin0) cosd0 
a 


(k+siney'| 
3 


. Bo + (k+lP tke tl) 
3 3 3 


Operate R, > R, > Rand R, > R,~R,then 
(k+l) -# 
3 
_|(k+2)' -&+D" 
3 
(k +3)’ -(k+2)° 
3 


k ta 


A k+l (k+1P]= 2 (Given) 


k+2 (k +2)" 


Observe thal (1% B= (eV WP Ek 
Using x - 9° (x —y) (8 — y* ~ ay} and -y?~ Ge y) 
@ yy 
=> Oporate C, 13 (2C, | C,) and we get 
(kay k e 
- aeleery kt 4D 
“lk+2)) (k+2) (+29 
2k+1 ¢k) e 
- oes (k+l) (ke +? 
“\2k+5 (k+2) (k+2)° 


Determinants 


Operate C, > C, - 2C, then 
took e 
Azth g41 (e+ 
“ll &+2 (+27 


ye Rl], 
-}0 1 ak +b=5@=5 
lo 1 (2k +3) 


18. R, ->R,+R, +R, and take out (2 + 4 sin2x) 


1 1 1 
A=(2+4sin2x)| cos'x l+cos*x cos? x 
4sin2x 4sin2x 1+4sin 2x! 
o 0 1 


— (2+4sin2x)}0 1 cos?x 
-1 -1 1+4sin2s| 


—2-4sin2x 
Since sin2* has a maximum value of 1 al.«— a/4 
D<6 
(as O<x</2) 
19. Operate C,>C, 2C,.C,>C, 3C, 
x -4x+6 (12x-2) 10x-2! 
x-2 6 5 
1 0 i) 


10 60x 


= 2225423 
3k 
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m INTRODUCTION 


The method of studying vector quantities using algebra of 
vectors by resolving vectors into three orthogonal compo- 
nents was initiated because of the introduction of cartesian 
co-ordinate system by French philosopher Rene Descartes 
(1596 ta 1650), which led to study of geometry with the 
help of Algebra. This process attracted attention of the fu- 
ture mathematicians, and in 1679, Leibnitz made an attempt 
to apply calculus over vectors, although his attempt was a 
partial success, Mathematicians William Rowan Lamilton 
(Quaternions theory) and I]. G Grass mann (Concept of 
‘Ausdelmungslehre’) made a remarkable improvement for 
the development of Algebra of vectors although it could not 
be called as vector analysis but it can be regarded as the par- 
ent of modern vector analysis of today. 

An investigator in mathematical physics Prof. W. Gibbs 
(American) feeling the need of simp 
sis did admissible work to adapt to his requirement the best 
and simplest parts of both the system of Hamilton and Grass- 
man and therefore developing an analysis (1881 — 1884). 

The application to geometry of vector algebra so far 
developed is called affine geometry. The relation which 
involved the comparison of distances lying along the same 
or parallel lines only or the relation which deals with the 
comparision of direction only, so far as parallelism is 
concemed, are called affine 

During the last sixty or seventy years, there has 
appeared a broad generalization of vector analysis under 
the name of ‘lensor Analysis, which sprang from the study 
of differential geometry of multidimentional space. ‘The 
history of differential geometry of spaces of more than 
three dimensions may be said to have begun with a paper by 
Bernhard Riemann (1826-1866). Riemannian geometry is 
based on the assumption that the square of a linear element 


t form of vector ana 


Ss 


Vectors 


is represented by a quadratic differential form, usually 
called a Riemannian metric, the corresponding Riemannian 
space, which may be of any number of dimensions. 
Einstein assumed a Riemannian space of four dimen- 
sions as the basis of his general theory and found in the abso- 
lute differential calculus the best instrument for formuating 
his ideas. Since then the tensor calculus has been used exten- 
sively by mathematicians and physicists and has proved itsell” 
to be a useful and powerful instrument of re 


@ PHYSICAL QUANTITY 


It is a property of a phenomenon, body or substance, where 

the property has a magnitude that can be expressed as a 

number and a reference. For example, the phenomenon of 

movement of a body has the property distance which can be 

expressed in k number of meters, where k is a real number. 
Physical quantities are of two types: 


1. Scalars 2. vectors 


m@ SCALARS 


Sealars are those physical quantities which have onfv 
magnitude but do not have a direction in the space, e.g., 
time, mass. length. volume, temperature, distance and 
specific gravity etc. are scalars. 


m@ VECTORS 


Vectors arc those physical quanilitics which have magni- 
tude as well as direction and follow the vector addition laws 
of triangle and parallelogram (described below), ¢.g.. dis- 
placement. force, velocity, momentum, electric and mag- 
netic field intensitv. acceleration etc. are vectors. 


3.2 Algebra ll 


Triangle law of vector addition: — If two vectors are rep- 
resented by two adjacent sides of a triangle taken in the 
same order, then the closing side of triangle taken in the 
opposite order represents the sum of the first two vectors 


of B 
Axe & 
e b 
° a A 
FIGURE 3.1 


m PARALLELOGRAM LAW OF VECTOR 
ADDITION 


If bwo vectors are represented by the two adjacent sides of a 
parallelogram both in magnitude and direction, then their re- 
sultant will be given by the diagonal through the intersection 
of these sides (in both senses 1.¢., magnitude and direction), 


B c 


FIGURE 3.2 


NOTE 


We can use A law of vector addition and parallelogram 
law of vector addition both simultancously or seperatcly 
depending upon the location of vectors as illustrated below 
while finding AD 


D 
c 
E 
"y c 
B a A 
FIGURE 3.3 


If AB = 4, BC =6 and AE =é, then we can find AD 
as follows: by A law of vector addition. 

AB+BC = AC 
=> AC=a+b 

Also, by parallelogram law of 
AD = AC + AE = +5 +é (using (i)) 


vector addition 


Electric current flowing through a wire has both magnitude and direction, but no question of applying triangle rule 


arises. So electric current is not a vector quantity. 


Directed Line Segment 


A directed line segment OA is defined as a segment cut by 
points O andA from a given line containing points O and 
A with a sense from O to.A. Clearly, for every directed line 
segment, three terms can be defined as given below 


A 


ZEA v 
Line of action 


or support 


FIGURE 3.4 


@) Length: ‘he length of Od will be denoted by the 
symbol | Od |. Obviously, we have | O4|=| AO| 


(ii) Support: The line of unlimited length of which a 
directed line segment is a part is called its line of support 
or simply the support or line of action of given vector. 

Sense: Thc sense of OA is [rom Q to A and that 
of AO [rom A to O so that sense of direeted line 
segment is from its initial to the terminal point. The 


(iii) 


directed line segments OA and AO have the same 
lengths and support but different senses. 


Representation of a Vector 

A vector quantity is geometrically represented by a directed 
line segment OA as shown in the figure; where Q 1s called 
initial point of the vector and A is called terminal point or 
final point of the vector. The length OA is known as magni- 


Vector 3.3 


tude of the vector and arrow gives direction of this vector. It | Notation of Vector 


is also denoted by @ or OA. “ 4 
A vector is also denoted by a single letter un- 


A st 
der an arrow such as @,6,é or bold face type let- 
Terminal , = 
Initial point ters a, b, ¢ etc. The symbol | 4| denotes the length of 
point the vector @ and is called modulus of the vector or 
9 Support or line magnilude of a. 
of action 
FIGURE 3.5 


Equality of Two Vectors and Equal Vectors (a) equal magnitudes (same length) 

(b) same direction ie.. (same or parallel support, their 
fines of action may be different.) 

(c) same sense. 


Two vectors are said to be cqual if and only if they 
have 
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2. Two vectors will not be equal if they have different lengths or inclined supports or again, they will not be equal 
even if they have the same lengths and parallel supports but different senses. 


oe 


m TYPES OF VECTORS 


94 


Opposite Vectors (Negative Vectors) 


bi 


The negative of a vector @ is defined as a vector having 
same magnitude that of @ and the direction opposite to 2. 


ie FIGURE 3.8 
It is denoted as —@ 


Zero Vector (Null Vector) 


A vector whose initial and terminal points are same is called 
null vector. ¢.g., Ad. Such vector has vero magnitude and 


arbitrary (indefinite) dircetion. It is denoted by O- 
AB+BC+CA 
or AB+BC +6 


or 


Like and Unlike Parallel Vectors 


‘Two vectors are said to be fike when they have same 
direction in the same sense irrespective of their magnitude. 
‘Thus all vectors drawn in the same direction, whatever their 
magnitude may be called like vectors, e.g., @ and 6 shown 
below are like vectors. 


24 
oF 


FIGURE 3.9 


Two vectors of any magnitude are said to be Unlike 
if they are in opposite directions. ¢.g., @ and — b are two 
unlike vectors as their directions are opposite, @ and -3 4 
are unlike vectors. 


oy, 
ot 


FIGURE 3.10 


Unit Vector 


A unit vector is a vector whose mangitude is unity. We write a 


aie a 
unit vector in the direction of @ as & given by 
a| 
The unit vector always represents direction of any 
vector. For example the vector @ may be represented as 
&@ =|a@| @: where @ is the unit vector in the dircetion of 
vector @ 


Collinear/Parallel Vectors 


Vectors which are parallel to the same line are called 
collinear vectors whatever be their magnitude and sense 


of direction. [lence @.b.¢, d are representing collinear 
vectors and for collinear vectors the line of actions is cither 
coincident or parallel 
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FIGURE 3.11 


Co-planar Vectors 


If the directed line segments representing various vectors 
are parallel or lie on the same plane,or parallel plane, then 
these vectors are called co-planar vectors. Any plane which 
is parallel to this plane is called the plane of vectors. 


y 4 


FIGURE 3.12 
as shown in above figure are coplanar 


Free and localized Vectors 


Free Vector <A vector 4 which can be represented by any 
one of the two directed line segments AB and PO whose 
lengths are equal and are in the same direction is known as a 
free vector. Thus we find that a vector which is not restricted 
to pass through some fixed point in space is a free vector, 
Le., vectors whose initial points are not fixed are called [ree 
vectors that is the reason why by keeping the magnitude and 
directions fixed, the initial points of free vectors can be shilled. 


if 
ih 


FIGURE 3.13 


Localized Vector If a vector is restricted to pass through a 
specified point (i.e. a fixed point), then it is called localized 
vector. An example of a localized vector is a force, as its effect 
depends on the point of its application. Coterminus vectors, 
position vectors cle., are examples of localized vectors 


Coinitial Vectors or Coterminus Vectors 
Since a free vector remains unallered if it is shificd in space 


parallel to itself, so any vector @ = PO (say) may be drawn 
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med origin Q by shilling the line segment PQ 
such that the point P coincide with O and Q 
PO =OA. In this 
way, all vectors in space can be replaced by vectors drawn 
from the some of assigned origin O by shilling them parallel 
to tha il their inilial point coincide with the origin O. 
All such vectors having the same point as origin are called co- 
initial vectors. 


coincide with other point A, So that @ = 


A 
Q 


FIGURE 3.14 


Position Vector 


Let O be a fix 


is the vector OP. If @ and & be the position vectors of two 


ed origin, then the position vector of a point P 


points A and B, then AB =b-a 


¥ 


FIGURE 3.15, 


Position Vector of B — Position Vector of A. 


TEXTUAL EXCERCISE 1: (SUBJECTIVE) 


1. If ABCD and AEFC are two parallelograms, then find 


AF and FA + 
D Cc 
c E 
FIGURE 3.16 


2. If ABCD is a parallclogram, then find AF and FA 


FIGURE 3.17 


3. In the figure given below, find the number of non-null 
different free vectors (free vectors having different 
non-zero magnitudes) that can be formed by joining 
some the points A. B, C, D and O; where A, O, C and 
2B, O, D are collinear points, when 
@) OA#0C i) OA=O0C 


B 
FIGURE 3.18 


4, In the figure given below, find the number of non-null 
different free vectors (free vectors having different 
non-zero magnitudes) that can be formed by joining 
the points A, B, C, D and O; where OC || AB, OB = 
OD and OC = AB and B, O, D are collinear. 

13} 


SS. 
Le? 


FIGURE 3.19 


Cc 


5. Find the number of different non-null free vectors 
(free vectors having different non-zero magnitudes) 
obtained by joining the vertices of given cuboid. 


G 
E I F 
4 
a > 
b D rf c 
A B 
FIGURE 3.20 


Also find among those vectors. 

() the number of pairs of collinear vectors having 
different lines of acuions 

Gi) the number of different coplanar vectors with the 
plane EFGH, also name them 


Answer Key 
L. G+h4+2,-(G@+b42) 
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m@ POSITION VECTOR IN COMPONENT FORM 


Let ? be a point having co-ordinates (x,v.z) having position 


veclor OP . 1 j.k be unit vectors along the direction 


xis and z-axis respectively 
Draw aL PM from P to M(xy,0) on xy plane 
From M draw lines MA || lo x-axis and MB || to y-axis 
such that B(x,0,0), A(0,».0). 
From P draw a line || to OM which meets z-axis 
at C(O, 0, 2). 


(x,0,0)B, 
y M(x,y,0) 
FIGURE 3.21 
=> 08 = OB) = «i, Oi= j=yj and OC = [0C|k = 2k 


MP = OC = zk, 


«OP = (OM + MP) =OA+0OB + MP 
=> raxitytzk + OP? =OM?+MP? 
=> |Party te? 


Abt ty? tz? 


m REPRESENTATION OF A FREE VECTORIN 
COMPONENT FORM 


Tet 3 = PO be any [ree vector in space having its initial 
and terminal points ? and Q respectively. 


We can shift PO parallely so that ? coincides with 
origin O and QO coincides with point 4. 


Thus PO = xi +37 +k where (x, y. 7) are 


coordiantes of point.d as shown in figure below. 


2. G+b+8:-(4+5+d) 


Gi) 8; 4,-a,b,-b,(a+6),-(a+5),(a-5),-(4-5) 
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3. @) 20 Gi) 18 4.14 


FIGURE 3.22 


Thus PO = xi +57 +2 .i.c., every vector in space can 
be represented in component form. Il can be verified that if 
coordinates of ? and Q are respectively (x,,v,, z,) and (x,, Vy. 
z,), then x = (x, —x,), v= (7, -y): Z = (@,—z,) as by triangle 
law of vector addition OF + PO =O0 => PO =O0-OP 


ie, xi + yj+2k =, 4 +0, — y+ —2)k 
‘Thus 


PQ = xi + p+ 2h = (xy — mi +.) +, — 2) 
@ DIRECTION COSINES AND RATIOS OF VECTORS 
Directions of a vector OP is defined as the smallest angle 


which the vector OP makes with the positive direction of 
co-ordinate axes x, y. z respectively. 


M(x,y,0) 


FIGURE 3.23 


ico with x-axis, fb with y-axis and y with z-axis (a, B, 
y € [O.a]). The cosines of these angles are called direction 
cosines (D.C’s) 
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Direction of Cosine wrt. x > cosa =! 


P(xy.2) 
iy Jyprz 
oO. x 
xX =rcosa B 
FIGURE 3.24 


Direetion of Cosine w.r.l. vy cos 8 =m 


Plxy.z) 
L Jeez? 
Z\ o 
9 y=rcosp A y 
FIGURE 3.25 


Direction of Cosine w.r.t. 2 cosy =n 


2 

cL Mery Piy2) 
g 

in ¢ 

N 

fe} 


FIGURE 3.26 


Because in AOBP, angle at # is right angle. 


=> ZSsa Similarly © = cosB & 2 = cosy 
bag r r 


Direction Ratios: Any non vero constant multiples of di- 
rection cosines are called direction ratios of vectors 


Tey, (al, Am, An) where 240; and % € R are called 
direction ratios of the vector whose D.C.'s are ( imn ) z 
Properties of Direction cosines and Ratios: 

1. Direction cosines of a given vector being the values of 
cosine of angles lie in interval |-1, 1], where as direction 
ratios may assume any real values. 

2. Summation of square of direction cosines of any 
vector in the space is equal to one. 

Proof: *. x=rcosa > cosa =x/r =), 
& y=rcosh > cosP=y/r =m, 
z=reosy > cosy=z/r =n; 
. P +m? +n° = cos’ a +eos’ B +c0s" y 
xyz? 
r r 
3. Component of a vector is nothing, but it is one of the 
direction ratios, since x= /r,y = mr andz =nr 


4. Component of unit vector along a given vector * are 
direction cosines of 7. 


eg. if Fee Ee ee 
V29 29" 29 
ten ison cosines fae ( ge ad ) 


29" J29" 29 
5. Direction cosines of like vectors are same, e.g., direc- 
tion cosines of @ & 3d are same. 


6. Direction cosines of unlike vectors are numerically 
same but opposite in sign, ¢.g., direction cosines of 


@ & —34 are same in magnitude but opposite in sign 
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ILLUSTRATION6: Find the unit vector along the vector a = 57 -4j + 2k and hence find direction cosines of a 
SOLUTION: = @=5)—4)+42k and unit vector along g = @ 
Si-4j42k 5i-4j42k 5 > 4 ap 2p 
= = = fe 
V25+16+4 45 Ws) WS) WS 
e 5 —-4 2 
Dircetion cosines along @are{ >, ~~, } and dircetion ratios are <5, -4, 2> 
3¥5 35°35 
Lag 
ILLUSTRATION 7: Direction cosines of a vector along x-axis and y-axis arc respectively — and ~—, then find the 
ait es : v2 4 
direction cosine of vector along z-axis. 
SOLUTION: Given 7; = ale ee i ; To find : ». We know that? ow? =) 
v2 
1,7 zy) 71 1 
S op pep sew also => => nate 
wel 2 16 16 4 


ILLUSTRATION 8: 
SOLUTION: 


ILLUSTRATION 9: 


SOLUTION: 


A F 1 
Direction cosines of vector along z-axis are + ria 


If sin9, sin, siny are the direction cosines of a vector, then evaluate cos20 cos2 cos2y 
cos20 — cos2h + cos2y = (1 — 2sin*O) + (1 — 2sun%p) + (1 — 2sury) 

=3-2|sin'@ si? | sinty]=3-2[F | we? | P{=3-2(1)=1 

Tn the figure given below if 

@=AB=2)-3}+5k; b= AR=3145j7+h; andé=DC=10F+4j+12K, then find unit 


vector along BC and hence direction cosines along BC 


AD=a+b 


(2137+ 5k)+ (37 +574 8)=si 427+ 66 


Now AC = AD + DG = (si +2] +6k)+ (lof +4j+12k) 


Cc 
E D z 
A a B 
FIGURE 3.27 


"» DC =2AD 
= A,C, Dare collinear | = 15; +6} +18k 
= AC = AD+ DC 


Now in AABC, 4B + BC = AC (®y A law of vectors addition) 


=> BC=AC- B= (15i +67+18k)- (2-37 +5k) = 134974136 
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TEXTUAL EXERCISE 2: (SUBJECTIVE) 


1. Find the angle subtended by 7 with the +ve direction 
of axes, having their direction cosines as given below 


T. -l 3 
(a) (ep) (b) (Fo-2) 
1-1 1 
ert 
Fa) 
2. Find the direction cosines of given vectors 
(a) @=29- 7-36 () G@=57-47 46k 
(©) @=i-j+k 


3. Given direction cosines along two axes, find that 
along other axis for a given vector. 


) (Gefe) © (Ene) 


() ay 
474 


4, If co-ordinates of point ? and Q are respectively 
@, 5, 7) and (-3, -1, 2), then find unit 
veetor along PQ and hence direction cosines 
along PO. 


5. In the figure given below 
Cc EF E 


B A D 
FIGURE 3.28 


AB =3) -7+4k:BC =7-2}+2k AC || DF and 

AC = DF: AD = 2(AB), and ADHF is a parallelogram, 
then find a unit vector along 4p and direction cosines 
of Gf. Given that B, 4, P arc collincar points 


Answer Key 


1. (a) 45°, 45°, 90° (by 120°, 90°, 30° 


(c) cos i 
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2 -1 3 2 St 8 
2. (@) (Fea) ”) Gara) 


3. (@) n=+£0 (b) m=+7/8 


4, 25) 8 3 3 5 & 6 z=) 
Ves’ Vee” Jes" \ Vee J86 V86 


m@ ALGEBRA OF VECTORS 
ADDITION OF TWO VECTORS 


Let there be two vectors @and & represented by OA and 
AB respectively. Then the vector OB obtained by joining 
the initial point O of @ (or OA ) and the terminal point 8 
of & (or AB) is defined as the sum of vector @ and b 
G@ +b or OB=OA + AB 


A 


o| 
ol 


° a+b B 
FIGURE 3.29 


This law is called the triangle law of vector addition 
which states that if two vectors are represented by two 
adjacent sides of a A both in the sense of magnitude and 
direction, the third side of the triangle taken in opposite 
order represents the sum of first two vectors 

If two vectors @ and & are represented by two adjacent 
sides of a parallelogram having same initial point, then their 
sum is represented by the diagonal of parallelogram passing 
through the point of interscetion of given veetors 


B Cc 


ol 


° a A 


FIGURE 3.30 


s 283, _;_ 2 ;/3 1 10 
5. i - ke : — 
Vies Vies’ ies ’\Vies’ fies” Jes 


Thus if OA = and OB =, then OC = a+b 
For adding more than two vectors, we have a Polygon 
Law of addition which is just an extension of the triangle law. 


> 3 
OA + AB + BC + CD + DE + EF = OF. 
As a consequence of this result we conclude that, if the 
terminal point of the last vector coincides with the initial point 
of the first vector, then the sum of the vectors is O. 


In general if @ and B are vectors in x-y plane, and 


ht Was» 


then G+ =(x,+y)i+ (x+y, )) 


G=xitx,jandb 


and if @ and 4 are vectors in space and 
a= xi tx,j+x,k and b = yet vod t yh ; 
then 4+5=(x,+y,)i+(x,+y,)/+ (yt, )F 
Subtraction of Vectors 
Let there be two vectors @ and 5, then the difference 
of & and b is defined as the addition of @ and -b 
Thus a@—b =a+(-6) 
Geometrical Representation 
We take any point Q in space, C 
Then @-6 =@+(-6) 


FIGURE 3.31 
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In general if @ and & are vectors in x—y plane, and 


then 4-5 =(x,- yh +(y-¥)7 


NOTES 


and if @ and & are vectors in space and 
Gani+ejtxkandb=yityjtyk . 


then 6-6 =(x,-v, i t(-—y J +(m—v Mh 


1. Hence we conclude that to subtract b from G, we reverse the direction of b andadditto a. 


2. When b =a, b-a@ =a4-a=OB-BO =00=0 


, where OO is degenerate vector of zero length called as 


null/zero vector. All zero vector regarded as equal irrespective of direction. 


3. Direction of zero vector is arbitrary. 
4. Vectors other than zero vector are called proper vectors. 


Properties of Vector Addition 
(a) Vectoraddition is commutative: i.c.,a +h=b+a 
Proof: (Algebraic Proof) If a and B are vectors in space 
and @= xi +x,j+x,kand b= yi ty,j+ ph. 
then @+5 =(x,+y)i+(e tys)i+ (+4 )h 

Ort eyltQrte)itQ,tm)hab4a 
(Geometrical Proof) 
Let the vectors @ and 4 be represented by OA and AB 
so thal OB = OA+ AB = a+b (0) 
D 


oF 


FIGURE 3.32 

Complete the parallelogram OABD as shown in the 

figure. Obviously OD = b = AB and DB=OA=a 
Hence OB =OD+ DB =b+a 


Ilence from (i) and (ii) we get, a+ b=b+a 


_ (ii) 


(b) Vector addition is associative: i.c If ab, é be any 
three vectors, then @ + é +6)= (4+ By +é 

Proof: (Algebraic Proof) 

Let G = xf tx,f +b; 
B=yity sty es 

jrak. 


€=z26+2,) 


then (a+ b)s é= [(s ty +(x ty,)7 +(x,+ ve] 


H(aitejtah)=(n+y ta) +(e ty ta)i+ 


(y+ +2)é 


= lx +O, +21 the +O +2) + 
Lx, (yy +2,)F =a + (6 +2) 
= a+(é +2) 
(Geometrical Proof) 


Let the vectors a, b, é be represented by OA, ‘AB and BC 


4 


Wehave +6 =O4 + AB=OB 
(@+b)+é = a) 
Also b+e =" 
G++) = qi) 


NOTES 
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The associative law holds for the addition of any number of vectors and the summation is independent of order and 


grouping of the vectors. 


(c) Additive identity Vector: If a be any vector and 6 
be zero vector, then 346=0+g=G; 6 is called 


additive identity vector 


(d) Additiveinverse Vector: If @ be any vector, then there 
exisls a vector -@ such that 4+(-@)=0=(-a)+4 


Here -@ is called the additive inverse vector of &@ 


(ec) Triangle Inequalities: 
(i) [a+b] <a] +] 8] 
Gi) |a+0|2 (4-16 
Gil) 41-151 S| a4 BIS 141 +18 | 
(f) The sum and difference of two vectors always lie in 
the plane containing @&b. ie. +4,+6,+ (4x6) 
are coplanar. 


m MULTIPLICATION OF VECTORS BY A 
SCALAR 


‘The product of a vector @ and a real number m, denoted 
by ma@ or dm, is defined as a vector whose length is | » | 
times that of @, and whose direction is the same as that of 
or the opposite direction, according as m is positive or 
negative. 
Division of a vector by a non-zero real number m is 
defined as multiplication of the vector by 1/m. Thus if 4 
a 


is the unit vector in the direction of @. then j= . and 


a| 
it B is parallel to , then B =45 (2), soontne as the 
a 


two vectors have the same direction or opposite dirce- 
‘alar sa 


tions. The multiplication of a vector by 


commutative, ocialive and — distribulive 


ic,ma Gm (i) Gommulalive) 
mind) =n (m@) = (nn) & ....ii) (associative) 
(m n)G@=maG ind andm(at+bjy=mG i mb 
(iii) (distributive) 
Where m and 1 arc any two scalars and @ and 6 are 


any two vectors 


The fi 
definition. 


st three results can be obtained directly [rom the 


Proof: m(@+b) ma+mb let OA=4 and AB =b, 
then OB =a+5 


Case k: If m is a positive number Choose A’ and B' on 
OA and OB produced such that OA" mOd and OB' = m.0B 


OA’ = ma and OB’ =m (a+) (i) 
Also as A’B' is parallel to AB 
and A'B! mAB; AB’ =m AB = mb . fil) 


Also OA’ + A’B’ = OB? 


ic, ma+mb =m (G+ b) (from (i) and (ii)) 


m(a + 5B’ 


° 
Dy 


A A 
FIGURE 3.34 


Casell: ifm is a negative number: 

We choose A' on AO produced (and not OA produced 
as above) such that O4' = |m . OA but in the direction op- 
postie to that of O4. The result in this case can be proved 
with the help of diagram given below 


FIGURE 3.35, 
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OA =| mi | (- 


—|m|@=ma(-m=—|m|) 
Also OB' = |ml[ -(@ + 5)] 

=-|m|(a+8) =m(a+8) 

and A'B’ = |m\(—b) = —|m|b = mb 


[From similar As OAB and OA'B'] 
rom tnangle law of vector addition 


Therefor 
OA'+ A°B' =OB" 
=2mii-+ mb =m(a+b) 


Unit Vector Along Diagonal/Angle 
Bisector of a Parallelogram 


Vector along the diagonal OC @ +5; unit vector along 


OC =h= ane 5 unit vector along OAza=—4; unit 
|a+b| lal 


vector along OB 


FIGURE 3.36 


‘Therefore the vector along the angle bisector is giv- 
en by 4+4 and so the unit vector along the angle bisector 
will be given by ai (C. OENM is a rhombus having 

at 
side length unity, and in rhombus diagonal coincides with 
internal angle bisector) 


FIGURE 3.37 
‘Thus unit vector along diagonal = = za 
|a+b| 


a+b 


ja+b] 


and unit vector along internal angle bisector = 
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ILLUSTRATION 12: If the sum of two unit vectors is a unit vector, prove that the magnitude of their 
difference is 3 


SOLUTION: Let @ and & be two unit vectors represented by sides OA and AB of a triangle OAB. 
Then OA =a, AB =b, OB =OA+ AB =A+5 {using triangle law of addition} 

\a+6|=1 => |OA|=|AB|=|OB| =1 

1=|-6|=|4B"| 


It is given that; |@ 


=> AOAB is an cquilatcral triangle; Since | OA| 


FIGURE 3.39 


‘Therefore AOAB', is an isosceles triangle. = ABO = ZAOB'= 30° 
=> <BOB’= ZBOA + ZAOB' = 60° + 30° = 90° => ABOB’ is right angled 
In ABOB’, we have |OB)? + | OB’ |?=|BB’ |? 


=> |a+bP +|a-8f =2> 2 +|a-bP =2 > |a-bE VS 


ILLUSTRATION 13: If a, Bb Gy d represent the consecutive sides of a quadrilateral. Show that the necessary and 
sufficient condition for the quadrilatcral to be a parallelogram is @+¢ =6 and this implics 
b+d=0 

SOLUTION: Lect a, B, éd represent the sides AB, BC, CD and DA of the quadrilateral ABCD. Then, 
the origin of the first vector @ coincides with the terminal point of the last vector d, so 
we get 4B+BC+CD+DA=0 => G@t+b+é+d=0. 

If the quadrilateral ABCD be a parallelogram, then AB and CD arc parallel and cqual 


ZB = —CD, since they are in opposite direction, ic., @=-@ or @+2 =O" 


pi ee 
a 5 
ie : 
FIGURE 3.40 
Hence @+b+é+d=0>5+d=0 => b=-d => BC=-DA 


ie., BC and DA are parallel and equal. Its converse can be proved similarly. 


ILLUSTRATION 14: ABCDE is a pentagon. Prove that the resullani of the forces AB, AF, BC,DC, ED and Al 
is 3AC 


SJ 
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SOLUTION: = Let R be the resultant force 

R = AB+ AE+BC+DC+ED+AC 

=> R  (AB+BC)+(AE+DC+ED)+AC = AC + AC+ AC =3 AC 
D 
es 
Cc 
A B 
FIGURE 3.41 


ILLUSTRATION 15: ABC is a triangle and P be any point on BC. If PQ is the resultant of AP, PB, PC , show that ABQC 


isa parallelogram and Q therefore is a fixed point for all positions of P 


SOLUTION: Given AP + PB+ PC = PO veen) 
Since AP + PB = AB from (i), we get AB+ PC = PO or AB= PO-PC =CO 
A 
| 
B Tae 
Q 
FIGURE 3.42 


lence AB and CQ are equal and parallel and hence ABQC is a parallelogram 
Again AQ = AB+ BO = AB + AC and hence position vector of Q remains unaltered for all 
positions of P 


ILLUSTRATION 16: ABCDEF is a regular hexagon; express the vector AC, AD, AF in terms of AB, BC 


SOLUTION: Let AB=4 and BC =b 2 AC=a4b 
Since AD is parallel to BC and double in length of BC, we get AD =26 
ee D 
F Cc 
b 
ASSaaee 
FIGURE 3.43 


ILLUSTRATION 17: Show thai the sum of three veciors determined by the medians of tnangle directed from the 
verlices is zero vector. 
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SOLUTION: Let AD, BE and CF be the three medians of the triangle ABC. Then by law of vector addition, 


AD = AB+ BD = 7B += BC ; Similar, BE = BC +3TA and CF =Ci+ 4B 


A 


D 
FIGURE 3.44 
Adding these, we get 


4D + BE +CF = AB + BC + Cis AB + BC + Ci = 5 B+ BC +Ciy-0 


ILLUSTRATION 18: If P,Q, R be the mid-poinis of the sides AB, BC, CA of triangle ABC and O be a point with in 
the AABC, then prove that OA+OB+OC =OP +OO+OR . 


SOLUTION: — From tnangle law of addition, we get OA=OP + PA =OP + >Hi (i) 
OB = 00+ 28 i) 
OC = OR + AC Gi) 


Adding (i), (ii) and (iii), we get OA +OB+OC =OP +00+0OR + BA +CB+AC) 


= OP +O0+0R [- AB+BC+CA =0] 


FIGURE 3.45 


ILLUSTRATION 19: Find the unit vector along the diagonals of the parallelogram with adjacent sides given by 
vectors @=7+2j+2K and b=374+47 


SOLUTION: Vector along the diagonalOC a+b 


ian 


al 


+ 
Therefore the unit vector along the diagonal OC is given as 


oy 


a1 


+ 


4i46j+2k 2437+ 


wie la 


ie. same as 
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(7 


Similarly, Vector along the diagonal BA = @—6 


FIGURE 3.46 


ie., same as — 


ILLUSTRATION 20: Find a unil vector in the direction of the intemal as well as external bisector of the angle between 
the vectors a=i+27+2k and b =27-27-k. 


FIGURE 3.47 


4 
oi] oy 


SOLUTION: Vecior along intemal biscctor is given by é =—2-+ 


la] | 
=> |él= ht v0 
9 3 


FIGURE 3.48 


3 (+k 
. the unit vector is given by + Fal’ 4) Vector along the extemal bisector is given 


by: @=-+ 


__i+2742k ¢ 2 -2j-k _i 


i 
| 3 3 3 


6 
B 
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TEXTUAL EXERCISE 3: (SUBJECTIVE) 
1. ABCD is a parallelogram and AC, BD are its 
diagonals. Fixpr 
(a) AG and BD in terms of AB and AD 


(b) AB and AD in terms of AC and BD 


(ce) ABand AC in terms of AD and BD. 
Show thal 4C + DB = 2DC,AC + BD = 2AD 


2 If Zand b represent the sides AB and BC of a regu- 
lar hexagon ABCDEF, then find the veetor FA 
3. If ABCDFF is a regular hexagon, then prove 
(a) AC + AD+EA+ FA =34B 
(o) AB+AD+ AF = 440 
where Q is the centre of hexagon 


Answer Key 


4. A vector A has components 4,, 4,. A, in a right 
handed rectangular cartesian system OX, OY, OZ. The 
coordinate system is rotated about the z-axis through 
an angle x/2 radians 


n anti-clockwise, when viewed 


from the positive direction of 7-axis towar 


s origin 
Find the components of 4 in new co-ordins 
in terms of A,, A,, A,. 


lem 


. If G.b.zbe the vectors representing three cotermi- 
nus edges of parallelopiped, then find what does the 
following vectors represent in relation to the above 
parallelepiped? 


uw 


até 


b) 


1. (a) AC = AB+ AD; BD = AD-AB 
(©) AB=AD-BD; 

2 G-b 

5. (a) Body diagonal 


(b) face diagonal 


m SECTION FORMULA 


If a point C is said to divide the line segment.AB in the ratio 
n: m, then following two things must hold good 


B 
mk ry 
C 


FIGURE 3.49 


(i) C must lic on the line passing through 4 and B 
(ii) 


(b) AB= AC BD. 


(c) A body diagonal 


9} 


FIGURE 3.50 


Subjected to the above two conditions, if C lies on the 
line segment 4#, then it is called internal division and if C 
lies outside of line segment 42. then it is called external 
division. 


The position vector of a point C dividing the line scg- 


ment joining points 4 and B having position vector @, b 

__matnb 
respectively in the ratio n: ais given by = 227” Toy 
m+n 
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internal division we take n/m as positive and for external 
division take n/m as negative 

Proof: If the points A(@), B(b),C(Z) are collinear means 
the point C will divide the line segment 4 in certain ratio, 
say nom. 


° 


FIGURE 3.51 


Let A, B be the two points and 4, 6 their position vee- 
tors relative to the origin O. Then the position vector of the 
point © which divides AB in the ratio #: m, may be found 
in terms of @ and 5. For since mAG = nCB, it follows 
that 


m(é-a)= n(b-é) 
whence ¢ = id fib (nm m#0) wi) 
nt+in 


This is the required expression for the position vector 
of C. The reasoning holds whether the ratio n: m is positive 
or negative. In the latter case, C is out side the segment AB 
and if the ratio lies between 0 and —1, C is outside AB and 


NOTE 


nearer to A. If the ralio lics betwen —1 and —2, C is outside 
AB and nearer to B. 


FIGURE 3.52 


For the particular case in which nm, the above 


formula gives 5a +b) for the position vector of the mid- 
point of AB. Also the equation (i) is equivalent to 


mOA+nOB =(m+nyOC wii) 


where C is the point dividing AB in the ratio a: m. This form 
of the result is often useful. 

Further, if the equation (1) is written in the form 

(a+ m)é -—ma—nb =0 iii) 
the sum of the coefficients of 2.4.6 is vero. If C is distinet 
fromA and #, and at a finite distance from them, none of the 
coefficients in (iii) is zero. 

Thus, for three distinct collinear poinis CA, B there 
exist numbers l,m, n different from zero, such thatle na 
mb=0.f min=0 (iv) 

Conversely, when these relations hold the three points 
are collinear. 


1. If R is the mid-point of PQ, then R = 3. Fora triangle, having G,b,é as position vector of its vertices, the 


position vector of the centroid G(g) of the triangle is given by Fe G+b+é, 


3 


2. If ratio is positive, then C lies between A and B.When ratio lies between 0 to 1, then the point Cis nearer to A and 
when ratio lies between 1 to e, then it is nearer toB . If the ratio is negative, C is out side the segment AB and 
if the ratio lies between 0 and -1, C is outside of AB and nearer to A. If the ratio lies betwen -1 and -s0, Cis 


outside AB and nearer to B. 
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ILLUSTRATION 21: 


SOLUTION: 


ILLUSTRATION 22: 


SOLUTION: 


ILLUSTRATION 23: 


SOLUTION: 


ILLUSTRATION 24: 


SOLUTION: 


Find the position vectors of the points which divide the join of the points 24 —35 and 3a@- 25 
internally and externally in the ratio 2: 3 


Let A and B be the given points with position vectors 24—3h and 34—2b respectively. Let P 
and Q be the points dividing AB in the ratio 2. 3 internally and externally repectively. Then. 


@-3b)+2Ga-2b) _ 12a 13b 
Position vector of P = es ee eae 


32 55 
Position vector of 0 ee =-5b 


If @ and 5 are position vectors of points A and B respectively, then find the position vector of 
points of triscction of AB. 


Let P and Q be points of trisection to AB. Then AP = PO = OB = A (say). Since P divides AB 


in the ratio 2: 24 i.e., 1 : 2. Therefore, position vector of P is d+2 ‘ a : orb = 
= 
b42a Pp ees = 
Since Q is the mid-points of PB, therefore position vector of Qis —3 _—- Ab ; 2a24 “ 


Show that the segments joining vertices to the centroid of opposite faces of a tetrahedron are 
concurrent. Hence find the position vector of the point of concurrence 


Let abc and id are the position vectors of vertices of the tetrahedron and P, Q, R and S are 


the centroid of faces opposite to A, B, C and D respectively. 
. bré+d _é+dta d+atbh 
3 


3p=b+é+d > lity = 


»g= 


z a+b+e 
3 


A(a) 


EI) Cc) 
FIGURE 3.53 
> 3g=e+d+a => B=d+a+b => 38=a454e 
> 3pt+a 3g+b 3F+e _38+d = Gtht+é+d Ge atb+cr+d 
4 4 4 4 4 4 


G is the common point of intersection of AP, BO, CR, DS dividing each in the ratio 
of 3: 1 internally. 


Show that the diagonals of parallelogram biscet cach other. 
Let a, b, & and d are the position vectors of A, B, C, D respectively. 
Let ABCD be a parallelogram => AB CD and AB||DC > AB = DC 


ad => btd=a4+é 


LS os. Was 3 
> yOtd= Fate) 


3.22 Algebrall 


ILLUSTRATION 25: 


SOLUTION 


ILLUSTRATION 26: 


SOLUTION: 


ILLUSTRATION 27: 


Aaa) pd) 


e(e) 
FIGURE 3.54 


B(b) 


=> Position vector of mid-point of BD = Position vector of mid-point of AC 
=> mid-points of BD and AC coincide > AC and BD bisect each other. 


Prove that the segment joining mid-points of the diagonals of a trapevium is parallel to the 
parallel sides of the trapevium and is cqual to half the difference of their lengths 


Let ABCD be a trapezium and M, N are the mid-points of the diagonals AC and BD. 
Let a, b, é and d arc the position vectors of A, B, C, D respectively. 


a , . ate . bed 
Let m and 7 be the position vectors of M and N respectively. => m= 2 and 7 = 2 
Now Jan =n-wab td ate 

2 2 


=> MN = = 5 CAB+CD) => MN = 5B -De) 


Did) C(e) 


Ala) B(b) 


FIGURE 3.55 


Let AB=kDC (Since (AB || DC), kis a scalar) 


MN = >k-pBe => MN is parallel to DC 

=> MN 1s parallel to DC and is half the difference of AB and DC. 

Let 4,b,é be the position vectors of three distinct points A,B,C. If there exist scalars x, y, z 

(not all vero) such thal x @+ yb +zé =0, then show that A,B and C lic ona line 

Ilis given that xy are not all zero. So let z be non-vero. Then, 

> xatyb+2=0 > zé =—(xa+ yb) 

(xa +yb ) 
Zz xty 


> é¢=- z=05z=-@!y)) 

Four points A.B.C,D with position veciors 4.5,2,d respectively are such thal 
3a—b +22 —4d =6. Show that the four points are co-planar. Also find the position vector of 
the point of intersection of lines AC and BD. 
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~ 


SOLUTION: We have 34-5 +2¢-4d=6 > 34+2¢=5+4d 

We note that the sum of the coefficients on both sides of the above result is 5. We therefore 
34426 b+4d 34426 B+4d 

5 342 «144 

This shows that the position vector of a point P dividing AC in the ratio 2 : 3 is same as that 
of a point dividing BD in the ratio 4: 1. Consequently, point P is common to AC and BD. 
Therefore AC and BD intersect. Hence points A,B,C and D are co-planar Since P is the points 
of intersection of AC and BD, therefore the position vector of the pomt of intersection of AC 
3a+26  b+dd 
ar ae 


divide both sides by 5 to get 


and BD is 


A(a) Bib) 


c(e) 


FIGURE 3.56 


ILLUSTRATION 28: Show that the medians of the tnangle are concurrent and pomt of concurrence divides cach 
median in the ratio 2: 1 
SOLUTION: Let ABC be a triangle and @, 5, @ are the position vectors of A, B, C respectively. 
Let D, E and F arc the mid-points of AB, BC and AC respectively. 


2d =4+B as a-3,  @ lly 26=b +2 .... Gi) 2f =a «..... Gil) 
Co), 
FA) E(e) 
AG) Dt) a6) 
FIGURE 3.57 


As any point on a line passing through two points C(é) and D(d) has its position vector 
Aé + pd (A+ 2 =1) and since we are looking for a point G lying on CD as well as on BF and 
AE, therefore adding vector ¢ in both sides of equation (i), @ on both sides of (ii) and 5 on both 


sides of (iii) respectively we have, 2d + @=G+b+é; +a 


Ex 2d+é +a 2f+b arbre Qd+é +a 2F+b atb+é 
ee! 3 


241-241 241 
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ILLUSTRATION 29: 


SOLUTION: 


=> Point G (24) divides AF, BF and CD each internally in ratio 2: 1. 
3 


Hence G is the point of concurrence of all medians called centroid of A. 
=> Medians are concurrent and centroid G divides cach median internally in the ratio 2: 1 


and = [#22] will be the position vector of centroid G 


Show that the angle bisectors of a triangle are concurrent and hence find the position vector of 
the incentre. 


Let ABC be a triangle and @, 6, é arc the position vectors of A, B and C respectively 
Let BC = x, AC =y and AB =z 

Let AD, BE and CF are the angle bisectors of “A, 2B and ZC respectively. 

Since, AD biscets angle A. 


Aa) 
FO, E(é) 
a) = ce) 
(b) Da ) 
FIGURE 3.58 
BD _ AB BDz 
—= ==— (By angle bisector theroem > =4e- 
De ac CY anele ) DC y 
Now, d zé+yb _, (cty)d=zé4+yb Q) 
2+ 
Similarly, ¢=*442% > (4x8=xa+z28 Gi) 
x+z 
and 7-2O*¥8 S (yen) f=yboxa i) 
yrex 


From cquations (i), (ii) and (iii), we have 


(z+ y)d4xa = (e+ 28+ yb = (ety) ftze = xaGtyb+2é 


(c+yd4xa n (x4 z)e+yb 7 (ty) fr2 — xatyb+zé =F’ (say) 
Qtz)+x (xt+z)t+y (ety)tz xtyrz 
. > _xdtyb+2é hs A ; 
The point 7, 7 = XG*Y? *7€ divides each internal bisector (AD, BE and CF) in the ratio 
xtytz 
y zx,x ziyandx  y: z respectively. 
=> Tis thecommon point of interscetion of all biscotors having its position vector f = 22> +24 


x+ytz 


TEXTUAL EXERCISE 4: (SUBJECTIVE) 


1. (a) Let ABCDEF be a regular hexagon. 

If 4D = «BC and CF = yvAB , then evaluate xy. 

(b) If A, B, C, D be any four points and # and ¥ be 
the middle points of AC and BD respectively. then 
prove that 48 +CB+CD+ 4D =4FF. 

2. Prove that the sum of the three vectors determined by 
the medians of a triangle directed from the vertices 
is zero. 

3. The median AD of the triangle ABC is bisceted at F, 
BE meets AC in F, then find the ratio AF : AC. 


4. Show that the intemal (extemal) bisector of any 
angle of a triangle divides the opposite side internally 
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(externally) in the ratio of the sides containing the 
said angle. 


5, Prove that the internal bisector of an angle of a 
triangle and the external bisectors of the other two are 
concurrent. 


6. Median AD of a AABC is bisected at F and BE meets 
AC in F. Prove that EF = BF/4. 


7. (a) If the vectors 
AB =-3'+4kand AG =5i-27+4k represent 
the sides of a triangle ABC, then find the length of 


median through A, also find the unit vector along 
this median 
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(b) The 
AB=27 447 +4k& 


two sides of AABC are given by 


2742j7+8. Then find 
the length of median through A. 


8 (a)If 4i+77+8k,27+3j+4kand2+5j+7k are 
the position vectors of the verlices A, B and C 
respectively of triangle ABC. Find the position 
veclor of the point where the bisector of 24 
meets BC 

(b) ‘The position vectors of the points A and B w.rt. 


origin O are G@=/+3)-2k and 6 =37+j-2k 


ZAOB 


9. In a triangle ABC where A(a),B(6),C(e) be the 
position vectors of vertices A, B and C respectively 
and D(d),E@) and F(f) are middle points of the 


sides BC, CA and AB respectively, then prove the 
following statements 


(a) FF is mid parallel to BC. 

(©) AD+BE+CF is equal to null vector. 

(©) AD,BE and CF intersects at onc point, also find 
the position vector of that point. 


10. (a) If D is the mid point of side BC of AABC prove 
that 4B +4C = 24D 


il. 


12. 


{b) Prove that the line segments joining mid point of 
adjacent sides of a quadrilateral form a parallclo- 
gram 

(c) ABCD isa parallelogram. F, F arc the mid points 
of BC and CD respectively, AK, AF meet the 
diagonal BD at O and P respectively. Show that P 
and O trisect DB 


If’ a straight line is drawn parallel to the base of a 
triangle, then prove that the line joining the vertex to 
the intersection of the diagonals of the trapezium so 
formed bisects the base of the triangle. 

In MBC @.b,2 be position veetors of vertices A, 
B, C respectively and D, F, F are points on BC, CA 
and AB respectively such that BD. betas AF 2 
DC FRI 

and @=(7+j+k),6 =4i+2k,d=47+27+3k and AD 


intersects BE at B, and C¥ at A,,where as C¥ inter- 


sects BF at C,, then answer the following problems. 


(a) Find the position vector of the centroid of Ad B,C, 
(b) Find the ratio of AB/B,D 
ar. MABC 


(c) Find the ratio 


@ i AB. 4 ang BOO 
B,D 


0 


evaluate Au+ Mv t vA, 
Au 


Answer Key 
F er 2 fem tas V7 
1. (a) -4 31:3 7. unit vector along AD = spl 7+ at} (a) 32 (b) 3 
Dyes veatvieas se atb+e 
8 (a) (61 +13) +188) (8) 27+ j-#) 9, (oy SABE 
12. (a) 31+} 42k =) 3:4 | 7:1@4 
TEXTUAL EXERCISE 1: (OBJECTIVE) 
1, P, O have position vectors 5 and & relative to (@) 36-8 (by 4a-5) 
the origin ‘O” and X, Y divide PO internally and 5. ; 7 
as (©) =@ - 4) (d) —(6-4) 
externally respectively in the ratio 2-1. Vector ¥F = 6 3 


2. If G and CG be the centroids of the triangles ABC and 
A'B'C’ respectively, then Ad’ + BB’ + CC* = 


a) 356 ) 


(c) 2GG" (a) 3GG" 


3. If AGB), B(B), C(@) be the vertices of a triangle whose 
circumcentre is the origin, then orthocentre is given by 


(a) a+b+e (b) a+b+e 
3 2 
(0) atb+e (@) None of these 


4, If in the given figure OA=@, OB =b and AP: PB 


msn, then OP = 


A P_p 
fe} 
FIGURE 3.60 
Answer Key 
1. (@) 2. (d) 3. (c) 4. (b) 5. (b) 


m COLLINEAR VECTORS 


Vectors which ar called col- 
linear vectors ir 


direction, 


parallcl to the same line 
cctive of their magnitude and sense of 


FIGURE 3.61 


Tlence, 3 


for collinear vectors the line of action is either same or paral- 
Icl. We know that the vectors @ and md are parallel to cach 


q ae representing collinear vectors and 


other In view of this, we can conclude that if two veclors 
Gand b are parallel (collinear), then there exists a scalar 
(ve or ve) such that @ = mb . Combined term for like and 
unlike or parallel is collinear in Vector's terminology. 
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(2) ma+nb (b) na+mb 
min m+n 

(©) ma — nb? (a) mand 
m-n 


5. The position vectors of thrce consccutive vertices 
of a parallelogram are i | j | &, i | 37 + Sk and 
Ji + 97 + 11K. The position vector of the fourth 


vertex is 

@ 6G fle 
7G fiw 
(©) 2j- 4k 


(a) Gi + 8 + 10k 


6. Let AB =37 + 7-K and AG =7 —7+3k. the point 
P on the line segment BC is cquidistant [rom AB and 


AC, then is 


(a) %-k (b) 7-k 
(©) 24k (d) None of these 
6. (©) 


m CONDITIONS FOR VECTORS TO BE 
COLLINEAR 


‘Two vectors are said to be collinear if any one of the follow- 
ing conditions is satisfied. 

(a) There exists a relation 3 = mb where m is a non-zero 
scalar, 

(b) If a and & arenon-rero collincar vectors, then there ex- 
istsa set of x andy other than (0,0), such that x@+ yb = 0 
Here converse is also tue ic, if yg@+yb=0 and 
x. y are non-zero scalars.then @ and 5 are collinear 
vectors. 


(c) For two vectors @ and B to be collincar 
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NOTES 


1. If Gand 6 are non-zero and non-collinear, then xa+ yb = 0 => x =0,y =0as proved in theorem given below. 


2. If three points A(), B(b), C(@) are collinear, then (b-a)=6€(€ -b) or equivalently (¢-—a)= &(¢- 6) ie. 


(6-4) and (é - b) are collinear vectors. 


Theorem: If @ and b are two non-collinear non-ze- 

ro vectors, m and n are scalars such that ma+ nb =0, 

Qandn 0 

Proof: Given ma+nb =0 (i) 
Dividing both sides of (i) by scalar m (supposing m # 

0) we get 


as(2)h-0 or a--(*)p 
m mn 


then in 


Gi) 


n A ‘i ES 
Since — is a scalar, the equation (ii) shows that @ 

m 
and B are collinear vectors (i.c., vectors having the same 


or parallel line of action) which is against hypothesis that @ 
and } are non-collincar vectors, Hence our supposition is 
wrong 

m =, Similarly, we can show that 7 = 0. 


TEXTUAL EXERCISE 5: (SUBJECTIVE) 


1. Find all A © R such thal (x, y, z) #(0, 0, 0) and 
+74 3k)x+ BF 437+ Ey + 

(Ai +5j)z = Axi + yj + 2k) 

Find unit vectors parallel to the vector @ = 37 +47 — 2k 


2 Find the vector & such that 4+5 becomes the unit 
vector F: 


2 


3, Vectors @,6 are non-collinear. Kind x so that the vec- 
tors («-l)a+5 and (243%) — 25, are collinear 

A, B and © are 

a,b, . find whether 

the points 4, 2 and C collinear if so, find AB: BC. 


5. I'the points A, Band C represented by the position vee- 


4, The position vectors of the points 


respectively. If 3¢+2¢ 


tors G.b and é are collinear and /@ + mb +né =0 
ita 


where /, m, n are scalars, then find the value of 
m 


Answer Key 


1, 0,-1 2. 


6. Given that @, B” is a pair of non-collinear vectors 
ae ia 
such that (1 +2h-A)a +(2-A | 2k) 6 =0, then 
find hand k. 
7. Lect a,b and @ be three non-zero vectors such that any 
two of them are non-collinear. If @+24 is collinear 
with & and 5 +32 is collincar with a@, then prove that 


G+2b4+6é =0 
8. Find A collinearto @=2i-j+kif |Pl=4 


9. Ina parallclogram ABCD if DB=a@=i-j+k and 


AC = =37+37-5k. then find a vector collinear 


with BC and having magnitude 4 units 


3. 0 4. yes, 2:3 


9. + (i+27 -38) 
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TEXTUAL EXERCISE 2: (OBJECTIVE) 


1, The vector @ and & are non-vero and non-collinear 
the value of x for which vector Z=(x—2)a+6 and 
d= (2x+Na-b are collinear is 


(a) 1 (b) 1/2 
(c) 13 (d) 2 

2, The vectors G= xf +2} 45k and b=/+yj-2k are 
collinear if 
(he SIR po mais 
(bye Sy 4 
(ce) x -5/2,y -2/5 


(d) None of these 


3. The vectors @=xi-27+5k and §=)4vj—zkare 
collinear if 


(a)x ly -2,2 -5 
(b) x 1/2,y -4,2 -10 
(ce) x -1/2,y 4,2 10 


(d) x=-l,y=2,z7=5 


4, The value of & for which the vectors @ 
$= -2)-47 are collinear is 
1 
2 b) = 
(a) (b) 2 
1 
“= d) 3 
(c) 3 (d) 
Answer Key 
1.) 2. (a) 3. (a,b.c,d) 4. (2) 


m@ LINEAR COMBINATION OF VECTORS 


Lincar combination of vectors 4. 4. d,...4, is a vector 


written as F = 2,4, +/,4,+A,4,+..+4,4, where 


.A,are scalars, e.g, if @, b, 2 are any three vectors, then 
lit+mb-+né is called a lincar combination of vectors 


and /, m, n are any three scalars. 


Linearly Dependent Vectors 


A system of vectors & is said to be linearly 


ae Fs, 
dependent if there exist n scalars 4,,A,.....4, (not all zero) 


such thal 4,4, +A,d, + Ad, +..4,4, =0 (ic., above system 


§. If @ and § are two non-vero non-collincar vectors and 
xa+xb =0, then 
(a) x = 0, but y is not necessarily zero 
(b) v =0, but x is not necessarily zero 


6. Ina tapevium, the vector BC = AAD. We will then 
find that p=4AC+BD is collinear with 4D, if 


p=HAD , then 


(@ war 1 
(by Ase 1 
() Attu 1 
yu 2-2 


7. Lect O be the point of intersection of diagonals of the 
paralleogram ABCD. The points M, N, K, P are the 
mid-points of the segments AO, BM, CN and DK 
respectively, then 
(a) O, N, P are collinear 
(b) O. N, P form a triangle of non-zero area 
(c) ON =OP 
(a) None of these 


5. () 6. (a) 7. (a) 


is linearly dependent if one or some of them can be written 
as linear combination of the remaining.) 

Two collinear vectors are always linearly dependent. 
Three co-planar vectors are always linearly dependent. 


Linearly Independent Vectors 


A system of vectors said to be linearly 

independent if none of them can be written as the lincar com- 

bination of the remaining: therefore mathematically it means. 
If Ad, + Aa, +Aa,+...,a, =0 


=A,=0 where A.A, A, are a 


¢, two non-collincar vectors are always lincarly 
independent and thrce non-coplanar vectors arc always 
linearly independent 
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ILLUSTRATION 31: 


SOLUTION: 


ILLUSTRATION 32: 


SOLUTION: 


ILLUSTRATION 33: 


SOLUTION: 


Wl @=i+j+k, b=4543j+4k and @=i+aj +k arc lincarly dependent vectors 
and |é|=J3, then find a and B. 
3-404 


Now 74+a@j+Bk = 1G +p +k)+s(4i +37 44k) 


Here ¢ =1@ +56 and | 


=> 1 t+4s,a t-3s,8 t+4s 2 wegell—a?+ fP=3 
=> 43s ++4s%=2 > (1-48 +35 + (1-454 48 =20r(1—s¥=1 
=> l-s=21>8=141=0,2 => 1=1-48=1,-7 


=> a= 3s=14+30);-7+3(2)=1,-landB=1 4s=14+4.0,-74+42=1,1 

A transversal cuts the sides OL, OM and diagonal ON of a parallclogram at A, B, C respectively 

Prove that OP += M N 
0. 


We have ON IN =OL+OM (i) 
Let, OL =xOd, OM = yOB and ON = zOC 
So, |OL|=x|OA|, |OM|=y |OB| and |ON |= z|OC | ° 


7 {ke 
OE. es On’ i) FIGURE 3.62 

OA OB oc 

from (i) and (ji) we have 20C = xOA+ yOB or xOA+ yOB-20C =0 


Points A, B, C are collinear, the sum of the coefficients of their P.V. must be zero 


Sx 


Prove that, 
(i) Ifa subset of n vectors is lincarly dependent, then the # vectors are also linearly dependent 
(ii) If n vectors are linearly independent, then any subset of these m vectors is lincarly 
independent. 
(in) If m vectors are linearly mdependent, bul (7 + 1) vectors are lincarly dependent, then the 
(n+ 1) vector is a lincar combinalion of the other n vectors. 


@ Led {04 5.0.8} beasubset of B {Ay Byes Gps Gyros Gy p 
Since 4 , a, , ..., @, are linearly dependent, we can determine scalars 
Jay Aye A,, not all zero, such that 4, 4, + A, a, +.... @ 
From (i) we have 44, + A,G, +.....+4,€, $04, ton (x1) 
Since not all scalars 4,, A,,......, 4, are zero in (ii) hence m vectors G,, @,......,@, are 
linearly dependent. 
Gi) Led {4.4.4.4} bea subset of B ff, G, By, Byyys- 8, f 


Let the set B is linearly independent. If possible let the sci A be linearly dependent. 
So that the scalars A, A,.., 4,, exist not all zero such that A, + A,@, 4.1.0.5 A, = 0 
=> AG + Aa, +..., Aa, 404,,,4....40.4,=0 
Showing thal the set B is linearly dependent, which contradicts the given fact. Henec our 
assumption that the sct 4 is linearly dependent is incorrect. 
=> Amust be linearly independent. 
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Vector 


m= COLLINEARITY OF THREE POINTS 


‘The necessary and sufficient condition for three points with 
position vector 4a, b, é to be collinear is that there exist 
three scalars x, y, z not all vero, such that xa tyb+2é =6 
wherex —ytz 0. 
Proof: I! the points A(a), Bib), C(€) are collincar means 
the point C will divide the line segment AB in certain ratio, 
say W/m. 

Let A, B be the two points and 4, b their position vec- 


tors relative to the origin O. Then the position vector of the 
point C which divides AB in the ratio n: m, may be found in 
terms of @ and b, 


FIGURE 3.63 


Since AC : BC: m and AC and BC are collincar 


n 


Therefore AC = AB => AC 


mtn 


=> (ntm)é—ma-nb =0 


ic., the sum of the coefficients of é, a, b is vero. IC 
is distinct from A and 8, and at a finite distance from them, 
none of the coefficients in (ii) is zero. 


ZS 


\f/ 


a\//b 
fe) 
FIGURE 3.64 


Uf a, 5,é do not lie ina plane 
(i.e., non-coplanar), then points A, B, C will be necessarily 
co-planar 

For three distinct collinear points C, A, B there exist 
real numbers (scalars) x, v. z different from zero, such that 
xG+yb+26=0 wherex-yt+z 0 

Conversely, when these relations hold the three points 
are collinear. 


FIGURE 3.65 


When G.b.é are co-planar but the points A, B, C form 


a triangle of nonzero areaThen xi+yb+z6=0 
butx | y z#0 
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Proof: (Sufficient conditions): 
Suppose xat+yb +26 =0, where x y | z=Ois true. Now 
assume thal z #0, thonex +p —2 #0 


Then x@+ yb +26 =0 gives va+ yh =-ze 
55 atyb 
20 op MIFY) 2 pg 


xat yb a 
x+y 


-Z Zz 


=> AG), BG) & C@) are collinear 


or, 


NOTES 


FIGURE 3.66 


When4G,b,é are co-planar but the points A, B,C form a 
triangle of zero area. Then xa+ yb +26 =O andx+y+z 0 


1. Ifthe points A(a), B(b), C(é) are collinear, then AB = ABC where 2.is a scalar. 
2. If three points A (a ), B(b), C (é) are collinear, then (b~@) = A(é -b) or equivalently area of triangle ABC is 


zero, ie, (b-a)x(é-b)=0. 


3. If xai+ yb +26 =0 andx+y+z=0 has non-trivial solution for x, y,Z means co-planarity of &,b,é i,, they are 
linearly dependent and further x + y + z=0 means points having position vectors @.b,é are also collinear. 
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m COPLANAR AND NON-COPLANAR VECTORS 


A set of vectors is said to be coplanar if they lie on same or 
parallel plane i.e., their line of action are parallel to same 
plane or lie on same plane. A set of vectors is said to be 
non-coplanar when it contains atleast one vector whose line 
of action is not parallel to the plane of remaining vectors of 
the sel. Two intersecting vectors, two collincar vectors are 
always coplanar. Three vectors @,,@ are coplanar means 
they are lying in the same plane or their line of action are 
parallel to same plane. 


eae 


FIGURE 3.67 


Theorm 1: (Resolution of copalanar vectors) 


If a, Bb be two given non-collincar vectors, then every vec- 
tors F co-planar with @ and 5 can be expressed uniquely 
as a linear combination xa + yb. x. y being scalars or three 
different vectors (no two vectors are collinear) &, 6, @ are 
coplanar if and only if there exists scalars iy such that 
@=a+mb ic., one can be expressed as a linear combina- 
tion of the other two vectors. 

Proof: 


Take any point O. 
Let OA=a, OB=5 and OP 


NOTES 


B 
N P 
5 
A 
fe) = M 
FIGURE 3.68 


Clearly OA, OB and OP are co-planar. Through P, 
draw lines Pf and PN, parallel to OB and OA respectively 
meeting them at A/ and V 

We have OP = OM + MP =OM +ON 

Now OM and OA are collinear vectors 

OM = xOA=xa@ where visa scalar 

Similarly, ON = yOR = yb where y is a scalar 

Ilence from (i) we get OP =xa+yh or F =xa+yb 
Uniqueness: 


If possible, let F =xd+y6 and x'G+y'b be two dilferent 


ways of representing 7 , Hence xa+ yh = x'G+ yb 
=> (-x)G+(y-y = 0 
But 4 and } are non-collinear vectors 
(x—x'}=0 and (y—y')=0 
=> x=x'andy  y'. Thus uniqueness is established 
Conversely. let each of ab and¢ can be expressed 
Let 
é=xa +yb oxy #0 (as every two vectors are non-collinc- 


as the lincar combination of other two vectors. 


ar). xa+ yb represents a vector in the plane of @ and 4. 


but itis @ thus @,6, @ are coplanar. 


In this relation F = xa+ yb , 7 is called the resultant of two vectors x@ and yb and vectors x@ and yb arecalled 


the components of the vector 7 . 


3.34 Algebra ll 


Theorm 2: (Resolution of non-copalanar vectors) 


If Gb, 2 are any three non-coplanar vectors (no two are 
collinear), then any vector # can be expressed as a lincar 
combination of @, b, 2 ic. lé+mb +n where 1, m,n are 
any three scalars. 

Proof: V.ct OA, OB, OC be the three non-coplanar lines 
(ic., no two lines are parallel). If taken in pair these lines 
determine three plane: 4 and AOR. Construct a par- 
allclopiped wh OF, OM and ON are along 
OA, OB and OC own below. 


FIGURE 3.69 
Tet OA =G, OB =b, OC =@ and OP 
Evidently, OL =1a , OM =mb, ON 
Now 7 = OP =00+0P = (OL +1.0)+OP 
=OL+OM +ON 


F = itmb+né 


Therefore any vector # (say) can be represented as a 
linear combination of three non-coplanar vectors @, , @ . 
Now, since # = /a+mb+né 

Let F can be expressed in another way say *¢ = 
1'G+m'b+n’é where J, m and n are another scalars differ 
ent from /, m,n and hence /@ + mb+né =Vatm'btn'é 
=> U-1)a+(m—m')b + (n-ne =8 
=> ¢-1)=0; m—m')=0; (n-n’) =Oasa, 5, é are non- 

co-planar veclors => 7=T',m om’, n= a" 

Hence lincar combination ¥ = /@+ mb +n is unique‘ 
Theorm 3: The necessary and sufficient condition for 
three vectors @, 5, @ to be coplanar is [abe]=0 {where 


[ase] 


called sealar triple product of @, 5.2 &.(6 xz) 


a 42 
ic, |b, 6, b|=0 
le ey 
Proof: Let 4.5.2 be coplanar vectors then there exists 


scalars /, m such that 


= 16 + mé = (1b, + me, i + (lb, + me,)j + (1b, + me, Yh 


=> a, =1b, + me,,a, = lb, + mc,,a, = 1b, + me, 


la, a, a@,| [lb +me, 1b,+me, 1b, +me, 
> b, a=] & 4, 4, 
acre! 4 oy cy 
lb, & 6) 1 & 4 
= 116, 6, b,|+mlb, 6, by) =O) +m(0)=0 
le, ey 6) ly ty 


a a, a 
Conversely, let bb, 


a a 
= 4G is perpendicular to bxe 
=> is parallel to plane containing 6 and ¢ 
= a, b, é are coplanar 
Corollary: 
(1) Four points A(@),B(S),C@) & Dd) lie in 
the same plane if there exist 4, m € R such that 
B= ¢{BC)+ m(CB) 


Le, (a) = 6 —b)+m(d-2) 


Proof: Tcl A(@), B(B),C(2) & Dd) lic on same plane 
TD are co-planar 


,BC 
fa -8).(4 tas 2) are co-planar 


= (af 
=> there exist scalars ¢, m 

such that (b —&) = ¢(@ -b)+m(d -2) 
, D are coplanar if there exist scalars k, im, 
ch that Ka + £5 + mé + nd =O; where 
n=0 


above have 
(b-@ = p@-b)+ q(d-2) 

= 1)+(-1- p)b + (p-g)étqd=6 

=> ka+th+mé+nd=0: where & = 1, /=-1 - p, 

Limin=0 


corollary we 


m=p q.n=qandk 


FIGURE 3.70 


Theorem 4: Any two non-zero collinear vectors are 
linearly dependent. 


Let @ and 6 be non-zero collincar vectors 
=> G=Abfor AER anddA40 


> G@+(-Ayb=0 => (Ia+(Aje=8 
= xa+ yh =O; wherex = 1,y=-2 (both non-vcro scalars) 
. Gand & are linearly dependent vectors 


Proof: 


Theorem 5: Two non-collincar veclors are lincarly 
independent 
Proof: Let @ and 4 betwonon-collinear vectors then there 


exist scalars / and m such that @+mb=6 = !@=-mb 
14 is vector in the direction of. _»,j is vector collinear 


to b but opposite to direction of &. Since @ and b have 
different directions. Therefore equality can hold iff? 0, 


m= 0. Uence @ and 6 are linearly independent. 
‘Three coplanar vectors are linearly dependent. 


Let @, B and @ be three co-planar vectors: 


Theorem 6: 
Proof: 
@=th +mé where /, m are scalars 
> (Mat (-Db + (-meé =6 
Hence @, b and @ are linearly dependent. 
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Theorem 7: 


pendent. 


Proof: Let a, 5 and Z be three non-coplanar vectors, 
Let there exist scalars /, m,n such that £4 +mb +né =6 


‘Three non coplanar vectors are linearly inde- 


=> (Da =mb +né . Right side is vector in plane of 6 
and @ but @ does not lic in the plane of 5 and & 
=> l=m=n=0 
Ience @, 6 and é are linearly independent, 
Aliter: It is given that xa+ yb +22 =6 i) 
Let x #9, then (i) can be written as 


w@=-yb-23 > a=-25— di) 


Since yx and zx are scalar, thus (ii) expresses 
G as a linear combination of 6 and @ Hence G is co- 
planar with B and é , but we are given thal a, b, é are 
non-coplanar vectors. Thus our supposition that x #0 is 
wrong. Hence x 0. Similarly we can prove thaty 0 
andz 0. 
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rc 


=> a can be uniquely expressed as a linear combination of & and 


So vectors a, Band é are co-planar 


ILLUSTRATION 38: Show that the points P(@+26 +2), O(@—b-2), RGG+b+22) and S(54+3b+52) are 
co-planar given that 2, 6 and @ are non-coplanar. 
SOLUTION: PQ =-3b-22; PR=24-b+é 

PS =444+b+4é and PO=k,PR+k,PS 

> 35-28 = h(QG-b +2) + k,(4a+5 +40) 

=> Bb -26 = (2k, +4k a+ (Oh +h IB + (+ 4k E 

=> 2k, + 4k, =0 Gy 
-k,+k,=-3 Gy) 
k, + 4k, =-2 ii) 
Solving the above equations k, = 2,k,=-1 > PQ=2PR-PS 
PQ, PR, PS arc co-planar because PQ is a lincar combination of PR and PS 


ILLUSTRATION 39: Show that points with position vectors @—- 2b +3¢, -24+3b-¢, 44-75 +76 arc collincar 
It is given that vectors a, b,é are non-coplanar. 


SOLUTION: The three points are collinear, if we can find A, A,, A, such that 
AG -26 +36) + Ay(-24 +36 -2)+A,(4a -7 +72) =0 with A, 1 A,+2,=0 
Since a, b, é are non-coplanar ic., linearly independent 
equating the coefficients a, b,é seperately to zero, we get 
A,—24,+ 4A,= 0, -24,+ 34,-74,= 0 and 34,-4,+74,=0 
On solving we get A,=-2,4,=1,4,=1sothata,!a, A,=0 
Hence the given vectors are collincar. 

ILLUSTRATION 40; If @,5,¢ are non-coplanar vectors such that x,@+),b +26 = x,@+y,b +2,€ , then prove that 


X Xp, y,and2, z, 
SOLUTION: We have x,a+y,b +26 = x,4+y,b+2,6 => ()-x,)+0,-y,)8 + -z,)e =0 


=> (x, -x,) = 0, &,-y¥) = 9, @,-z)=0 > x, x,y, y,andz, 2, 
ILLUSTRATION 41: Show the vectors i + 3 jt k, k+i are linearly independent. 


SOLUTION: Consider the equation x( + j)+yG +h) +2(E+7)=0 where x, y, z are scalars 
> (Kt +(ytdj+ + De=8 
> 2=0q x)=0,012=0 wld) 
and2( y!zj=0 (at) 
=>x Oy O2z 0 


Hence the vectors ? +}, 7 +k, +i are lincarly independent. 


TEXTUAL EXERCISE 6: (SUBJECTIVE) 


1. Test the coplanarity of given set of points: 24 +34 -2, 
4-2 +32, 34445 -22. G66 +6; where a.b,e 
are linearly independent. 

2. Check the following set of vectors for lincar 
depedencesindependence 
(a) P-j+2k, 4? -j+7h, + 743k 
(>) 74+2743h,2-j+4k, 2747j7-k 

3. Let a, B, y be distinct real numbers, then show 
that the points with position vectors af +) +yk, 
Bit+yj+ak,yi+aj+ Bk form an equilateral tri- 
angle and hence find the condition of collincanty of 
these points. 


Answer Key 
1, coplaner 2, (a) linearly dependent 
4,0 6, @=41, f= 


TEXTUAL EXERCISE 3: (OBJECTIVE) 


1 If the position vectors of the points A, B. C and D are 
2 +3), i-j-k, 304+27-K and 1-6) -3% respee- 
tively, then 
(a) AB || CD 
(ce) AC || BD 


(by AD|| BC 
(4) [AB] = 1/2 |CD| 


2 The points A(1, -2, 3); B(2, -3. 4), C(6. -7. 8) 
(a) are non-collinear 
(b) are collinear 
(c) forms a triangle of non-zero arca 
(a) are linearly dependent 
3 The points A(-1. 2, 1): B(2. -3. 1) and C(2. 1, 3) 
(a) are collinear 
(b) non-collinear 
(c) form an cquilateral triangle 
(a) lincarly independent 
4 The vectors 
G@=7+2j7-3h, 6 =27 —J+k:G=37 +27 +28 are 


Answer Key 


L@d 26d 36d) 4 &¢d05 © 


(b) linearly independent 
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4. If ,8,€ are three non-vero vectors, no two of which are 
> wipes 
collinear and the vectora” — } is collincar with ¢,) + 

is collinear with a, then find the value of a+ b+ 


5. Given the following vectors j= 2f—j+k- 


743)-2k, rs =-2P4J-3k, ra = 37-27 49k 


If % = ar, +r, +0n, then prove that a=c-11b, 


6.1 Gait j+k.b 4i+3j44k and c=f+arj+ Bk 
are linearly dependent vectors and |é| = J3 then find 
the value of « and B. 

7. If the points A, B, C and D have position vectors 
4G, 24+6,4a+2b and Sa+46 respectively, then 
find the three collinear points out of these 


3Ba=Bp=y7 
7. B.A and D 


(a) collinear for 2, = -27/5 

(b) linearly dependent for 4 = -17/5 
(c) non-collinear for 4 = -27/5 

(a) linearly independent for 4. = -27/5 


5 A vectors @ of magnitude 5 units is collinear with 
b =2)-7+4k and makes an obtuse angle with +ve 
direction of z-axis. then 4 = 


(a) 5V21b 


Si5 

(by) 5 
v21 

25. 

(cc) —=b (d) None of these 

© Rr 

6. If A), B(B), C@) are collinear, then 
(a) ab &E ae coplanar 


& @ need not be coplanar 


é are linearly dependent 
é are linearly independent 


6. (a. c} 
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m PRODUCT OF TWO VECTORS 


The two veclor quantilics appear in geometry, physics and 
mechanies in two distinct type of products out of them one 
is a scalar (- dot product) and other one is a vector (* cross 
product). And they are described as below: 


Scalar Product of Two Vectors (Dot Product) 


Quantitative Definition The scalar product of § and 6 
written as @.b , is defined as |§ | |B |.cos 0. 

(Where 0 is the angle between the two vectors when 
drawn from the same initial point here the angle 0 is re- 
stricted to the interval 0 < @< z). It is also known as inner 
product or dot product. 


Geometrical interpretation 
ab isthe product of length of one vector and length of the 
projection of the other vector in the direction of the former. 
Gb =|a|.(\b| cosd) 
= |@|. Projection of |B | in direction of & 
=OA.ON 
ab = |b|.(/a|cosd) 
= |B |. Projection of |4| in direction of b 
OB.OM 


FIGURE 3.71 


Conclusions: 
1, If Gis acute angle 


=> cos0>0=> G.b>0 


B 


oY 


FIGURE 3.72 


2. If Oisright angle 
> cos6=0=> 4.5 =0 
Thus 4.6 =0 => @=0 
or b =00r 6= 90° 


Thus the scalar product of two non-vcro vectors is 
vero ill they are at right angles to cach other. 


B 


ot 


a 
FIGURE 3.73 
3. If 0is obtuse angle 


> cosd<0> Gb <0 


B 
5 
fo) = A 
a 
FIGURE 3.74 


Properties of scalar product 


1, Commutativity: Dot product of two vectors is 
commutative, ie, 2b = 5.4 
This property is obvious from the definition of dot 
product itself. Since @b = abcos0 = bacos0 = ba 
[since a, b are real numbers so they commute ab = bal 
2 a@(-b)=-(a.b) 
= (a).(-b)=4.5 for every pair of vectors a6 
The proof is obvious from the figure 


+B 
b 


oF 


FIGURE 3.75 


FIGURE 3.76 


3, Dot product of two vectors is associative with a scalar. 
Let /be a scalar, then (24): =1(@.b)=(a.1b) 
Casel: When/>0 
@ has the same direction as q . 

Let the angle between g and & be @, so is the angle 
between gq and b. 

Hence (14) b=1 abcosO =1(a@.b) 

Casell: When/<0 

/q has the opposite direction to g. 

llence angle between /@ and 6 =2-0 

@ and b be 0, so is the angle between /@ and 5 


(1@).b = -labcos(2—0) = labcosO = 1(G.b) 


Ilence in both cases a(/b) = 1(@.b) 


In similar way, also. that 
a(t) =1(a.b) 

Although the dot prouct of three vectors is not 
associative 


we can prove 


G.(bé) # (@b).é ic, AG # UE (which is obvi- 

ously truc) 

4, Distributive law: Scalar multiplication of vectors is 
distributive over the addition/subtraction of vectors, 
that means @(6+2)=Gb+4é holds good for all 
veotors @, b, é. 

Proof: T.ct OB and BC represent the vectors 
and ¢. 


Hence 06 =b 4é 


6. 
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FIGURE 3.77 


Let OA represent the vector @ and ON be the scalar 
component of OC along @ and OM the scalar com- 
ponent of OB along q.44N is the scalar component 
of BC along G 
Consequently: a. é +€)=a(ON) 
=a (OM | MN) 
a (OM) + a{MN) 
a (scalar component of 
component of ¢ along g ) 


along @) ~ a (scalar 


=ab +aé 


. The scalar product of a vector with itself is often writ- 


. Gb =0, therefore ij = 


ten as square of the vector. 


ie, @=@ .a@=|4|’, but no other powers of a vector 
are defined. 


Therefore i. = j.j =kk=1 
a,b, +a, b, +a, b, 
ye +apt+ay ? +3 +b} 


ie. 0 =cos ab 


kaki =0 
@eetor | and b ave perpendicular to each other, 


provided @ and b are non-zero vectors) 


. Lot G=aita jak. b=bi +b j+ bk 


10. 


Gb = (aitajtah. (hitb jth) ab- 
a,b,- a,b, 

G=a,it+a,jtak = (@iI+G Jj+G@ kk 
(@£by =(Gtb)\(Gtb) =a +b7 42Gb 


LLUSTRATION 42: The vectors G, 6, é are of the same length and pairwise form equal angles. If @ = i+ j and 


b = j +k, then find the position vectors of é. 
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va 


SOLUTION: Let @=xi+yjtzk > xtt+y+2=2 ( |é|=|a|=|5|=V2) 0) 


a 


now @.b=b @=é >l=y z=xly wee) 

a 14 1 
put z and y in terms of x in (1) to get x and then get y and z as (1, 0, 1) and einer: 
respectively 


ILLUSTRATION 43: ‘The resultant of two vectors @ and b is perpendicular to @. If || = v2 a|, show that the 


resultant of 2 and b is perpendicular to b 
SOLUTION: ‘I'he resultant of @ and 5 is @+5; Since @+5 is perpendicular to @ 
(@+6).a=0 > 4.44 6.4=0,Henee ba = -|a|? 
Now resultant of 2@ and 6 = 2a+6 
(Qa+b).b =2(a.b)+b.b => -2|a4/?+2|aP=0 as |b|=|y2a| 
(2a+6).b=0 => 24+6 is perpendicular to 5 
ILLUSTRATION 44: Find the valucs of x for which the angle between the vectors @=xi—3j-k and 
Bb =2xitxj ~k is obtuse. 
SOLUTION: Since angle between g and 5 is obtuse, 2.6 <0 


=> x?-3x+1<0 > F<ecl 


+A -ve\+ 
1 


FIGURE 3.78 
HLLUSTRATION 45: Lei @ and b be two non parallel unit vectors in a plane. If (aa + 5) biscets the internal angle 
between @ and 6 , then find ox. 
SOLUTION: 4. (ad + 5) = 5. (aa + 5) 
> atab=aab+1 > (a@-)ab(@-1)=0 
=> (@-I){l-a5}=0 as ab 41 (- |al=|b|=lbuta#h) > soa 1 
ILLUSTRATION 46; ‘he position vectors of the foci of an ellipse are & and & and the length of major axis is 2a. 
Prove thal the cquation of the ellipse is a! —a?(r? +67) + (6.7)? =0 
SOLUTION: Since in an cllipsc the sum of the focal distances of any point on il is equal to 2a, the length of 
major axis. 
If F be any point on ellipse, then |# +5 |+|F—B |=2a 
=> (F4+b) =[2a—|F—b ||? > 2427.6 48 = 4a? —4a|F—b l4r? +B -27.5 


=> a’-75=a|F—-b|; Squaring both sides, we get 


=> a'+(F.b)? 20°F. B) = a (r? +B? 27.5) => ata? | B+ F5)7=0 


m@ APPLICATION OF DOT PRODUCTS 
(a) Scalar and Vector Projection of vector on some oth- 
er vector: 
Scalar projection of & on b 
= |OM | = OM =|OA cost 
= ||4|cos@ | 
|4|.15 |leoso| 
|b] 


be 


FIGURE 3.79 


Scalar projection of 6 on & 


ON OB cos0| ||b|cos0|— |a.b| 
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Therefore Vector projcetion of & on b = OM =(4.5)5 
=(4.b)4 


and Vector projection of Bond = 


0) 


z 


Scalar and Vector Projections Normal to a given 
vector: Scalar projection of @ perpendicular to 


MA =|/a|sind| 


fst 
x 
& 


4 


D) 
fo} RB uM B 


FIGURE 3.80 
Vector projection of @ perpendicular to & 
Mi=01-0M ~ 4-G.bb 
G—(veetor projection of 4 on 5) 
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ILLUSTRATION 49: 


SOLUTION: 


ILLUSTRATION 50: 


SOLUTION: 


ILLUSTRATION 51: 


SOLUTION: 


Check: The first vector in the sum is parallel to @ because it is 3a The second vector in the 


= Los 3% ce) ae 
sum is orthogonal to @ becuase Gi +5! 3h ai -F7 


Show that the perpendicular distance of a point with position vector @ from the linc 


p+ G-be sg 
¢ 


F=b +16 is 


Since the line passes through the point R(@®) and is parallel to vecior ¢; OP =a-b 
Now PR or RP magnitude of the resolved part of PQ in direction perpendicular to & 


Pa 
ag 
FIGURE 3.81 


Prove by vector method that the middle point of the hypotenuse of a right angle tnangle is 
equidistant from ils vertices. 


Let ABC be a right angled triangle in which “B = 90°. Let E be the middle point by AC. 


Let position vector of A and C be § and @ with respect to B as origin of reference 


Ilence ¢ = BC = BE+ FC and d= BA=BE+EA = BEAR 


A(a) 


B iG) 
FIGURE 3.82 
> G@=BE EC] = @@=0 = (BE+FC)(BE-EC) BE EC 
= BE EC AF as Eis mid-point of AC 


Prove thal the sum of the squares of the diagonals of a parallcogram is equal to the sum of the 
squares of the sides 


Let position vector of B and D be and d with A as origin of refrence 
AG =6+d, BD=d-6 


Vector 3.43 


ILLUSTRATION 52: 


SOLUTION: 


ILLUSTRATION 53: 
SOLUTION: 


FIGURE 3.83 

AC?+BD? = AC +BD = b°+d?7+2b.d+d'4+b?-2b.d =20 #) 

= AB +BC'+CD +DA" 
For any triangle ABC, show thal the perpendiculars from the vertices to the opposite sides 
are concurrent. 
Let AD and BE be the perpendicular from A and B to BC and AC respectively. Let AD and BE 
meet in QO. Join CO and produce to meet AB in F. We have to prove that CF is perpendicular to 
AB. Let position vector of A, B and C with O as origin of reference be a, b, & is respectively 


Now BC =é-65 ,CA =a-é Since AD 1 BC 
. Q) 


FIGURE 3.84 
Similaly b.@-é) > a@é=b. cones 
From (i) and (ii) 4.¢=5.¢ = (@-5).2=0 > BALOC ie, BALCF 

If D be the mid-point of the side BC of triangle ABC, show that AB? — AC? = 2(AD? + BD?) 


Let D be the mid-point of BC and position vectors of points B and C be Band é with respect to 
Aas origin of reference. 
b+é 


position vector of D is 
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(c) Work Done: In day to day life, work means any 


activity that required muscular and mental effort. But 
in science this term refer to specifically to a force 
acting on a body and a subsequent displacement of the 
body. If a body moves a distance D in a straight line as 
a result of being acted upon upon by a force of fixed 
magnitude in the direction of motion and the work 
W done by the force over the body is defined as 


% 
9 D 


|Flcos 6 


FIGURE 3.86 


W = FD, but this formula holds only if the force 
is acting along the line of motion but if force # 
makes an object to move through a displacement 
D (PO) other than in the direction of the force, 
then the work is performed by the component of 
force in the direction of D and it can be defined as 
below: 
Work (scalar component of F in the direction 
of 5) (ength of 5) =( F | cos | H |= F.D 

It is also equal to | #* | multiplied by component of 
displacement along the force. 


Vector 3.45 


SOLUTION: Let / be the resultant force of P and O 
F=P+O = j-3}45k 
d = displacement = 61+ j-3k-41+3j-2k =27+4j-5k 


. Work done = Fd = (i-37+5k)-(21+4j-5k) =2 -12 - 25 = -35 units 


TEXTUAL EXERCISE 7: (SUBJECTIVE) 


Lf @=f+274+k, b=-7-37+k and €=27+37,| 7 Given a vectord=3/ —j + 5h and B=7+2) -3h 


then find 2 such that (@+ Ab) le If the vector C is perpendicular to the z-axis and 


2. Find the angle between the vectors 2/+)-3k and 
jo} 

3. Find the vector F which is collinear with the vector 8. The three suce ¢ vertices of a parallclogram have 

the position vectors as, A (—3, —2, 0), B (3, -3, 1) and 

C (5,0, 2). Find the Position v vector oft the fourth vertex 


find vector G 


G@ =2i + J —& and satisfies the condition @. 7 =3 


4, Let 74+2743k; B=-i+27+k and D and the angle between aC and BD 


G=3i+ 7.1 A+B is perpendicular to C, then | 9 Ife, and e, are two unit vectors such that e, - e, is also 
find he Value oft: a unit vector, then find the angle 0 between e, ‘nd e,. 


§. If the vectors 7 - 2xj - 3yk and i +3xj + 2vk | 10. Find the scalar projection of j-2j+khondi-4j+7h. 
are orthogonal to cach other, then find the locus of 


the point (x, 9). 11. Find the work done in moving an object along the full 


lenghth of vector 2 +4j-k if the force applicd is 


6. Avector ¥ is co-planar with vectors @ = —i + j + k Gat aie 
ss rN es = 74374 Sk 
and 6 = 2i +k and is orthogonal to the vector b 
If ¥.a=7 then find the vector ¥ 
Answer Key 
5 7,4_k 4 acircle & -37 453436 j3} 
1 8/ll 2.60 a fplct 4.5 5. acivele 6& -=)+2743k 7 27-3) 
2 2 2 2 
22 Fi 
8& G1, l. 1: Be 9. 60° 10. 19/9 11, 9 units 


TEXTUAL EXERCISE 4: (OBJECTIVE) 


1. If|@|=5.)4-6 | =8 and |@+4 | =10, then [5 | is 
fa) 1 (b) ¥57 
(c) 3 (d} None of these 


10 4+, 4s 18) 24 8 
— Hj +4k ps 
(a) 16 Rot > (b) ag Os tak) 


Bhd Pols i: 
bie yak ay Erni Pa bes ce) 37+4kb d) @Gy+4k 
2. If a=4)+67 and §=37-+4é. then the component of © Fe Gs+4n) eG Ita) 


a along B is 


3.46 


3. 


we 


10. 
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Ifvector ¢ = 27-37 +6k and vector 6=-2)+27-k, 


jon of vector a@ on vector 6 


thigh REOIESNON OF NOAOL GON NEON BT 
projection of vector 6 on vector a 
3 7 

ay) — by — 

@ 5 Oe 

() 3 @7 


. The vector(a + 35) is perpendicular to(7@ - 55) 


and (@— 45) is perpendicular to (74 — 25). The 
angle between @ and 5 is 

(a) 30° (b) 45° 

(c) 60° (a) None of these 

If @.6 =0 and @ + & makes an angle of 30° with 
G, then 

(a) [b= 2/4 
(c) |a|=|6| 


(b) [aI 25] 
(d) None of these 


. If force of magnitudes 6 and 7 units acting in the 


directions 7 2) +2k and 27 -3)-6k respectively 
act on a particle which is displaced from the point 
P(2, -1,-3) to OCS, =I, 1), then the work done by the 
foree is 

(a) 4 units 
(c) 7 units 


(b) —4 units 
(d) -7 units 


i+j+k, € is a vector such that 


Gland |a+c¢| = VG, then @.@ is cqual to 
(b) 5 
(d) None of these 


(a) 1 
(c) 3 


. The position vectors of the vertices A, B and C of a 


triangle are three unit vectors 4, 6 and é. A vector 9 
is such that d@=db=dé and d=A(b+6). then 
triangle ABC is 

(a) acute angled 
(c) right angled 


(b) obtuse angled 
(d) None of these 


, Angles between any two opposite edges of a regular 


tetrahedron are 
(a) acute angle 
(c) right angle 


(b) obtuse angle 
(d) reflexive angle 


The value of ¢ so that for all real x, the vectors 
oxi —6j+3k, xi+2j+2exk make an obtuse angle 
are 


ll. 


12. 


13. 


14. 


15. 


16. 


17. 


(a) <0 (b) 0<c< 4 
3 
4 
(© - > <c<0 (dj c>0 
3 


‘The vector V is co-planar with the vectors / + j-2 Ek 
and i -2) + and is orthogonal to the vector 
=O. j +& and itis given that the projection of ¥ 
along the vector? — j + & is cqual to 6 V3, then itis 
b) 3-J +4) 

(a) None of these 


(a) 9-7 +B) 


(©) 6C7+h) 
The two vectors (2-1) § +(e+2) 7 +x? & and 
Qi-xj+ 3k are orthogonal: 

(a) for no real value of x 


(b) forx =-1 
(©) fore 1/2 
(d) fore -l/2andx 1 


If a,b and © are unit vectors, then 

ja-JP +1b-c?? +|e- al? does not exceed 

(a) 4 (b) 9 

(c) 8 (d) 6 

The values of x for which the angle between the 
veelors @= xi-37 -& and b=2xi+xj—F is acute, 
and the angle between the vector & and the axis of 
is obtuse, are 

(b) -2, -3 

(@ allx>0 

F = 246) +AG-3)) 
icments holds good? 


(c) allx <0 


Ifa line has a vector equation 


then which of the following s 
(a) the linc is parallel to 27 + 67 
(b) the line passes through the point 3h + 35 


() the line passes through the point 7 + 97 
(a) the line is parallel to xy plane 


The vectors 4B 


7-27 +2k and BC =-j-2h 
are the adjacent sides of a parallelogram. The angle 
between its diagonals is 


(a) a/4 (b) 23 
(c) 3x/4 (d) 2n/3 
Let @,éand¢ be three vectors such that 


a+b+o=0 and [a|=3, [0 =5, fe | =7. Then an 


2 
angle between a’ and & is 


18, 


19, 


20. 


21 


22, 


23. 


24, 


(a) 15° (b) cost 2 


(c) 30° (d) 60° 


One of the value of x for which the angle between 


caxitj+h and d=itxj+k is 7/3 is 
(a) x= 1,2 (b) «= 0,4 
(c) x=3, 1 (a) None of these 


A vector of length V7 which is perpendicular to 
2j —k and -7 | 27 - 3k and makes an obtuse angle 
with j-axis is 

@ dS ® 

(b) (V3) (45-7 - 28) 

(©) (3) (4b — J + 28) 

(@) U3) 48-7 2K) 


The angle between two diagonals of a cube is 


(by cos" 
B 


1 
¢) cos? — 
{c) 3 


2 
‘d) cos” 
(d) cos 5 


If @and & are mutually perpendicular vectors, then 


(a+b) = 
(a) G43 Oy 5 
ab ) (aby 


If the vectors ?—2x7 +3 yk and 7 +227 +3 yk are 
perpendicular, then the locus of (x. y) is 

(a) a circle (b) an ellipse 

(c) a hyperbola (d) None of these 

(aaje and (ac)o are 

(a) Two like vectors 

(b) Two equal vectors 

(c) ‘Iwo vectors in direction of @ 

(d) None of these 

Let a, and ¢ be vectors with magnitudes 3, 4 and 
5 respectively and @+h+c=0. then the values 
abtber+ca is 
(a) 47 

{c) 50 


(b) 25 
(d) -25 


. A patticle acted on by constant forces 47+ 7—3£ 


and 3749-2 is displaced from the point 7427 +3% 


27. 


29. 


31. 


32. 


. If @ is perpendicular to b 


Vector 3.47 
to the point 5% + 4j — & The total work done by the 
force is 

(a) 20 unit 
(c) 40 unit 


(b) 30 unit 
(a) 50 unit 

The number of vectors of unit length perpendicular to 
the vectors @=/ +} and b=}+k is 

{b) two 

(d) infinite 


(a) one 
(c) three 
Given the v 
equals 120°. If |@| = 3 and [A | = 4, then the length of 
the vector, 24 — (3/2)8 is 

(a) 63 (b) 72 


© 45 (4) None of these 
We|a|= 11, |b] = 23 |a@-5 | = 30, then 


tors G and }, the angle between these 


a+b 


18: 
(a) 10 (b) 20 
(©) 30 (a) 40 


The lengths of the diagonals of a parallelogram con- 
structed on the vectors p = 2G +6 and G=a-2h, 
where @ and 4 are unit vectors forming an angle of 


60° are: 
(a) 3 and 4 (b) V7 and VI3 
(d) None of these 


tc) V5 and VIL 


c, b is perpendicu- 
lar to ¢+@ and @ is perpendicular to @ +5 and 
\a| =| =|22|=3, then |a+ +2 | is 

(a) 9/2 (b) 2y3 

©) Jia (d) None of these 


If |@| = 3 and |b| = 4. ‘The value of / for which 
(@ + 1b) and (@ — 1b) are perpendicular is 
given by 
(a) 3/4 
(©) 23 


(b) 273 
(a) -3/4 


A unil vector in x — y plane which makes an angle of 
45° with the vector 7+ 7 and an angle of 60° with the 
vector 37 -4j is 

i+ 


v2 


(a) None of these 


(b) 


@?i 
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33. If @, , é arc three unit vectors such that @+5+6=0, (a) 0 ) # 
doh 2 
then &b+bé+é.4a is cqual to 
(a) 3/2 (by =I © |sin® @) conf 
{c) 0 (a) 3 2 2 
34, If £ and ) are two unit vectors and ¢ is the angle 
between them, then aly 
2 
Answer Key 
1. (b) 2. (b) 3. (b) 4. (c) 5. (d) 6. (a) 7. (a) 8. () % ©) 10. &) 
IL. (a) 12.) 13.) A. (b,c) 1S. (bcd) 16. (a,c) 17. (d) 18) 1%) OL) 
2.) 22) 2@ 24 @ 2%) 26) 27. (a) 28) 2%) 30. (a) 
31. (ad) 32. d) 33. (a) 34. (c) 
m VECTOR PRODUCT (CROSS PRODUCT) 
The cross product of two vectors is a vector quantity and 
it is also known as vector product or skew product or 
outer product. These are widely used to describe the tilt 
(inclination) of plane containing two vectors Construction of ax b 
forces in study of clectricily, magnetism, flow of fluids and FIGURE 3.88 
orbital mechanics cle s 
=> axb=6 => G=6,orb =boraljb 


a 


ry 


a 


FIGURE 3.87 


The vector product of two vectors & and B, whose 
moduli are |@ and |B | respectively, is the vector whose 
modulus is a6 sin @, where 6 (0 < @ < 7) is angle between 
vectors @ and &. And the direction is that of a unit yec- 
tor # perpendicular to both @ and 6 such that 4, 6,7 
are in right handed orientation. By the right handed orienta- 
tion we mean that if we turn the vector @ into the vector 
6 through the angle @, then # points in the direction in 
which a right handed screw would move if tumed in the 
same manner. 


axb=|a@||b|snda 


=> |@xbl=|a||b |sine 


Construction of 2 x B 


axb 


FIGURE 3.89 


m@ PROPERTIES OF VECTOR PRODUCT 
1. Anticommutative: @x =-(6 xa) 
2. (ma)xb = m(G@xb) = 2X (mb) where m is a scalar’) 
3. Iftwo vectors @ and 4 are parallel, we have a xb = 
4, @xb=0 = @ and B are parallel vectors (provided @ 
and 8 are both non-zero vectors) 


8. ax =|al|b|é > a1é 


6. ixisjxjakxk=0 


% (xi)=J=-0 xB 
teeta 
7 po Fei 
i=)ke=(hex)) Ki 
FIGURE 3.90 


10, Cross product is distributive over addition or 
substraction ie, @x (h +2) = (@xb)+(@xé) 


11. Cross product of three vectors is nol associative 


Vector 3.49 


12. Let G=ajtajrak and babi tbj tbh 


io Fok 
=> axb= a a, a; 
a b&b 
= P(a.b, — a,b.) + F(ab, ab.) + kad, — a,b.) 
k 
. 
i) 
; 
FIGURE 3.91 
13. sino 14x41 
la||b| 


Geometrical interpretation 


The magnitude of the vector product of two vectors is the 
arca of a parallelogram whose adjacent sides are represent- 
ed by two vectors @ and bh. 


|axb|=|a||s| sine 
= (OA) (OB) sind 
= area of the parallelogram OACB 


FIGURE 3.92 


Area of A OAB Flaxd 


3. 
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va 


R (-1,1,2) 


P (1,-1,0) 


x Q(2,1-1) 


FIGURE 3.93 
eee hs oles LAs 1 le oe ee 
sas leading 39. hea a | ORT 


ae er nee (cer 
=> Unil vector endicular to plane = —=(6: +6k) = =( +k) 
ais : 62 v2 


ILLUSTRATION 57: Find the area of the triangle with vertices P(1, -1, 0), Q(2, 1,-1) and R Cl, 1, 2). 


SOLUTION: The arca of the parallelogram determined by P,Q, R is POxPR = |67+6k| = (6) + (6)? 
= 6y2 square units. The triangle area is half of this or 32 square units 


ILLUSTRATION 58: 4,5, @ be the position vectors of vertices A, B, and C of AABC respectively then, prove that 
(a) arca of the AABC 7 (a@xb)+ xz)+Exa 


wie 8s > 
(b) condition that point A lies on the base BC of A ABC is (@xb)+(b x¢)+(Exa) =0 
|axb+bxe+exal 


(c) the perpendicular distance of the pomt C from the line joining A and Bis. iba 
-a 


SOLUTION: (a) Let O be the origin. Area of AABC = I ‘AB x AC | 


Now, AB = Position vector of B—Position vector of A => AB=b-a 


A SmaeT (origin) 


Cs 


FIGURE 3.94 


AC = Position vector of C —Position vector of A 


Vector 3.51 


~ 


(0) If the points A, B, C are collinear, then area of AABC = 0 
1 ee 
=> plaxbsbxerexa|=0 
=> |@xb+bxés+exal|=0 > axbsbxd+exa-0 
Thus @xb+5xé+6xa@=0 is the required condition for collincarity of three points with 
position vectors a, Banda 


(c) Let ABC be a triangle and let a, Bandé be the position vector of its vertices A, B and C 
respectively. Let CM be the perpendicular from C on AB 


‘Vhen, area of AABC = Fea) (CM) = I AB\||CM | 


Also, arca of AABC 


$14 Cad | = Flaxb+Bxe+éxa| = Gig alekbnbne vexal 
ce) 
Aa) hn B(o) 
FIGURE 3.95 


ILLUSTRATION 59: Show that (@— b )x(@a+ é) =2(a xb) and interpret the result geometrically. 
SOLUTION: (d-5)x(@+b) = @xG+axb-b xa@-bxb = 044axb-(-axb)-0 = 2 (ax) 
Interpretation: Let ABCD be a parallelogram whose diagonals intersect at O. 
Let AO =a=O0C and OD=5 


FIGURE 3.96 


= area of parallelogram ABCD 
Fuetor, @ xB = area of parallelogram whose adjacent sides are a and 5 


Hence, arca of parallelogram ABCD is cqual to twice the area of the parallelogram whose 
adjacent sides arc scmi diagonals of palallclogram ABCD, ic., as (ABCD) = 2ar . (AODE) 


ILLUSTRATION 60: If a, Bandé@ are three non-zero vectors such that @x5=@ and bxé@= a, prove that 


4, B and@ arc mutually at right angles and |b | =1 and |€|=|4| 


3.52 
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TEXTUAL EXERCISE 8: (SUBJECTIVE) 


1 


= 


Find a unit vector 
61 + 2) 43% and 3/-2k 
Hind the area of parallelogram whose diagonals are 


3i4+j-2k and 7-37 +4k 


perpendicular to both 


Let A,BandC be unit vectors. Suppose that 
AB = 


.C = 0 and that the angle between B and C 


is = then prove that A =42Bx@) 
5 


Show that the diagonals of a rhombus are at right 
angles using vector method. 


. Show that the angle in a semi-circle is a right angle. 


. Prove that in any parallelogram the difference of 


squares of the diagonals is four times the rectangle 
constructed by either of these sides and projection of 
the other upon it. 


. Tn any triangle, show thal the perpendicular biscctors 


of the sides are concurrent. 


. If Zand} ate diagonals of a parallelogram. then find 


its adjacent sides and hence show that its arca_is equal 


to (axi)/2 and that the result of area is also valid 
for general quadrilateral. 

9. (a) ABCD is a quadrilateral such that AB = 5, AD 
= d and AC = mb +nd. Show that the area of 
the quadrilateral ABCD is 1/2 | (m — n)| |bxd | 

(b) Show that (a xB) =a@b? - (a5) (Lagrange's 
Identity) 

10. (a) Three vectors of magnitudes a, 2a, 3a meet in a 
point and their directions are along the diagonals 
of the adjacent faces of a cube. Determine their 
resultant and its direction cosines. 

(b) Use the unit vectors 
p= cos6i +sin@j and J = cos¢i + sing} 
to prove the identitics 
sin(0 + 6)=sin Ocos¢ + cos0 sing 
IL. (a) For vectors, if 
G+b+2=0  thenshowthath xd =éxa=axb 


non-collinear, non-zero 


sind sinB_ sinC 


and show that 


a b ¢ 


(b) If Gb. are the position vectors of the vertices of a 
2 Veiiiy etrteecek, at ae 
triangle ABC, show that slé xE+ExKa+ax 5] 


gives the vector perpendicular to the plane of trian- 


Answer Key 


ph 21+ 6h 2 s¥3 8. G+b a-b 


V493 Shag hig 


10. (a) bi +4] +34) 


Vector 3.53 

gle and represents the arca (vectorial) of the triangle 

Hence deduce the condition that the three points are 
collinear if &x€+Exa@+ax6 =O. Also find the 
unit vector normal to the plane of the triangle with 
vertices (1, 1, 1) (0, 0, 0) and (0, 1, 1.) 


TEXTUAL EXERCISE 5: (OBJECTIVE) 


2 


If #=a-b, $=4+b and |@|=|b|=2, then 
|ax¥| is 

(a) 2fl6-(a-5) (by 2f4-G-bY* 

(e) yIl6-@-bY 4 G-BY" 

If @=2/+3j-k, b=-142j-48 and Z=i+j+k, 


then (4x6). (@xé) 


(a) 60 (b) 64 
(c) 74 (a) -74 
. Tf |a.5 |=] xB |, then the angle between G and b is: 
(a) 0° (b) 180° 
(c) 135° (d) 45° 
. (@xby + Gb) is equal to 
(a) 0 (b) (@ 3) 
(©) a] +15)y @) 1 


» If the position vectors of three points A, B. C are 


respectively i+ j-+h, 27+3}7-46 and 774+4}+9K, 
then the unit vector perpendicular to the plane of 
triangle ABC is 

317-387 -9k 


2486 


(a) 317-18j-9 (by 


317 4187 49% 


(&) (d) None of these. 


2486 
If a@xb =@xd and a@xé=bxd, then the 
veelors @—d and 6 - are 


(a) collinear 
(c) perpendicular 


(b) linearly independent 
(d) parallel 


Pa 


11. 


. Let & and j 


(d) None of these 


The value of | axi [ + | 


(a) |af (b) 2a)? 

© 3|a@f (@) 6 fal’ 

If |@|=4,|b|=2 and the angle between g andj is 
n/6, then (@xb)° is 

(a) 48 (by (ay? 

(c) 16 (d) 32 


be two non-collincar unit vectors. 


Iy &—-(.b)b andy & * B, then|¥ is 
€) lal (b) lul-v.4 

©) lal - ab (@) lul- G+) 

In the adjacent figure, AB, DE and GF are parallel to 
each other and AD, BG and EF are parallel to each 
other. If CD: CE = CG: CB = 2 : 1, then the value of 
area (AAEG): area (AABD) is equal to 


GF 
D ie 
AB 
FIGURE 3.98 
(a) 772 (b) 3 
@4 (d) 972 
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12. A rigid body rotates with constant angular veloc- 
ity @ about the line whose vector cquation is, # 
(+27 + 2k). The speed of the particle at the 
instant it passes through the point with position vector 

2h +3) + 2k is 


(a) a V2 


© 4 
Cys 
V2 
13. If a,b, 

lar vectors, then the projection of the vector 


(b) 20 


(d) None of these 


are three 


mutually perpendicu- 


to m& +n GED | along biscctor of the vee- 
la] [bl |a@xd| 


tors @ and & may be given by 
P+or 
fre te b fa 24? 
(a) imtam (b) VP +m? +n 


2 NEP +m? 
() ES" _ dd) B 
VP +m? +? 2 


Let @ and 6 benon-collinear vectors of which @ isa 
unit vector, The angles of the triangle whose two sides 


are represented by V3(a xb) and b-(@ bya by 
La 


14. 


(a) 


{c) 


2 
La 
3 
15. If @ and } are two veetors such that @.6=0 and 

Gx =, then 

(a) @ is parallel to b 

(b) @ is perpendicular to & 

(c) cither @ or B is a null vector 

(a) None of these 
16. If the vector a,b and ¢ form the sides BC, CA and AB 


a 
) G 
©) a@ 
@ a 
Answer Key 
1. (a) 2.) 3.(cd) 4. (b) 5. (b) 
I. (a) 12. (a) 13. () 14. (a) 15. (c) 
21. (a) 22. (b) 


17. For non-zero distinct @, 6, ¢, x and y are two 
mutually perpendicular unit vectors, If the vectors 
axtav+c(exy). xt+(Exy) andekt+tep+rbh(xexp) 
lic in a plane, then ¢ is 
(a) arithmetic mean of a and b 


{b) geometric mean of a and b 
(c) harmonic mean of @ and b 
(d) None of these 


where 
jth, then 6 = 
(a) (1, 0,-1) (b) (0.1, 
(©) C1, -1, 0) (a) G1, 0, 1) 


19. Let G, 5 and @ be three non-zero vectors, no two 
of which are collinear and the vector @+5 is col- 


linear with @ while 6+ is collinear with @, then 


G+b+é= 
@ @ (b) b 
©) 6 (d) None of these 


20. 


If the magnitude of moment about the point jtk of 
aforee 7 +aj —K acting through the point 7 +7 is ¥8, 
then the valuc of a is 


(a) 1 
(c) 3 


(b) 2 
(d) 4 


24. If a,b and @ are three vectors such that @xb =2 and 
bx2=4, then 
(a) @b andé are mutually orthogonal 
) |al=5|=[e 
©) |a|=|6|=[e|41 
(a) None of these 


22. ‘the value of & for which the points A(1. 0, 3), 
B(-1, 3, 4), CU, 2, 1) and D(k, 2, 5) are co-planar is 


(@) 1 (b) 13 

() 0 (@) -1 
6 (ad) 7a) 8 ) 9% (be) 10. (abc) 
16.) «17. )_—-:18. )_— 19. (d)_— 20. (b) 


m@ MULTIPLE PRODUCT 


Scalar Triple Product 

The scalar triple product of three vectors 4b and @ 
is defined as (@xb).é. We denote it by[@ 6 2]. ere 
we have both cross and dot sign. But first we take vector 
product and get a vector quantity and then it’s dot is taken 
with the third vector and a scalar quantity is obtained. 


(@xb).é = (x2). =(Exa)b 


ie, bE] =[b2a] =|ea5] 


Let Gaal ta,j+ab : babi tb j+bk: 


of tej tek 


al gi 
bbe, 
Ole ay ay a, ay, 
> (@xbée =e, b, ‘a c, by 
O Cn ey 
Fla @ & 
4, b, b, 
R, rolling over X, and R, 
a a, ay 
=I |b, bb, | = &bxe) 
o 6, 6, 


Geometrical interpretation of scalar triple product 

Consider a parallelopiped whose coterminus edges O4,OB, 
OC have the lengths and directions of the vectors @. 5, € 
respectively. Let @ x b = 7, then from our definition of vee- 
lor produet, the vector 4 is perpendicular to the face OADB 
and its modulus # is the measure of the area of the paral- 
Iclogram OAPB. Also, by definition, the vector 3,5 and 
n form a right handed triad. If ¢ is angle between direction 
OC and #. Then the vectors @, 6 and 2 will form a right 
hand or a lefi handed tad accordingl @ acute or obtuse 
Now (&x 8).é = |(@x 5)| |Z | cosd = 


|x| |OC| cose 


lle] cose 
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FIGURE 3.99 


Now cos@ will be positive or negative according 


as ¢ is acute or obtuse. Ils absolute value will give us the 
length of the perpendicular from C to the plane of the paral- 
Iclogram OADB. Now the volume ¥ of the parallclopiped 
= (Area of the parallelogram OADB) » (length of the 
perpendicular from C' on this parallelogram) 
= |(Gxb)é| 
(@x b) é=+F if Pisacute, ic, if a, b, é fom 
a right handed triad 
and (a x b).é =-V- if ¢ is obtuse, ie. if 3,5, é 
form a left handed triadte. 


Properties of scalar triple product 


(a) |(axb)é| repr 
piped whose co-terminus edges ave represented by the 


ts the volume of the parallelo- 


vectors 4.6 and é. 


(b) Volume of tetrahedron = 7 la 5 é] 


Ala) 
Bi) cé) 
FIGURE 3.100 


(c) Dot and cro: 


value of scalar triple proudet &.(6 x@) = (@x 6). é 


n be interchange without changing the 


(a) Scalar triple product remains same if cyclic order of 
three vectors is maintained 
ic. |@ 6 é)=|b é aJ=|2 a | 
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(e) [a+b 6d |=[a@é d]+[b é dj. 
(f) Scalar triple product vanishes if two of its vectors are 


equal, e.g., [@ @ b] =0 


(g) The value of a scalar triple product, if two of its 
vectors are parallel, is zero. i 


[ab é] =O0if @=Aborb 


éoré=Aa 
(h) For three co-planar vectors [a@ b é] = 0 (even if 
[a b é| are non-zero vectors) 


(i) If [ab C]=[d ab] +[d b ]+{d a] 
=> G.b.é and d are co-planar 


@ IfAisascalarthen [AGbé] Ala be] 


(kK) The volume of the triangular prism whose 


cent sides are represented by the vectors a,b, ¢ is 


$a be. 
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~ 


ILLUSTRATION 66: Prove that (@+25 — @).{(@—5) x @-8—2)} = 3abe] 
SOLUTION: (a +25 — Z).{(@-5) x (@-6-2)} 
= (@+26 -2.{Gxa—-a@x b-Gxd-bxa+bxb +b xe} 
= (@+2b — 8){Exa+b xe} = [a b E]+2|a b Z| =3|a HZ] 
ILLUSTRATION 67: Show that @.(25 +2¢)x (3a +35 +3¢) =0 


SOLUTION: Let @ (25+22)x (3a +3543) 


G.26 +2)x3(G@+5 42) = 64.16 +2)x(@+b +2) 


6{a [BxG+bxb+bxd+exat+Exb+éxe]} 


a 


ILLUSTRATION 68: If ¥. d= ¥.b = ¥.¢ = 0 for some non-zero vector ¥, then show that [a 5 ¢]=0 
SOLUTION: Given %.a=0, %.5 =0,%.c=0 
Therefore ¥ is perpendicular to vector @, B and @ and hence G, b andé arc co-planar 
[ab c]=0 
ILLUSTRATION 69: Find out the volume of a prism on triangular base, the three sides of the prism meeting on a 
veriex are given below OA = 31 +4) 412k, OB = 12) +3) + 4k, OC = 47 +12) 43k 


3°94 «#12 
SOLUTION: Volume = 1/2 |12 3 4) = 1/2 [3(9-48) —4(36 -16) + 12 (144 - 12)] a. 693.5 
4 12 3 


Volume of triangular base prism = 693.5 cusic units 


ILLUSTRATION 70: If p= pi+p,}+ pk. G= Gi +q,)+qk and P= ni +n,j+rk, then show that the value of 


Pi pi pk 
the scalar triple product [mp +G ng+F nF+plis@+lipi gj bk 
pi Fj bk 


SOLUTION: [np +g ng+7 nF + p]= (np +q).[(ng+F)x(nr + p)] 
= (mp + @)[ 1G x?) + nGx B)+ Fx) | 


=? +D[p 4g 7] 


A PBs Pi Prd Pk 
= +) & &| =@+higi gj G&|. Hence proved. 
RRR FioFR FE 
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TEXTUAL EXERCISE 9: (SUBJECTIVE) 


1. ‘The volume of a parallelopiped is 4 whose three 


co-terminus edges are represented by the vectors 


i+xj-xk,i+j—k and i—j +k. vind the possible 
real values of x. 
Dit Aaxatyb+2é, B=x,at+y,b+2,2 and 


C= xa+y,b +22, then prove that 


3. F, is the volume of a parallelopiped and F, is the 
volume of the parallclopiped formed with three 
concurrent diagonals of the three faces of the 
original parallclopiped. Find the relation between 
F and Fy, 


aad lta 
4.10 |6 6? 148?|=0 and the vectors A=(1,a,a°), 


ec? Ite. 


sn” 
(48CJ=|x, y, 2, [lab e] B=(, bb?) and G=(,c,c*)are —_ non-copalanar, 
Me Ve By then find abe, 
Answer Key 
L-1200 34,=28, 4-1 
TEXTUAL EXERCISE 6: (OBJECTIVE) 
1. +2b -8).(G-b) xG-b-O) is cqual to @) lisa, 
(a) [abe] (b) 245 2] 2 : 
(©) 3 (abel (d) 0 (e) 4% 


2. The volume of the parallelopiped whose edges are 
represented by —12/ + ak, 3j-k and 27 + j-15k is 


546, then ais 


(a) 3 (b) 2 
©) 3 @ 2 
3. For non-vero vectors band, | ax 5.2] = 


|4|]5||2| holds if and only if 


(a) 4.b=0,5.2=0 (b) @ 
(©) @=3-k (d) a 


4. If G6 and é be unit co-planar vectors, then the sca- 


€, 2¢—a@ jis equal to 


lar triple product [24 - 6, 2b 
(a) 0 (b) 1 
(e) -y3 @) v3 


. If 2, and é, are two unit vectors and 6 is the angle 


uw 


g 
between them, then sin (2) is: 


6. Which of the following expression is meaningful? 
(a) u.(¥X W) (b) @. ¥).0 
(c) G@+Bx¥ (d) #x( 3%) 


7. The value of 4, such that the scalar product of the vec- 


tors 747+ with the unit vector parallel to the sum 


of the vectors 2/+47-5k and bi +2} 43k is one, is 


(a) 2 (b) -1 
) 0 {d) 1 
8 Let A 1, 2, 3, 4) be the area of four faces of a 


tetrahedron with co-terminus cdges @, and @. Let 
7, be the outwards drawn normals to the rth face with 
magnitudes equal to corresponding areas. Prove that 
A, +n, +n, +H, is equal to 

{a) 6|axb+5x é+exal 

(b) 3[a@x b+bx E+ Ex] 

(©) vero 

(d) None of these 
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9. The volume of a right triangular prism ABCA,B,C, 


perpendicular & and & (where a, 5, @ are non-zero, 
is cqual to 3. If the position vectors of the ver- 


tices of the base ABC are ACI, 0, 1); B20, 0) non-coplanar), then [x 2] -equals 

and C(O, 1, 0), the position vectors of the vertex (@) [aba Praenatlice 

A, can be [abe] 

(a) (2, 2, 2) (by (, 2,0) (c) la b cy? (d) None of these 
(©) (0,2, 2) (@) ©, -2, 0) 


14. 4 vector of magnitude 5 J$ co-planar with vectors 


10. The value of [a-b, b- a] is i+2j and j+2k perpendicular to the vector 
(a) 0 (b) 1 2+ 7 +2k is 
(c) 2 (d) None of these 2 e. a 
(a) £5 (51 +67-84) 
IL. The three vectors 7+ 7, j + Ek +i taken two ata (by + V5 (57 +67 - 8k) 


time form three planes. ‘lhe three unit vectors drawn 


ee ejets oe oRE 
perpendicular to these three planes form a parallelo- (c) + 5¥5 (5? + 67 - 84) 


piped of volume (a) + (37 +67 - 8%) 
(a) 18 (b) 4 18. The value of a for which the volume of parallelopiped 
() 3N3. NS @ 4 formed by the vectors itajtk, j+ak and gi+h 
33 is minimum is 
ik yap, oth tee. fete Be, oka (a) -3 {b) 3 
12, Let @=aitajtak, B=bitb,j+bk and (©) Wi (a) -y3 


Foi te,jteyk,|@|=2, & makes angle w/6 with 


16, Let f=274j-k and i =743h. If U7 is a unit 


the plane of B and 7 and angle between B and 7 is vector, then the maximum value of the scalar triple 
a 4, 4 " product [UT HW] is 

n/4,then |b, 6, b,| is equal to (1 is even natural (a) -1 (b) 10+ V6 
br cele ©) 59 @) 60 

number) 17. Let eae ge Beals j+d-wh ana 


ite] +d +x- yk Then [a@ b 2] depends on 
(a) only x (b) only y 
(©) neitherxnory —— (d) both x and p 


@) (azty ) (Airy 


(c) (Fur) (d) None of these Bn al Re ae tot as 
2 18. The vectors Ai+jf+2k,i+Ajy—-k and 2)-j+Ak 
are co-planar if 
13. 1 2 and ¥ is perpendicular to (aa -2 (by A 1+ V3 
b and @, }* is perpendicular to @ and @ and Z is (©) a=1-V3 (d) a=0 
Answer Key 


L @) 2. (c) 3. (d) 4. (a) 5. (bd) 6c) 7) 8%) (a) 10. (a) 
Uu@ 120) 130) 4@ 6@© 6© I172© 18 (@,b,) 


m VECTORTRIPLE PRODUCT Veetor Triple Product. Thus if @, 6 and é be three veetors, 


‘The veetor product of two vectors one of whic is iteelf the-| He Product of the fann xb) xe and ax( x2) is called 


vector product of two vectors is a vector quantity, called a | 4 Veclor Triple Product of Veetors 4,6 and é 


FIGURE 3.101 


Since @x(bxé) is a vector normal to both @ and 
bxé and being normal to 6 xé it must lie in the plane 
coplanar with that containing 6 and é . Therefore it can be 
written as the linear combination of 5 and é. 

So let @x(bxé) = Ab+Aé 
but since it is also perpendicular to @ so dot product of 
a@x(b xé) with @ must vanish. 


> (@x(bxé)).a =0= AbatAea 


therefore, @x (bx) = k{(@Z)b-(Gb)e} i) 
The value of & in equation (i) can be obtained by analys- 
ing the magnitude of vectors involved as illustrated below. 


jita,jtak;b=bi+b,j, =o) 
bck 


Ka 
@x(b x2) =-(ai +a,j+ak)x bok 

Ai) 
wii) 


= abe, -a.brei 
Also, (@2)b -(G.)é = a,b,c,j — a,b,c 
which is same as from (ii) 
Therefore the given identity (i) holds when k =1 


Properties of vector triple product 


1. @x(bxé)=- (6 x é)xa = (6.4) é - EA] 
= €.a)b-(b.a) é = @2)b-G.b)E 


Aid to memory: @x(b x2) =(@2)b -(@. b) Z outer 
* (adjacent remote) 
= (outer. remote) adjacent - (outer. adjacent) remote 
2. (@xb)xé # Gx(bxé) 
The equality holds only when @ and é are collinear 
3. 7x7 xk)=0 
4. ax (Cl xé) is a linear combination of those two 
vectors which are with in brackets 
5. if 7 =ax(bxé), then F is perpendicular to a and 
lie in the plane parallel to that of of b and é 


Vector 
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SOLUTION: 


ILLUSTRATION 74: 


SOLUTION: 


ILLUSTRATION 75: 


SOLUTION: 


ILLUSTRATION 76: 


SOLUTION: 


ILLUSTRATION 77: 


SOLUTION: 


ILLUSTRATION 78: 


SOLUTION: 


ILLUSTRATION 73: 


Prove that |@xb 6xd éxa|=|a 5 ef 
Let [axb bxd xa] = ((@xb)x(bx2)].Exa.Let axb 7Z 
hence [Ax (B x2)] (Ex a) = [Ab - (ABE) (Ex) = [2b 2] B.Exa)=[a b ep 
If @=(+j+k), 2b =1 and @xb = j-K, thencvaluaic b 
Aswe know @x(@xh) =(ab)a-(a ab 
> G4+j7+)xG-b =@a-laprs => 3b=-(+jrbhrG+jr+k 
where (f+ j+h)x(J-k) = -204+j4k and @=i4j+k > 3b=3) or b=7 
Prove that |(@x5)x(a@xé)|.d = (@.d)|a b é] 
Let axb=4 ©. [(@xb)x(@xa)|.d = |Ax(@xa)|.d = (Aaa-Aayél.d 
= [{(@xb).€}@-{(Gxb).a}é].d = (Gd) [abe] 
Show that (@x5)xé = @x( xé) if and only if @ and é are collinear. 
Let @x5)xé=ax(6xé) > @.2)b - 62) a=@.e)b-(G.b)E 
) 


=> @=Ac = a and é are collinear vector 


Conversely if a= 2¢ ; (@xb)xé = (Aéxb)xé 
= (AG é)b-(B.2)AE = ALE 2)b-(.2)E] 
Again 4x(bxé) = Aéx(Bxé) = (AE. A)-(AEB)™ = AME Bb -(Ed)e] 
From (i) and (ii), we get (Gxb)xé = a@x(bxé) 
Prove that 2x (5 xé), bx (€ xa), €x(@X6) are co-planar 
We have to show that |@x(b x é)b x (é x a)é x (@xb)]=0 
We have {ax (b x@)}.[{B x (Ex @)} x {2 x (@X5)}] 
= {G2)b -G.)3}. [{G.AE -  2)a} x{Eb)a- EHS} = ((G.6)b - G.b)e} 
{@aeé 2) xa)+ Gb) ECabxe) + b.A2EaG xb)} 
= (@b)(6.2)(E.a|b é a] — @5)(G.2) EAE a BJ =0 


If p,@,7 are non-coplanar vectors and § is a unit vector, then find the value of |A) 


= |(BS\G x7) + (GENF x P)+ (FSX PXQ| independent of F, where (p++?) is not Lr to 


(8 —A) for any scalar k. 


Given |pgF]#0 |p,g,7 are non-coplanar or there does not exist any linear relation 


between them] 


Also, 3? =1. Let A=x(GxF)+ yx p)+2(Pxq) where x= p5,y=G5,2= 


~ 
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Algebra Il 


Scalar Product of Four Vectors 
(axb)exd) 

(@xb) = ii, therefore 

n(éxd)= (#xa)d = (axb)xad 
-(éx(@xb).d = -(6.b)G-(E.a) bd 


Let 


(2.a)(b.d)-(b. had) = 


ad 


Ibis also called as Lagrange’s Identity; 


Vector Product of Four Vectors 


I @, 5, é, dare four vectors, the product (@ xb) x (Exd) 
is called vector product of four vectors. 
ie. (@xb) x (xd) = [ab dlé-[ab Z]d 

Also, (@xb) « (xd) = [aéd|b -[be ala 

Proof: (axb) « (éxd) = Ax(éxd) 

= Gi.d)é-(he) d= (Gxb).d)e-(axby ad 

= [G@bd]é [ab 2d lies in the plane coplanar with that 
of é and d 


m RECIPROCAL SYSTEM OF VECTORS 


4,b,é be a 
Then 


Let sysiem of, three 


planar vectors. the sysicm of 


Ga =b i =é2 =) 


which satisfies 


and : 
is called the reciprocal system to the vector @, b,é 


in term 4, be the vector GbE are given by 


Properties of the Reciprocal System 


1 aa =b8 


2. ab’ 


Vere 
b’xe! 


la be" 


. System of unit veetors 7, 
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{ is its own reciprocal 


. The orthogonal triad of vectors Lik is self reciprocal, 


ab and @ are non-copalnar iff a’, B’ and @’ are non- 
coplanar. 


TEXTUAL EXERCISE 10: (SUBJECTIVE) 


L. Find @ x (6 x @) if 


@ @=2)-10j+2k, b=3)+ 742K and 


E = 4+ 543k 


(i) 4 = 27+ 7-34, 6 =F -2}7+handd = +j-46k 


2. Prove that (@x5)x@=&x(bxé) if and only if 


@x4)xb=6. 
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3. Let &, 5, @ be three non-coplanar vectors and B, 9, F 
are vectors defined by 


. bxé = &xa@ _ axb r 

Dire OE eas OS find the 
la be] [a be] \abé| 

aluc of (@ + 5). p+ +2).G+(E+ OF 


4. Show that the reciprocal system of vectors #. 54 is 


i in 


_ ji Where 7 is a unit vector perpendicular 
sind” sind’ 


to plane of @ and ¥ such that # x ¥= A sinO and? 
is perpendicular to ¥ and 7 and a is perpendicular to 
wand ¥ 


5, Prove that @.b’=b 2’ =a.2 


7. Find the reciprocal of &.6,é where 


@=274+37-£.6 =) -7-2k.G=-742} 426 


8. If the vectors 5,é.d are not co-planar, then 


prove thal the veelor = (@xb)x(Exd)+ 


(@xZ)x(d xb) + (@xd)x(b xB) is parallel to § 


9. Prove that (i) (@x5)x (xd) =|Gb d|e-|ab eld 


Gi) (@xb)x(é xd) =[aé db -[be dla. 


10. If @,6,é and G,b,é be the reciprocal system of 


vecotrs, prove that 


ve bxe - 


exa a 
ss —>—, b' = —.— and = 
6. Prove [a’b’ é’]= [ab é] [a,b,é 
Answer Key 
1.) 0 (i) S-197-k 3.3 7. a= ba , similarly b’ and & can be obtained 
TEXTUAL EXERCISE 7: (OBJECTIVE) 
1. For any vector the value of ix@xi)+jx 4. If @,6 and@ are three unit vectors such that 


(b) 27 
(c) -2F (d) None of these 


2. If a, 5, € are non-coplanar unit vectors such that 


7 b+eé 
ax(6xe) = —=_-. then the angle between 
@ 73 2 
aandh is equal to 
(a) 3x/4 (b) a/4 
(c) a/2 (@) a 
3. If a,bandeé are non-coplanar vectors and axe 


is perpendicular to ax(6xe), then the value of 
la x iC) be 2 xe is equal to 

(by [ab clb 

(d} None of these 


(a) labele 
() 6 


ax (b xe) = 3s then 
(a) @ and b are perpendicular 
(b) angle between @ and b is 2/3 
(c) @and ¢ are inclined at an angle 7/6 
(a) @,b,@ are mutually an orthogonal 
5. The scalars a and pif 2x(b xé)+(Gd)b = (4 - 2B 


-sin a) b+(f?—Né and (@.c)e=¢ where b and = 
are non-collinear, are 


@ PB la GatlajneZ 
(b) B la (a-Mni2:neZ 
(©) B -la (ntljx/2,neZ 
@ B=-l,a=(Gn-lajneZ 
6 If a= peg, Pxb=0 and GB =0, then 2D) 
bb 


is equal to 


{b) p 
xg (d) None of these 
7. If a@and& are two unit vectors, then the vector 
(a + B)x (a x B) is parallel to the vector 
(a) 4-5 (b) ati 
(c) 2a-b @) 2448 


8. If @b and are any three vectors, then 4x (5x2) 
= (@xb)xZ if and only if 
(a) b and @ are collincar 
(b) @ and @ are collinear 
(c) @ and & are collinear 
(d) None of these 

9. If (axb)x(exd)=[abdle+kd. then the value 
of kis 
(a) [hac] (b) [abc] 
(c) [bed | (d) [cbd] 

10. If &,b,é are thrce non-coplanar vectors, then the 
length of projection of vector @ in the plane of the 
vector b and é may be given as 


|a.(bxe)| ii |ax(bxa)| 
|b xé)| 16 xe] 
q lab all (d) None of these 
(bxé) 
. 2 bxé xa xb 
Wit p=ss—, G=—S SS, F=— = where 
[ab 2] [ab é] [ab 2] 


G, b, é are three non-coplanar vectors, then the value 
of the expression. (G4+b 42) (P+qtF) is 
(a) 3 (b) 2 
(c) 1 @ 0 
12. Let @.8¢" be three non-coplanar vectors and let 
p.q and F be the vector defined by the relations 
BE ga OS par = 2 thon the 
[abe] [abe] [abe] 


value of expression (@+5).p + (6 +2).g + (E+). is 


p= 


equal to 


Answer Key 


1. &) 2. (a) 3. ©) 4. (a) 3. (a) 
Hf) 12d) 1B eo) 1). (b) 


13. 


14. 


15. 


16. 


17. 


18. 
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fa) 0 (b) 1 
fe) 2 {d) 3 


Wf a@.b,2.d are any four vectors, then 


(ax) x xd) is a vector 


ed 


ction of two planes one 


(a) perpendicular to @, 


(b) along the line of in 
containing @, b and the other containing ¢,d 

(c) equally inclined to both @x and éxd 

(d) None of these 


If d =ax(bxc) +4x (Cx a) +ex(axd), then 
(a) d isa unit vector 

(b) d +h+é 

@ d=6 

(d) 4, b,é andd are co-planar 


If a,b.e,d lic in the same plane, then 


(axb)x(exd) is equal to 


@ C+d (b) 6 

(©) fabcla+2b (a) fhed|e+a 

‘the value of faxGix Jf +faxGxif fax xi) is 
@) a? (b) 2\al? 

(c) 3lal? (a) None of these 


Let @=2)-j+k, b=? +2j7-k and @=7+7-2k 


be three vectors. 4 vector in the plane of 5 and é 


- é 2 
whose projection on @ is of magnitude 18 


(a) 24+3j-3% (b) 224+3j)43% 
(©) -2-j45k (d) 274+ 745k 
Let the vector G,4.@ and d be such that (4x4 ) « 


éxd=0. Let P, and P, be planes determined by the 
pairs of vectors @, 6, € and d respectively, Then the 
angle between /?, and ?, is 

a) 0 (b) x/4 

(e) 2B (d) 2/2 


6. (2) 7. (a) 8b) 9 (a) 10.) 
16. (bt) «17. (ac) 18. (@) 
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m GEOMETRICAL APPLICATIONS 


Parametric Vectorial Equations 

It is possible to express the position vectors (F) of 
points lying on a given curve (surface) in terms of some 
fixed vectors and some variable scalars (parameters) 
such thal 


(i) For arbitrary values of the parame 


s, the resull- 
ing position vectors represent points on the locus in 
question 


qi) 


y, the position vector of cach point on the 
in be obtained for some suitable value of the 
parameters 

Such cquations are called parameteric vectorial cqua- 
tion of the locus under consideration 

ere we are discussing vector equations of straight 
line and planes in various forms 


NOTE 


Vector Equation of Straight Line 
(a) Line passing through a point A with position vector 4 
and parallel to another vector & is given by the equa- 
tion F=4+2(b). 
Proof: J.cl us consider an arbitrary point P with position 
vector F on the line AB as shown in the figure 


fe) 
FIGURE 3.102 


OA+AAB 
Feat Ay (where / is a parameter) 


OP =OA+ AP 
=> 


If co-ordinates of point A(x,, y,, Z,) and direction cosines of 6 is (|, m,n) respectively, then the cartesian equation of 


above line can also be derived as (xi + yj+-zk)=(x,i + y,J+z,k)+A (i+ mj +nk) 


Since i, j, k, are linearly independent. 


Therefore (x — x, )—Al =0, (y—y,)—Am=0 and (z~-z,)—An=0 


(x=%) (y=) _ (2%) _ 
I m n 


(b) Line passing through two points A with position 
vector @ and b with position vector b is given by the 
equation 7=G+A(b —@). where A is any real scalar 
parameter 


+A(b-a) 


or F 


=> F=(14+A)b+(-ADa 


NOTES 


° 
FIGURE 3.103 


If co-ordinate of point A are (x,, y,, z,) and that of B are (x,, y,, Z,). Therefore direction ratios of line will be 


<(X, =X) (Y2-Y1), (2, -2,) >. 


The equation of line through A and B can also be writen as 


(x-x,) 


(y-y,) 


(Y2-¥y) (2-2) 


aaene 
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ILLUSTRATION 82: In a AOAB, ¥ is the mid-point of OB and D is a point on AB such that AD : DB = 2: 1. If OD 
and AF intersect al P, determine the ratio OP : PD using vector methods 


SOLUTION: Let Q be the origin. Let position vectors of the points A, B, D, E and P be G,b,d,é and p 
respectively. 


goo, Go St™% .. Equation of OD is x= a{ 242% @ h 
2 3 3 
Equation of AE is 7 =a+y(€-a) J 
oat (Bee . ia Ss 
ie, Foatyl—-a Gi) 
2 FIGURE 3.104 


for point P, equaling equations (i) and (ii), we get 


A\. (2A)> a ~ {a 2a 
(2)a+(4}a = o-wias(M)p ()-0-» and =f >A Wandp 4/5 


_, 3/447 |405 
= _3(a+2b)_ 3 
Pesl_3 ) 342 


Point P divides OD in the ratio 3: 2 internally -. OP: PD =3:2 


ILLUSTRATION 83: Find the equation of altitudes of the triangle ABC having its vertices A(0,0,0), B(2,2,1) 
and C(0,0,1) 


SOLUTION: Clearly, AABC is right angled triangle. AM = mal +2748) AGHk 
+ 


eth Oa He 1 \> _ -2-274+Ak 
MG =—2 j- i-—L_| = 
qei Hit a i} q+1 


B 
(2, 2,1) 
(0,0,1) @ iS 
M 
4 
(0,|0,0)A 

FIGURE 3.105 

Now MC 1 AB 2p atl, a A SS 
Atl At] A+] 

Altitude through A: 7 = 2k Altitude through B: F =k + AQ? +2) 


or #=h4 uC +j); Altitude through C: # -é{ 2s) 


F=k+p(k+2¢+j)) where p (-2) 
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m@ INTERNAL AND EXTERNAL ANGLE 4 —b. Equation of intemal and external biscctors of the 
BISECTORS OF A LINE lines 7 = G+ Ab, and F =G+ yb,; internally at A (@) are 


‘Lhe internal bisector of angle between unit vectors a and 5 
is along the vector @ + B. The extemal bisector is along 


given by F 
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Vector Equation of a Plane 
(a) The vector equation of plane passing through origin 
and containing @ and b is F=Aa+A,5 
> F.(axb)=0 
Since any vector lying in the plane is perpendicular to 


axb 


FIGURE 3.107 


(b) Vector equation of plane passing through some other 
point C(¢) and co-planar with two vectors @ and 6 is 
Fost harab 


FIGURE 3.108 


Taking dot product with 4x6, 

(@-8)(4xb) =0 => F.(@xb) =[a b Z] 

Aliter: Plane through a given point parallel to two 
given straight lines. Let € be the given point and a, 


5 two vectors parallel to the given lines. ‘Then 2x8 


© 


is perpendicular to the plane and we have only to write 
down the cquation of the plane through @ perpendicu- 
lar to @xb. Since CP L(axb), (F-2). (@xb)=0 
ie, F(axh)=|abe| 

Vector equation of a plane passing through three 
points 4, B, C having position vectors @, b and é 
respectively. 


AB =b-G@: AC =¢-a 


FIGURE 3.109 


‘Therefore 7 = A(b- a) + u(E-G) 
Aliter: Planc through three given points A, B,C. Let 


.b,¢ be the position vectors of the points relative to 
an assigned origin O, r thal of a variable point P on the 
plane. Since /, A. B, C all lie on the plane, the vector 


F-@,a -b, b-é are co-planar and their scalar triple 
product is zero. [lence (7 - a) {@-D)x -a)}= 0 


If we expand this and neglect the triple prouducts in 
which any vector occurs twice. then equation becomes 


F.(bx€+Ex@+4Gxb)=[Gb2]. Thus the plane is 
perpendicular to the vector =bxé+exataxh 
which represents twice the vector arca of the 
tangle ABC. 
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TEXTUAL EXERCISE 11: (SUBJECTIVE) 


1 


Hind the perpendicular distance from the point 
P (-1, 2, 6) to the straight line through the points 
A(2, 3 — 4) and B(8.6, -8). 


Find the plane through the point (1, 4, -2) perpendicular 
to the line of intersection of the planes x + y-z 10, 
Qv-y+3z 18, 

Show that the plane through the point (2, -4, 5) per- 
pendicular to the line of intersection of the planes 2x 
+3y—4z=land3x y-2z=2is2v+8v+7z2=7. 


. The plane through the points A(3, -5, -1), BCI, 5, 7) 


and parallel to the vector (3,-1, 7) is 3x+2p-—z 0 


. Show that the perpendicular distance from C to the 


|Bxé+éxa+axb| 


straight linc through A and B is 
|b-4| 


. Show that if the vector arca of cach face of a tctrahe- 


dron has the direction of the outward normal, the sum 
of their vcetor arcas is zcro. 


7. (a) ‘The points A (4. 5, 10), B (2, 3, 4) and C (1, 2,-1) 
are three vertices of a parallelogram ABCD, Find 
vector and Cartesian equations of the sides AB and 
BC and find the coordinates of D. 

(b) Find the vector equation of a line passing through 
a point with position vector 27-7 +h and paral- 
lel to the line joining the points -/ +4ajtk and 
i +27 42K. Also, find the Cartesian equivalent 
of this equation. 


8. (a) Find the equation of the plane through the points 
PC, 1,0), QC, 2, 1), R C2, 2, -1). 

(b) Let # be a vector of magnitude 2¥8 such that 
it makes equal acute angles with the coordinate 
axes. Find the vector and cartesian forms of the 
equation of a plane passing through (1, -1, 2) and 
normal to the vector # 


Answer Key 


1. 7 units 


x-2_y-3 


BC: F=274374+4k +vG+j+5h : 7 


©) Qi-j+h) +2Qi-2j+B) Haas 


8. (a) 2x + 3y—3z-5=0 


35 FON TR heh ttn he ee 
Dax y 3x 6-0 7. (a) AB: F=4745}410k +H + 343K), 


x-2_ ytl_z-l 


(d) VEq: F@+j+k)=2 C. Eqx ly z 
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<4 
4-7" p: BAS 
= G,4,5) 


i] 
is 


TEXTUAL EXERCISE 8: (OBJECTIVE) 


1. The cquation of plane coplanar with vectors 
G=274+3-3h and b=-7+j+h is 
(a) dv -p-32 +k, =0,keR 
(b) 4x - y-32-k,=0;k,ER 
() 4x -y -3z-k, =0,keR 
(d) None of these 


2. ‘lhe vector equation of plane coplanar with vec- 


lors @=i-j+k and b=4i-2j+k and passing 
through the point (1, 2, 5) is 


(a) FG 4+37-2k)=15 (b) FG +37 +2k) = 17 


(ce) P+ j-k)=17 (d) None of these 


3. The vector cquation of plane containing three points 
A (2, 1, 5), B(O, -1, 6), C3, 4, 5) is 


(a) 7.(3i-5j+16k) =90 


(b) #27 -7+5k)=80 


Answer Key 


1. () 2. (b) 3. () 4. (a) 5. (d) 


m VECTOR EQUATIONS AND METHOD 
OF SOLVING 


A vector cquation is a relation between some unknown 
vector/s and some known quantities and the values of 
the unknown vectors satisfying the equation is called the 
solution of equation. Solving a vector equation means 
determining an unknown vector (or a number of vectors 
satisfying the given conditions) 


(©) 7G? +57+16K)=91 
(@) None of these 
4, The cquation of plane passing through points A(2,1,5); 
BG, -1, 2) and parallel to vector i+ j-k is 
(a) F(Si- 2) +3k)-23=0 
(b) F(Si-27 43k) +23=0 
(©) #.+2j-34)4+11=0 
(@) None of these 


5. ‘he equation of a plane passing through points 
AQO-1-1); BR-4.4,4); C(4.5.1) is Sx = Ty + Lz 
2% = 0, then value of p for which point (A - 1, 
2 | uy 4) les on the plane containing points A, B 


and C is 
(4 (b) 3 
() 2 (d) 5 


Methods to Solve Vector Equations 


Generally, to solve vector cquations, we express the 
unknown veclor as the lincar combination of three non- 
coplanar ycetors as. 


Faxd+vb+2(G@xb), as Gb and Gx 6b are non- 
coplanar and find x, v. z using given conditions. Some times 
we can directly solve the given conditions also 
Type-l: ‘lo solve for rie, Fxb=axb we) 


where &, Barc two given vectors 
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Let # be any solution of the cquation 
Rewriting the given cquation as (F —@)xb =0 
We see that (F 


have f-G=r > F 


@) is parallel to b, so that we must 
ii) 
where ¢ is a scalar Also il may be scen that 7=a+tb 
fics (i) for every valuc of the scalar t. Thus (ii) gives the 
general solution of the given equation 

Geometrically, we know that the points whose position 
vectors are given by (ii) for different values of the scalar sis 
on a straight line which passes through the point with posi- 
tion veetor @ and is parallel to the vector 4. 


+b 


Type -il: ‘Vo solve for r, ie. Fxb =a where a,b are 
two given vectors such that @ is perpendicular to & 


Consider three non-co-planar vectors 4, b,axb 

So that every vector is expressible as a linear 
combinations of the same 

Suppose that a solution of given equation is 


7 = xd+ yb +2(axb) 

Substituting in the given equation we obtain 
(xa+ yh + 2(@xb))xb =a 

=> xaxb+z2{(a.b)b-(bb)a} =a 


-{l4+2(bb)}a+x Gxb =0 for 4b =0 


u 


> 1+z2(bb)=0,x=0 


4G, 4x b being non-collincar vectors. Thus we have 


=i) 


Substituting @) in the given equation, we may verify 
that this is a solution for every value of the scalar y, 


~ haces ee 9S 
Tt follows that F = “F : @x + vb is the gencral solution 


of the cqaution; y being the parameter. 
Geometrically the points whose position vectors sat- 


isfy the given equation lies on the straight line which passes 


irs 
axb and is 


through the point with position vector — 


"3 bb 
parallel to the vector 8. 
Type lif: ‘lo solve simultaneously for 7 
Fxb=exb nD 
Fa=0 _(ii) 


provided that @ is not perpendicular to B. 


Suppose that ¥ is a solution of the given equations. 
Rewriting (i) as (F -2)xb =0 
We see that (F-¢) and } are collinear so that 


+b 


(F-2)=th oF 
where fis a scalar Substituting in (ii) 
we obtain €+1b).@=0 


= a+ha=0 


.it) 


i-( is a solu- 
ba 


tion and the only solution of the given equations. Tt may be 


isfy the given equations. lence 7 = 


scen that 7@=0 represents the plane which passes through 
the origin and is normal to the vector @. Thus the solution 
represents the point of intersection of a line and a planc. 

Type -V: ‘lo solve for #: ki +#xa=6 where k is a 
given non-zero scalar and G,h are two given vectors. 
Suppose that ¥ is a solution. Expressing, * as a lincar 
combination of the non-coplanar vectors 4, b, a@xb, we 


write 7 =xd+ yb +2axb 
Substituting in the given equation, we obtain 
k (xa + yb +2a@xb)— yaxb+ 
24a.a)b -(G@.b)ay=b 
= {kx-2(@ b)}a4t (yt za - lb + 
(kz-y)axb =0 


= kx—2(G.b)=0, by +24 -1=0,kze-y 0 


G, 6, 2x being non-coplanar vectors. It follows 
that 
ab 


KEE)? 


Tt follows that F 


{u) 

Also we may easily verifying that r given by (ii) sat- 

isfies the given equations. [lence this is a solution and the 
only solution. 


TEXTUAL EXERCISE 12: (SUBJECTIVE) 


kb =-742j-k and é@ =(x-Di+ 


(x+2)j+8. If 2(@xb)=0, then solve for x and 


give gcometrical meaning of above problem 


. Solve for F; where #xG=b xGandF xb =axb- 


Give gcometrical meaning 


3. If b= andaxb=exa (G,b,6 40 and G,5,2 


arc different vectors), then solve for @, 
geometrical meaning. 


giving 
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4. Solve for #:7xG=Fx4 and G,b,F are non-zero 


and non-collinear giving geometrical meaning. 


Answer Key 


1.x =2, =/43j+K is coplanar with Gand b 


5. Solve 


for F where F.4=7.6 and F.a4 =-F.b 
and a@and4 are non collinear. Give geometrical 


interpretation. 


2 F=G4b represents the position vector of the point of intersection of straight lines ¥ = 4 + ub and? =5+Aa and 


it will be the extremity of diagonal passing through origin of parallelogram having ils adjacent sides represented 


by vectors @ and b 


3. 4=k @ +é):4 ER~ {0}; || =|@|, geometrically 6 and @ are two adjacent sides of a rhombus and @ is parallel 


to diagonal through the point of interscetion of b and é 


4 FAG -bA €2-{0}F is along the diagnal of a ||gram through the point of intersection of @ and -6. 


5. ¥ =1(4xb):F is perpendicular to plane containing Gand 


TEXTUAL EXERCISE 9: (OBJECTIVE) 


1. If the non-zero vectors @ and & are perpendicular to 
cach other and veetor F satisfies the equation F x @ = b, 
then which of the following is true about 7? 

(a) F is always parallel to @ 

(b) * is may be parallel to a b 
(c) F lies in plane of @ and é 

(d) None of these 

2. If ¥ and } are two non-collincar vectors and ABC is 
a triangle with sides a, b, ¢ satisfying (20¢—158)xX + 
(15b—12c)¥ +(12e — 20a) x y) = 6 then the triangle 
ABC is 
(a) an acute angled triangle 
(b) an obtuse angled triangle 
(c) aright angled triangle 
(d) isosceles triangle 


3. Angle between the line #=(2?- J+ h)+aCi+j40) 
and the plane *. Gi+ 23 -kb =4 is 


worl) oC) 
owls) ale 


4. A line L, pases through the point 37 and is parallel to 


(b) cos” 


the vector -/ + j+£ and another F, passes through 


7. 


the point 7+ 7 and is parallel to the veetor 7 +# , then 


P.V of the point of intersection of the lines is 
(a) P+27+k (b) W+j+k 


() 27-2j-k (d) 7-27 +k 


Let @=i+j and 6 =2) —k, then the point of inter- 
section of the lines #xd=6xa and Fxb=axb is 
(a) 1, 1,1) (b) G,-1, 1) 
©) G.1,-1D (d@) (.-1,-D 
Let &, B,7 be the unit vectors such that @ and B 
are mutually perpendicular and 7 is equally inclined 


to @ and A atanangle 6. If F= w+ pf+z(ax fp), 


then 


‘The vertices of a triangle have the position vectors 


,5,é and PG) is a point in the plane of triangle 


the triangle, P is the 
(a) circumcentre (b) centroid 


(c) orthocentre (a) incentre 


8. If F satisfics the equation #x( +27 +4) then 
for any scalar a, F is equal to 
@) itah+2j+k) (dy jraG+2j+k) 
(c) k+aG+2j7+k) ) i-k+aG+27+h 

% If G,b are non-zero vectors and @ is perpendicular to 
}, then a nonzero vector * satisfying *.4 =a, for 


some scalar a, @xF =6 is 
Answer Key 
1. (b) 2. (d) 3. @d) 4. (b) 5. (c) 


m@ SOME MISCELLANEOUS THEOREMS 


Ceva’s Theorem 
If D, F, F are three points on the sides BC, CA, AB respee- 
lively of a triangle ABC suc! 


are concurrent, then aa c 


B ) iC 
FIGURE 3.110 


Let AD, BE and CF meet at LI. ‘lake any point O. as the 
origin of reference. Let G,b,2,h be the position vectors of 
tively 
© four points being co-planar, there exist four 
y, 2, t such that 


xa+yb+zé+th=0,x ylz11=0 
These gives M+¥b _ z6+th 
é x+y ztt 


Now X@+ yb and Z6+ th 
xty zt+t 
are points of the lines 18 and C// respectively. It follows that 


X2+YD 56 she position vector of the point F of intersection 
xty 


of the lines 48 and Ci/ so that F divides AB in the ratio 
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@ aa+(a+b) b) aa+axb 
laf’ [BP 
© aa (xb) () wii Gx) 
laP [bP 
6. (abcd) 7 (c} 8. (b) 9 (©) 
z CE ox 
Similarly, 22 --2, CR __* 
ee 7 y’ AE 2 
BD CE AF _{_z (-2 (-2)=-1 
CD AE BF vy Zz x 
Conversely, let D, F, F be three points on the sides 


BC, CA and AB respectively such that 
BD CE AF __y ee 
CD AE BF 


If G.b,é be the position vectors of the points 4, B, C, 


then the position vectors of the points D, #, Fare Y8* 


x yrz 
zé+xa xa+yb 
aan EY respectively 
ztx ’ xtyp 

‘Therefore the position vetors of the points dividing AD, 

BE, CF in the ratios = 

xa + yb +20 

yorxz—x yey: zareall equal to 272" 7 

xt ytz 

Thus the lines AD, BF and CF are concurrent. 

Aliter: If the lines joining the vertices A, B, C of a triangle to 

a point H, in the plane of the triangle, cut the opposite sides 

in D, EF, F respectively, then the product of the ratios in which 

these points divide BC, CA, AB is equal to unity. Since A, 

B.C, H are co-planar, their position vectors satisly a lin 


relation of the form x@+yh+26+th=O0.x1vilz 1=0 


The four coefficients being dilfcrent from zcro. From 


these equations, it follows that 
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yb+26  xa+th | 


xt+t 


ytz 


‘The first of these expressions is the position vector of a 
point dividing BC in the ratio z: y and the second is that of a 
point dividing A// in the ratio ¢: x. Each therefore represents 
that of the point D in which the line AJJ intersect BC. ‘hus 
BD: DC = z: y, Similarly, £ and F divide CA and AB in the 
ratios x: z and yw: / respectively. The product of these three 
ratios is unity 


Menelau’s Theorem 


If D, E, F ave three points on the sides BC 
respectively of a triangle ABC such that the points D, 


are collinear, then —— BD 
CD 


A 


A 
B c D 


FIGURE 3.111 


Let BH and CF meet at //. Let a, 5, c, # be the position 
vectors of the points 4, B, C, // relative to any origin O 
of the reference, ‘These four points being co-planar, there 
exist four scalars x, py, z, f such that xa@+ yb +2¢+th= 
x-ptz-t 0 

The position vectors of the points F and F, therefore are 


MGtzé xa+ yb 
xtz oxty 
Now we require the position vector of the point D. 


xait yb 


ze nd f = ——— and eliminating 6, 
x+y 


Writing ¢ = xa 


we have (xt 28 -(x-y)f = 20 -yb 


= (xt28-@-wf _-y¥b 
(et2-G@+tyY zy 
This cquality shows that 2°. is the position vector 
z-y 
of the point 2). hus 

BD__z CE_x AF_y . BD CE AF 

CD y’ BA 2’ FB ox | CD AE BF 
Conversely, lot D, F, Fbe three points on the sides BC, 


cctively such thal 


If G.,é be the position vectors of the points 4, B, C. 


aa yb 
then the position vectors of the points D, #, F are“2—2”_. 
ae ae = z-y 
xa+z€ xat yb 
» respectively 
x+z xty 


Denoting these by d, @, f respectively, we obtain 
-(z-y)d+(xt2)8 -(xt+y)f =0 

where -(z— y)+(x+z) -(x+y)=0 

Thus the points D, F, F are collinear 

Aliter: If a trasversal cuts the sides BC, CA, AB of a 
triangle at in the point D, F, F respectively, the product of 
the ratios in which D, F, F divide the equal to -1 
Let # divide CA in the ratio y: z. ‘hen we can find a number 
x such that # divides AB in the ratio x: y. 

Consequently, (y+ z)e + 26 + ya. (x+ wf + ya+ xb 

Eliminate @ and write the result in the form 


_w+ai-@tyF_5 


zé— xh 


z-Xx z-Xx 
‘Thus BC and FE intersect at D which divides BC in the 
ratio -z : x. Consequently, the product of the three ratios is -1. 
Observing that (z—x)d -(v+ 2+ r+) =6, we 
can also show conversely that if the product of the above 
ratios is —1, then D, #. # are collinear. 


Deasargue Theorem 


If ABC and A, B,C, are two triangles such that the three 
lines Ad,. BB, and CC, are concurrent, then the points of 
intersection of the three pairs of sides. BC, B,C), CA, C\A,: 
AB, A,B, are collinear and conversely, 


FIGURE 3.112 


Let Ad,, BB, and CC, meet at O. Take O as the origin 
of reference. 


Let OA=a. OB=b, OC =é 

Then OA, = aa .OB, = Bb. OC, 
where a, i, yare some scalars 

The cquations of BC and B, C, respectively are 


F=5+1b-2), r= Bb + p(pb-ye) 
so that al the point of intersection P of BC and B,C, we have 
b +1(b -2) = Bb+ p(pb-ye) 
> (41-f-p pyb+(-t4 py)e =6 
> l+t-f-pf=0, -1+ py=0 


the vectors b and @ being non-parallel. ‘hese give p = 
pai 
Bry 

Making substitution, we sce that the position vector of 
the point P of intersection of BC, B,C, is 


> 1-8 7 I-7 gp 1-8. 
b bye) = b a= 
Bi +3277 re) ae top P 


By considerations of symmetry the two other points of 
intersection Q and R are 


We now sce that Yad-ayf-ye)p=0 where 
XC -a)(p-2)=0 

Thus the three points of intersection whose position 
vectors are p, q, r are collincar. 


Conversely: Leta, b, c: a,, 6,. c, be the position vectors 
of the vertices of the triangle ABC and A, B, C, sespectively 
with respect to some origin O. Let P, Q, R be the points of 
intersection of the pairs of lines 


AB, A,B, are collinear 
Let P divides BC in the ratio z: y so that the position 


vb 28 


veelor of the posilion vector of the point P is ———. 
ytz 


Let Q divide BC in the ratio x: z so thal the position vector 
ze +xa 


of the point @ is 
zt+x 


‘The position vector of the point & of intersection of PO 


yb — xi 


and AB may now be casily scen to be 
pox 
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Denoting these position vectors by p, q, ¢ respectively, 
we have the relation 


(v4 p-@+0OG-(v-HF = a) 


between the position vectors of the collinear points P, 


, denoting by z, p, and x,: y, the ratios in 
which the points ? and O divide B,C, and C, A, we obtain 


ge Ze+xa _ b= 4a Gi) 
z+% 
z -x 
From (i) and (ii) we obtain = = 
Nt Wry 
=k 
sothaly-z ky, +2),.2+x k2,-x,), 
y-x ky, -%x,) (iii) 
yb- zi _ yb-2e 
Also we have >—*“ = ene 
yrz Yty 
wet+xa 26+ yb xa _ yb-xa . 
= = wiv) 
Zz+x atx yx wrx 
So that with the help of (ii) we obtain 
26 - kz,d, = by, - yb = kx, - xa 
z-kze,  kyb-yb kx, —xa 
i 1%) z _w) 


z—kz, by-y kx-x 


The three cqual vectors in (v) being the position vec- 
tors of points on CC,, BB, AA,, we sce that these lines are 
concurrent. 

Aliter: lf the lines joining corresponding vertices of two 
triangles are concurrent, the points of intersection of cor- 
responding sides are collinear. 

Let A, B, C correspond to D, #, # respectively. Then 
BC and EF are corresponding sides, Given AD, BE, CF in- 
tersect at a point F, we have relations of the form 


xa+x’d =yh+y'@=2é+2'f=h 


wherextx' yty z+z2=1 
Hence 24-76 _ 
yoz 


Giving the position vector of the point P of intersection 
of BC and EF. Write down similar expressions for g and 
r the intersection of the other pairs of corresponding sides 
and verily that 


(y-2)P + @—G + (x— pF = 0 


in which the sum of the coefficients is zero. Consequently 
P,Q, Rare collinear. 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


SUBJECTIVE SOLVED EXAMPLES 


1. Given a regular tetrahedron DABC with edge length 
‘a’. Points # and F are taken on the edges AD and BD 


respectively such that #’ divides DA and # divides BD 

in the ratio 2: | cach. Then [ind the area of triangle CEF. 
Solution: Considering D as origin, as tetrahedron is 

regular clearly, |@|=|5|=|@| =|4-a|=|2-8| 
a 


we Gili) 


CaBe D 


Also in ADEF, 
4a a? 2 
cm (DEY +(DFY -(eFY 99 HU) 
“3 DEY DF) 
> 2 apy => (EFY 
9° 9 3 


wee (iV) 


= C. Mis mid point of EF) 


| 
-la)e)-Ce) 


2. If G,b,é are mutually perpendicular vectors of equal 


: Area of Ace = 5 EF|| ‘A 


magnitude show that @+5+2 are equally inclined to 


Gb andZ 


Solution: We have |a+5+2/ =(G+b +2). (@+b +2) 


+bb+E2+2Gb+2bE +224 =3 4 


=> |G+h+2|= V3 |G, Now (4+b+6).4| 


=|4P=|G+b+é||a| cosd, 
where 0, is the angle between @+5 +2 and @ 


=a - 1 
Hence |@f? = ¥3| a? cos0, => cos0,= = 


iB 
Similarly, if 0,, 0, are the angles between a+b +2 


and 5. then 


respectively, 


a+b +éandé 


1 
cos@, = Be cas, 


is 


: ot parallel 


3. G,b,& ave three co-planar veetors. If g isn 
a ca 


to 5. show that ¢= 1 


Solution: Given. a,b,é are co-planar, therefore L.D. 
=> é=xaty,b (i) 
‘Taking dot product by vector @ and & , we get two 
linear equations in > G¢ =x, 44+ y,ab 
x, ba+y,bb _.fiii) 
Solving (i) and (ii), by Cramer’s rule, we find that 


ac| 


a 
Be ba be 
= Isa a aE 
aa aa ab 
ba ba bb 


Substituting for x, and y,, we gel the required 
expression for @. 


4, Show that the area of the triangle formed by joining 
the extremities of an oblique side of a trapezium to the 


mid-point of opposite side is half that of the trapezium. 


Solution: T.ct ABCD be the trapezium and F£ be the mid- 
point of BC. Let A be the initial point and Iet 6 be 
the p.v. of B and d that of D. Since DC is parallel to 


AB. (6 is a vector along DC, so that the p.v. of C is 
d-tb 
Shepwot his Prete a eC nb 


2 
Arca of P 7 
AAED igo ad = La eo|lixd 
Did)_ tb oc 
E 
A(origin) Bib) 


Area of the trapeyium Arca (A ACD) ~ Arca (A ABC) 


ete ee eee | ei ya 
= F1B<Gb eBy a = Slt ollbxd 
=2 AdED 

§. ABC is a triangle. A linc is drawn parallel to BC to 
meet AB and AC in D and F respectively. Prove that 
the median through A biscets DE. 

Solution: ‘lake the vertex 4 of the triangle ABC as the 
origin. Let band@ be the p.v. of point B and C 
respectively. The mid-point (F) of BC has the position 

bte 

2 


vector = f = 
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bte 
2 


The equation of the median is Ft 


A(origin) 


FQ) 
By B.P'l. (Basic Proportionality Theorem) 
AD _AE_, 


= => d=Abandé = 22 
AB AC 


position vector of the mid-point of DE = Abte) 

St P ~_ fb+e 
which evidently lies on the median, r=¢ orl 
Hence the median bisects DF. 


6. Show that mid-point of three diagonals of a complete 
quadrilateral are collinear. 


Solution: 4 complete quadrilateral is a figure made by four 
straight lines no three of which are concurrent. 
Let ABCD be a quadrailateral and let P, Q and R be 
the respective mid-points of the diagonals BD, CA 
and EF. 
Let 3,5, é,d.é, J. P.G.¥ be the position vectors 


of A. B,C, D, E. F, P, O and R respectively. 


S * 


since F lies on the two lines BC and AP and F lies on 
the two lines BA and CD respectively, we have 


Ala) Bib) 


F=(-s)b+st a) 
@=(-natid qi) 
f=Q-wb+ua Git) 
fa(-vye+vd (iv) 


(where s, t, w and v are scalars) 
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adding (i), (ii), (iii) and (iv), we get 
(-s—u) (b+ d+ -1t-uxe+ H-2+ fy =0 
sclling]—-t+u# I+s-vand2-s-u tty 
so that(2-s—-u)+(1-¢ w)-2=0 
This shows that the points ?, Q and X are collinear 
since the sum (2—s—u)+(1-¢ wy-2=0 
7. If OABC is a tetrahedron where O is the ongin 
and A, B and C! have respective position vectors as 
Gb and , then prove that the circumcentre of the 
(ay (b x é) + (BY (Ex a) + EP Gx) 


tetrahedron is a 
ab é| 


Solution: If 7 is the circumcentre of tetrahedron OABC, 


&|=|F—b|=|F-2|=|?| 
=|] = @-@ F-a) = 


> 2F =|a?; Similarly, 267 = [bP 


then |* 


consider |? -a@ 


wn (D) 


227  |éP Since @xé,bxé.éxa are three 
1.1 veetors, 

=> Fax(h xa)+ WExa)+ 2(axb) 
‘Taking dot product with q, 5,c respectively 


Fa=xa(bx2) > x= 


Simillarly, y lB and z a. 
2fabe] ab é] 
z = Lah @xa+ lb F xa lef @xd) 
ab é] 
is the position vector of cireumcentre of tetrahedron. 


. If @, b are two non-collinear vectors, show thal 


points /, @ — mb, 4 a+ m, G+ m,b are 


oe ae 
collincar if |, mi, m,|=0 
ade 


Solution: Let ?. QO, KR be three points with position 


veelor @,,7 respectively such that @ =La+m,b 
B=tatm,b: y =la+m,b where aandé are LL. 
If P(@),O(B). R(Y) are collinear, then 

xa + yP+ zy =Oandx+y+z2=0 

Now, x%+ yA +27 =0 

givesx(,d | m,b) ia mb) 20a m,b)=0 
or (xl, + yl, — 21a + (em, — ym, + 2m,)b = 0 


Since @ and & are non-collinear vectors. it follows that 


x, vl, | 2,=0 i) 
and, vm, | zm,=0 ii) 
Also givenx—y-z 0 Gil) 
Tliminating x, y, z from the thre cquations (i), (i) 
Ab | 
and (iii), we get. |m, 1, a,|=0 
ho tea 


9. 


‘The points D, #, F divide the sides BC, CA, AB of a 
triangle ABC in the ratio 1 : 2. The pairs of lines AD, 


BE; BE, CF, CF, AD meet at P, Q, R respectively. 


Show that the arca of triangle POR 4 (area of 
triangle ABC). Also find the ratios 


PA aa BP’ . CQ... AR 
a) PD (i) PE (iii) OF (iv) ap 


Solution: ‘lo find the position vectors of ?, O, R; applying 
section formulae. 


+a +b 
3 
Gd) 
36 =26 +4 ii) 
3f =2a+6 iil) 


From (i) and (ii) 
6d = 4b +26 G+6d =4b +28 +4 
> a ca) es > ast es 
3é =22+4 46 +3é = 2640446 


p= Babee, is P.V. of the point ? that divides 


AD in ratio 6 : 1 and BE in ratio 3 : 4 


PD 
Similarly from (ii) and (iii) we get 
68 =48 424 > +68 = 2444248 
3f =2+b > 3f +48 =24+b44E 
b+2G+42 F468 4243f 
7 7 7 
is the position vector of point of intersection Q 
> =3; From (i) and Gii) 
OF 4 
3d =2b+6 = 4G+3d =444+26 42 
6f =444+26 > 6f +2 =40425 +2 
AG+2b+2 4G+3d F+6f 


7 7 7 


=> q= 


> FH 
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is the position vector of R that divides AD in ratio 3: 


=> CR= 
4and CF in ratio 61 eas 
= RA_3 _, PR_4 _) DR+RA_T See Ne Bs , 
Ra? B73 es => F-8).G-a=6 Gi) 
inl Spite For the point of intersection, solving (@) and (ii) 


= a? 8-2 .8)+|8F=0 


> 
RA 3 AD 7 
Sagig =aer 407-6?) iil) 

‘To prove OC L RS we try to prove OC . RS =0 
- OR=OM +MR = xé+y (iv) 

Os +MS=x+zRS Av) 

P. V. of the point of intersection R and S$ given as 

F satisfies equation (iii) 
Bib) D(d) => OR. 


=F Z=(x2+yRS) g=1 er +a? -0) 


is} 


PO _ position vector of @ - position vector of B 


and OS. @ = 7.8 = (xd +2RS).8 =— EP +a" 


bee ae Se ee 2 
= <(@-3b +22 PR =—(Ga- 2b -@ se = 
74 2 gee => (xé+yRS).é=(xé +2R8).2 
area of POR = +|PQx PR = RS @=0 = BLOC 
=a gaxb 4b xd42xa) 11. For any pair of vectors @ and b and a positive scalar 
2 49 
Pe tieeetiead sens, ‘y’ prove that |@ +5 Ps(I+x)|aP (vt}s fF 
== —Gxb+bxé+exa) x 
27 
ae fie . - 1\,7 
arca of AABC 3 xb +bxe+Exa) Solution: Consider, (1+ x) |a/? +144) jor 
=2,)77 Br ae , 
therefore, area of APOR = : (area of AABC) =|a4P +|bP+x]ap #18 Pr Pa (5) 
10. Prove that the line joining the centres of two intersect- Applying inequality of mean AM 2 GM, we have 
ing circles is perpendicular to their common chord. xlapP loF 
Solution: Considering the centre of one circle at origin 2 x 
‘O’ and other circle’s at C@), and their radii i 
are a and b respectively => xlaP LAST \b| ii) 
x 


From (i) and (ii) 

=> (ospiar (tel be 2 iar oF 213115) 
x 

=> (l+x)laP (+t )iee > (jal+iaiy 
x 

By triangle inequality |@|+|4| > |@+5| 

=> (l+x)laP (1+t)iBP >|a+5f 
x 


As shown in the figure circles intersect at R(F) and 
M is the mid point of chord RS. 
P.V of Cis é, and that of R is F 


12. A. B,C, D are four points in space. Using vector meth- 
ods, prove that AC* | BD? | AD? BC?> AB | CD, 
what is the implication of the sign of equality 
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Solution: considering the position vector of A, B,C, D be 


13. 


a,b,c. yespectively 
A>P and dap 
BOO ad b3G 
COR and CF 
DoS and dos 
2 BD + AD? + BC? 
a@)+(d-b)(d -b)+ 
(d -@.(d - 4) + (E-b).E-5) 
246 +|df +b, -2d5+4 
ldP+|aP -2da+|2P +|bP - 225 
= |aP +b -24.6 +|éP +|df -22.d0 + 
laP+lbP +12P +1aP 
+ 2Gb+26.d-24.6-2b.d-24.d-w.é 
= (@—b)(G—b)+ (E-a) (E-a) + 
(a@+h-é-d)(a+b-é-d) 
= AB +CD' +(a+b-2-d)(@+b-2-d) 
=> AC? - BD? + AD* + BC?> AB? - CD* 
for the sign of equality to hold 7 
a@t+tb-é-d =0 


= leh 41a 


G-G=d-b 

=> AC and BD. are collinear 

=> the four points A, B, C, D are collinear. 

Show that xf +yj+ 2k, xi t yj + ak and 
xy ty) +2\h are non-coplanar if |x, | >| v,| +] z,|, 
Iya] Le] + 12,] and |z,] > by] +195h- 


Solution: If the vectors xh +yj+ zk + xi + Veh + zk and 


xi +y,j-+z,k are co-planar 


sae 4 | 
=> |*, 2: 2,| =0or the set of equations 
ty Ma Sy 


xx-yp-zz 0 
xX —yy—2z 0 
Ley aed 
have a non-trivial solution. Let the given scl have a 
non-trivial solution for x, y, z. 
Then without loss of generality we can assume x >y >z 
For the given equation: xx | yy 1zz2=0 
We have xx = vy zz 
=> lexl=lyytzzisiyxtzel 
=> IxxlSlye-2el 


14. 


=> IxIslyl+l21 

which is contradiction to given incqualily 

ve. [x l>lyl +12) 
Similarly, the other inequalities can be ruled out the 
possibility of a non-trivial solution. Hence the given 
equation have only a trivial solution. Llence the given 
vectors are co-planar 
Using vector method prove that in a A4BC cos 


24 cos2B cos 2c>-3. 


Solution: Consider a circle with centre O and a AdBC 


15. 


inscribed in it 


> locl=R (circum-radius) 


_, (Bi+08 406 


=> (OA+OB+0C){OA+OB+0C) >0 
=> |OAP +/OBP +/OCL 42 

=> 3R? +2R* (cos2A +008 2B +cos2C) 20 
=> 2(cos24 +cos2B + cos 2C)+3 20 


. €os24 +cos2B +cos2C > -5 


Prove thal sum of the outward drawn normal vectors 
Ny 


3 to the faces of tetrahedron whose 


magnitude is equal to the area of respective faces is a 
null vector. 


Solution: Consider a tetrahedron OABC with O as origin 


and @,b.@ as position vector of vertices A, B and C 
respectively. 


>. N, & N, be outward drawn normal vectors 
respectively over the faces AOAB, AABC, AOBC and 
AOCA 

Let O be the origin and &, & and @ are the position 
vectors of A, B and C respectively 

OA = &, OB = b and OC 


N, B(b) 


Arca vector of (AOAB) = +a xb) 


= Thar 
N, = Area vector of (AOBC) = av xe) 
= Area veelor of (AOCA) = ex) 
= Arca vector of (AABC) = ae x AB) 


sle-axG-ay 
glexbsbxavaxey 


-FBx2)-FGxB)-LExa) 


=0 


=> N,=-(N,+N,+N) > M+N Nye, 


Tf the median AP of A ABC is bisected at F and BE 
intersects AC in F, then evaluate AF/AC. 


16. 


Solution: Let A be the origin and position vectors of B and 
iE 


Che b and é respectively. Now — 
DC 


“ED 
A(a) 
> 
* aa 
B(b) Dd 
gu bre and 3 = 28 
2 4 


a 


b+ 


4 


For the point, #, 6 A [ 


Solution: — 
DC 


Vector 3.83 


Since 4 and € are non-collinear 


A A 
W-2 05 por Ap 1B 
4 ras e 


= Position vector of Fd = (1/3) 
ThusAF/AC 1/3 


17. AD. BE, CF ave altitudes of triangle ABC, Show that 
altitudes are concurrent and find point of concurrency, 


BD _ ADeotB _tanC 


B(6) Did c(e) 
= Gtan A+ tan B+ GtanC 
|lrly, b tan B+ é(tan 4 +tanC) 
= Gitan A+ tan B+ étanC 

and ¢ tanC + Fan A +tan B) 

Gtan A+) tan B+étanC 

atanAt+ d(tan B+tanC) 

tan A+ (tan B+ tanC) 


s btanB + (tan A+ tanC) 
tan B+ (tan.A+tanC) 
_ Ftan + f(tan A + tan BY 
tan C + (lan A + tan B) 
= Gtan A+5 ton B+étanC 
tan d+ tan B+ tanC 
Gtan Ath tan B+étanC 
tan 4+ tan B+ tanC 


=> pointof concurrency = 


18. Show that perpendicular bisectors of a triangle are 
concurrent and hence find the circumcentre. 


Solution: Let O be the cireumeentre and let OD, OF and 
“A and AB respelively 


= Aneno _ Asana Anne 


Axons 


Agsne Axone Au 1 Aone 


some particular A and ys. 
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BD _ sin2C 
DC sin2B 
=> (sin2B+sin2C)d = (bsin2B+2sin2C) 
A) 
Fa Ee) 
Bib) Dia Ce 


Similarly, (sin 24+ sin 2C)é = dsin 24 +¢ sin 2C 


and (sin 2.4 +sin 2B) =Gsin2A+bsin2B 


Gsin2A +(sin2B+sin2C)d 
sin 24 + (sin 2B +sin 2C) 


_ Ssin 2B + (sin 2+ sin 2C)e 
sin 2B + (sin 24+ sin 2C) 


2C + (sin 24 + sin 2B)f 
sin24+sin28+sin2C 
_ Gsin2A+bsin2B+ésin2C 
sin 24 + sin 2B + sin 2C 
Three right bisectors of sides are concurrent and hence 
Gsin2A+b sin 2B +ésin2C 
sin 2A +sin 2B + sin 2C 


cireumcenire is @ = 


SECTION-II 


OBJECTIVE SOLVED EXAMPLES 


1. Given that (¥ — a).(¥ + @) = 8 and %.4@ = 2, then 
the angle between (¥ — @) and (¥ + 4) is: 


= [ 5 
sco"! cog7! | = 
(a) sce [ 7 (b) cos Ya 


(c) cos | (+) (a) None of these 


Solution: (a) (¥ - 4).(¥ + 4) =8 > |¥P=9|¥|=3 
To determine (% — a), we have (€ - @) . (¥ - a) 
= |¥P -2@8.4)+44=9-44+1=6 > |¥-a)=6 
=> |(@ = 4)| = V6 and similarly, |& + | = Jia 
Now let the angle between (% — 4) and (% + 4) be 0. 


‘Then (% - 4). (© + 4) = Vi4 x V6 cose 


4 

> 8= Vi4 x VE cos 6 = cos 0 = —— 

v21 

2. The vector (@ + 3b) is perpendicular to (74 — $b) 
and (@— 46) is perpendicular to (7a — 26). The 


angle between @ and B is 


(a) 30° (b) 45° 
(c) 60° (a) None of these 

Solution: (c) Given (¢+35).(7@-55) =0 
=> 7a -15b* +164.b =0  @) 


Also, (@ —4b).(7@- 2b) =0 
=> 7a +85? -304.5 =0 Gi) 


Subtracting, - 238? +46 @.b =0= 4.6 


Putting this in (i), 747-767 =0 => || =|b| 
Thus @.5 = ab cos @ 

ra 
2 


cos 6 => cas O= BE or @ = 60°, 


> 


3. G,b,é are mutually perpendicular vectors of equal 
magnitude, then angle between G@+b+é and b is: 
(a) cos (1/3) (b) cos~! (1/8) 
(©) 0 (a) None of these 


2 


and Gb 
=|@P +|bP+|2P+2 Dab =30 
= |a+b+e| a 


> 4(4+6+6¢) =aay3 cos 


4. 1f G+6 is along the angle bisector of @ and bh. 


(given a and b are non collinear vector), then 


(a) @ and 6 are perpendicular 


| 


(c) angle between @ and b is 60° 
(d) None of these 
Solution: (b) Any vector along the angle bisector of 


Gand & is =A (4+ 5) where 240 


i 
+ 
[6] 


A 1-4 whichis possible when 
\a| |o| 


> (G+b) =AG@+5) -(% 
Ja| 


| 

5. X-component of a vector @ is twice its ¥-component. 
If the magnitude of the vector is S¥2 and it makes 
an angle of 135° with z-axis, then the components of 
vecor @ may be 
(a) 2V3, V5, 5 
(e) 2V5, V5, 


Solution: (c) Consider vector G as@ = 2 xi + xj + zk 


=> Vox +27 =5 V2 i) 


Also given that 


Zz 
cos 135° = ==> 
Sx" + 2° 


Substituting in (i), we get 
Sx2+25 = 50 = |xl=V5 > v=+V5 
The required vector @ = 2V5i + VSj -sk 
or -2Y5i — J5j-5k 
6. Solve the vector equation for ¥: $+ ¥xa=5 


1 


(b) 2V3, V3, -5 


5 (d) None of these 


Zz 


1 . 
—j >27z -5 
sv2 V2 


(a) Tragi? t@b)a+axd3 
(by | ea ia+axd} 
lee. 


1 a nthe, ost, oe 
() ——{b - (4.5) G- a b} 
a 
(d) None of these 
Solution: (a) ‘laking dot product with 4, 
we gel ¥.d =ha i) 
Now, taking cross product with @, we get 
ExXG +(ExG)xG=bxa fii) 


> €xa+(a@a-(4ax=b xa 


Vector 3.85 


= b-F4(EDG-G.DE=bxKG 


> +46. -5xG = ¥0+4.4) 


> t= — th + @b)atraxdy 
l+aa 


a 


Let ABC be a triangle, the position vectors of whose ver- 
tices are respectively, A(7} + 10k), Bi + 67 + 64) 
and C(-4i + 97 + 6£). Then the triangle ABC is 

(a) isosceles 
(c) right angled 


(b) cquilateral 
(a) None of these 


Solution: (a, c) We have, AB = PV of B - PV. of 
A=-i-j-4k, 


and BC = PV of C-PV. of B= -37 +3) 


Similarly, C 43-27 44k 


|AB|=|BC|=32 and |C4|=6 
evidently, | ABP +|BC[ =| ACP 


the triangle is right angled isosceles triangle. 


8. If \a 3| laxb , then the angle between & and & is 
(a) 0° (b) 180° 
(c) 135° (d) 45° 


Solution: (c,d) Given \a x 5 = |a.5| 


> ||a] jcos = | @||6 |sino| 


=> loos O| sinO|= 0 45°, 135° 


9, If a vector # of magnitude 3 JG is directed along 
the bisector of the angle between the vectors 


@=7i —4j-4k and b =-2i - j + 2K, thon F 
is cqual to 

(a) P-77+2k 
© -i+7j-26k 


(b) P +77 -2k 
(d) i-7j -2k 


Solution: (a,c) The required vector, # = A(4 + 6). Ais 


a scalar 


or ra hoi-aj-abeheai—j+2i) 


= 46-1) +28 


2 
=> o (1449+ 4)=54% 49 
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10. Let &,8,é arc three non-coplanar vectors such 


@-b4+é2.R=b+e-a,R=e+a+5, 
2G-3h +42 WF =AR+ AR + AR. then 
(a) 4=7 (b) 4,- 4, 
(AIA 4=4 @A, 
Solution: (bc) We have # = AF + A, 
> 24-36 446 =(,-2,14)a+0,14,-4) 
D+A,+at+aye 
a,b 
co-planar veetor) 
> A-A, 1 A=2,4, 
7 
2 


that, % = 


lincarly independent as given as non 


a, A, =-3,a, 1A 
1 


2 


a,=4 


= ae 


ll. Given p=3)+4j, G=5i, 47 =p4+g, and 


5 


P-@, where 7, 7,— are mutually orthogonal 
unit vectors, then 

(a) |[F + kS|=|F — kS| for all real k 

(b) § is perpendicular to § 

(c) F + is perpendicular to F - § 

@ |F|=|5|=|2|=|4| 


Solution: (a,b,c) we have, . : 
given p=3/)4+4j,G=5) 47 = p4+g.25=7-G 


> F 


2747, 3=-74+27 


For option (a): | + &3|=|(2-W) 7 + +24) J 


= fQ-ky + (14 2kyY = J5 +50 0) 
and |? - ks| = ja +khi+d— 2k)}| 
= VQ+ bt +0 2kF = Y645R) 


from (1) and (2), |F + & 


For option (b): F.s =O > F LS 


For option (@): 7 F4+5=/ +3) 


and # 3-7 > F+5)\.F-5) =0 
llence (7 + 5) is perpendicular to (7 — 5) 
For option (d) Fl = V5, | =. lal=5, 
lFl=|5]#|]=|4l 
12. If the non-zero vectors Gand are perpendicu- 
lar to each other, then the solution of the equation, 


Fx a@=b is 


() F=x(@xb) 
(d) None of these 


Solution: (a) Since & 5 and (5 x8 ) are non-coplanar 
Faxdt yh + 2(Gxb) . @ 
for some scalars x, v, z; also given 6 =7 x @ 
barat yh+caxbyxa 

= (@x a+ yb xa) + 2G xb) xB 
= 04 9G x G+ 2 {G.a)b — G.b)a} 
bayhxa+72@.ab f a,b = 0} 


Comparing the coefficients, we get y = 0 and 


1 
—— Putting the values of y and z in (1), 
(G.a) My 


we get F=xa+ 


(a 


ee 
(axb) 
) 
13. If 4,4 and @ are non-coplanar unit vectors such that 


ax ob xe) = G+ Ovi then the angle between 


Gand is 
a Sa 
aye by 
(a) ; {b) 6 
a 2a 
(c) z (dd) > 


Solution: (b) We have @ x (6 x é) = a 


2 
arc nen coplanar) 


Let the angle between @ and 5 be 6, then ab 


= 1.1 cos 0 


14. Let @ and & are two vectors making angle 0 with 
each other, then which of the following represents unit 
vectors along bisector of @ and & is: 


(ay 2 2b (by + 245 

2 2cosé 
Oe fy +5) 
2eos6/2 avd 4 


Solution: (c) In A ABC, L.ct AD is angle biscetor of angle 4. 


D bk © 


= ak, DC = bk =a 
Applying cosine formula, we have 
-(Bcy 

2(ABYAC) 

_a@ +h -(at by ke 

2 2ab 
Also in AADC and 4 ABD 
OL b? + (ADY -B°k? = 


bk 


ay 


a’ +(ADY -a?k? 


cos — 
2 2bAD 2a AD 
=> (bY = ab a -h) 
a’ +b 2abcos0 
= ab 41 - ————_.—} lf 1 
a | Gib | ero co 
< 4a°b* cos? 6/2 2ab cos 6/2 
(a+by (a+b) 
ss _, Gbt+ba ab (4 6 
Ae (a+b) (a+b\a_ b 
abo. 
= & 
(a+ nS ? 
a4 G+) 
2080/2 


15. Let Bp, g, 3 be three mutually perpendicular 


vectors of the same magnitude. If a vector ¥ satisfies 
the equation 

BX(G@- 4) * B+EX(-F)X gt 

Fx (G— B)xF)=0. 


Then & is given by 


Vector 3.87 


Tk Sie i 23. Jisse 
@) F@+q-2F) D) FS +9gth) 
Hos Roe x Th tine ok 

©) qetath (d) 3CPta-"%) 
B.G,F are mutually perpendicular, 


Solution: (c) As 
p.G = 9.7 =F.p=0. Let|p|=|9|= 


PG=q 
Now the given equation reduces to 
2-5 = PPBO+GIGD+FED 0) 
Also let ¥ = Ap+ BG+CF 
AR? , G2 = BR FB =CK° 
> A= 
2 XS = (p.X)p + GG.X) + FFX) ii) 


. from (1) and (2) % = ae 
Weosai + j+k,i +cosBj+kandi+j +cosyk, 
such that (a # B # y #2nz) are co-planar vectors 


8 


then the value of [cows z + cosce” = + cosce’ t] 
is equal to 
{a) 1 
(c) 3 
Solution: (b) 
cosa 1 1 
cosB 1 | =0 
1 1 
R, > R,-R, and R, > RR, 
cosa-1 1-cosf i) 
i) cos 8-1 1-cosy 
1 1 
-2sin? @/2 — 2sin? B/2 ia) 
> 0 —2sin* B/2 2sin? y/2| =0 
1 1 
B 


af 
in? | 2 sin? cosy + 2 sin 
2 sin? 5 ao 2 Y 2 


(b) 2 
(d) None of these 


“’ S.LP of three coplaner vectors vanishes 


cosy 


=0 
cosy 


cosy 


2 
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multiplying by casee? — cosec? £ co: seo E 
a 
we have eosce? Z — 2 ~ eosee? 8 — cose? = =0 
2 2 
=> casec” = + case” 2 By cosec? Y= 2 
2 2 
IN Let G=aitajtak, B=bi+b,j+bk and 
f=cite,jtek.|@|=2. & makes angle 2/6 with 
the plane of f and 7 and angle between B and 7 
la, a, al” 
is a/4, then bh ob, b is equal to Ovhere n is even 
Cr me 
natural number) 
Rize 
(a) \Blly | wb) UAll7 ly 
Qn 
cw) Abed (d) None of these 
y 
a a a 
Solution: (6) |b, b, — b, || denotes the absoluate value of 
oe i ea 


volume (v) of parallclopiped whose adjacent sides are 
given by @, B. 7 


Vo [Bx Fla| sinZ 
6 


_idig) Lig, - BZ 
= Alive lal =e 
volume = { WAIL)” = aéiizp" 
(volumey in) ran 


18. If 


whose circumcentre is the origin, then orthocentre is 
given by 


A(@), B(b) and C(Z) be vertices of a triangle 


a+b+ée (b) Gtbt+e 
2 


(a) None of these 


() 


w 


(©) a+b4é 


Solution: (¢) Centroia ‘of wianglewill be 242+ pow 


line joining the orthocentre and the circumcentre 
is divided by centroid in 2 - 1 ralio internally, so 
orthocentre will be +5 + 


19, Find a vector ¥ which is co-planar with the vectors 


a 


27+ and b 


j + 2k and is orthogo- 
nal to the vector ¢=-2/ + 7 + &. It is given that the 
projection of ¥ along the vector / — j + & is qual 
to 163 

(a) 6) -12k 
© 9G-7+8 


Solution: (b) A vector co-planar with @ and 5 and orthog- 


(by 127-6] +30k 


(a) None of these 


onal to & is parallel to the triple product (@x5)xé , 
given as (Gx §) X 2 = (G2) b - (6.2) G@ 
—(b2)a) 

llence ¥ =a [3 — j++ G27 4+ )] 


=a (ZE)b 


= al-27 + j-Sk] 
Projection of ¥ along 
j+k 
jt i 


i- j +kh= = 1643 
al-2i+j-sky.(i-j+ky=a4s 

& (-8) = 48 > a= -6 => § =12/ -67 430k 

Let O be the point of intersection of diagonals of the 
parallelogram ABCD. The points M4, N, K, P are the 
mid-points of the segments AO, BM, CN and DK 
, then which of the [following is true. 

P collincar 


20. 


P form a tnangle of non-zero area 
OP 
(d) None of these 


Solution: (a) Let O = 6, A(@), B(b),C(-@) and D(-b) 


@/2+b a+b 


_ ~6b -34 


2 


=> OP= -500 +a) 
en Wot aati San ee 
and ON =—(@+2b) = -—OP 
4 6 
=> ON and OP are collinear 
=> points O, V and P are collinear 
21. If &, 6 and @ are non-coplanar vectors and @xz 
is perpendicular to ax xe). then the value of 
[ax@ xe) |xé is equal to 
(b) [ab eb 
(@) [ab aa 


(a) [ab ele 
fe) 6 
Solution: (c) Given that a, B andé are non-coplanar 
=> [ab 2]40. Again (@x(bxé))(@x2) =0 
> Geb —G.b)E| (Axe) = 
=> (G.8)|b Ge)=0 [abe] = [baz] 4 0) 
=> (@€)=0 = Gandé are perpendicular 


=> [ax (b x Bx = xEXGS)-H(Sx HS} 


If 4+6+é=6, then the triangle whose sides BC, 
Cd and AB are respectively @, b and é is 

(b) cquilateral 

(d) None of these 


22. 


(a) isosceles 
(c) right angled 


Solution: (b) "+546 =6 


> a=-6+8 lb-+4] 
squaring both sides, we get 1 = 1 + 1 + 2 cos(x- A) 


1 
> csd=— >4 
2 


> a 


60° 


similarly we can show that 8 = C = 60°: hence 
AABC is equilateral. 


23. Let ABCD be a tetrahedron in which position vectors 
of A, B,C and Dare 74+ j+k, 20+ 7+ 2h, 30 +27 +k 
and 27+3j+2k. If ABC be the base of tetrahedron, 


then height of tetrahedron is 


3 
(a) AB (b) Aa 
2 5 

! e (d) None of these 


Solution: (©) ABx AC 
Leight of tetrahedron 


(c) 


PeE)xQi+ jy=k+ ay 
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AD. ABx AC) 7 427+ H.Ci +2746] 


6|AB x A 


6l-P+2j+4] 
Het 4 oe 
eR] AEN 


24. Let G=i+jtk, 2 is 
|@+2| = ¥%, then 2. is equal to 


a vector such that 


1 (b) 5 
(&) 3 {d) None of these 
Solution: (a) Let (@+2).(@+2) = iP +2ae 
Given |@ + 


=> [a[*+]EP + 2/2)=6 = 34/2? 42] clk 6 
=> [e+ 2é+3=6 = |é|=1 

25. The posi 
triangle are three unil vectors 4, 
is such that da=dé=dée and d= Mb +e) , then 
triangle ABC is 
(a) acute angled 
(c) right angled 


ion vectors of the verti 


A, Band C ofa 
and é. A vector d 


(b) obtuse angled 
(d) None of these 


Solution: (c) da=db=dé 
=> AN+bée)=AN+h.2) = Aah + Gd) 


> 1466=46446 > 1-ab+bé-ae=0 

> 1-Gb+(b-a)6=0 > 4(@-b)+b-HE=0 
=> (4-04-56) =0 

=> 4a-é is perpendicular to (4—5) 

= CA is perpendicular to B4 

=> The 


rangle is right angled 
26. 4, & and Z be three non-coplanar vectors and. d bea 
non-vcro vector, which is perpendicular to (4+ b +6) 
Now if d=sinx(a x b) +cosy(b x @)+2(6 xa), 
then minimum value of x* }” is equal to 
(a) ® (b) 0 
(c) w4 (d) 5x™4 
Solution: (d) Let d.@ = (cos y)[@ b 2] = —d.(b +2) 

las d.(G +5 +2) =0] 


> csy=-—s—— weed) 


Gi) 
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pe Giiy 
[abe] 
Adding above equations, we get sinx | cosy 2=0 
> sinx | cosy =-2 
=> sinx -l,cosy -l 
> dn — I)n/2, y= (nt 1),neZ 
An-l)r/2,y = Qn+ Ir 
since we want minimum value of 2 5°, 
sq? 
wor Zp om = aya S® 
4 
27. If it is given that vectors @,b,¢ are 
non-coplanar, then the the points with p.v. 


G-2b +32, -24+3b -Z, 4@-Th +76 are 
(a) co-planar bul non-collincar 
(b) collinear 
(c) non-coplanar 
(d) None of these 

Solution: (6) ‘lhe three points are collinear. if we can 
find a, Ay and 24, such that 2,(@-26 +36) - 
Jy (-24+3b —€) +A, (44-75 +78) =0 
where 2, +2,+4,=0 
Tiquating the coefficients of @,6,¢ separately to cro, 
we get A, 2A, +4A,=0 @ 
“2h, + 32, -Th, = 0 ii) 
3A, — Ay +72. iii) 
Solving the system of equations, 


We find that 2, = -2, 2, =1, 4, = 1 so that A, + A, + 
4,=0 
Ilence the given vectors are collinear 


28. Angles between any two opposite edges of a regular 
tetrahedron are 
(a) acute angle 
(c) right angle 


(b) obtuse angle 
(d) reflexive angle 


Solution: (c) Take one of the vertices of the tetrahedron 
as the origin Q. Then the position vectors of the 
points A. B, C of the tetrahedron OABC are 3,52, 
where |a|= \6| =|eé|. Since all the edges are of 
equal length, all the four faces of the tetrahedron are 
equilateral triangles 

b.g > &(b-@) =0. 

Ilence the opposite edges are perpendicular to 

cach other. 


> ab=a.ce= 


29. If Gb and@ are three unit vectors such that 
ax x= 15 and} isnon-collincar to Z, then 
2 
which of the following is truc? 
(2) @ and b are perpendicular 


(b) angle between @ and b is x/3 
(c) angle between @ and @ is 2/3 


(d@) a, b.é are mutually orthogonal 


Solution: (a, c) We are given that @x(bxé) = Zi 


Now definition of V.I\P., and non-collinearily of b 


and ¢ 


> G.2b- Gbe=—b 


Hence the angle between @ and é is n/3 and that 
between @ and & is n/2. 
Line 1, is parallel to a vector @ = -3- 27+ 4k 


and passes through a point A(7, 6, 2) and the linc 


L, is parallel to a vector B =+ j+3k and passes 
through a point BS, 3, 4). Now a line /, parallel to a 
vector F = %-2j-k interscets the lines £, and F, at 
points C and D respectively, then \eD| is 


{a) 3 
(©) 9 


Solution: (c) Position Vector of C is given by 
% = (Hi +6j+2k)+al-3 +274+4h),aeR 
Position Vector of D is given by 

= (9 +3) +4h)4+ 02) 4+ 74+3k),6 ER 

CD = %-7 and we know that CD|| ¥ (given) 

=> CD =¢(Qi-27-&) 


Hence by comparing the coefficient of jj. f for 


both values of vector CD , we have 


3a +2b-2e =2 wed) 
a b 2&=3 wii) 
and-4a+36 c=-2 see it) 
=a 2b le 3=|CD|=3¥2?+247P =9 


31. The value of X satisfying ¥+ 


@ Exg=8 Gi) ¥@=1 is 


a-(@xb) 


lap 


a+(@xb) 


(d) None of these 
Solution: (c) ‘laking dot product of equation (i) by 5 
P felt: ) 


Also taking cross product by § the sccond given 


=> aXta. p> 


equation ax(ExP)=axb 
=> (G)F- (Gy =a4xb 


=> (aP-yi 


_ aap -1)- Gx) 

a lap 

32. The scalars @ and fp if ax(bxé)+(abyb = 
(4-2f -sinadh +(B2-)e and (€2)@=E where 


b and é are non-collinear, are 


(a) Bala=Unt)o nen 
(b) Bala=(n-Do vez 
(c) Bal a= (nt ned 


(d) B=-l,a= Gn) nez 


Solution: (a) 
G@x(b x2) + (@bYb = (4-28 -sin ab + (f? -1)E 
=> (G.8)b - (GbE + (G.5)b = 
(4-26 -sin ab + (f* - Ve 
Comparing we get @2+45=(4-28-sina) i) 
ab =1-—° _.Gi) 
or, @é = f° -28+3-sine ii) 
now, itis also given that (€.c)a =é 


é€é 


Ss 


> a= 
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Therefore from equation (iii), we have, 
B-2+2-sina 0 
=> sna=14+(1-28+f/)=14+0 - pr 
Since sina < 1 = (1- fy =0 
B= 1 and hence sina = 1 
a=2nn xv/2,wherene Z 
33. If Gand are unit vectors and |@|=4 with 


&xé=24x5. Theanglebetween & and & is cos" (3) 
‘The values of , which satisfies condition é-26 = Aa 
(a) 14+V13 (by 1-13 
© -1+vi3 (a) -1-Vi3 

Solution: (¢ and d) Now @ = ia+2b 
J@P =2.e=A7 |G] 4+ 4/bf + 42Gb) 


|eP=a2ay+4qy+44|a| 151(3) 


= 1G=4h24+442R = 24+240-12=0 
=> 2=-14/3 

34. Let G@andb be two non-collincar unit vectors, If 
A=G-(Gb)b and B=Gxb, the valuc of |Blis 
equal to 
(a) |A (b) | A]+| Aa] 
(c) A +|Ab| (d) None of these 


a-(@.yb).(6-(@5)b) 
P 4 (aby |b P aby 


=> |AP=1+c0s*@-2c0s* @ =1-cos*@ =sin? a 


“ Al =|sind|_ 6) 
| BP =|4/|b F sin? @|aP=sin?@ 
| sin?O => |B|=|sin0| i) 


a@-(@by =1-cos’ V =sin? 0 


.G|=|sin@|+sin’ 6 + |B] 
Now, 4b =(@b)-(@b) |b P=0 
|A|+|48|=|sin0|=|B| 
So options a and c are correct. 
35. A parallelogram is constructed on the vectors 
AB =G =24-f nd BC =5 =G&-28. If value of 
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|@land|#|=3 and angle between Hand fis™, 


then length of diagonal of 


(a) | (b) | BD| =V27 
(© |BD|=V28 td) |AC |= V34 


Solution: (a, b) +b 
=> |AGP =|a+6 P=|aP 4/8 2 42048) 


Now, |a|= ¥4/@P +/BP -4a.A) 
= 4(9) +94) = V45-18 = V27 =3V3 


\b|=Vla@h +4|BP -4a2 


7 9-49) 4GV9)x5 
= 9436-18 = ¥27 = 33 
Gb =(24- f(a -2f) 
=2/&/ +2| BP -5(@.B) 
1)_27 
= 2(3)? +23) —5| 3x3x+]=— 
2(3)? +203) 5( x 4) > 


o (AGP =274+27427=81 -. |AC|=v81=9 


Similarly, | BD =(6-a = |b +|aP -26.4) 
2. |BB| = 27. 


24 07 2797 
If unit vectors ? and are at right angles to each other 
and @=3) +47 and =5i, 44 =@+5 and 2B=a-b 
then which of the following is true? 
(a) |A+hB|#|A-kB| Vk eR 
(b) A is perpendicular to B 
(c) A+ Bis perpendicular to A-B 
@ |Al=|B] #14] = 15] 


36. 


Solution: (b,c) Here 4=—(8/+4/)= 27+ 


1 


and B=—(-27+4j)=-7+2) 


Now, | 4+kB| =(2-bF +14 2697 
oe [A+ KB |= (8 4 4—4k + 144k? + 4b)! = Sk? + 9)" 


Now | 4-#B| = ((k +2)? + 1-24") 


= (1 +444k +14 4k? —4k) = (5k? +5)" 


o. |A+kB| = |A-4B| 


(a) is false 
Now, 4. B= (i+ f)Ci+2f)=24+2=0 
ALB -. &)istrue 
Further 4+ B = @+3)) and A-B=(Gi-j) 
w. (A+ B)(A-B)=0 
(c) is true 
Now | A|= V5; |B|=¥5;|a|=5and|b|=5 
(d) is false 
Passage: 
Given a regular parallelopiped whose coterminous edges are 
givenby vectors @,8 and @ suchthat|@|=|6 | =|@|=2 and 
the angle between d and 4 is os 5 and Z is a é and @ is a 
Answer the following three problems based on above facts, 
37. The volume of the parallclopiped whose adjacent edge 
are represented by the vectors 3, 5 and @ is 


(a) $-V2 (b) 4V2 
(©) 2N5 (d) 4 
aa ab aé| 
Solution: (c) [@ 3 él[a é z]= b.a 6.6 ba 
ea ab aa 


Now 4@.4=|a@P=4=61 
> = a 1 

Gb =|G||b| cos—=2x2x-=2. 
=a |b] reece) 


48 4a ||é| cos =2 Bb =|8||B loose =2 


p) 
2| = 4(16 - 4) - 2(8 - 4) + 2(4 - 8) 
4 


= 4(12) — 2(4) + 2-4) = 36 - 8 - 8 = 20 
= @b ey =20=>]4 6 z=2V5 
The height of the parallclopiped whose adjacent edge 


are represented by the vectors 2,5,2 is 


s 5 

3J— ip — 
@) 2 w 
© 23 @ 242 
et 3 


Solution: (b) }’ = (base area ) x (height) 
=> F=|axb|xh 


> 2S =x Luh 


= rep 
3 


39. The height of 
cs are represented by the vectors 4,5 & @ is 


(a) n= ft (b) n= 
2 3 
(c) a (@) i 


ae (b) Volume of tetrahedron 


regular tetrahedron whose adjacent 


cdg 


G,5,é and d arc the position vectors of the points 
A= (x,y, 2), B= (y, — 22, 3x), C= (22, 3x, —y) and 
D = (1, -1, 2) respectively. If | @| = 23 and angle 
aA between dand@ and 


40. 


between @andb = 


angle between @ & ¢d =— and vector @ makes 


obtuse angle with positive Sasi of y-axis. then 
find x, y and z. 


Solution: | @| = 2V3 squaring both sides 


eyttye2Z) oxei¥iZ=12 i) 

ab Ge 
lal |b| “Tailél 

=> aaa [- [B[= |e Yor ey ea? | 

=> xy -— 2yz t+ 3zx = 2xz + 3px —yz 

=> 2xy +yr-2x=0 _ii) 

Also (3 a=" >ad=0 >x-y 2z=0 
> ys r-2 Gi) 


put in (ii) we get, 2r(r + 2z) | 2(e +2z)-ze=0 
> 267 24+2xz)=0>(@ 1 2zP=0>5 x=-z 
=> v=z (using Gii)) Now puty=z, x=-zin@ 
=> z=+2 we take only z=-2 


because (@.j) is obtuse so x =2, y=-2, z= -2. 
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41. Given three points on the xy plane as O@, 0); 
A(1, 0) and B(-1, 0). Point P is moving on the plane 
salislying the condition (P4.PB)+3(O40B)=0 If 


the maximum and minimum values of | PA||PB| are 
M and m respectively, then find the value of AZ | m?. 


Solution: (0, 0), 4(1, 0), BI, 8) 
PA = (-xi-y7; OF 
PB=(-1-xyi-yy, OB=-i 


Now PA.PB+3(OAOB) = 
31) =0 


0 (given) 
=> @-1l+y- 
>xriy=4 +) 
=> 2sx,ys2 


Now | PA||PB| = yr-D? +y* Yt IP +? 


= ety? 41-2 Yt yt tls 2x 
= ¥5-2x V5+2x 
= 925-48" 


Now, Af = Max | 24 PA||PB\= 


5 (when x = 0) 
and m= Min. |PA|| PB| =3 (when x = 42) 
MBA m?= 5? +3? = 34 


Find the minimum area of the triangle whose vertices 
are A(-1, 1, 2), BC, 2, 3) and C(t, 1, 1); where tis a 
real number. 


42. 


Solution: AB = 2i + j+k 
AC = 4 +0j-k 


fe fok 
Now, ABxAC=]2 1 1 
*+1 0 -] 


=-1+(04+3j-C4+DE 
=> |ABxAC| = fl+43% 4040" 
= V2 +8411 


=> Arca of AABC = 51 AB AC 


=> A= V2F 8041 = ia. 


93 
t-2)°+—2— 
(@-2) 273 


3 
Min. area of A= 5 sq. units. 
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TUTORIAL EXERCISE 


SECTION-III 


SINGLE CORRECT ANSWER 
Tf ABCD is a rhombus whose diagonals cul al the 
a a en 
origin O, then OA+OB+OC+OD equals 
2 3 2 
(a) AB+AC (by 6 


32> 3 > FF 
(c) 2 (AB + BC) (d) AC + BD 


. I | +b ||a—4|, a #0, then 


(b) GLb 
(d) None of these 


(a) alle 
(c) Ja] =|4| 


. I! the vectors @=-4i+37 and b=14)+2j-5k 


have same initial point then, the angle bisector of 
Gandb of magnitude J6 is 


(a) ALPES Se (by i-j+2k 


(c) f-j-2k (a) None of these 


Iftwo vectors 5 and @ are in the directions north-east 
and north-west respectively with |b | and | é | = 4, then 
z-5 is 

(a) Aja towards north 

(b) 4/2 towards west 

(c) 4y2 towards south 

(a) 4V2 towards cast 


. 2, QO have position vectors Gandb relative to 


the origin ‘OQ’ and X, F divide PQ internally and 


externally respectively in the ratio 2: 1, vector AY = 


ee 4005 
(a) a — a) (b) 3G-4) 

55a Boos at 
() G@-@) (a) 76-4) 


. The sides of a parallclogram are 2) +4j7—5& and 


it 2} 43k , then the unit vector parallel to one of the 


diagonals is 


x 


9. 


11. 


12. 


13. 


) a0 +6)-28) (by 7007-6) -28) 


©) 2-81 +6j-28) (a) F046) +28) 


Let the position vectors of the points 4, B, C be 
7427+3k,-7-j+8k and 4? +4] + 64 respectively, 
Then the A ABC is 

(a) right angled 

(b) equilateral 

{c) isosceles (not equilateral) 

(a) None of these 


IPG and & arc two vectors of magnitude 2 units inclined 
at an angle 60°, then the angle between @ and a+ 


b Ss 
(a) 30° (b) 60° 
(c) 45° (d) None of these 


If @ =5, |@-b| =8 and |@+5|=10, then |b | is 


(a) 1 (b) 57 

(c) 3 (d) None of these 
(@xby' + (@ BY is equal to 

(a) 0 (b) |aP oF 

(©) da +1b)y @) 1 


If @=4/+67 and b=37+4k, then the vector 
component of 4 along b is 


184 A 1B 58 
(a) net bh) 2G) +46 


18 


(©) =Gj+4k) (a) 37 44k 


If GB = 0 and Z+b makes an angle of 30° 
with @, then 

€) |b|=2\/4| 
© 1a|=V3 1b] 


If forces of magnitudes 6 and 7 units acting in the direc- 


(b) |@|= 215] 
(d) None of these 


tions / -27+2k and 2/ -37 66 respectively act ona 


14. 


16 


17 


18. 


19. 


20. 


21. 


particle which is displaced from the point P(2, -1, -3) 
to Q (3, -1, 1), then the work done by the force is 
(a) 4 units (b) — 4 units 


(c) 7 units (d) -7 units 

If G@=74+}-k,b=-7+27+k and é i+2j7-k, 
then a unit vector L to both +5 and b+é is 

(a) 7 ) 7 

wk @ 4 


. If the position vectors of three points A, B and C are 


respeclively 7+ j+k, 2/+3j7-4k and 7/+4j+9k, 
then the unit vector perpendicular to the plane of 
triangle ABC is 


(a) 317-187-9% — (b) 


317 4187 +9% 


(c) (@) None of these 


2486 
Let & =(x+4y)a+ Qx+y+Db and B =(y-2x+2) 


G+(2x—3y-1)b, where @and are non-vero and 


non-collinear. If 3@ = 28, then 
(a) x=ly=2 (b) x =2, 
(c) x=-l,y=2 (d) x=2y 


The points with position vectors 10 +3), 127-57 


and ai +11) are collinear if the value of a is 


(a) -8 (b) 4 

(c) 8 (d) 12 

\a@-6 6-2 &-4| is equal to 

(a) 2 [ab Z] (b) [ab Z] 

(c) 0 (d) None of these 


For any vector ¥, the value of ix @xi+ jx xf) 
+hx (Fx Bk) is 
(a) 6 

(©) -2F 


The number of ve 


(b) 2F 
(d) None of these 


s of unit length perpendicular to 


the vectors @=i +j and b =j+k is 
{b) two 
(d) infinite 


(a) onc 
(c) three 


(@+ 2b -2). {(@-b) x(@—b —2)} is cqual to 
(b) 2|4 6 é] 
(d) 0 


(a) 1a 2 
(c) 3 [ab é] 


Vector 395 


22. Given the vectors @ and & the angle between which 


equals 120° If [a] = 3 and |b] = 4, then the length of 


the vector, 23 — 


(@) 63 
(©) 4V5 


(b) 72 
(d) None of these 


The value of |a x? +|axj] +]axA|’ is equal to 
@) [al (by 2|a/ 
fe) 3|4| (a) 6faf 


A unit vector perpendicular to vectors @ = 21 + j +h 


and 6 =37 +4j-kis 


-i+j+k i+j-k 
(@ CPS (by 74 
V3 
ee tie () k 


BB 


The projection of the vector @ = 4i -37+2k on the 


vector making equal acute angles with the co-ordinate 
axes is 


@) 3 


© 


3 
For non-zero vectors @,4,¢, |@x) | = 


|a | | | \é | holds if and only if 


(b) 3 


(d) None of thesev 


1 |a|=11,| |=23, [as 

(a) 10 (b) 20 

(c) 30 (d) 40 

If +5+2=0, |a|=3, [6] =5, |¢| =7, then the 


angle between @ and B is: 


@) 4% (by 2% 
6 3 


@ 3% @ 2 
3 


3.96 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


Algebra Il 


The lengths of the diagonals of a parallelogram con- 
structed on the vectors p = 2 + 6 and Gg =a —24, 


where @ and 5 are unit vectors forming an angle of 


60 = are: 

(a) 3and4 (b) V7 and V3 

(c) V5 and vil (d) None of these 

If be veelors such thal #+9+ 

If|a ¥|=4and|w|=S, then dv +v.0+ 

(a) 47 (b) -25 

(c) 0 (d) 25 

If the vector 6i - 3j -6k is decomposed into 


vectors parallel and perpendicular to the vector 
i+ +k, then the vectors are: 


(a) -@ +7 +h and 77-27 -5k 
(b) -2@ + 7 + & and 81 - 7 - 4k 
(c) 20 + J +k) and 47-57 -8k 
(d) None of the above 


If Sandf are two unit vectors and @ is the angle 


between them, then ; | 


a) 0 b) % 
(a) (b) 2 
(c) sind | (d) |cos— 
2 
The value of 4, such that the scalar product of the 


vectars 7 +jtk with the unit vector parallel to the 
sum of the vectors 2°+4j-Sk and bi +27 +3h is 
one, is 
(a) -2 
(c) 0 


(b) -1 
@iil 
A parallelogram is construcicd on the vectors 
@=3¢-b,0=d. If |aj=|b|=2 and the angle 
between d and is 2/3, then the length of a diagonal 
of the parallelogram is 

b) 48 


(a) 45 
(d) None of these 


(©) 4y7 
If & and b be two vectors then, the cquality 
|a+6|=|4|+|4| holds 

(a) only if @ = 6 =0 

(b) forall @, b 


37. 


39. 


s 


41. 


42. 


(c) only if @ =24,2>00r @ =O0or b =0 
(d) None of these 


If non-collinear vectors and 
the position vectors of points 
G-2b +32, 24+3b-42,-75+92, then the three 


points are 


are 


three are 


(a) collinear 
(¢) non-collincar 


(b) co-planar 
(a) None of these 


The vectors @ and are non-zero and non-collincar, 
the value of x for which vector ¢ =(x-2)4+b and 


d= (Qx+Na 5 are collinear is 


| 
a) 1 b) = 
(a) {b) 2 


()-1 @ 2 

Wa=i+j+k,b = 41 43)44k ande=i+aj+ pk 
are linearly dependent vectors and |é | = V3, then 

(a) @=1,B=-1 (b) a=1,B=41 

(c) a=-1,B =41 (@) a=1,p=1 

The volume of the parallclopiped whose cdges are 
represented by —12/ + ak, 3j-k and 2+ J - 15k 
is 546, then ais 
{a) 3 

(©) 3 


(b) 2 

(d) -2 

If a, B and é are coplanar unit vectors, then the sca- 
lar tiple product [ 24@ — b. b-6, 2-4 J is equal to 
(a) 0 (b) 1 

) 3 (a) V3 


let @=2%+j-2k and b=i4+ 7. If Z is a veo- 


tor such that 24 = |@|, and the angle between 
(@ x by and @ is 30°, then (ax) x é lis 

(a) 23 (b) 9/2 

© 2 (d) 3 


Let @=23+j+k and 6 ='4+2j-& and aunit vector 


é be coplanar. If é is perpendicular to @, then é is 


@ LCj+b 
4 


a 


© U-2) 


V5 


) + -j-® 
3 


5 


@ L¢-j-# 
3 


a 


43. A non-zero vector @ is such that its projections along 


44, 


46. 


47. 


48. 


49, 


fi : 
the veetors 474 and 2 and & are equal, then 


vw (Pp 


unit veetor along @ is 
(a) V2j-k 

j-k Di+k 
te 4 v2i 


v2 v3 


b.& represent the three concurrent edges of 


(b) 7+2h 


(d) 


a rectangular parallclopiped whose lengths are 
4, 3, 2 respectively, then the value of (@+5+2) 
(4xb4+BxE+2x4) is 
(a) 0 
(c) 72 


(b) 48 

(d) None of these 

If @ = (1,1, 1) and & = (2,0, 1), then the vector ¥ 

salislying the conditions 

(i) that it is coplanar with @ and 5 

i) that it is perpendicular to 5 

(iii) that GY =7 is 
oe hen Ne = a 

(a) 37+ 47+ 6k (b) Bi tg ite 


(©) 37+16j-6k (d) None of these 
The vectors 2/437, 52+6) and 8/+A) have their 
initial points al (1, 1). The value of % so that vectors 
terminate on one straight line, is 

(a) 0 (b) 3 

(c) 6 (dd 9 


Four coplanar forces are applicd at a point O. Each of 
them is equal to &, and the angle between two consecu- 
tive forces cquals 45°. Then the resultant is equal to 


(a) kz + 22 (by ky3 +22 
(c) ky4 + 2V2. (a) None of these 


The values of & for which the points A(1, 0, 3), 
B(-1, 3, 4), CC, 2, 1) and D¢é, 2, 5) are co-planar are 


(ay 1 (b) 2 
() 0 (d) -1 
If G,bandé arc three vectors, then 


Gx (b x 8) =(@x B)x é if and only if 
(a) & and é are collinear 


(b) @ and é are collinear 


51. 


52. 


Vector 3.97 


(©) @ and & are collincar 
(a) None of these 


A is a vector with dircetion cosines, cos a, cos f and 
spectively. Assuming yz plan 
direction cosines of the reflected image of A in the yz 
plane is 


cos 


a mirror the 


{a) cos @, cos i, cos y (b) cos a, — cos f, cos ¥ 
(c) -cos a, cos B. cos y (d) —cas a, -cos B, - cos ¥ 
The we vette Gt 1) Fee ST = ek and 
25 - xj +36 are orthogonal: 


(a) for no real value of x 
(b) forx=-1 


1 
¢) forx= — 
&) 2 
(a) for x= -5 andx=1 


Wf @=2'43j-k, b=-74+2j-4k and @=i+j+k 


then (@x). (@xé) 


{a) 60 (b) 64 

(c) 74 (d) -74 

If w=a-b, ¥=44+5 and |a|=|b|=2, then 
|axd| is 

() 2fi6-@by — b) 2Y4-@ BY 

() yI6 (ab) (a) f4-@.by 

Let bz be three vectors such that @#0 and 


Gx b =2axé, |b|=4 and 
|bxé|=Vi5. Wf b-28=AG and Zs are acute, 
then 2 is 
(a) +2 
(c) +3 


laj=|é| =1, 


(b) +4 

(d) None of these 

The vector b = 2/ + j—3# isto be written as the sum 
of avector @ parallel to @ = 7+ anda vector B 
perpendicular to @, then @ = 


@) S04) (b) 204) 


res las 
(c) sity @ ery 


Let @,6,é be three non-zero vectors, no two of 


which are collinear. If the vector 34+7 is col- 


3.98 


57. 


60. 


61. 


Algebra Il 


linear with @ and 24 +2 is collinear with @ then 
94+ 216 +216 =0 is cqual to 

(@) 4a b) ae 

() 6 (dQ) None of these 

Let A, B, G beunitvectors Suppose A. B= 4G =0 
and the angle between B and G is & then 

(a) 4 =42(Bx@) (by A =tf2 (BO) 

() A=t3(BKQ @ A=4V3 Bx 

If 4,6, é are three non-coplanar unit vectors, then 
LapG) 4+ [Bb pGIb+Lle BGI is equal to 

(a) (44b4+2)x(PxP 


(b) a+b4+é4 p49 


() prg 
@) px 
If @&6 are two unit vectors perpendicu- 
lar to each other, then [7 (bx(ax6)| a 


417. (Gx (Bx a) b+ [Fax] (ax) is equal to 
(a) 0 
(c) F 


Locus of the point ? for which OP represents a 


(b) Fx(axb) 
(d) None of these 


vector with direction cosine cos a = ; (O° is the 

origin) is 

(a) A circle parallel to y-z plane with centre on the 
x-axis 

(b) A cone concentric with positive x-axis having 
vertex at the origin and the slant height cqual to 
the magnitude of the vector 

(c) A ray emanating from the origin and making an 
angle of 60° with x-axis 

(d) A dise parallel to y-z plane with centre on x-axis 
and radius equal to |OP| sin 60° 

Let a, b, ¢ be distinct non-negative numbers. If the 

vectors ci taj+ck, 7+& and ci +o +k lie in the 

plane, then c is 

(a) the A.M. between a and b 

(b) the G.M. between a and b 

(c) the H.M. between a and b 

(d) cqual to 6. 


64. 


65. 


67. 


where 


&,b, é are three non-coplanar vectors, then the value 
of the expression (@+5+2).(B+G+F) is 

(a) 3 (b) 2 

1 @ 0 

[a xb)x(b x2) (@x2)x(éxa) (€xa)x(axd)] is 
equal to 

@ [abey 
© [abe] 


by [abe] 
(d) None of these 


In a quadrilateral ABCD, AC is the biscetor of the 


(AB, AD) which is % and 15 


AD , then cos (BA, : 


a4 
TW? 


(c) 2 


v7 
Ifthe unit vectors @ and b are inclined at an angle 20 
such that |@ -b |<1 and 0 < 6 <2, then 6 lies in the 
interval 
(a) [0. 2/6) 
() [x/6, 2/2) 


(b) (Sx/6, x) 
(d) |a/2, Sx/6] 


If the vectors oxi +3} - Sk & xf + 2p+ 2axk make 
an acute angle with each other for all x € R, then 'a' 
belongs to the interval 
(a) 1/4, 0) 
(e) [0, 6/25) 


(b) (0, 6/25) 
(a) (-3/25, 0) 

If the vectors @ and pare mutually perpendicular, 
then @ x { @ x (@ x (@* b))} is equal to 

(@) lar b) la PB 

© lal* (a) None of these 


If #x B = @ = b, then F is equal to 


(a) @ 


s 
x 
oy 


ey 


(©) @ | 16, where / is any scalar 
(d} None of these 


69. 


70. 


71. 


73. 


Five points given by 


F are in a plane. Three 


act al A and three forcess 
CB. By DB act at B. ‘hen their resultant is 

(b) 34B 

(d) 2B 


1r \a+d|>|a-a], then the angle between @ and} is 


(b) Obtuse 
@ x 


(a) Acute 
(c) 3 


(b) 2 


Eth tk and i+jtek, 


If the vectors ai +j+ 
(a # 6, ¢ # 1) are coplanar, then the value of 


74. 


73. 


76. 


Vector 3.99 


fa) 1 

{b) -1 

(c) 2 

(a) None of these 


B = 41437 and 7 are two vectors perpendicular 
to each other in the x v plane. All the vectors in the 
same plane having projections 1 and 2 along B and y 
ively are given by 

(a) 27-j, 5 C2? 41d) 

(b) 37-3, 15 C27 411s) 


(©) 27 +7,8Q7 +117) 
(d) None of these 


If A, B, C, D are any four points in space, then 
> > > > DO 

|AB xCD+ BC x AD +CA x BD| equals 

(a) ar, AABC 

(b) 2ar, AABC 

(c) 4ar. AABC 

(d) 8ar AABC 


A unit vector in xy-plane that makes an angle of 45° 
with vector 7 +7 and an angle of 60° with the vector 


31-4; is 
fa) i (b) oP 
(ce) ¢-) (d) None of these 


v2 


SECTION-IV 


MORE THEN ONE CORRECT ANSWERS: 


tr 


xitpjtzkb=yitzjtxkandé=zi 


4xj + vk, then @x(b x @) is: 

(a) parallel to v—2)i +@-9) J +@—Wk 
(b) orthogonal to P+ptk 

(c) orthogonal to (v +2)i +@-OI ++ k 


(d) orthogonal to xi + y +k 


. If 4, b,é be three non-zero vectors satisfying the 


condition Gx b =é and 6 xé =@, then 


(a) a, b,é are orthogonal in pairs 

(b) la. 

(©) [@.b,é 

@) |b 

If a linc has a vector — cquation, 


Fa2i+ 6} + AG - 37) , then which of the follow- 
ing statements hold good? 
(2) the line is parallel to 27 + 67 


(b) the line passes through the point 34 + 37 


(c) the line passes through the point i+ oF 
(d) the line is parallel to xv plane 


3.100 Algebrall 


4, Ifa, 6, ¢ are different real numbers and ait bj tek i 
bitej+ak and cit+aj+bk are position 
vectors of three non-collinear points 4. B and C, then 


(a) ci abe: G+7+b 


troid of triangle ABC is 


(b) ? + 7 + & is cqually inclined to the three vectors 

(c) perpendicular from the origin to the plane of 
iriangle ABC mect al centroid 

(d) triangle ABC is an equilateral triangle 


5. If Z,=ai +b) and 2,=ci + dj are two vectors in 


P+ej and #, 
(b) |w,)=r 
(c) W. #, =0 (d) None of these 
6. The volume of the parallclopiped whose edges 
are represented by the vectors ai + bj + ck, 
bit+ejt ak and ci + aj+ bk is zero. ‘This 
implics that: 
(a) a=b=e 
(b) a+ Bt c?-ab—be-ca=0 
(c) ath+e=0 
@ ai Bb &-3abe=0 


7. 1f three unit vectors Ai + mj tak; 


Lh + mj + nk, fh + mj +t nk are mutually 
perpendicular, then the value of the determinant 


m,n) is 
lf, omy om, 
(a) 1 

(c) 3 


(b) -1 
(d) 0 


8, Which of the following statement(s) is/are true? 


(a) If n.a@ =0, 7.6 =O and #.¢ =0 for some 


non-zero veetor i, then |@bE | =0 


SECTI 


ASSERTION AND REASON TYPE QUESTIONS 


The questions given below consist of an assertion (A) and 
the reason (R). Use the following key to choose the appro- 
priate answer. 


(b) there exist a vector having direction angles 
of = 30° and f= 45° 

(c) locus of a point for which x = 3 and y = 4 is a 
linc parallel to the z-axis whose distance from the 
zay 


(a) the vertices of a regular tetrahedron are OABC 
where 'O’ is the origin. ‘he vector OA+ 08 + OC 
is perpendicular to the plane ABC. 

9. If 2,6 ,é are non-zero, non-collinear vectors such 
that a vector B = ab cos 2n-cos"(a.h)} and a 
veelor G = ae cos {4-cos (4. 2}, then p+g is 
(a) parallel to @ 

(b) perpendicular to @ 
(c) coplanar with Band é 
(d) None of these 


10. 


If @ and & are not perpendicular to each other and 
a = bxa@ and Fxé=0, then ris equal to 
(b) b+xa 


(d) None of these 


11. The vector 7+ pj +3k is rotated through an angle 
© and doubled in magnitude, then it becomes 
4i+(4p-2)j +2k. The value of p is 


ps 1 
a) —— b) = 
(a) 3 {b) 3 


2 
(c) = (d) 2 
3 
12. The vector —(27 -2/ + kyis 
(a) A unit vector ; 
(b) Makes an angle z/3 with the vector 27 -4/ + 
3k 


(c) Parallel to the vector —7 + J — 


(a) Perpendicular to the vector 37 +27 -28 


ON-V 


(a) If both asscrlion and reason are correct and reason is 
the correct explanation of the assertion 

(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 


Vector 3.101 


(c) If assertion is correct, but reason is incorrect 5. A: Sct of any four vectors is always lincarly dependent 
@ 0 


Now consider the following statements: 


of n yceto 


crtion is incorrect, but reason is correct R: Ifa s 1..D, then sct of those n 
vectors is linearly dependent (1. D.). 


6. A: Null vector has zero magnitude and indefinite 
RS cei : a direction. 

a,b, ¢ respectively and 24 +3b -sé=0. then R: Null vector has both initial and terminal point 
the points P, O, RX must be collinear. coincident 


R: If for three points 4, B, C, AB = AAC, then the 


points 4, B, C must be collinear. 


1. A: If three points P, Q and R have position vectors 


7. A: If three vectors are Linearly dependent then their 


STP. =0 
2, A: If the vectors @ and ¢ are non-collin- R: Three Coplanar vectors from a parallelopiped 
ihe sikevlines: SGases AQ —4) nid (considered as coterminus edges) whose volume 
is zero). 


a-&+ u(a—32) intersect in a point 
8% A: Two non collincar vectors are always Lincarly 


R: ‘[here exist 4 and » such that the two values of 
a independent 
y hecome samc R: A set of vectors is called L.I iff vector of the set 
3. A: If the vectors @ and é are non-collinear, cannot be generated with the Linear combination 
then the lines r=6a-2+A(2@-a) and of the remaining vectors 
7 =4-8+ u(@—38) are coplanar. 9. A: Three non coplaner vectors are always lincarly 
independent 


R: ‘There exist 4 and yz such that the two values of r 


R: Ia set of vectors are linearly independent, then 
becomes same. 


any subset of the sct of these # vectors is also lin- 


4. Az: If w@ and v are unit vectors inclined at an angle carly independent 
a and ¥ is a unit ‘vector. bisecting then angle | 49, A:Any vector # in a space can be written as 
between them, then ¥ = Fr F=xa+yb+z(@xb) where Gandb are any 
R: If ABC be an isosceles triangle with AB = AC, then fwo'non zero non collinear ‘vectors, 2, y,\z are 


suitably chosen scalars. 
R: Any vector in the 3 - D space can always be 
written as a linear combination of three non 


vector representing bisector of angle A is given by 


coplanar vectors. 
SECTION-VI 
COMPREHENSION TYPE QUESTIONS 1. The position vector of 7 must be : 
(a) at+b+e (b) aat Bb+ye 
A: Let ABC be a triangle, AD, BE and CF be the angu- 3 x] 
lar biscetors of its interior angles. These bisectors are ais pb rye 
concurrent at a point f called incentre of the triangle. ©) ry ra (d) None of these 
We know from geometry that 2? _ 4 ‘ : 7 
a 3 pe 2. If ris perpendicular distance of / from the side BC, 
If BC = a, CA= B and AB = 7 and with reference to then 7B. IC must be 
some origin. Let &, 5, 2 be position vectors of A, B lw) teases cose: 
and C respectively, then if B Cu A 
(0) r°cosec cose 5 sin 


3.102 


6. 


: Let A,B 


Algebra Il 


5 B CA 
(©) -+eosce cose ss sin = 
(d) None of these 


s same as in above question, then value of 


must be 


2 B Cc A 
(b) r*cosec —casec—cos— 
2 2 


2 B 
(c) r°cosce —cosce 


ri 


(d) None of these 


¢ the vertices of a triangle ABC in which B 
is taken as origin of reference and position vectors of 
Aand C are @ and @ respectively. A line AR paral- 
lel to BC is drawn from A. PR (P? is mid-point of AB) 
meets AC at QO (where OR < PR) and area of triangle 
ACR is 2 times area of triangle ABC. 


. Position vector of R in terms of @ and é is 


(a) +28 
() até 


(b) a+3é 
@ at+4é 


. Position vector of Q is 


(a) 2a + 3¢ 


(b) 3a +26 
5 

a+ 26 
{) 3 


PQ AQ is equal to 
OR) LOC 
(b) 2/5 


(a) 1/4 
(c) 3/5 @ 14 


(d) None of these 


» In triangle ABC: O, N,G and O' are the circumcentre, 


nine point centre.centroid and orthocentre of ABC 
respectively. AL and BM are perpendiculars from 4 
and 8 on sides BC and CA respectively. 


Let AD be the median and OD is perpendicular to side 
then O4 = OB 
R.Now, in AOBD, OD = R cos A, in AABM, 
f sec (90° - C) 
[- ZO! AM = (90° - Cy] 


=> AM cosce C= 


:2R cosA 


sin C 
*, AO'=20D 


If AP is the diameter of the circum circle. ‘I‘hen answer 
the following questions 


7. OA+OB+OC is equal to 
@) 00 (b) 20°O 
(©) 240 @) 6 

8. O'A+O'B+O'C iscqual to 
@ 00% (b) 20°O 
() 240° (d) null vector 

9. AO'+0'B+O'C is cqual to 
@) 00% (b) 20°0 

— — 
(©) 240 (a) 500" 
D. Cross product of vectors finds its vast application in 
the field of science and technology specially in phys- 
ics, €.g., to find moment of force: angular velocity and 
magnetic ficld intensity cte 
() Moment of force : 
moment of force / about point O is defined as 
M=rxF-r|.|F|sinOn, where @ is the angle 
between F & 7 

(i) Angular velocity : 


If a rigid of body is rotating about an axis passing 
through A the body and directed along vector # and 
the body is spining with angular velocity @ rad/sec, 
then tangential velocity of the point B on the body is 


veaxr, where » 


10. 


U, 


= 


oes 


Axis of rotation 


A Force F is acting al point P on a rigid body free 
Lo rotate about point OC 0, 0, 0) and position vector of 
point ? on the body is (Gi +4k) If F =10i+5j+ 10k 

, then moment of [oree about O is 

(a) 5-49 +2743K) (by (49 +27 +38) 

(©) S(4P-2)7+3k)  @) (4-29 +38) 

If co-ordinates of A be ( 2. 1, 2) and that of B be 


(4, 3, 3) and magnitude of angular velocity be 10 
radians per second and i is unit vector along 37 +47, 


then the tangential velocity of point B must be 

(a) -7+6)+4k (by 8-67-48 

(©) 8 46j+4k (@) 81 +47 +6k 
Tetrahedron, is a pyramid with triangular base and its 
volume is one sixth of the volume of parallelopiped 
formed by any of its three coinitial edges denoted by 
vectors G,b,é respectively 


bxé 


Ja |cos? 
2 


1 ‘ 1 
= (Area of base) + height = — 
3 G ) heigl 3 [ 


(where 0 is angle between a & 5 x é) 

=i ~5xtabal = slab aI 
Regular Tetrahedron, is a tetrahedron length of 
whose edges are all equal is called regular tetrahedron. 


||=|6|=|é| =|a@-b|=|b-2|=|a-2| 


Answer the given questions, based on the above facts: 


12. 


13. 


14. 


16. 


17. 


18. 
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Sum of 4 outwards drawn normal to four faces of 
tetrahedron with magnitude equal to area of respective 
face is equal to 

@) raxb+bx2+exa} 

Oy Gabe bxeaexa 

(c) zero 

(@) None of the above 


Line joining the vertices of a tetrahedron to centroid 
of opposite faces are concurrent and if G,, G,, G,, G, 
be the centroid of the faces OBC, BCA, CAO, OAB 
respectively, then the point of concurrency of line 
AG,, OG,, BG,, CG, divides these lines in the ratio 
(a) 2: 1 internally (b) 3: | internally 

(c) 2:3 internally — (d) None of these 


Which of the following statements are false? 

(a) Six mid points of six edges of tetrahedron lie on 
a sphere. 

(b) If pair of opposite edges are 1, then centre of 
such sphere is the centroid of tetrahedron. 

(c) Volume of tetrahedron whose coterminus edges 
are represented by vectors i+ 7, 7+k, k+i 
respectively is 3 cubic units. 

(ad) None of these. 

Which of the following is true about regular tetrahedron? 

(a) All faces are equilateral A 

(b) Angle between any two concurrent edges is 60° 

(c) Any two opposite skew edges are | to each other 

(d) None of these. 

Angle between any two plane faces of the regular 

tetrahedron is given by 

(a) cos alt 


3 


1 
b) cos? = 
(b)_ cos 3 
(c) 60° (d) None of these 


Angle between any edge and a face not containing that 
edge is 


{b) cos” 


(c) 60° 


(d) None of these 


Distance of any vertex [rom opposite face of regular 
tetrahedron (where 2 is length of any cdge) is 


2 A 

<2 by — 
(a) re a (b) B 
© ws @) 23.4 
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SECTION-VII 


COLUMN MATCHING TYPE QUESTIONS 


1. Observe the following columns 
Column-I 
@) The valuc of (@xb)x(é xd) is 


(ii) The value of (@xé)x(6 xd) is 


(iil) The value of (@xd)x(B xe} is 
Colma “I 


2. A parallelopiped whose co-terminus edges are rep- 
tod by G@=274+3744k:  B=i+27-k, 
3i-j 42k 

Column - I 

G) Length of an edge 

Gi) Area of a face is 
ii) Area of largest lace is 


(iv) Twice of the volume of parallelopiped 
(vy) Length of longest edge 
Column - IT 
(a) /285 
(b) 29 


© V8 
@ vi4, v6 
(e) 74 


3. If Gand are two unit vectors inclined at an angle o 
to each other, then 


Column T Column IT 


@ |a+6| <1it (a) Fcaca 


(i) |a-6|=|4+5] (b) F<osn 
(iii) [a+b |< V2 


(iv) |@-b|< v2 


(c) @=a/2 
@) 0<A<x/2 


4, Column I 
@ a.b=0 


Gi) axb =6 


(aii) [eab]=0 


Column IT 
(a) either of vectors may be zero 
(b) angle between vectors @ and b is a a,b #0 
(c) vectors G and 8 are parallel, 4,5 #6 
@)e¢ 
(e) ¢ is to bx a when a@and b are non-collinear 
and non-zero 


"to plane of vectors @and b ; Gb #0 


SECTION-VIII 


INTEGER TYPE QUESTIONS 


1. If @and& are vectors in space given by 


get 2d gid § = PIAS then. the: value cof 
v5 via 


(24+). [(Gxb)x(G+6b)] is 


2, ‘Iwo adjacent sides of a parallelogram ABCD are 
given by 4B = 27 +107 +114 and AD =-i +27 +2K 
‘The side AD is rotated about 4 by an acute angle & in 
the plane of the parallelogram, so that 4 becomes 
AD’ Wf AD' makes a right angle with the side AB, 


cosine of angle & is given by Then value of 4 is 


7. 


. Non-zero 


G.b.2 
| 


@= ub +42, then find the maximum possible value 
of uw. 


vectors satisfy 


p-al. if 


ab =0,6-a.6+8 =Oand 2/5 +6 


. Find the cosine of angle between the vectors 


& and é where G,b andé are unit vectors, satisfying 


b+é+24=0 


ha+mb+né 


i, mon 
then find the value of |3A| where A=|/, m,n, 
fs mM 

» Given a defined as 


vector A 
A=(Gxb)x (Ex d) +(G%2)x(B xd) + (Gx d)x(Bxé) 
then find the value of | x a. 


‘The position vectors of the vertices A, B and C of tet- 
rahedron ABCD are Peptk, i and 3/ respectively 

‘The altitude from vertex D to the opposite face ABC 
meets the median through A of the triangle ABC at 
point /. The length of the side AD is 4 and the volume 


of the tetrahedron is ag If the value of magnitude of 


position vector & be %, then find the maximum value 
2A 
19 


of 


. Let b= 4) +37 andé (length of @ docs not maticr) 


be two vectors perpendicular to cach other in the 
xp-plane. If r, where = 1, 2, 3 
in the same plane having projections | and 2 along 


, mare, then vectors 


} and @ respectively, then evaluate }| »; |? - 
= 
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9. Find the value of the constant § such that the scalar 


10. 


il. 


12, 


13. 


14. 


15. 


16. 


product of the veetor (7+ j+#) with the unit vee- 
tor parallel to the sum of vectors 2/+47-5& and 


(Sf +27+30) is cqual to one 


Let 


P32: 


_and R_ have position vectors 


2+ j-2k 
relative to an origin O, then find the distance of P 
from the planc OOR 


7437 +4k andi, 


If vectors &5, arc coplanar, then find the value of 


the determinant A = 


It is given that ¥= 


where a, b, ¢ are non-coplanar vectors, then find the 


value of ¥(@+b)+ 5(D+2)+3(6 +4) 


A point A(x,, y,) with abscissa x, = 1 and a point 
Bex, y,) with ordinate y, = ul are given in a 
rectangular Cartesian system ow co-ordinates OXY 
on the part of the curve y = » - 2x + 3 which 
lies in the first quadrant, then nae sealar product 


of OA and OB 


If @=84+27-34, b=2%+j-kand @ is satisfying 
the equations #x#=5 and #a@=0, then evaluate 


28|a 7 

If d = Ax b)+ wb x2) 4+v(E xa), |G bz] 
= fand (a +b+2)=8 

then find the value ofA 1 pv. 


In MBC, points D, F and F are taken on the sides 
BC, CA and AB respectively such that BD» DC = CE 
| BA=AF: FB = 3: 1, given the ar(A DEF) = > (ar 
(A4BC)). Then find the value of [36 2]. Gwhere [x/ 
denotes greatest integer function of x). 
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Answer Key 


SECTION-III 


1.) 2. (b) 3. (a) 4. 
U.() 12) 1) 
2 (c) 22 (a) 23), 
31. (a) 32) = 3) 
41. (b) 42 (a) 43 @) 44. 
51.) 52(@) 53a) 54. 
61. (0) 62 (a) 63) OL 
TI (a) 72 (a) 73 (a) TA. 


SECTION-IV 


1. (a,b,c,d) 2. (a,b,c) 3. (b0.d) 4 


10. (b,c) Ue (ad) 12. a,c.) 


SECTION-V 


1. (a) 2. (a) 3. (a) 4. 


SECTION-VI 


© 2 (0) 3) 4 
i@) 12) 1). 


SECTION-VII 


1.) (©): (ii) (ae); (iii) (0,4) 
2 (i) — (bd): 


(b) 5. (b) 
(©) 15, (b) 
(a) 25. (a) 
(b) 35. 
fe) 45. (bp 
(b) 55. fa) 
fc) 65. {a) 
fa) 75. {e) 
(a,b,c,d) 5, 

(a) 5. (b) 
(a) 5. (b) 


15. (abc) 16.) 17. 


(a,b,c) 


SECTION-VIII 


Gi) > (ac); Gil) > (a); Gv) > (): 
3. (i) > (a): ii) > (©): (iii) > (b): (iv) > @) 
4. (i) = (a,b); (ii) > (a,c): (iii) — (a,e.d): (iv) 
1.5 2.17 3.5 4.1 5. 16 
11. 0 12.3 13. 26 14. 5 15. 64 


6. (a) 7 
16. @) 17 
26. (@) 27. 
36. (b) 37. 
46. (a) 47. 
56. (b) 57. 
66. (c) 67. 
76. (a) 

6. (a.b,c.d) 7. 
6. (a) 7. 
6. (a) 7. 


(v) > &) 


(a,c.e) 


. (a) 


. (a) 


. 20 


(b,c) 


. (b) 


. (c) 


10. 
20. 
30. 
40. 
50. 
60. 
70. 


10. 


10. 


(b) 
(b) 
(b) 
(ay 
(c) 
(b) 
(a) 


(a) 


(a) 
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HINTS AND SOLUTIONS 


L 


gms 


Now AF = 


and FA =-AK = 


2. AC =AB+BC =4+8 


=(G+b)+e = a+b +e 


» 


(i) OA #0C 


Now we have free vectors as 


AB, AC, BC,AO,OC,OB,AD,CD,OD.DB 


and their negative vectors => 20 free vectors. 


MI 


(ii) When OA ~ OC then 04 = OG as A. O, Care collincar 
80 9 fice vectors and their negative vectors 
=> 18 vectors. 


D 


( 


is 


L 


4. Given OC — AB, OC || AB 
OB ODandB,O, Dare 
Collinear (AB OC} 


and (40 =BC).(OB =DO),AC.CD,AD.DB 


Number of free vectors — 7 x 2 — 14 free vectors. 


§. DA=CB=GF = IIE = 
DIl = AE = BF =Ct 
DB =F =%+8; AT 
DG = AF =4+2.CHI = BE =7-@ 


DC = AB = EF = 1G =a: 
AC =4-5 = EG 


H 
5 G 
c F 
¥ c 
B 
A 
Body Diagonals:) AG=4+2-6,BH =2-a-5 


CE=b+2-,.DF =a+6 +2 

13 free vectors and their negative vectors 

= Total 26 vectors 

@ Consider side G@=DC it is collinear with 
A 


= HG and their negative vectors (with differ- 
ent lines of action) similarly AB& BA will from 


Similarly for band € = No of pairs formed by the 
sides — 72 pairs 

Body diagonal will not form any collinear vectors 

‘The surface diagonal AF and FA will form pairs with 
DG and GD and every surface has two surface diagonal 
(4 vectors) — 8 pairs 


Formed by two parallel planes, Total 8 x 3 ~ 24 pairs 
=> Total 96 vectors 
ors with EFGH plane 


Gi) Coplanar vee 
EF = 4B 
and DA 
vectors DB = HF 


GH -b and their negative 


=44+h and their negative voctors, 


AC -b and their negative vectors 
So total 8 vectors 
TEXTUAL EXERCISE 2: (SUBJECTIVE) 
1. @) cosy =n=0 
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2. (a) @=2i- 7-3 = a= 


2 1 - 
DC's =(—, =, 
° (F Via 


ee ee ee eee 4 6 

b) G=S7-45+6k = a= a 

(b) @=S)-47+6k > a Fi Tt 
DC's (eH) 
Vit SIT S77 


(co) tnitj-b a= pirRi-z k 
1 +1 -l 
DCI s= se, 
os Gees) 


3. (a) > £ 


C+ te =l > pete =>n-0 


n=? 


4. P(2,5,7) and Of 3, 1,2) 
PO =(-3-2)§ +(-1-5)j+(2- DE 
6 


- -5§-6j-5k => PO= 


AB= a aa BC ~ —27+2k 
37 46k 


AD =(-2)AB =~6i +2}-8k 
Let G be the mid point of DF then 


AG = AD +. DF = AD +2AC 


a + ~ 
Wee as” 


B A D 


and / AG = 2AD + AC 
— -12) +4j-166 +47 37 +6h — -87 + 7-108 
— 8+, 1 


& 10ie 
i + jf - hk 
ies vies” Vis 


TEXTUAL EXERCISE 3: (SUBJECTIVE) 


1. (a) BC-AD, Alawof veetoraddition from AB + 


So AC = AB+AD => BD=AD-AB 
D ie 
ry 
A Ps B 


(b) Let 1 be the point of intersection of diagonals, then 
diagonals will be bisccted at it 


Now 4E +EB = AB 


AG +BD = 286 +288 


2. ABCDEF is a regular hexagon AB 


Let O be the centre of the 
‘hen AO =BC =6 and OF = BA=-a 


FA=OA=FO=-b+a=a-6 


3. (a) AB +BC 
AD =2BC EA = EF +FA=FA-BC 
Using and adding 


B 


AC+AD+EA+FA — AB+2BC+FA+FA 


Now FA+AB+BC = FC =24B ai) 
FA B+BC +FA 

From Fi +ED+DC =FC 

we got BC +AB +DC = 248 

So FA+BC = AB ay 


From (1) and (II) > AC + AD +EA+FA = 348 
(bv) From the figure {CD = AF} 


4. By the figure, the vector Ain terms of new axes can be 
given by 4 = Aj -Aj+ Ak 
Z 
z 
A‘ A. 
after ni2 -A ‘3 
A, clockwise "1 
> y << 
ratation 
A, ‘* along z-axis A, 
x 


§. (a) @-b-€ gives the body diagonal 


(b) (4 +2) gives the surface (or face)diagonal (4 -é) 


gives the face diagonal 


(©) @+B+é gives a body diagonal 


bd 


ol 
a] 


yo 


a] 
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TEXTUAL EXERCISE 4; SUBJECTIVE 


(a) since ABCDEHF is a regular hexagon ABCO is a 
parallelogram and so is BODC. 


=> AO+0D =23BC 
for similar orgument AB = 2FC = 2CF => y =-2 
=> y-2x 2-4 
E D 


(b) Let 5,2. 
@.7 be the respective position vectors 


Bee df =" 
A) Dd) 
4 
Bib) 
BG) 


So AB+CB+CD+AD - 


- 2-28-2924 


— 4{f - 3} =4EF lence proved 


2 PV of mid - point of dC =2 =2 = 
FE-e-g_ 4228 
2 
AN 
K [ete 
Bib) pide) 


1 


Similarly AD =2*°"*4 


E+a-W+h+E-2W+ath-2c _ 
2 


AD +CF +BE = 
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b+2 


3. d= 
2 


{AD is the median} 


b+ 


7 = +24 
Mid pt of AD- E => @= 


z 
q 
ere ae) 


Ala) 


Bib) pa) ce) 


Let pt divide AC such that 


Let BF = 4(BE) so PV’. of F(f) 
2 ae +a 


on comparison of like vector terms. 
+24 


4 a o 
Gives #= 3g honee ke +0 — ka 


a ARI 
Gives k ~ 1/3 so We 3 


4. Case (i): (for internal angle bisector) 


A(orgin) 


(bh) E(C) 


4S x 
b) 
(6) ab ce) 


Let A be the origin and & and é be the position vectors of B 


and C respectively 


Let AD =6 and AE =6, then AF =5+é 


(- diagonal of rhombus ADFE lics along the angle bisector) 


=> AG=AAF => AG=Ab+a 
Further let G divides BC in the ratio p= 1 
HE+b 


Internally, thon AG = 
: Bt 


eee ii) 


eth 
#t+1 


<. From (i) and (i), Ath +2) = 


=> ACe+Ib += ne +b 


> Aus s4 a +1) 


[2a] MD fea 


é| 


But & and @ and non-collinear vectors (hence linearly 


independent) 
MED 129 ang HAAD 29 
=> A(utl)=|bl=n(l2 ) 
b| _ bl.lé 
| bl+ 


‘Thus G divides BC in the ratio: 1 - [b|:|@ =|ABIJAC 
i.c., internal angle bisector of any angle of triangle divides 
the sides opposite to il in the ratio of the sides containing the 
angle. Hence proved 

Case (ii): For external angle bisector 


Bib) C(c) 
Now AF =é-6 
(diagonal of rhombus lies along the angle bisector) 
a) 
z 


(2 € and& are non-collinear hence are linearly independent) 


xternally in the ratio 
JAB :|AC 


consider triangle ABC, BD is the internal bisector ef 24 and 
BE is the external bisector of 2B, join CE 
Let 24 =a ZB =b ZC =e 


= 


In A4BE, by angle sum of property ZBED ~ ci2 

=> ZBI = BCI (which are angles in the same segment) 
Thus for same reason ZCED — b/2 
Now by angle sum property, ZACD - 90 ¢!2 

=> CE is th coxternal bisectro of Zc 

=> Hence AE, CE, BE are can correct 


. Let A(@),BG).c@) be the PV of these points then 
b+ 
2 
The mid pt of AD is KE and it has P.V. as 


pe} b+e424 
+ Paces 


D(d)= 


2 4 


_ 8424-36 
- 4 


A(a) 


Bib) D Cle} 


Let point #* divide AC so that 
AR 


=k ot AF =k(AC} 


AC 


Now let BF = (BF) then PY of FCF) will be 


(a) 
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+4-36 


fet 


Pits 4 
fs =k(é-d); Comparing # 3 


=> Br= San ; El = (BF -BE)= pan 


~ Slop —lor opr EF: BF 
43 4 


3i+4k , AG =Si -2j 44k 


AD is the median through A. Using the fact that diagonals of 
the | gm biscet cach other, Hence forma gm with AB and 
AC as adjacent sides. 


ae ae 
= [2-27 +86} 

—j+4k = AD=Vi8 =3y2 units 
- ssl stg 

Unit vector along AD = sali ~j-+ak} 


21 +47 +4k and AC=2i +2; +k 


(b) 4B 
Median AD =—(AB + AC} 


Se ce 5) 
— +3,+—k AD= 
eer hada ET 


(a) PV of A=4i +77 48h, PV of B=2i 43) 447 


PV of C=2)+3)+7k = [AB 


27-4) -4k|=6 units 


-2i -2) -#|=3 units 


A 


B D 
Let D be the point where angle bisector of 24 mects BC 
|AC|PF of B+|AB|PY' of C 
py of p= ACF of B+ [4n|Pr aC 
|48|+|4c] 
{angle bisector theorem} 
(@ +9) 412k) +(12i +307 + 42k) 
eS 
34k 1 
=; 


6 +13) +18k} 


9 
(b) &@=O04=7+3}7-2k- a= Vid units 


° B(b) 


t 


Zz 
2 
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b=3+7-2k = [d= 14 units 


Ex, ala 
P.V. of P=OP ee fangle biscetor theorem} 


2 S {aaj ai} = 23 42j-28 - 2(7+}-%) 


CG - AB 


> li¢-lipere - lice 
2 Zz 2 


.. FE is mid parallel to BC 

(b) Refer to Q.1 (b) 

(c) Since the medians have been provid to be conaennent 
hence proved 


A 
E(e} 


BS 
D(d) 


10. (a) AB4+ AC =2AD; Vorma | gm with sides AB and AC 
Since diagonals ofa gm bisect each other 


2AD = AE = AB+AC 


b+a 
(vb) #2724 
Similarly and 
and HG=g-h S shows that EF = 1G 


On the same line E7f = FG. so EFGH will forma gm 
(c) Let the origin be at A and AB=4,4D 


Wags 2at+b 


DB =a-5 nowlet AP= AF and DP =7DB 


+26 


Hence of )- #(@-F) +B -2a00-a 


so Kat ub=20+(1-ayb = 2A=(l-A)=u 


=> 27-13.similarly for DO AQ AF and DO = BDB 


Gives (2 24). Ba-B)+5 


aa +S 6 =fard- pb 


= BP=a=2(1 fp); Gives B- 23 
DP 1 DG 2 
=== and —S == 
DB 3°" DB 3 


So the line segment DB is being trisected 


11. Let A be the origin and B and C has P.V. be 
Let D pt divide AB in the ratio 1: & 


PV of D(d)= AD ==> PV. of E(@)= aE -*_ 


1+k 
Any point on DC will be given by 
E+h+Id _E+b aan 
(k+2) k+2 
Similarly a pt on BE will be give by 
Bk +1) +b = b+e ay 
k4+2 k+2 
From (1) and (11) it is clear that pt (A) Ete tas bah 


(k +2) 


on DC as well as BE. 
B+e 
k+2 


< which is the mid pt of BC 


wi) 


Ala) -(1,1,1) 


Bib} (40,2) Did) ——-Ce}4,2,3) 


Now equation of AD will be F=a+A(d-a@) oi) 
+e -5) we iii) 
uf -2) wes div) 
Vor A,, (point of intersection of CH and AD) 


a+atd—a) =2 +f -2) 
if i 
> QLp+. (35.3)-a2ne{ We = 


134-4 41 3-2 5341 
> t-3/7,4= 6:7 


= A=a1,n+9 ag2)-(22.2) 
WTB) NTTF 


Equation of BF will be 


and equation of CF will be 


Si3K-—3 4/31 


4 


Similarly for B,, (point intersection of AD and BE ) 


=> G+Ad-a)=6 + ue -b) 


=> (1,11) 1% (24.3)-com+a(-2 


A 
=> 1 3A-4 2p, 14> 
Hs 3°3 


For C, (Point of intersection of BE andCF ) 


b+ ye -bye+uf -é) 


373 
> 4-2u- 4-1; 43p-2-S/3t, 2-13 -3 49 


= (402) a[-2 = ave 


(a) Centroid of 


MBC, = 254+164+22 94+8+4 174+124+13 
was 21. 2 21 


) =G.1,2) 


4 sy ( 
+(—- + 
7°37) 73 


V8141425 x3 


3 
ag 
4 


Bx144-+(16)+400 
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(ea MBC__ [AB BC 
a MBC, |AB, BE 
me {G.-1,D « @,2,1) 
[3-37 +64 ~j+24|x49 Pn 
afi 7 +24] F 
cA 


e 


_ V3641641 x3 _ 
© 64X94 I56-416 


__VO+25416 x33 
© J9x16+4004256 4 
> v- 34 
Aut pvtvd _3x(9/16 =27,, 644 
Au 27/64 16 27 


TEXTUAL EXERCISE 1: (OBJECTIVE) 


1 (@ PY. of x2 PVol y oo 
AV 225792 eae A aay 
3 33 
24 
x 
= * —> 
P@) 24. a 6) Y 


2 @ Let PV. of A@,B).CO. 
ANG) BB).CE) 


Now P.V.of G= 5 Similarly G' = 


Now 4d" =4,—4, BB'=5,-5,CC 


3.114 Algebra 


A A 


B cB c 


So Ad'+BB'+ CC 


-3 pth, te, ath te 2300) 
5 c 


ath +e)-(@+b+e) 


3. (&) AA,B(S),CE) are the vertices of the ABC. Cireum- 


contre is at origin. (gy = 24 +€ 


Qo 2 G 1 °C 


26+0 6236 


4. (vb) OP = PY of P=" 
m 


Ala) 


a 


Bib) 


fo) 
Remember, here O is assumed to be the origin 
5. (b) Let Aa) =) + +k 
Bib) =i +37 +5k 
Ce) = 7497 411k 
1) is to be determined 
- c 


A B 


Pee 
ABCD is a| gm so Au + 


d =&+2-b =8 +107 412k - 


= T7477 +7k =16 +7 +h) 


Observe that 48 = AC = J11 units 


MBC is i: 


osceles P is the mid pl of BC Creating A as 


origin) p= al +2k} =2? +k 


TEXTUAL EXERCISE 5: SUBJECTIVE 


1. LHS =(«4+3p—42)¥) +(x43p452)) +Bx4 yb 
and RHS = A(xi + yj + 2h) 
eID ee 4e| 
Now x+3y+5z=Ay 
3x+y 224 
> ~92- AMx—y) as (x,y, 2) # (00,0) 
la-a4) 3-4) 


=> (A= 42-225) + BA +43) + (32 - 122) 
- WB 4? T4722 =0 
2 a=3144j-26 s a= [si +4j-24} 


29 


Now i=a+hs0 b=i-4 


> Baie fai +4j—2i} 


3. (e-1)G46 and (243x)a-25 
-1 1 


are collinear => : So3r 12-2 2vx-0 


+3x 
4, Since 34422 -5h =0 
= 3a+2¢ 
= b= 72 x, p divides AC in the ratio 2: 3 
(342) 


=> Points A, 8, C are collinear and AB: BC- 2:3 


5. AG@),BE).C@) are collinear 
And f@-+mb +n? =3 = —mb = 4a + nF 

B divides AC in the ratio #7: € 
¢_fatne 


ota 
So b= = 
ftn 


>a § +n, 30 


6. Since and § are not collinear 


(142h-&)G+(2-h42k)b =5 


Gives 1-2 -k~ Oand 2—h+2k-0 => 2k-A+2 
k-2h | 1 =>2k-4ht+2-h 2 
gives  ~ 4/3 and k~ 5/3 


7. G@+2b = p= and b +32 = qa shows that these yoctors are 
coplanar. 


=> &+2b- p? =8 and ga-b -32 =8 


=a=-fand p =-6 50 3425 +68=3 


V6 since |A] -4 


35 +37-5E 


PD fo 


A B 


= V4 . Nowa vector fi collinear with BC and 


|B 


5 t4(s 05 oe 
having a magnitude of 4 units is £ = ra +25- 3k} 


TEXTUAL EXERCISE 2: (OBJECTIVE) 


1. (©) @andb are non-zero and non-collincar 
G=(x-2)4 +6 and d=(2x+1)a~5 are collinear 
So2x 1-2 *«>x-13 

2 (a) G@=ni -27+5k and 6 =? +37 -2k are 


Collinear > == = 
1 5 


3. (abe,d) @= xi -27+5k and b =i + yy - 2k 
z -2 5 

Are collinear —=— =— 

1 =z 


5 
k 


2 
=> forx A ya-e and z= 


forx—l,p- 2,2- 5 
for x— 1/2, --4,2--10 
forx— 1/2.~-4,2-10 
forx— 1,y-2,2-5 


i—jand 6 =-2' +4 are collinear 
Vel Dk-2 
k 


4 (a) 


> 


Vector 3.115. 


5. © Gand & are two non-collinear vectors and xa +95 


=> x-O.y-0 


is collinear with 


B iv 


A D 


7. (a) Let A be the origin then A 


ap _13d+256 G+ — -34+9b _ 
32 2 32 


— 
[ds 


=)le-33} 


Hoenee we can write +10R +OP =O: 


ind OP are collinear. 


TEXTUAL EXERCISE 6: SUBJECTIVE 


1. Let Points A.B,C,D be the point given by these vectors 


BC = 3a +.4b —2¢)-(4- 26 +32) = 24 + 66-57 
CD =(@ - 66 + 62) - (34 +4b - 22) = -24 -105 +82 
(Observe that CD=2AB and two vectors are always in 


same plane 
If these vectors are coplanar then 


3.116 


bd 


. (a) Lot a 


Algebra Il 


=0 since 2R,-R, 


ie 
a 
co 


Hence these points are coplanar 


j-j42b.b=ai-J47k and = 2545 +3k 


If those vectors are independent then xd+ yh +22 =6 
0,y- 0,27 
c., (X+4pt2z)i +(e pt z)j + (2x4 Ty +32) =0 
Bz — m(x | 4y | 22) 
--13 


for x - 0 only 
Solving for 2x | 7y 
We gct m— 5/3 and» 
4y- 2 yr z2vlTy— 32 
gives x ~ 22, z0rx~ 2k,y~-k,z 7k 
so these vectors are dependent linearly 
(b) Let i+2j +36, bai-j+a4k, 
@=27+77-k 
If xd+yb +22 =0 forx—0.y-0,%-0 only 
ec, (ety +22 +(2"-y4+72)j+Gx+4y—z)k 


nx plz) 


=> x 


-2,2 


. ‘These vector will be independent 


gives lp— 2z @, 
2x-y--72 eats) 
3x dp- Gi) 


(i) and (ii) give 3x — — 9z i.e x — -3z so y ~ z putting in (iii) 
LHS - 9% 1 44-S2#%—%-O080x-O,y-0 

Hence independent linearly 

Lot A(a) = ai + Bj + yk, BB) = fi +yj+ak 

C@)= 


numbers, consider xd + pb +26 =0 


i+aj+B-k where of.y are distinct real 


Which gives 
(eat yPtzy +(xBtyytza)j7 (ay tyatzpyk=5 
a pyr 
Boy a ~ -Sfa- pr +B- nF 49-aP (a+ p47) 
ya pi 


Singe o,B.y are distinel so a | B | y—0 gives 
&+6 +2=0 which shows that these pts are coplanar 


(But not collinear) 
In that case |a| =e? + 6° +(0+ py 
~ f2{a? +f +af) =|é| =|e| 


So an equilateral A is formed with side 
a] = (2a? +f? +apy 


These points will be collinear when a ~ B ~ 7 # 


9 then 


@#0 also when a B- 7-0 then @=6 =2=0 
and these points converge into one point. 


4,8,@ are non vero and non-collinear so let +5 = pe 


and 6+é = 9a 


=> qatgb=pge or B42 +Gb = page 
ie. q+Db =(pq—DE Since band @ are not collinear 


a+b +e =0 


q7--l.pq-1sop--l,ic., 
c 
cy > 
B 
B 
a 
A 
5. r=ar, tbr, ter, , Now 37-27 +5k =a +b-2oh 


(-a+3b +c)j +(a— 2b -3cyk 
Gives 2a + b-2¢ -3 

a 3ble- 2 

a 2b 3c-5 

i) - Gi) gives 3a - 2b -3¢ —5 

(iiijisa 2b 3e-S=>a-0,b-V7e- 
(c-11b-0-a) 


W7 


Sie a+ fp +1=3 


a +B =2 and (a+m 
Gives (¢+4m)i +(¢+3m)j+(C+4m)e — i +acj + pk 
4m -1 

B-1 eee eee 1 for B- 1 

, B=W+b.C =4a42b = 50446 

Note that AB=@+5 and 

AB = +6, BC = 2+, BD =3a +36 
=34+26,CD=%+26 BD =3(4 +b) =34B 

So B, A, D are collinear 


sof 


TEXTUAL EXERCISE 3; (OBJECTIVE) 


1. (a, d) By the question, 


j-k, BC =25 437 
=-27- 


8) -2k 


9} -3k,BD = 
We observe that CD =24B 


=> [AB =sle| and AB || CD 


2 (b, d) ACL, 2.3), BQ 3.4), CG 7.8) 
so AB 
and BC =4i — 


—jtk 


4j+4k =44B 


A, B,C are collinear hence are linearly dependent 


3. (b, d) AC-1,2,),BQ2,-3,1), C2,1,3) 
AB j, BC =4j+2k 


1, B 
|4B| - v34,BC = J20,|4C|= Via 


j+2k, 
so AB #kBC 
These points arc not collincar. Hence the vectors 


(4B and BC) are linearly independent veetors 


4. (v.00) & Bi+2p+Ak 


i4+2j7-3h,b =2i-j+k 


Consider & = 64 + mb 
So 3+27+2k=(4+2m)i 1 (2€-m)F+(-3e+m)k 
=> £-2m~3,2¢—-m-2or4é-2m-4 

4 21 W7 


=> £-75,m-—4i5and 2=m—-3f =—-—=-— 
5.5 5 


” 
If 2 = —T then these veetors are linearly dependent 
£4 
For 4 a these vectors will be linearly independent 
a 
obviously they are not collinear for 4 = —— 
8. © b=2i-j+4bso|B]=V2 ja =5 a =F6) 


Sinee 4 make obtuse Z with tive direction of z axis 


6. (a, c) AC@), BC), C@) are collinear point 2. 4,6, 2a are 
coplanar vectors Hence they are linearly dependent also 


TEXTUAL EXERCISE 7: (SUBJECTIVE) 


f (a+ 4b) =(i42) +8) +4(-i-37 +8) 
— (l-A}i+@2-34)7+0+ ak 


(G+Ab) LE => G+ ABE =O 


ie {d-a¥+@ 
=> 2-246 92-0 gives 4-8/1 


3 died ark} 27 +37}=0 


2 G24 7-38 and b=3i-2j-k 


6-2+3_7_1 x 
= = 


jap] Vavia 147 


Let cos@ = 


=24+j-ko>z=6 


Bie ee ae <s “ 1 
Lot P= pa and éx=3 so pa =6p=3 gives p= > 


9. 


10. 


1. 


Let Dex, 


Vector 3.117 


A+B =0-0F +Q+27+G+0k 
(+B) LE gives3 32 2 21-04-5 


Gb =1-6x°-6, 


® {orthogonal vectors} 


Gives 6(8 — 7) — 1 or x? —y* — 1/6 which is circle centered 


p 1 
at origin having radius — —— 
ranene Ve 


. Let ¥= pb +ga. ¥ Lb =. pb +ga) = pd? +ga.b =0 


Or Sp q-0 


Now %. 
Or 3g p-TandSp q-0=>p-1/2,q-5/2 


= (pb +qa).a = pdb + qa? =7 


5 % 
p+ ij t+3k 
Pi 


Fad pied esta jek ry 


As stated C Lz-axis = @=xi + yj 


9=>3x-y=9 
CB=-4x+2yp=-4 


@=2)- 


J erermay 


i 

2) ,then mid point of B19 — mid pl of AC 

3+x -3+y ltz 

a, 141) Ge a 2) 
Gives x--1,y-1,2-1>D(-1,1,)) 
AC =8) +2}42k. BD =-a0+4j +08 

ACBD _ -3248 24 1 


cao] 7252 Gv2a2 2 


cos0 


2n 
0 — 120° or — 
os 


Given 


+82 -28e,=1 


1 1 
= = cos == henee 0= = = 60° 
2 3 


Length of projection of a=7-2)+k on 6 =47 -47+7k 


44847 19 19 . 
= = =— Units 


ver Vel 9 


£437456, D=2i+4j-k 


24+12-5=9 units of work 


TEXTUAL EXERCISE 4: (OBJECTIVE) 


0.Ja]=5 


be) - 164 
57 


Squaring and adding 2¢a2 
2bh=164 50-1145 


3.118 Algebra 


2. (b) Component of @ = 4? +6} along b= 


b\> Was ae 
— | 44 |b=@j+4k 
(2) a ) 


3. (b) @= 27-37 +6Kk,b = -27 +27 -k 


Projection vector donb 
Now —————— - 
Projectionof bon @ 


4. (©) (4 +36) LUG - 55) = 7a? -158? +1645 =0 
(a -4b) 1 (74-25) 
=> 7a? +86*-30a5 =0 
Subtraction gives -236° +4645 =0 or 2a 
Putting in any one equation @° = 24.5 
So |al=[b| = |alla|=24,8 or al|b|= 20.8 


Peet 
Now cos@” = 


la 


8. @) 1 a tan30" = = |al=V3)5| 


a 


|4| 


ol 
ol 


{| 


Aliter: 2.5 =0 
+ 


cos0 


PrN) oy 5 -y 
= |allal=|alja sap squaring «= (a? +0" +225) 
a — 3h? [a] = ¥3|5| 
6. (a) F =Gunits= 27 -27 +28) 
BR 
D=PG=33 +4k 
Work Done - .D+F,D 
= (47-77-26). +48) - 12-8 -4 units 


=7 units — 2/-37-6 


7. (a) a=i4+j+h=.3 units 22 


Squaring a? +c? +242 =6 
Soc? +245 =3 = (é|-1)(e|+3)=0 


=] 


Gives |é]= 


8. (©) Let (origin) O be the Circumeentre of AdBC and 


A@, BS), C@ lie 
Ona unit circle, Since d = AC +2) 
Then @ will be along the Z bisectors of OB and OC 


y depending upon the angle between 


= d=6 means 6 =-7 then da=db - dz =0 


Now pt A may be anywhere on the circle {cxcopt pts 
Band C} 
=> Right angled triangle 


b 0 c 


9. (c) Consider a regular tetrahedron of side \3 


24(0,0,\2) 


BC = ¥3j, AD=-i+2k, 


BC.AD = (W3j)(-i + V2K)=0, 
BC LAD Nlence right Z ed 


10. (6) For obtuse Z we get (ox? 67 +3k).(x? +27 +2exk) <0 
ie.ex'-12-6ex<Oforxe R 
then c <Q and D <0 ke. 
D~ 360? + 48¢ <0 = 12e@3e +4) <0 
Since ¢ so3c!l4>0>c> 4/3 
Hones 43 <6 <0 
11. (a) Since all the options are of the form p(-7+®) so they 
are orthogonal to (-28 +7 +h) 
Checking p(-j +h). -j+h)=6V3 gives p,- 18 
=> p-9s0 F=%-j +h) 
12. (d) ‘The vectors. will be orthogonal when 
{OP DP +O +2740), 2? —7 +38} =0 
ie, 2x?-2-x? - 2x + 3x?7-0 
Orde 2x 2-0=92(K IQx11)-0,s0x-1, V2 
13. (b) 
= 
b 
a 
° 
ict 
\a-a +[o-af +e -afis 
Maximum when they are at 120° to each other. ‘Then 
e-a]=|b-e|=|4-d]=8 
b 
120° 
a 120° 
120 
¢ 
so maximum valuc ~ 3 - 3 +3 - 9 
14. (b,c) For acute Z, G5 >0 


ie, 2x? 3x— 1 0 or (2x1) (1) = 0 


So re (+3) U(,0) 


sR 4 


Axis of ordinates is y-axis 


By the question § 7 <0 <0 


Vector 3.119 


xe Cm, Hic, x0 
2, 3.also belong to this interval 


15. (b, c,d) The equation of line veetor is 
7 =(25+6))+4G-3)) 
Pulling 2-1, 7 =3' +37, Pulling %--1 F=7+97 


Since F¥=0 = & Lay plane so 7 is parallel to xy plane 


16. (a,c) AC = AB+BC - 2-2) 


and DB = AB-BC = 4) -27 +46 6units 
ACPB} 121 
=> |eosd| =|—— — = => O0= 
[ac|[pa|| 122 V2 404 
D 
A (o 


B 


1 


cos0 = 3G 
2 


ab 
ial 3 


1 
3 -4xt+2>x7-0,4 


19, (b) Let the vector be ff + mj +nk 
By the question 2 2-0, 212m 3n-0,2 mt 
and since this vector makes an obtuse angle with y-axis 


nod 


Sudo “aapeng ata et 
een BE 3 
20. ©) OG =i4j+ks AP =-i4+j+k 


F(0,0,1) 


(1,0,0)A’ 


3.120 


21. 


22. 


23. 


24, 


» 
an 


26. 


28. 


29. 


Algebra Il 
@) @Lb = ab =0 
So (@+by =a? +b? =(a-bY 


(©) @-2y7 43 yh) 42g + 
1 —4x?+ 9y?— 0 or 4x?— 9y?~ 1 


=1 which is a hyperbola 


(a) (@.5)2 is a vector in the ditoction ¢ and (22) is a 

veetor in the direetion of & 

(a) (@ +4 +2) =6 squaring 

a bletl2(ab+het+eay=0 

~(9 416425) _ 
2 


gives (5 +be+é.a) — -25 


(QF =4i+j-3k and ff =364+j-k; B= 45 42}7-2% 
Work done ~ (R+F,)D — (7) +2} -4k)(4? +27 -2k) 
28-4 +8 ~ 40 units 


—i-j+k=3 


som 


7 
(b) @x5 =|1 
lo 


ees ee Ps 
=> tg) is perpendicular to both @ and & hence 


‘ a aes 
only two units vectors are possible +5 - j +4) 


loos = ~6 


5 ) aaa + 2b 6a ~ 36 + 36-6 (6) — 108 


Hence |24 - 

(b) |@-6 +8) =2(a" +5*) 

So (@+by = 211214529] -900 = 400 
ence |a +5] =20 

Aliter: [aj 


Gives a’ +b 


(b) Given |a|=|6|=1 and ab=t 


Now |B+ 


[34-5] = 941-3 = V7 units 
14943 = J/13 units 


and |b -4|=|a +38} 


9 S. 
=a tl Jarb+ 
44 


31. (aand d) |a|=3 and l=4; (a+06) 1-6) 
=> a-2b'-0; 1602-9 = 1-33 


32. 


(@) Let @=x7 +37 be such a vector where x? | y?- 1 


=1; 3x -4y ~ 5/2 


3 2,.2_(13) : 
Gives =i and yea But v4y'=(B) (4) al 


So no such veetor is possible 


—land (4+5+8)=6 


=> a b'—ct+ 2G +b 4+b2 48a) =0 
> Gb+be+e.a=-3/2 
34. cos¢ 
det +y° - 23.5} - Zat-vosp)=sin'() 


(4-21) +68) 


Or A= 


AB=05418 and AC =0541C 


= d=m(Bx€) Now BxE 


Ilence = 4=+42(Bx€) Proved 


4. Consider a rhombus ABCD having its diagonals intersecting 
at, Lot AO = Gand OD=5 then OB =~}, 


Now AD =a +band AB =G-6 


\a+3| 


i -B| squaring we get 


ic. a?—b'+2 Gb =a7 +b? -246 
=> Gb =054 Lb hence proved 


nw 


Consider a semicircle contered at © (origin), having AOB as 
one of diameter of the circle 


A 


P(xy) 


A @ 0 B 


Lot OA=a thon OB =-a also | 

Let P(x.y) be any point on the semi circle with P.V 7 
AP =F -% and BP 

Now AP BP =(F -a).(F +4) =r? -a? =0; Since 

=> (F-a)L(F +4), ZAPB— 90° hence proved 


6. Consider a parallelogram ABCD with AB = 4, BC 
AG =445 and DB 
Now A@?- DB? =(@4+bY -(@-BY =4Gb @ 
OB = 6, OA = Projection of b on G = 4.5 


Area of rectangle with sides @|and ab — (|a|ab)=a5 
Hence from (i) 


Difference of squares of diagonals ~ 4 Area of rectangle 
Jlence Proved 


D c 


Vector 3.121 


7. Consider a ALMN as shown in the figure 


re) 


M(r) P msn N 
2 (n) 
Let right bisectors of sides I.M and MN intersect at C(é) 


= T+ x 
Thandie <4) = 1é-me- 


Similarly (i - #7) a(z- ee +) 


Petey 
= mi -ae 


or d-m(e-12)-0, d-wale- ma 


so right bisectors are concurrent 

Note: Here LMN is an accute angle triangle but the point 
of intersection does not necessary lie inside the triangle as 
in an obtuse triangle. 


8 Let ABCD be a |lgm with AC=4 and DB=5 its 
diagonals, Let these diagonals intersect at © then 


oi-22, 06-4, O-2 mH-*, Din8-! 
2 2 22 
5 = _ a+b 
imilarly AB = 
z Similarly 2 
D c 
A B 


Now Area = [48x 45] = 


FP) 
2 2 


Cc 


3.122 Algebra 


Let AC =a and DB=8 | AO=ma,OC =n. 

DO = pb, OB = qh(where p +q =1) 

Area of quad — arca of (AAOB + AAOD — ABOC — ADOC) 
alk 


xt max qb +|max pb|+ (gb xna) +| ph x nail} 


{observe that sin0,— sin0,as 0,- x 0,3 


7 Flmaat + mpab +ngab + npab} sind, ~ jabs a 


~ = GxB| henee proved 


@°B sin’ @ = a°b*(1—cos’ @) 


= GB? -(abcos0) = @h? -(aby 


10. (a) Let @ bein y plane along P+} so G= 


[2a| be in yz-plane along J +k 0 b= aV2G+)). 


= aoe . Baye 6 

[34| be in xy-plane along 7 +£ ,so € =zli+4) 

Sate Dae he Se JMG, ni 

(6+ /)+—=UG ++ G++) 
ARISE 


(b) p=cos6i +sin8j. g=cosgi tsing} 
4% b=|4| P sin@-9) 


= sin(@-#)=7 


pxdl 


Plg 


) 


Xx 


= |-cosdsin gk +cos¢sindk | 


— sin8 cosd — cos@ sind 
$ we get sin {0 € $)} 


Replacing @ by 
— sin(0+¢)= 


0s(9)i +sin(-9)j|x cosdi +sindj | 


= (sin cos sing cos0) 


M1. (a) Given +5 42=6 = +E =-a 


=> bx +é) 


x(-@) => bxd=axb 


b 


180-A(\A 


c 


B 


A Cc 


Similarly @x(b +2) =2x(-@): xb =-8xa 


a 
gives Bx@=ex@.Ience prove that @xb=bxé=8xa 


bx 


Lee 
ab |e 
ale 


1 
Similarly ee: 
nae 5 


abe sind _ abe sinB _ abe sinC 


a Ce 27 ee 


Il 
ence } 
(b) AB= 
area of AABC = 


1 


sin (m — A) ~ 1/2 be sind — AABC 


bsine = AABC 


~ AABC area 


e) 


sina _sinB_sinC 


€ 


ABx ACG - ; G-x(E-A| 


Vector 3.123 


_ 4x8 -Bxa-ax8) o Lbseraxb+exa] 3 G-dyxb-G-dyxE=6 80 G—A)x-8) =6 
2 (@- 4) is collinear or parallel to (6 -2) 


Now 38 xe +Gxb +2xa] isa veotor 7. (a) ab =42, xb = 4x .a 40, #0 squaring and adding 
Perpendicular to AB and AC (ie. the plane of AABC) and Gives Fh* =P? or 5 = Z| 
it represents the area of AABC when ABC are collinear then Sing '@x0'and @xb caxd coh =e 
bxé+8xa+axb=0 Aliter: a -2)= 0 and 4x(b-Z)=6 
Te ts ot ee Set A AIAN | ani -7- Oita; eh 
Meee esoeb 8. aac ielich 
se then |(@x/)|? =|a,j—ak * =a} +a; 
ait vector —-( 5] so axi?4|axjttaxk? 


~(a2+a.)+G@i-a)+(at-a 
TEXTUAL EXERCISE 5: (OBJECTIVE) ~Aaz lay a)—2Way 
9% (a,c) |@xB =a 5|sin@|=4 


a 


- (a) b, @ =|b =2, ax =2 (@xsd)| 


+ 
- fy ae — Gay | = ao aby ‘é 


. (a, b,©) w= 4-(4.b)b 80 F=4-cosbb > i =sind 


. (d) @=27 437-8 Similarly ¥|= 4x5 |= sind 


ij i 
=> axb=|2 3 4 
1 2 
i j é : _ 
=> a@xé=|2 3 -|=47-3j-k, Acos0 sd 
hood 


3 W4+0.d=a.(4x5) =sind 
|d|4+2h=sin04+ ab-aba} 


=> li 


so(a@ x b)(@ x2) =-40 -27-7=74 


= ind 
. (c, d) Given | ab | =|axb 
=> ab cosd|— ab sin6| => cos — + sind 


> got oe => 45°, 135° Let origin be A; A 


MH. (a) Let AB=25 and AD = 
(37+) and AG =(39 +2) 


app =1 25x5|- Bxgl= pasind 
|. (b) (xb) + (4.5) = a°B* 2. 
. (b) ACA) = + J +k), Bld) =27 +3748, 

i +4j;+9k = AB=i+2)-3k, 


T= 6F +37 +8K, 
i 7 -& 
Now ABxAG =|] 2 -5|=317 387-98 
6 3 8 


1 
hays <8 Area of AAG =|G5 +) GG +23) 
=> BW -38}—96|= J2486 , Unit vector— are 9) G9 +2p)| 


~ Sonxa- 2px@| — <1 Px a=2aann 


. (wand d) Given @x5 =@xd and @xé= 
= axbthxd=axit+exd 12. (ae 


or (4-a)xb=(@-a)xé r=(2-1F+3-2j=? +} 


ro 


3.124 Algebra 


speed — #]=|F w =V20 


13. (a) Consider a unit vector along @. (considering it a 
right-handed system) then F =(€@+mb+né). Projection 
BG+h) fim 
a 
14, (a) Given |@|=1, one side is V3(Gx6) and other 
is BC = -(6.2)a, Observe that AB LBC 


of ¥ along the Zbisector @and & ~ 


Since (@xb) 14 and (xb) Lb 
One angle ZB — 90° 
Now |4B = V3bsin@ and } 


=bsind 
{Note 0 is the angle between @ and  } 


=> tan —,S0 An30r=% 


+ 


Hence angles are 24% 
pate Si) 


15. (c) Gb =0 and @xb=6 
=> either @ or & isa null vector 
16. (b) Observe that +5 +2 =6 
ax =bxé xa =24ABC 
A 


ol 


B = Cc 
a 


(b) Hak tap tex P); F,=84+F+RXD; 


B= ck +op +bCexb) 


la a c| 
Veetor will be coplanar when |1 0 c]/=Oielab ct 


le c¢ Bl 


=> cis the G.M. between a and b 


19. 


21. 


22. 


Let B=bF +b j +b ek 


i 
where b, + b,— b,— ONow @xé =|1 
bb, b 
= +b, +b), -BYI +, +b hk — 2! Fk 
so b,+ 6, ~ 2, ,-b, 1,8, +,-1 
gives b,-0,b,-b,-1 => 4 =<0,1,1> 
(© Given 45,2 are non-zero vectors such that 
b 228: Epa Cor every real kA 
and @+6 is collinear with 2 


6+ is collinear with @ 


Tofind G@+5+2; 4+ =A 

and b+é= pa 

(ii). (iv) given 

> G@-c=22-pa 
But @ 


=> (utha=A+)e 
non-collinear with 
z 1-0 =>p- 


z 
ao 
é and b+¢=-@ > G@+b+e=0 


= + j)-Gtk=i-k 


alae 
-1 


=> May +0j-ak| - Va? +a? =V20* = V8 
e-=2erg=2 
(a axb=% > ELoandZz 15 


Also bxé=@ = G@lbandalé 


=> 45.2 are mutually perpendicular 
(b) AC1.0.3), BC 13.4), C€1.2,1), D(k,2,5) 
Now AB =-2743}+k , BC =27 


CD =(k-1)i +47. Vectors will be coplanar if 


=2 St ad Saas | 
2 -1 -3)/=0 or| -4 8 oO 
(k-1) O 4 (k+7) -12 O| 


— 48 &k17)-Ore (kk 7- 6 Sk- 13 


TEXTUAL EXERCISE 9: (SUBJECTIVE) 


lt x -x 
ho 1 -1|=2x*-2¥=4 
H -1 1 


=> @2@-1)-0 


aek, 


a) 
(ii) 
= iti) 
= fiv) 


2. [ab e]=[aa bb cé]=abel abe] 


xad+ ybb+z0€ 
yb) 208) 
y,b() 7,08) 


mata) 


Now [A B é| =|x,a(@) 


x,a(@) y,b(6) z,0(2)) 
a|]@ 0 9 
z,]]0 6 0] {Row x column method} 
z,|[0 0 é| 
ig oe alee 0. DO] he y 
-|x, 9, z)]0 66 o}-|y y, be] 
x, y, zi[0 0 cél lz 2 2, 


co-terminus edges of 


+b +e E+a] - GHA {G+axE +a} 


= G(b XE) + GE xa) +4AB xG) | 

bB xe) +b (E xa +b xa) 
- [ab e]+o+0+04[F ea]+o - abe] 
> V,-2V,. 


l@ a? Ita’) la a al la a 1 
4. Given |b 6? 14+6'|= |b 6? b+|b Bo 
lc ce? 14? le ec? c*| le oF 1 

lo a@ a 


6 6'=0. Since A.B.C are not collinear. 
a 


= (abe +1)}l 


ae ae 


abe | 1-QOsoabe- 1 
TEXTUAL EXERCISE 6: (OBJECTIVE) 
1. (@ +26 -2) {@-4)x(a-6-2} 
- (4+25-2) [(G-8-2)+@}x@-3-2)] 
— @ +26 -2).46 x(G-b -2)} 


Vector 3.125 


= (G-b -8) + 3B} {Ex G-5 -D} =0 
— 3b.4ex(@-5 -2y =3[bea] 


{as 35.4@ x(-5)} = 38. (E x(-€)} = 0} 


-12 0 2 
(© Volume-| 0 3 -1]=546 
2 1 -<15 


Now 12 x 44 - 6a — 546 gives a~ -3 


. () (@xb)Z =|a| B|E| which is possible only 


if 4,8, are mutually perpendicular 
ie., Gb =bF =2a=0 


(a) 4,6, 2 are coplanar unit vectors 

= [@b2}=0, 80 [28-# 26-2 2-a} 
~ (24-5) {4b x8 -2b xa +2 xa} 
- ab e]-[bea]=0 (~ [abe]=0) 


. (b, d) (2, +2,) will be a vector along the angle bisector 


+ () 


(90- 0/2) 


(a, ©) Only #Fx#) is meaningful (2.5). which is the dot 


product of'a scalar and a vector which is not possible simi- 
larly (d) is not valid 


. (d) Vector formed by sum — (b +2)? +67 -2k 


G4j+OA(b+Di +67 -24} 
ip EASE ONO NEE 


Now - 
\364+44(b4+2) 
> (64+2)46-2= f(b +2) +40 


36 | 12b-b? 


1 


On squaring b 
=>b-l1 


44 4b gives 8h—8 


3.126 


Algebra Il 


AC AB =6 


> 


— 

(a) Volume of prism 2 AA 

= (Ai {i+ j-bxG-6}|=6 =| 40"1=V6 
B 


kt B(2,0,8) 


A 
(1.0.1) C@,1,0) 


‘AC1,0,1) when A‘ = (2,2, 2) then 
Ad'=VP +247 =J6 
=> AQ, 2,2) 


* should be collinear with AC x AB sinec this 
isa right A prism 


10. (a) [@-b 5-2 2-4] (4-5) {Bx +E xa + x5} 
= G(b xé)-b.E xa) =0 


ll. (d)Lot @=i +7, b= j4 


edge is 4, 


|Bxé =?-k+j > a, 


1 4 
= -2)| (2) = 
acib | (2) RS 


14. 


17. 


18. 


=F taj +h, v. 


. © [i 


1 


AL 
2 


2 Al 7 
(b) Volume of the paralictepipea - 2-#171 


wW2 


(@)A vector coplanar with (7 +2j) and (j +24) 
Will be F = 6 +2)) +m(j +2k) 
— £4 (26+ m)j + 2mk 


Since it is perpendicular to 2/ + +2& 
=> 2-26+mt+4m-O0or4d 6--Sm 
Consider 4-5 andm— 4 


=> ¥=57+67—-86 and its magnitude is 5V5 units 


tak,» =aith, 


lal 
Volume #’=|0 1 a} —1+a(a?-1)-a'-a-1 
aol 


a 
Volume will be minimum when Ee =0 
la 


1 
ie, 3a? 1-0, 80 ety 


a [ix a] 

- a[ (21 +) -xG +3%)] - aGi-7j-8) 

‘The value will be max when #and(?-77-#) are 
collinear or parallel 


1959 = V59 


So max value of 7 pr -13-K 


© G@=i-k bax 4j+—-e.d=yi ty t+ 4x—pk 


1-x)=0 so independent of x and y 


x-y| 


[@ 5 Z| does not depend on x and y 


{@, b, ¢) Vector will be coplanar when [a 6 @]=0 
Ja 1 2 

ie ll 4 1) -202 
2-1 2 

— 6-4-0 or (. — 2) 112-202} -0 

=> 25-2143 


1 ® 2121 2-0 


Now 4 =-2 gives—8+12-4-0 


24V448 SH naevh 


TEXTUAL EXERCISE 10: (SUBJECTIVE ) 


ie. B-2R-2-O gives A= 


1. Gi) @=2i-107 +28, 


Gx xé) = (GE)b - GB) — ob-oc 
Gi) @=25+)-34,5 


2j+k,e=-i+j-4k 
xB xé)=(GE)b -(GB)E 
~ 1G -27 +k) +3(-7+j-4k) — 87-197-£ 
2. (axb)xd =ax(b x2) 
=> (6.ayb -(2.b)a = (G8) -— GE 
{-Gs)+2+@d)a} = 


Also 2x(@xb)=6 or (Ex@xb=s 


3. 
(a+b) (B xe) =@+b)p- label _ 
[abe] labe] 
Similarly others are equal to 1. 
=> a +b). po +E)G+(E +a) F =3 
4. 
fi, be the reciprocal system of vectors 
= _ ¥XA £ Pee hs sinO@n_. 
i= = an =a 
[Adv] sind [fav] sind 
nxv __™ hence proved 
[iad] sind 
5. 
6. 


- aba] 


(5 xa){E xd) xx 5)} 


9. 


10. 


. ©) From the given (2x2) 


Vector 3.127 


427 4+2k 
2 3 -l 
|abe|= -1 -2\=3 
Hl 2 2 


_tojtk +k 
3 3 


_ -8143j-7h 


be -(edbla 


Hf 
€]={4é d] row interchange 
Since (-2) [6éd]¥0 @ is collinear with the sum 
Hence proved 
To prove (@xb)x(éxd)= 
Let &xd =A >(Gxb)xA 
— ((Exd).ayb — (ex d).bya = [4 Edd -[bed la 


Similarly putting @4=p we can form the product 
other way 


G,b,é andG,bé are the reciprocal system of vectors 
Gbxe) be 
BOXO) ppg = BE 


[4 6] [a be] 


@.@=1since a = 


TEXTUAL EXERCISE 7: (OBJECTIVE) 


(by Letr- rani tng tink 


Observe that ix xi)4 jfx(Fx fy thx Fx kh) 
= Fn) 4+ -rj)+@—nb - 3 -F = 2F 


b+é 
TE 


— 45° 8, — 135° 


(a) &x(b x) = (G2) - (Gb) = 


Angle between 4x8 is = 


fax(b x2Z)} =0 
=> (GxE).G2)b -GB)Z}=0 > GEN GEH]-0=0 
xb x2)=-abye 


Ilence {@x(bx@)}xF=6 as ZxE=0 => [Z2]=0 


3.128 


4. 


4 


10. 


1. (b) Ex(B xe 


Algebra Il 


(a) Given G5 x2)= ;. \a 


ax(bxé)=(42)b - (GbE == given 
Ss -4 angle betwoon 7&5 is x3 


@B =0 angle between F&A is 2/2 
(a) 2x(bx2)+ (Gb) =(a 2 +a by =(G bE 
—(4 2p sine) 6 +(8?-Ne 
Comparing 27 (1 BY-4 2B sines 1 P- ab 
GZ =1 and f? - 1 (from the values given In the options) 
=> 1-f-0s0 4.6 =1=4-2f-sina 

Possible only when B ~ 1 & sina. ~ 1 (.c.0 ~ 2nz + m/2) 


> B=1& a= (ans) 


G=B+G,pxb=5 (>p=48),G5-0 
Bx(Gxb) _(b*)a-( YB 

py OREO) =O 

Using G@=p+G=kb+G => G.b=kb? + Gb =ko 


Nov 


PAG 5b = 4g BG 


. (a) (+5) x (GB) — 2x(GxB) +b xCaxb) 


— (bya -(a7)b +(b)G- (GYD 
— 14d.b)4-(14a.b)b =0 +25) G6) 
=> (a+b)x(a@xB) is parallel to @-8 


(4xb)xE — ()x(axb) 


bE 


(b) length of projection of @ on the plane of B&E 


fal 


[cos 4|=|a] sin (0° - 8) 


11. 


15. 


. (band c) F 


[abe] 


Represents the reciprocal vector system of 


=> & p=hg=FF =1 (Other products will vanish) 


=> (@4h42)(p+94F) -1 11 1-3 

(d) As in Q 11. (4 +5). B+ +.G+E + HF =3 
(axb)x(@xd)=|a hdle 
—|aedjb -[b Fdja-labeld 


So the vector 7 is along the(line of) intersection of the 
two planes 

ls inelination with both the planes is zero (it is in both the 
planes) = equally inelined 


L ©) d=ax(h xd) +h x(2 xa) 42 x(a) 


— (Gab -(Gb\4+GAE-HAA (Eb)A-(E.a) 


(b) 4, 8,é,d lic in the same plane so (4x5) (éxb) 


=> (axb)x(éxd)=5 


. (b) {axGx DV + axGxby Haxckxdy 


at i RCE CED 


= {ay — a,j}? +(a,j-a,k)+(a,k- ai) 


a; +a; tay +a +a; = 2a) +a; tay) — 2|a| 


. (wand c) The product will lie in the plane of 4 xé 


Let (46 +m) be such a veotor then 


From the given option (a) and (¢) satisfy the require 
condition 


(a) (axb)x(éxd)=8 
=> either @xb=6 
or @xd =6 or(@xh)| 


when (2x6) |(@xd) then 20-0 


TEXTUAL EXERCISE 11: (SUBJECTIVE) 


_ |ABxAP|_ (67 +3} -4k) xi +7-10K)| 


|AB |G? +37 4k 
_ [267 +48}-3h 2989 _ J49x61 


= = =7 units 


V61 61 


A(2,3-4) L B(8,6-8) 


P(-1,2,6) 

Aliter: 

The equation AB = (2) +37 —4k) + 206i +37 -48) 

Using F#=4+ 26 

Now (2) =(-1,2,6), Let L be the foot of perpendicular 

from P on AB 
PL =(4+Ab)-& =(3+6A)i +(14+32)j -0 +4a9e 
Since PELAB = => =PLb=0 

ie, (@- Gb + Ab? =0 

So 1813641319% 40 162-0 

Or 614+ 61-0 > 4rd 

=> Ph=-3i-2j-6k 

So |PE =7 units. Foot of perpendicular 1. —( 4.0,0) 


. A vector along the line of intersection of planes 
xty—z-10-Oand 2x— y ~3z-18-0. 


i 7 & 
is given by Ax, =|1 1 1] — 47-7-3h 
2 -1 3 


The vector (4, x#,) is perpendicular (i.c. normal) to the 
plane 4x - y - 3x + d — 0. Since 
Pa) =<1,4,-2> lies on it 


4x y 3% 6—0is the required plane. 
Fo pk 
fi, xii, =|2 3-4] -(-27-87-7h) or 27487478 
a1. =2 


As (2. 4,5) lies on the plane 
2x + 8y—7z+d—0sod-4-32-3: 
‘The plane is 2x 8y 


77-8 lence tl: 
. AG, 5, 1), B= 1, 5.7), GO =37 - 747k 
AB =-47 +10} +8k 
equation of the plane is (7 — @){ABxC}=0 
Kx-3) (45) 4D 
Sol -4 10 8 


= 78 (x 3)152(y 5) 261 1)-0 
Or 3x-9+2y-10-z-1-0, ie. 3x + 2y-z-0 


+4 


6. 


Vector 3.129 


equation of the line AB =7 = 4+ 25 | Let 1. be the point of 


foot of perpendicular 
Hes at e 
agape 2X fxd 4b x2 48 xa} 
ayy a 2asBe _ enh *” 
-AB| ba 
Hence the result 


Aa) 


= $15) <a 


|b - a) x -5) 
2 


A, +H, +, +i, 


- FGxa) +Gx2)r Exh) + xd)-xd)+(Gr8) =0 


(@) Dey, 2) 
Vector equation of 

AB: ¥ = (4i +57 +10k) + A(-27 - 2} 6%) 
Or r= (i +5j410K)4+ G4 7436) 


x-4_y-5 


Cartesian form ~ 7 22105 


-2 -6 


2 


Veetor form of BC:7 =(27 +37 +48) + ati - j -5é) 
z-4 
5. 

Z, +2,-2,) ~ 34,5) 


x-2_ y-3 
Cartesian form ~ === £ 


D-(,+%,-%,.y, +9, 


b) 5 =25-27+k 

P= -j+h+4Qi-2j54+) 
x-2_ yd 
ed os 


Cartesian From : 


(a) equation of plane through P(1,10), 
Qd,2,1), R(-2,2,-1) is 


le-1 y-1 z 
o 1 Iso 
3 0 2 


or2 2x13 3y 3-0 
ie2x Byl3. 5-0 


3.130 Algebra 


(b) Let = a b ¢ > be the dc’s of the vector then 


1 
a=b=c=—= 


B 


The vector with magnitude 2V3 will be # =(2' +27 +2%) 


A plane normal to this vector will bex ly % d—0 
The plane passing though (1, -1,2) will be 


-2-2-Oor Fi +j+h)=2 


TEXTUAL EXERCISE 8; (OBJECTIVE) 


1. (©) Normal to the plane 


igeé 
w=axb -|2 1 347 +7438 
11 ul 


The equation of the plan: 4x | y 37 1k-O 
(x-l) (v-2) (z-5) 
2. (b) Hquation of the plane is | 1 -1 1 |=0 
4 -2 1 
=> (K-1) +3 (y-2) +2 (2-5)-0 
X By 2% 17-Oor #0437426) =17 
3. (©) A(2,1,5), BO, 1,6), ( 3.4.5) 
(x-2) (¥-2) (-5) 
Lquation of the plane | 2 2 -1 
3 -3 0 
=> (8-2) (3)-5(y-1) -16 @-5)-0 
ie (1)Qx 6 Sy 5 16, 80)-0 
so FGF +37 +16k) =91 


4. (a) The equation of the plane 
K*¥-2) (y-I) (2-5) 


1 2 3-0 

1 1 -l 
Or5 (x 2) 2y I) 3% 5)-0 
ie 5x 2y 13, 23-0 


So F.(5i -27 +3k)-23=0 


wn 


. (d) Sx Fy + 1lz+4-0 
Contains AC, 1, 1) 32-4 
> (-1,4+p,4)- 3 ,4—p, 4) which lies on the plane 
=> 15 28 Tl44 4-0 
35-Tu- sows 


TEXTUAL EXERCISE 12: (SUBJECITVE) 


+27-k, 


eI (x4 27 +8 


Now 2(4x5)=0 gives 


1 -1 1 

-1 2 -I]>2-x=0 >x-2 
Ke-) (+2) 1 
Sog=f+4j+k 


Geometrical meaning: 4.5, are coplanar 


2 Fx@=bxa and xb =axb 


@-b)xa=5 and F-Hxb=5 
 ~b)is collincar with @ and (# —@) is collinear with & 
Fab+2a and Fat yb 


F 


4 


G@+5 = F is along the diagonal of a [gm with 
adjacent sides @ and b 
altematively 7 is the P.V. of the point of intersection 


of two lines #=h+Aa and 7, =a+ pb 


So G-2) 14 and 642 =04 of 2= M542), 
(where 2 € R {0}) 


{We know that diagonals of a rhombus or a square intersect 
at 90°} 
which gives | = 


and @ is along the diagonal passing 
through the intersection of 8 and é 

4. PXG=FXB = Fx(G@-b)=0 
gives F=A(G-5) 


Geometrically # is caplanar with Gandé . 


5S given 74 =7.5 =-7.5 
=> FR=0 =>FLb>FLla 
Since 424 
=> F iscollinear with 2x8 ie. F is normal vector to the 
plane of @ and 5; 
F =2Gxb)y 


TEXTUAL EXERCISE 9: (SUBJECITVE) 


1. (b) Given 2.5 =O and Fxa=8, 
Bx@xa=bxb=6 
and (bay -(EFG=O0 => BLF 
since (Fx @) is perpendicular to both Gand? 
Let Fax +yb +2(4xb) 


Fea =+p(b xd) +2Gxb)xd=b 


=> p(bxi+2(ayb =b 
1 


=0 


Gives z= 


axb 
day 


# and @ are ina plane normal to 4. 


Sof = xa+ 


Ifx—Oonly then  (@xé) 


2. (©) (20a —15b)% +(15h —12e)F — (120 - 20a) (Fx F) =O 
Gives da — 3b, 5b — do, 3¢ ~ Sa 
=> a:b:e-3:4:5s8o AABC is right angled (at C point) 


B 
a) a=3 
‘i bea C 


3. (c) Equation of line #=(2?-74+04A-74+j4+0D.0.'s 
114 

of the line ~ (EES) 

de of he plane ( 


Sede q) 
Va ia” Via 


sin — sum of the products of d.c.’s| 


vm 


4. (b) Lh =37 +A? 


Ly =G+)+u +b) 
Now (3 - 4) (1 ~ pi), gives 8-1, w— 1 and the point of 


intersection is 27+ +& ie. (2.1.1) 


a 


Vector 3.131 


=5xa and xb 


© rx : 
@-b)x@=6 and F-Dxb=0 
F=b+2a and F=a+ ph 

Point of intersection will be at 2 — yu—1 


= F=44+h=394+7-6 ic. GI) 


. (a,b,c, d) &F = BFand dp =0- 


So F=xd + yf +z2(ax P) {ax p=lasd Lp} 


yilv-1 
jox-yers-9 


yi- 1 -2y?- 1 - 2x? 
(©) P@) is the BY. of point P 
Gh+eF =ae4bF - be+ar 


— 


A(a) 


[oC] 


B(b) 
lake two (sides) parts 
G( -) +7. -b)=0 
Or @-@(E-b)=0 = (F-ALE-b) 


ic. AP LBC Similarly BP 1 AC and CP 1 AB. Hence P 
is orthocenter 


(by FxG +27 +H =F -k 


Let F=a+a(7 +27 +k) 


=> FxG4+2j+h=axG+2j+H=i 


When @=j then jxi=-Kand jxé=i 


Hence # = f+ 427+) 


(©) 6 =0,axF=h Fa=a 


Lot #=xa4 yh +2(axb) 


F.G=xa7)+040 => x=5 


3.132 Algebra 


SECTION III: (ONLY ONE CORRECT ANSWER) 


1. (b) Since diagonals bisect each other at 90° 
$0 Od =-OC and OD = -OB 
= OA+0B+0C+0D=0 
Pe 
A B 


2. (by |@+b =|G-6 (a #0) 
Squaring we get 
= ay" + (BY + 2b) = GY + Y - 246 
= 4a5=0 = alb 
3. (a) @=-4 +37, 5 =147 427 -5k 
Vector along Z biscetor Gand 6 will be 4+6 


_ nai +37 lai +2) Sk _ 2 +11j-3k 
3 15 13 
‘The vector with magnitude of V6 will be 


spin ~ 5k} 


4. (b) |B =|@ =4 units 
@-6 =4y2 units towards west 


; 


=, 2b+a 
5. (b) PV of point X(G@) =~ ** 


2b- 


P.V. of Point Y () = 


6. (a) @=25 447 -SKh and B=142743k 
Diagonal will be (@+4) 


— 39467 -2k.[37 +67 -2h =7 


Mfsden te aes 
So unit vector — aF+6j- 26} 


7. (b) ACG) = 427438, BO) = 
(2) =-47 +47 45%, now 

27 - 37 +5k = V38 units 

f+ 274+3k = 38 units 


fF +57 -2k = 38 units 
= Ais (isosecles also) equilateral 


AB 


8 (a) 4] = 5|=2 units 


(20-60?) 4+b|=23, 
1 


Gb =4—=2 


a(@+b) 442 _ V3 


y cosO = =o 
Now cos: one F a rig 


G@-h =8 a+5|=10 


=> 0 =30° 


9 (b) a= 
. aia 
> 2a? — by — |G +5) * +{|a-4]) =164 
So b*~ 82-25-57 = |B = 57 units 
10. (by (@xb) + (Gb = (lai B sindy +44 |blcos0)? 
= ah? =|a? B? 
1. (b) 2=49 46), b=37 448k 


Vector component of @ along 
Gb) 5 _ 18, 


12. © Given 26 =0 = 


=> 2 G|=V3 G+8| squaring (ay? =3{(ay" + by +9} 
gives Xb =(@)" > @ = 3/5 


7 —27 +2) =6 units 


13. (a) F =20-274+2k) = 


25-37 -6k =7 units 


Work done (A. +F,)D 
— (47-77 -26).G7 +4) —12 8-4 units 


16. 


17. 


19. 


20. 


21. 


+i-k, 


© 


ba-i+2j+k -i4+2j-# 


(@+6)=37 and (642) =-27 +4), 

‘A unit vector perpendicular to (@ +5) and (5 +2) 
+8) x42) _ 6k 
|G@+B)x(bxe) 6 


i= 


. (b) P.V. of three points (a), B(B). CZ) where 


Gai +p+k,b — 27437-4k. 2 =7 44} +98 


so AB =i+2}-5k , AC =67 +37 +8K% 
(A unit vector perpendicular to the plane of AABC) 
AB 31i -38j-9k 
Required yeotor ~ = -s 
| AB x AC | ARG 


(@) G(x AG+Qx+y4Dh, 
B=(y-2x+2)4 +(2x-3y—Db , 
and 34=28 =3x I2y-2y 4x 
And 6x 1 3y 3-4x 6y 2or2x 
Solving we x ~ 2, y ~-1 

(© Givon P(B)=107 +37, 

OG) =121 -57, R@)=ai +s 


Aor 7x 
vy- 5 


l0y 4 


So PO =2i-8j and PR= {(a—10)i +83} 
P.Q.R will be collinear when (a 10)— 2 a-8 


. () [F-5 6-7 e-a] 


= G-b)CH -2)xEx@) - GB). BxF+axb+exa} 
= (5 xé)-6.(E xa) =0 
(b) Let F=ni tryjtnk 


Now ix(@xi) =F -Fr similarly other parts 


> EXCPKD A REx +k x F xh) = 3% 7 =2F 


aa 


24, 


25. 


26. 


27. 


28. 


Vector 3.133 


(@) 4|=3, 8|=4 and 0 - 120° > 45 =-6 


— ¥36 +36 +36 =6y3 units 


. (b) Let d= ai tajt+ak 


Now @xi ? =(-a,6-+a,)) = a2 +a} similarly other parts 
aha ayia ade 34g 3g 8! =y2 
=> laxiP t+ ax jP+ axkf — 2(a) +a} +a3)= 2a) 


(a) (Unit vector L to the given vectors) 


The required unit vector # 


+ 
Projection of 4 = 4i —3j +2k (on bait; +h) 


@ axa)z|=a 5 


@ = G,b, @ are non-zero veetors 


Possible only when sind ~ 1 
=> cos 0-0 for any two vectors 


where 5 


(b) @|=11, 6|=23, Z|=30 

Now @+5f'=2( a*+|5f)-(a-5) 
= 1300 900 a+5|=20 

(d) @+5 =- 

=> (ay +(by +245 =P 


=> 9425424b=49 = 


15cos0 — 15/2 


30. 


= V1+943 =V13 


5 


Now (@+0 +0)? — #49? +0? +2 + 


941642542 (Gi + 


am) =0 


3.134 


31 


32. 


E 


34. 


35. 


36. 


37. 


38. 


Algebra Il 


(a) Component vector of projection of @ = 6 — 37 - 6£ 


(on G+j+B=-(i4+j+k) 


The perpendicular component 
— G++ j+k - 7-27 -5k 
(©) [2] =|5 =1 at angle ¢ then 


4 viFI= e056 ~ hin? 


lsin =| 
2 


ip 


L 
2 
(b+2)7 +6) -2k 
Vb? 446444 
(b+2)+6-2 a 


Vb 446444 


361 12b-b*14b 44=>b-1 


(a) Unit vector along the sum — 


Scalar produet (with 7+ +4) - 


Squaring b? 
(b) 7=30-6, 
where |@|= 5|=2 and @5 =2 

=> |@+t|= 4a-46 = 4V444—4=8, 


and |@-3|= 24-46| = Vi6+64—32 = V48 =4)3 


( |G+b = al+ 8 


3b ; 


Squaring both sides |@[) + 6 74245 


= G74/b742 a B gives 35 =|alé 


=> cos@=lor d =0or 6 =0 
ic, @= Ab, where 2 0 


or at least one of @ and 6 is a null vector 


(b) BV of P(f) = 4-26 +38, 


OG) = 24436 —4é , RF) =-76 +92, 


@+5b-72, PR=-a-5b +68 


=> PO 
Now PO#A4PR .. The points are not collinear 
But three non-collinear points are always coplanar 

(©) @=(x-2)4 +5 and d=(2x-Na-h 

as @ and d are collinear 
x-2--28-1 

ie. 3x71 givesx- 13 

@ |é =V3 02+ P-1-3ore2+ -2 
Since vectors are lincarly dependent 

=> G=Aa+ub, Now 49+37+4k 


= Atm tit pay} +(et pBk 


givesk+ 4,24 pa 30+ uB-4-Q +p 
=> B-1,sea?-1 
Case (i): 
Case (ii); ~-1, then 2+ -4,%-p-3 
gives p= 72, p= 12 


39. () Let =-12F +0j +ak , 


OQ a 
Vol of parallelepiped ~ [@ 3 =] 
1 -15 


— (12) x 44) — 6a - 546 
So 6a-546 S528>a- 3 


40, (a) 2,4, é are coplanar unit vector 
= [4b é)=0 = [20-5 25-6 26-4) -0 


AL. (by @= 2747-26, B =i 47 


=> a@b=241=3=|¢ - Jette so 2 =3 


-2) - -29 +27 +4 =3 units 


jk 
1 
10 


7 
(axb)=|2 
1 


Now [(ax8) x2 


= (ax8)| z sin30° = 360) 


42. (a) Lot @= G+ nj tnk 
Since 1a 

> 2 

Since @ coplanar with @ and 6 


min-o0 


a +mjtnk = Ad+ pb 
= Qit pi t+(At2m)j +(4- pk 
gives22 p-f:21 2u—-mh 
Now 221 jr-m n-é 
But from (2 £- 4m-n)--£ > ¢-0 
=> m-n-O > m--2 


pon 


Since ¢ is a unit vector 


m?-n?~1 


¢ op aye 
=> ae pO ai or ea5U-*) 


43. (d) consider a unit vector @ = ff +.mj +nk 
fim —-ftm 
v2 2 


=> 1-0,m- 20, from 2+ m+ 02-1 


Now =n where f+ m?+n?- 1 


a—1,then% | p—4and 2 | yt—3 (not possible) 


2i+ jf -15k 


44, 


46. 


47. 


48. 


. (b) a 


(© According to the given [4 B, z] =24 
So (A+B +2) {axb +b xe +2 xa} 
-[# as ]+[a 6 e]+[h @ a] -3[a 6 el=n 


(i+ jp +k) =27 +07 +K 


Lot Faaftxjtxe — (2u-ayi+ay+stwek 
BLB > 4p-W-A-p-Sp-K-OA~Sp 
¥ = nfs +57 +08} 
aX = w13+5+6}=14u=7 

=> po l2 
x7 5/2 


x =3{3 +5) +68} 


(a) PY. of the terminating points will be respectively 
BF +49, GF +77, 88 +27 


Aliter: Since these points are collinear (as they are on the 
same straight line) 


PO=mPR ie, 31 +37 =m{5i +4 —4)j} 


som—3/Sand& 4-5 


> 4-9 
(© (Let & > 0). Resultant of F2and Fs will be 2k 
along / (i.e. y-axis) 


Along y-axis is (V2 +1) 


Hence overall resultant force — Fy = afi +d +a 
= Ay 4 42V2 } 


(@) As A(.03), BC-A,3,4), CU.2.1), Dk2,5) 


are eoplanar => [4B BC CB] - 0 


ae a 1 
-3| - (8) (k-1) +4(-4)-0 
l‘-p 0 4 


49, 


50. 


$1. 


Vector 3.135. 


b) Given &x(B x2) +Ex(@x 5) =0 


So (&.2)b - (ab) = baa 


z_| 6%). = ss 
Gives @=| 2a — a and @ are collinear 


(©) The Zc with (+ve direction of ) x-axis after reflection 
will be with ve direction x axis, Other Zs are nol effected 


=> d.c’s will be — cose, cos , cosy 


(@ Given F=CP -Di tert 2740 and 
§ =2i — xf +3k are orthogonal => 4b =0 
23 2 «x? 02x 1 3x?-O=>94x? 2x 2-0 
ie.,2 {2x +1) (x-1)} 0 gives x~ 1, -1/2 
ij é 
(@ @xh=|2 3 -1)=(-101 497 +7%) 
-12 4 
-10 9 7 
Gives (@xb)(@xe)=| 2 3 -1 
ty 4; A 
-( DIC 6N- 74 
(a) [i x¥|= {a -B)x@+5)] 


as @xb =2,4%é 

Now 6-26 = 2a 

Squaring b? 4427-452 = 257 

gives 1614 4(4) (1/4) - 22> 22 -160r4-44 


(by 34476 = mz and B+a=5a = (pay 
{means @,5,é are coplanar and @ is along the diagonal} 


aos . 
—{b+é b= me 
I +8) 41h = md 


3.136 Algebra 


> Zar\ie Ea 
5 P 
eS pee jagt a geeta 
P= 7 and .. m~— 
So we get 34+76 =-7é 
Or 99 +21b +22=0 => 944210 +142 =-72 
57. (b) AB = AC =0 
A.B. are the unit vectors. Angle between B and C is w/4 


1 
Unit vector BxC =—= 
= d=2V2(8xC) 


$8. (d) Since 4,5, é are three non-coplanar unit vectors so 
they will form a system. 
let BxG=d=xat+yb+2é 


Now ad 


x 


=> (ad)a= xa 


unit yeetor 
and b we 


Consider a 
both a 


FB x(a x bya +17 (4 x x ab + [Fa x bya x BY 


59. (e) 
lar to 


perpendicu- 
are concemed with 


> [Fb x ea HFG EN HF ELE 
=> Pala+@ b+ Fale 
Lel # = xd-+ yh +26 
Hence the expression reduces to 
cad ax-+yb +26 =F 
Hence, the entire equation reduces 7 
60. (b) Now wo can rotate OP about x-axis by 360° by keeping 
“0” point fixed 


This will generate a conc having its axis along —ive x-axis 
and vertx at ‘O” and with slant height equal to the magnitude 
of the vector 


61. (b) Since vectors are coplanar «. [p Gg ¥]=0 


la ac 

=> {1 0 1/=(c?-ab)=0 
lec b 

=> ab=e 


We know that 4.5 =1, 


(G45 +2 P4+G4F)=14141=3 
63. (¢) we know that (x5) x(@xd) ~ [ab d]e-[abe]d 
=> (axb)x(bxé)=[ab 2 ]b-[ab be 
= [ab 2b, put[ab el=m 
= [Gxd)xGxe) Gxeyx@xa) Exa)x(axs)] 
= [mB mé ma ]=m [5 2 a]=m* = [ab 2} 
64. [ct ‘A’ be the origin and AB be the x-axis (+ve part) 


DGpcos2z. apsin2z) 


Cipcos60”, psin6o°) 


CD =-2pi +N3pj 


cos 0 = angle formed by 


CD,BA)\ = 22 _ = 2 
Case bane z 
65. (a) a|= 5|=I 


o< 4-5 <1 => 0<(a'4+h-2a6)<1 


66. 


67. 


68. 


69. 


70. 


-25-245 <-1 


=> 222cos20> 1 so 0s20<4 


=> be [o.2} 
6 


(c) Since vectors are al acute angle to each other 
(axi +37 — 5h) (xi +27 +2axk) >0 

lax 0 for allx eR 
{For a~ 0, ax? + 6 — 10ax — 6 »0} 
Kor a> O and D <0 we get 1004 

=> 2 (0, 6/25) 

also satisfies 


=> ax’-6 
24a <0 


since a~ 0 
a € [0,6/25) 


(©) Givon 4b =0, Now ax(axh) =(ab)a —(ay*b 
> {a x(ax(ax 5} = ax {(-ay'b} — ay Gxby 


=> {ax(ax(axby)} =(-a*\ax(axb) 


AC, AE and on point 


(b) Forces acting on point A are 
B are CB, EB, DB 

Resultant R= (AD + DB) + (AC +CB) + (AE +EB) 
- 34B 


(a) |@+5 >|%-8| on squaring 
@ +5? +246 > a +5 -2a6 


=> &b>0 = vectors are inclined at acute angle 


Let Bab) +5,j +b B=bF +b +b ek 
Now AB =6, +b, +b, =3 


Option (a) data satisfies as shown 


73. 


74. 


75 


Vector 3.137 
(a) Vectors are coplanar 
la 1 
= {1 6 l]-@ De Di@ Yo 1-0 
1 1 ¢ 
or (I-ab) (1-0) +(1-a) (1b) -0 
Tab) ol oy 
@-abyl—5) (-c) 
l-ab l-ab+1-a-b 
Observe that —————_ +] - —> 
(-aXl 5) (l-ay(l-5) 
1 1 
- ———+ 
(-6) (ay 


(a) B= 49 +37 and 7 = 407 -4))2 


(Let 21 for easy work) 


Since #7 =0 and both Band 7 are inx y plane 


and | =|7|=3 units 
Observe that vector in (a) option are 


noe 1 rf * 
(21 j)and 302 +11) so on checking 


i-p[ 4) and F211) 


(©) ABxCD 

— AB (AD — AC) = AB AD - AB x AC 

— 2A ADB (out wards) 2A ABC (out wards) 
CAxBD =2 (quad ABCD inwards) - ( 2) (quad ABCD 


outwards) 


Now BC x AD = (AC - AB) x AD 


— AC x AD -AB x AD 


> 


So ABxCD+BC 


~ [AB x AB - AB x AC} + {AC x AB - ABx AD} 


— AC x AD-AB x AG - 24ACD-2AABC 


=> |AB+CD4+ABxCD4+BCxAD =4AABC 


3.138 Algebra 


76. (d) On Checking none of the vectors given in option (a).(b) 
and (c) satisfies the conditions 


SECTION IV: (MORETHEN ONE CORRECT) 


1. (abjcand d) F@=xF taj tzk, Bayi tank 
and @=zi +aj + yk 
So Gx(b x2) = (a2) - (bE 
= (xz tay t+ye)b -ay tyz te 
= Gy tye ta {r- ai +@-mi +@-—y} 
Clearly @x( x2) is parallel to 


{y-2¥+@-9j+e-yb}, 


The vector is orthogonal to 
G+7+Dfotaiternjraty ik, 


(ai + yj + 2k) 


2. (a,bandc) 2xb =dandhxé=a, 


3. (b, € and d) Iquation of the line 
L :¥ =(2)+6j)+AG -3j), For 4 — 1, the line passing 
through the point 37 +37 
For 2— 1, the line passes through the point (+93). ‘The 


line is in x-y plane so itis parallel to xy-plane 


4. (a,b, cand d) A(f) = ai +bj +k, BG) = bi +c +ak 
and CF) = cf +aj+bk 


(a+b+e)* 


The centroid G of AABC ~ G4 7+8 


Let OG =3 


rs _(atbt+cy 
i 3 


so equal inelination 


Now AB =(b - ai +(e -b)j Ha - Ok 
and AG =(e-a)i +(a-b)j +(b-o)k 


Observe that AB.2 = AC.Z = BC.Z =0 


= OG=@ is normal to the plane of AABC 


So |AB? ~ [BC ?— AC?—2{a?— b* +c? —(ab— be + cay} 
AABC is equilateral 


(a, b, and ¢) Given a? + b* 
andac bd-0 


i, =ait+oj and W,=bi +d) 


ji =o? +a? = 

Let a~ mb and d ~-me 

=> (CL m)-c(1 1m)? 
b 
Let a~-d then be 


7, =0 


(a, b, ¢ and d) Vol of the parallel parallelopiped 
la hb ef 

—|b ¢ al=3abe-(a’ +h) +0°)=0 
cab 


> ~ arb +ofia-by +0- oF Hle~a)"}=0 


Vither(a b  )-Oora-b-e 


7. (a and b) Since unit vectors 4, , é are orthogonal to each 


other 


(a) #a=Hb =H =0 HFO) 


=> &,b.é arc coplanar => [ab 
(b) min value of [et] + [P| = 90° 
So ce — 30° and fp — 45° is not possible 


z 


x 


(e) The statement is true 


(@) |O4 = OB) =|0C| 


from the symmetry 


op-(2+4**) a [=e } 
a EK 


10. 


B(b) 


Where D is the centroid of AABC 


. (band ¢) G5 =|ab (@Z)cos(2a—cos | aby 


= abe cosaaeos(ah) 


and 4G = ac Gbvos{w—cos '(a<)} 
= = athe cos(ae)eos(ah) 

so 4(p+g)=0 

> G1G+9 


Obviously (+9) is in the plane of B +é 


(b and ¢) Let F = 


so Fxd=ybxd+zéxd=bxa sy 


(either = 0 or €| a) 


Or F=5+Aa where WER 


« (aand d) Since doubling (the magnitude) does not change 


the direction cosines of a vector 
*. Before doubling (the 

2 +(Qp-Djitk 

The length of vector remains the same 
«= 9 LTipt-4ilt4pttl 4p 
=> 3p4p-4-0- p- 2,23 


veclor on rotation) - 


~_2-2j+k . 27-27+k 
. (a, e, and d) gd =A F* a sa 
FH At 43h 44+8+3 3 1 
Angle with (27 - 4} +38): cos — a. Bots 


Fs oak 
Z is parallel to [. +j -) as 


so Angle with (37 +27 -2/):cos@ — 


= 0-90 


SECTION V: (ASSERTION AND REASON TYPE) 


. (a) R: For three point A.B.C if AB= AAC, then the throe 


points arc collinear (True) 


3 


. (a) Rs AD 


Vector 3.139 


fe a a a 2a4+3b  _ 
A: Since 2443 =5¢ > 2" =@ henee assertion is 
2+3 
true and it follows from R 


3 


As AG=e b-&) and AB=b-G 


2AC = AAC 
x 


So AB 


(a) R: Since # = (24-NE +(6-2)E 


and /; 


~(1+3p)2 +(1+ 2)@ are not parallel 


‘Two lines will intersect for some value of % and pp 
(since they are not parallel) as only two vectors are 
involved 

=> Reason is true 

for 2-15, - 10, 

98 - 9% and r, = 298 - 98 


> 


n 
Hence they intersect and it follows from R 


(a) R: Since 4 and % ( the equations of lines) are formed 
with only two vectors they arc in the plane of 
vectors @ and ¢. 


=> Reason is true so they will interscet (as these are not 
parallel) 


; and 7, are composed of only two vector @ and é, So 
they are in the plane of @ and @. henee copolnar 
=> Assertion is true and it follows from reason 
+AC 
2 
=> Reason is true 
{Although 


|AD #1} 


A: Since 


> L bisector is along +) 


aunit vector % along (+7) will be 


+ and it follows from R 
<= and it follows from 
v2 


(b) Ifa subset of vectors is 1... (Linearly dependent) then 

obviously the sct of n veetors in L.D. 

=> Reason is true 

A: Set of any four vectors is always 1..D. is true but it does 
not follow from Reason in any w. 


(a) Since point is a dimensionless quantity so a null vector 

has vero magnitude. Also its direction is indefinite 

=> Assertion is true 
And it follows from the reason that a null vector has 
both initial and terminal points coincident (i.e. not 
distinct) 


3.140 Algebra ll 


7. (a) Sines three vectors are LD. 
‘They are in a single plane (/e. coplanar) 
= scalar triple product will be zero 
So Assertion (reason) is true and it follows from the fact 
that the parallelepiped formed by three coplanar vector 
has vero volume 


8. (a) A set of vectors {7,.7,,0 


F,} will be LL when 


av, +av,+aVv,+...+a,Vv,=O0 only 


Ifa,-a,-a,....a,-0 
Otherwise we can express any vector as a lincar 
combination of the remaining vectors 
Reason is true and it shows that if two vectors are not 
collinear (or parallel) then we can not express one 
veetor in terms of the other 


(a3, +a,%, = only for a =a, =0} as % 4%. 


9, (b) Ifa set of 7 vectors are LI. then any of its subset will 
also be LJ. So Reason is true 
(The fact that) three non — coplanar vectors are always L.L 
as one can not be expressed in terms of the other two so 
Assertion is true 
But this does not follow from the reason 
= (B) option 


10. Any vector in 31) can be written as a linear combination of 
three non-zero non-coplanar vector 
=> Reason is true 


Foxdt+ybh+2(axb) is true since @*25 and 
(@« 5) LG and (@x5) 15 hence 5.(4*5) form is 


system and it follow from Reason 


SECTION VI: (COMPREHENSION) 


Passage A: 


1. (©) |BC|= a, |CA|= B, |AB| = 7 
From the 2 bisector theorem 


Ala) 
F(fy E@) 
B(b) pid) Cl) 
BD _AB_y 
DE AC Bp 
pvotpD@)= 
Bt 
yet+aa 


Similarly P.V of H@)= 
+a 


and PY. of (7) = 2 
arp 
> adt+phryi=dPtytoa 
- By +a)+ ph =fla+pytye 


dpt+prad _Aytat pb — flat py+ve 


Btyta (yt+@p (a+ By 
_ aa + Bb ef Gay) 
arpry 
= hate : , ad t pb + ye 
s say) with Py, = S27 PO TIE 
The common point is I(say) with Pry Er, 


aat ph +ye 


2 @ 1 


B es 
=24=r(BC) = cot— + cot — 
r(BC) rin foo 2 col < 


Bib) Ce) 


Now HH =-17H 7 looo{ 7°) 


(convert into sin and cos) 


Passage B: 
4. (a) Area of AACR - 2AABC 


“gem 


FRx AC} 


R' 


=> sinC AR|AC =2|4C BC sinc 
= |AR|=2|BC 
=> PV ol RY)=4+2é 
Bene a 
ma+? (+22) 4) 0 


ee eer 
=> (mn#-l) 


(m+mn) a +(n+DE 


3 AS) (14m) +(242m)d 


=> n-2m 1 


Gives m— 


1,m-3/2 
so 2m? —m—2m-3~0 {m~-1 rejected) 
m~3/2andn-4 


Zips a8 sa428 
1+ 2 

PQ AQ_1 Hed 

6. @ Fe ae 2 LL at 


Passage C: 
7. (a) Let origin be at the circumeentre ‘O’ (0, 0, 0) and PV. of 
Aa), BE). C@) and H|=|8 = |=R 


Vector 3.141 


Now 04+OB+0C =4+5 +2 


We know that orthocenter © — 3 @P.V of G the centroid -2 
(PV of circumcentre) 


—G+b+e 


OD= ; = 20D = 40" 
= AO'+O'B+O0'C =240'+0'S (fram Q C8) 
= 240 
10. Moment About 

igeé 
O=FxF=|3 0 4 

lo 5 10 

p(3i+4k) 
(0,0,0) 


F=10i+5j+10k 
~-20) +10} +13k =5{-4i +27-+3K} 


1. © a-(-z]ad, i, 4x2), 8, = TEA, 


= 36 ax -B) = A, +8, 48, 48,=0 


3.142 Algebra 


_. a+b a 
12. (b) G48) = = CG 


Lot 2¢d) be the point of concurrency and GD: CD-%:1 


= Da 1 eth _ arbre 

a+) 3 30 +H) © 
G+b+3A0 a+b +e 
BU+A) +a)” 


a+b+é OD _1 
3. DG, Hw 


from G, = 
Since %— ps 2 — 1/3 so D divides CG, internally in the 
ratio 3:1 


23 4 
13. Observe that |] 2 -l]=37 = statement (c) is false. 
a oT 2 


Other statements are true 


14, Statements under option (a), (b) (¢) are true 

15. We know that |@xb = 4x2] {due to the structure being 
a regular one} 
(axb)x(axe) - [abe]a-[ab ale -[abela 

16. (b) Consider a tetrahedron with side V3 units 


Z 


D(0,0,v2) 


, Normal to the plane of 


ABD = +(AB x AB) 


17. (a) Z between edge AD and face ABC 
= sing RCE NR) 


iB 
: 2 1 
sino = 2 > ene so @=cos 


18. (a) [eight of tetrahedron (for 2, — ¥3) - V2 


height for a side of 4 = - a 


SECTION VII: (COLUMN MATCHING) 


1. I> (c); 1 > @), ©), TL (a) and (b) 
( (a8) x(exd)=[a8 d]e-[as ela 


Gi (44) x(Bxe)=[a de ]b-[ad be 
~ [ab d|é-[aea]é ( option 


-[abeld-[dbzla 


-[ab@]d-[b2d]a @) option 

2. I (a) and (d): (II) > (a) and (c); (II) > (a); (IV) > (e): 
(V¥) > (b) 
G = 2) +37 +4k = 29 units 
6 =i42j-k=V6 units, @=31- 742k =a 


(Length of an edge — (b) and (d) 
(ii) Length of longest edge — (b) 


Area of faces — @xb|, |bxé|, €xA| respectively 
gives 


— -1F 467 +8 |= Vi85 5 
107 +8) -114|= V285 


bi - 57-74] = 83 , 


2 3 4 
Vol of the parallelepiped ~ JI]. 2 1/=37 
3 -1 2| 


‘Twice the volume — 74 

Gv) > (6) 
Gi) Area of a face — (a) and (c) 
(ii) Area of the largest face — (a) 


x 


- Observe that [4 


1 (a), (1) > (©), (IN) > (b), (VY) > @) 
|a@|=|8|=1 
G) [a+b |< > a 48 4245<1 


af ee 
> 2b<1 = Fscace 


a5 =|4+5| squaring 

@ +h -2b=a7 +b? +246 
=> ab=0 

a — 90° 

a+blev2 

=> a+b 420b<2 

Gives 45 <2 


Ed 
=> ><a<n 
2 


(iv) |4-5 < V2 squaring a? +6? -245 <2 


ab>o > Osa<F 


(I) > (a) and (b); (ID — (a) and (c); (ili) > (a, ¢, d) 


(i) ab =0 
=> cither of the vectors may be zero or 4 L 6 
(ii), xb = 6 = cither of the vectors may be zero 


Or &| B gives 


Gii) [2 @5]=0 = cither of the vectors may be zero 


or Gandb arc parallel or € is to plane of @xb 


SECTION VIII: (INTEGER TYPE) 


ey 


=1 and @ 


o 


aa +5) (a xB) x(a +6B)]| 
- [G+G45y ax b)x (G +5) +553] 
- ja {axb)x5b}] 


— |(-5a).{a - 03] 


AB =2i +107 411 


and AD- =f +2j+26 =3 units 


AD 


Angle between sides 


| 45 


After rotation by @ the angle is (Go) — 90 


|-2+20+22] 40 8 


a3. 2 


Vector 


DOD c 
o 
A B 
V7 A 
=> cosa — cos(n/2 -8) — sin 8 - Me ay 


-8 
So%- 17 


3. Given F= pb tye 


=>¢c= 


We have , @-a) [é- 


=H) sing in (B-Ab 48) =0 


and 2|6 +2|=[6-a 


a-yb 


> 
=> 
> 
oe ue 
4 
=> w-8ut+12-12-3p 
=> wo Sp-0 
=> wy-S)-O>p-Oor p-5 
> Bae 
b4+2=-2a 


Clearly the magnitude on R.IL-S — 2 units 


& hence Z@ between band é is zero 
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> Gi) 
> ii 
pat ltmjenk 
And 2=¢j+mj +n 
wiv) 
2 (¥) 
From (i; 1+1+1+2(%$+$2+2.8)=|al° (squaring) 
=> reptany (vi) 
Taking dot product (i) by %,7 we got 
l4ebpepes ai=3 (given) 
= teget (ii) 
fe 


from (iv) and (v), -p-3: =5;- Pot wx) 


From (i) & 


pe 


atmb +e 


y= €.d+m,b tn, and 2=f,a+m,b +H,€ 


= (4mm) (E:.m,.0,) =(0.0,-4) 


-44 
(omn)=(02) 


8 
3 
| 
4 
3 


~ alex dyb -b4E x d)a 
-[aed]b-[bed]a --G) 
Similarly, 7, =(@*2)}x(d xb) = Gx(d xb) 

~ [aebld-[aed]é vane Gi) 
(ax d)x(b xd) =(Gxd)xF 
-[abe]a 


-a[b ed ]az6 as bed 


are non-coplanar and which is a vector parallel to. @ 
= Axa=-2[hed|(axa)=5 


=> |Axa =0 


7. BG =2i,AB=(j+k) 


Normal to the plane of 
AABC = +{27 xj +h} = £0 - 492) 


Observe that + (y -z) — © is the plane of AABC as (0,0,0) 
lies on it 
22 


Vol of tetrahedron — Tan — — ( ABC ) xit 


=> height of the tetrahedron ~ 2 units 


AA 
A(i+j +k) 


Let F{e)= ae 

PV. of D=8+V23- 

| =Vi2 =2N3 units 
Median vector through A 

4G -7-f)=NB units 
=427-j-6 


4 units 


=3)-j-& or -7 +35 43h 


= 19 = A(max) 


So [ori 


2A 


2 


8 Let C= 4437-43) 
{consider 1, ~ 1 for casy calculation}. 
b= 45 +37 
Veetors — (27 = j) 
and Hai =p 
are the vectors which fulfill the requirements 


=> £) =26+5)=20 


Sum of veetors (2 +5) i +6) - 2b 


Sd 


Prob of unit vector (along sum) with 


fa pep see =I 
36 +4+(s +2)* 


=> (s—6P%—(st+ 2+ 40 gives—1 


10. By the question ¥ =OP =3/ -2j-& 


PO =i 43] +4k 


¥,=OR = 27+ j-2k 
igk 

If OGxOR=aAll 3 4 
2. 


~ -107 +107 - 5k 

The distance of p from OQR 

~ projection of OP on QO x OR => 
OPA 


a 


il. 


13. 


14, 


Vector 


_ \Gi-27 -B) 107 +107 - 54) 
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@,6.é are copolnar as a result lincar combination of thse 


vectors will also be copolnar 


=> F(G4+b)4 506 48)42(40)=3 
The curve is y ~ x?- 2x +3 
AQ.¥) forx, -1 


= y,=280 Oh=i4+2j 


Similarly 13(x,,y,) for y,- 1] 
> x-2x-8- 050 (x4) (x +2)-0 
B(4,11) {In Ist quadrant} or OB = 4i +117 


So OAOB =4+22 = 26 


We have #x@ 


q 


j 
2 -3| -— iay— (5) +&(-3) 
| 
= |axb =V1+25 +9 = 35 

And @?=14449=14 

Using (ii) and Gii) in @ we get 


=> 28]#P=5 


Ai) 


wedi) 


(iii) 
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18. d =AGxb) + WBXD+VEXd) 
=> datb+e)=Uitptvylabel=8 
As [4 é]=1/8 


=> W=64 


BD 
DC EA FB 1 


mien =1| 398x476) - 2rusc) 
2l4° 4 16 


Similarly, ABFD and ACID. 


Ala) 
E 
F, 
BO) 5 ce} 
34 


=> ADK = asc 
16 


=> pssat-[36s7]-15 
16. 


m@ INTRODUCTION 


Since all points in a 3D space do not lic in a plane therefore 
to locate these points, two co-ordinates are not sufficient 
Therefore to locate a point in a three dimensional space, 
Wwe need three co-ordinates corresponding to three mutually 
perpendicular co-ordinate axes, 


z 
a 
if 
k 
= j 
" feo ras 
xt 
eS 
FIGURE 4.1 


Three dimensional cartesian co-ordinate system is 
made of three mutually perpendicular axes YOX' (x-axis), 
YOY’ (y-axis), ZOZ' (z-axis), and their point of intersection 
O is called the origin. ‘(hese axes divide the complete three 
-dimensional space in cight octants. Let OX and OX be the 
spectively. Let 


positive and negative directions of 3 
OF and OF" be the positive and negative directions of y-axis 
and OZ and O7' be the postiive and negative dircetions of 
z-axis 

Therefore the sign convention of the co-ordinates of 
point in these octants can be given as below 
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Octant Sign Convention 
OXYZ (I) Gt 
OXYZ (IN) G++) 
OxY'Z (UD 4-4) 
OxYZ' (IV) +4) 
OXY'Z (V) .-,+) 
oxYz' (VI G47) 
OxY'Z' (VID) +37) 
OxY'Z" (VII) G--) 
Zz 
x’ 
Vv 
MW 
y MW i <a Y 
vill IV 
x 
oa 
FIGURE 4.2 


Method to Identify the Co-ordinates of a 
Point in Three-Dimensional Co-ordinate 
System 

Let us consider P be a point in space. Draw a perpen- 
dicular PAf from the point P to XY plane and draw per- 
pendiculars AYZ, and MN from M to X and F axes respee- 
uvcly. Now the co-ordinaics of point P can be defined 


as below: 
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(xy,0) 


FIGURE 4.3 


x-co-ordinate of a point P = length of perpendicular 
from ? to ¥Z plane with proper sign 

y-co-ordinate of a point P = length of perpendicular 
from ? to ZY plane with proper sign 

z-co-ordinate of a point P = length of perpendicular 
from ? to XY plane with proper sign 

If L, M, N be the feet of perpendiculars from ? to X, Y, 
Z axes respectively, then 

X-co-ordinate of P = length OL with proper sign 

¥-co-ordinate of P = length ON with proper sign 

Z-co-ordinate of P = length PM with proper sign 
Therefore following conclusions can be drawn from the 
above: 


© Any point lying on x-axis = {(@v. 9, z) | =z =O} 
¢ Any point lying on y-axis = {(x, y, z) |x =z = 0} 
© Any point lying on z-axis = {(x, y, z)|x=y=0} 


« Any point lying on xy plane = {(x, y, 2) |2=0} 
© Any point lying on yz plane = {(x, y, 2) |x=0} 
Any point lying on z plane = {(x, v, 2) |v = 0} 
« Distance of point P (x, », z) from origin O is 


OP=feCtytz 


Shifting of Origin 


Shifting the origin to another point without changing the 
directions of the axes is called the translation of axes. Let 
the origin O be shifted to another point O(a, B, y) with- 
out changing the direction of axes. Let the new co-ordinate 
frame be OX'Y'Z’. Let P (x, v, z) be a point with respect to 
the co-ordinate frame OXYZ. 

‘rhen co-ordinate of point ? wrt. new co-ordinate fram. 
OXY Z' is (x, v,,z,) where x,=x a,y=y Bz, = 
z-7 


FIGURE 4.4 


Some Facts of Euclidean Solid Geometry 


¢ Iwo intersecting lines are always co-planar and one 
and only one plane can be drawn through two inter- 
secting lines in the space. 


FIGURE 4.5 


One and only one plane can be drawn from three non- 
collincar points 


FIGURE 4.6 


One and only one plane can be drawn through given 
line and a point not lying on the line. 


FIGURE 4.7 


Two parallel lines of space are always co-planar 


FIGURE 4.8 


‘Iwo lines in the space which are neither parallel nor 
intersecting are called skewlines. Since every pair of 
non-parallel co-planar lines are always intersecting, 
therefore skewlines are non-coplanar. 


AP B 


Cc 
Q 


FIGURE 4.9 


¢ A line perpendicular to two intersecting line is always 
perpendicular to the plane containing the two lines. 


A 
90° 
B 
Cc 
D 
FIGURE 4.10 


« Line perpendicular to a plane is always perpendicular 
to every line lying in that plane. 
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Q 
FIGURE 4.11 


Angle between two lines 


Angle between two lines in the space is defined as the angle 
between the lines drawn through any point of space parallel 
to these lines. Angle between any two lines in space is the 
angle between two co-initial vectors parallel to these lines. 


p—w B 
fan 
Cae ——D: 
FIGURE 4.12 
Angle between two planes 


Angle between two planes in the space is defined as the 
angle between the lines lying in the respective planes 
perpendicular to the line of intersection. ‘hat can also be 
defined as the angle between their normals, 


line of intersection 
of two planes 


FIGURE 4.13 


‘Therefore, the angle between planes ?, and ?, is equal 
to the angle between their normals PM (7,) and PN Gin) giv- 
en as a. (as shown in the diagram). 
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Projection of line in a plane 


Projection of line E, in a plane P, is defined as the line of 
interscetion of plane P, with the plane containing the line F, 
but perpendicular to the plane P, 


Projection of L, 
in the plane P, 


FIGURE 4.14 


Angle between line and plane 


Angle between line and plane is defined as angle between 
line and projection of line in the plane. 

0= 90° — a; where @ is angle between line and normal 
to plane. 


FIGURE 4.15 


m SOME BASIC RESULTS ON 
3D-GEOMETRY 


Distance Formula 


‘The distance between two points P(x,, ¥,, z,) and O(x,, 
Vy Z,) in space is given by 


Ga MY +2 WY He 27 


PO= 


Proof: Let O be the origin and let PQ, y,. z,) and 


Oley Ys. Z,) be two given points 


Then OP = xityjtak. OO =x, +y,j+ 2k 


Now PO = position vector of Q-pasition vector of P 
= 00-OP 
= Quit yj tk)- (i ty j+ah) 


= @.-y) 1 +0, -y 0) +@ ak 


4 Q(X, ¥y 2) 
P(x, Yq. Z,) 

ie} y 

x 
FIGURE 4.16 

PQ =|PO| 

Kx, — MP +02) +4)" 

Hence, PO= x, - x)? +0. - 97) + (2, -2,)” 


Corollary: Distance of (x,. »,, 2,) from origin O = 


Section Formula 


If R(x. y. z) divides the join of P(x,. v,.z,) and Q(x, y,, z,) in 
ratio mt: 2 Gm, n> 0), then 

ye mt, MB tM 
ree mtn * 


z= 2+; divides intemally 


mtn 
and x= 7s 
man 
z= M227") divides cxtermally 


mon 


Proof: Let O be the origin. ‘Then OP =n, tare) 


aa 


FIGURE 4.17 
» 
Now £8” <5 ppR=mrO 
RQ n 


=> nPR=mRO 

=> n(OR-OP) =m(OO-OR) 

= nF-F)=m(G,-F) => (mtn)F = me + ni 
me, 


+ni 


>  Gntemal division) 
n 


Fe 
Similarly for cxternal division, we can prove that 
InP, — nF, 


y where PR: PQ = min 
mn 


<— km «—__> 


P R 


Qe kn> 


FIGURE 4.18 


3-DGeometry 4.5 

Corollary 
(a) If R@, v, z) divides the join of P(x, ,, z,) and 

Oe, v,, z,) in ratio 2: 1, then 

_46ty  Anty 4 t% 
ant” Ag ** asl 
Positive sign is taken for internal division and negative 
for external division. 


(b) The mid-point of PO is (=. Mit¥s Hz 
2 2 2 
Centroid of a Triangle 


‘The centroid of a triangle ABC whose vertices are A (x, 
Vy Zy)- BUty, Vy, 2,) and C(x, py, 2,) ave 


Centroid of a Tetrahedron 
The centroid of a tetrahedron ABCD whose vertices are A 
(2), Ye 2) By Vy 2), CO Vy 2) and Dx, yy, 2,) are 


KtHtH MtMtY Atty 
ee 3. 33 


X +X, +X, 4%, Vtyet Vy t+¥, 2, +2, +2,+2, 
4 7 4 ‘ 4 
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m_ RELATIVE POSITION OF POINT WITH 
RESPECT TO A PLANE. 


Case I: If P and Q lic on opposite sides of plane 
= Division is intemal. 
= Ratio of division is positive. 
A>0 
—p 
> sh >0=> Ae 0 
2 a 


=> P & P, have opposite signs. 
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Case TI: If P and Q lic on same side of plane. 
=> Division is external 
=> Rato of division is negative. 
2<9 
scoshso 
B BP, 


=> FP & P, have same signs. 


TEXTUAL EXERCISE 1: (SUBJECTIVE) 


1. Find the co-ordinates of the point on the x-axis that is 
equidistant from P(4. 3. 1) and O(C-2. -6, -2). 

2. A cube of side 3 units has one vertex al point (1, 1, 1) 
and the three edges from this vertex arc respectively 
parallel to positive x-axis and negative y-axis and 
z-axis. Find the co-ordinates of other vertices of the 
cube. 


3. Find the ratio in which the surface x? 7 | 27 = 25 
divides the line joining (0, 1, 2) and (. 4, 5). 

4, Find the co-ordinates of the point where the line 
through (3. 4, 1) and (5, 1. 6) crosses xv-plane. 

5. Find the co-ordinates of the point which divides the 
line joining points (2, 3, 4) and (3. -4, 7) in the ratio 
5:3 internally. 
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6. Find the reflection of the point (a, §, y) in the xv-plane. 
. Find the distance of point P(a, 4, c) from x-axis. 
} Show that the points (0. 7, 10), Cl. 6, 6) and 
4, 9, 6) form a right angled isosceles triangle. 
9, Prove thal the lines joining the mid-points of opposite 
edges of tetrahedron are concurrent 


plane and also find the co-ordinatcs of the 


dividing point 

11. Find the ratio in which the join of 4 (2, 1. 5) and 
B @, 4, 3) is divided by the plane 2x 2v-2z= 1 
Also, find the co-ordinates of the point of division. 


12. Find the co-ordinates of the foot of the perpendicular 


10. Find the ratio in which the line joining the points srawa from the point A(1, 2, 1) te the line joining 
Q, 4, 5), G, 5, 4) is divided by the x- BCL, 4, 6) and C(S, 4, 4). 
Answer Key 
1. (-3 0) 2 (1, 1,-2)01, -2. DC, -2, -2)¢4, 1. 1G, 1, -2) 4, -2, 14, -2, -2) 
2 
114 y621 13° 23 21 -11 47 
3. 4, =.0 3. | —,—. > 6. (a, B, 
25 ( } ( 8°88 ) GB 


6 
10. 5: 4, (23/9, 41/9, 0) 11. (2 


7. Vb +0? 


m DIRECTION COSINES (DC’S) 


If a line makes an angle «, B, y with positive directions of 
x,y, z axes, then cas a, cosf, cosy are called the direction 
cosines (or d.c.’s) of the line. Generally, direction cosines 
are represented by /, m,n 
Then angles a, B, y are called the direction angles of 
directed the line OP and the direction cosines of PO are cos(x 
a), cos(# = P)andcos(z Pie. cosa, cosf, cosy. 


FIGURE 4.22 


Deductions 
d a 
(a) The direction cosines of the w-axis are eos 0, cos >. 


ca 
cox > £6, 1,0, 0. Similarly, the d's of y and z axis 


are (0, 1, 0) and (, 0, 1) respectively. 


1274 


9 25 


= 12. (3, 4, 5). 
r3 G. 4, 5) 


} and ratio 5: 7 


(b) If /, m,n be the d.c’s of a line OP and OP = », then the 
co-ordinates of the point P are (/r, mr, nr) 

(c) /? 1m? w=1orcos? a | cos? B | cos? y= 1 
Let OP be any line through the origin O which has 
direction cosines /, m, 
Let P = (x,y, z) and OP =r 
Then OP? =) 
From P draw PA, PB, PC perpendicular on the coordi- 
nate axes, so that OA = x, OB =p, OC 
Also, ZPOA = a, Z POB = fiand Z POC 
From triangle AOP, 1 = cos a= x/r => x 
Similar! 


Ir 


mrandz nr 


Hence [rom (i) we gel, 2 (P + m? =n?) = 32 - +22 = 
> Pirin 


Direction Ratios (DR’s) 


Direction ratios of a line are numbers which are propor- 
tional to the dc’s of a line. Direction ratios of a line PQ 
(where P and Q are («,.y,,2,) and (X,, ¥5.2,) respectively are 
¥s4272)) 


Relation between the DC’s and DR’s 
If a, 6, ¢ are the d.r’s and /. m, n are the d.c’s, then 


m= b ‘ 
Va? +b? +0? 


Some important results 


i, 


‘(he direction ratios of the line segment joining points 
(x,, ¥ Z,) and (x,, v,, z,) are proportional tox, x,, 
Yr Vp % 2) 
Proof: I.ct P(x,,y,,2,) and Q(x, y,, 2,) be two given 
points. Then, 
PO = Position vector of Q Position vector of P 
= POR (i ty tN ty) tak) 

=O, Hh +0, - 0) + —a)h 
So, direction ratios of PO are proprotional to x, —x,, 
¥_— Yi: 2, — 2, and its direction cosines are 


HOM MoM BoA 
\PQ| [PQ] |PQ| 


Two parallel vectors have proportional direction 
ralios. 

Let @ and B be two paralled vectors. Then 
3 = Aa for some scalar 2. 


b= Aa = b=(Aa,yi + (Aa, j + Aa ke 
‘This shows that the direction ratios of 5 are 
proportional lo ha,, Aa, La, or 4,. a, a, 


MI. 
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vw hay hay ha,= a) a, a, 


Thus @ and 6 have proportional direction ratios 
and hence same direction cosines also. 


If a vector * has direction ratios proportional to 


a,b,c then a a es Be 
Va? +b? +0? 


Proof: Since direction ratios of 7 are proportional 
toa, b,c, Therefore, its direction cosines are 


a b 
———,n=—————., 
Verb +e Va? +6? +0" 
c 
n= 


Vato te? 


So, F=|7| (f+ mj +nk) 


=> ra|r| 


hs 
Vath +e? 


= (al +} + ck) 


a : b * 
FT eee 
Vath te Va th +e? 

a 


ath +e 
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ILLUSTRATION 10; 


SOLUTION: 


ILLUSTRATION 11: 


SOLUTION: 


ILLUSTRATION 12: 


SOLUTION: 


ILLUSTRATION 13: 


SOLUTION: 


2) 2 
Can BES be the direction cosines of any directed line? Justify your answer. 


DnB ‘ : 
Given numbers are: </, m, n> = nr a are direction cosines if they satisfy P| nm? n?=1 
9 1 2. 2 
Now, ? +m? +n? =—=341, “SSE z= can nol be dc’s 
aie 333 


A linc passes through the points 4(10, -11, 1) and B(2, -3, 5). Find direction ratios and direction 
cosines of the line so directed that the angle @ is acute. 
‘The direction ratios of a line passing through P{x,, y,, z,) and O(x,, y,, z,) are proportional to 
Xy—X,,¥q—Yy Zq—%, Therefore, direction ratios of AB are proportional to - 8, 8, 4 or — 2, 2, 1 
We known that if the dircctions of a line are proportional to a, b,c, then its direction cosines are 
c 
+ Jt Jt 
Versace?) Vas Bc fat+b +c? 

Therefore, direction cosines of AB are 

-2 2: 1 


Se eet 
(-2)7 +27 41? (-2)° +2? +1? (-2)° +2741? 
Since @ is acute. Therefore cos a > 0, Hence direction cosines of AB are 2-4-4 


Tind the direction cosines of vector F which is cqually inchned to OX, OY and OZ. Find total 
number of such vectors. 


Let , m, n be the direction cosines of ¥ 

Since is equally inclined with x, y and z-axis, /=m=n 
P-m-w=1 => 3P=1 

> pea .. direction cosines of ¥ are gals es gol 

v3 NB" 


3 3 


CPs lee > > 1s. ee Ves 
Gemjenk) 2 Pai7i(e pie itd) 


Now, r 
since and signs can be arranged at three places 
=> there are eight vectors, i.e., 2 x 2 x2 which are equally inclined to axes. 


Find the direction cosines of two lines which are connected by the relations / — 5m + 3n =0 
and 72 + Sm? —3n?=0. 


The given relations are /— Sm - 32 =0 => 1=5m—3n @ 
and 71? + Sm? —3n?=0 Gi) 
Putting the value of ? from (i) in (it), we gel 7(Sm —3n)? + Sm?—3n?=0 
Hind 
or, (2m —n)(3m —2n)=0 = ™=—or= 
n 2-3 


when iat col; i¢.,2=2m> 1=5m—3n=—m or 2 met 
n 2 m 


I 
th ag ving 
2m aT 
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ILLUSTRATION 14; 


SOLUTION: 


ILLUSTRATION 15: 


SOLUTION: 


dis "abeg 2 
So, direction cosines of one line are -—S=.—=.—= 
66 V6 
‘Again wc Ps 2h esate tt Se ie 1 1 
n 3. m2 eT 2 3 VPa2ee V4 
2 3 


‘The direction cosines of the other line are 


WEE 


Find the dic’s /, m, n of a line which are connected by the relations / | m 
2ml—2mn — nl =0. 

Given} | m n=0 

2ml—2mn | nl=0 

From (1), 2= mid 

Putting this value of 7 in equation (2) , we get 2m/—2m(m 1D! lm D=0 


=> ml — 2m? —2ml - mi + P=0 => P-ml-2m=0 
=> (l-m) (+ 2m)=0 
Either =m or 1=-2m 


Caselh l=m 
=> n=m 1=2m 
DR’s are <1, 1, 2> 
De eater to eg 
VWPaPe? VParao” fe are2? 
-1 -l 2, 
DC's ue <i> oF < Jeve've” 
Casell: 1=-2m => n=-m 
DR’s are -2, 1, -1 
2 1 -l 


DC’s are + 


4 ee 2 1,1 
<S.eee> 
¥ ee V6’ ve’ v6 
Find the conditions that the two lines whose d.c’s are given by the relations p/ 
and P + 2m? + 3n?=0 are 
(@) Perpendicular (i) Parallel 


=> DC's are <= 


Given equations are pi | qm | rn=0 
and PF + 2m? + 3n°=0 
Let J,, m,, , and J, m,, n, be the d.c.’s of the two lines. 


2 
Pulling the value of » from (i) and (ii), we have 2 + 2m? + 3 ae zs ) 


7 
or PP + 2pm? + 3p°P + 3g%m? + 6pgim = 0 


+ Jt 
See. VO + Cy? fats +c? 


~ 


n= 0 and 


Q) 
(2) 


qm | rn=0 


.@ 
qi) 


4.12 Algebra 


TEXTUAL EXERCISE 2: (SUBJECTIVE) 


1, Show that A(-I, -3, 4), B(S, -1, 1). C7, 4, 7), and | 7, A vector 7 has length 21 and direction ratios 2, -3, 6. 
D(1, -6, 10) form a rhombus. Find the direction cosines and components of 7, given 
that 7 makes an obtuse angle with x-axis. 


2. Find the direction cosines /, m, n of two lines which 
are connected by the relations / om | n=O and | 8, If /. m,, nil, m,n, be the dc’s of two concurrent 
mn — 2nl — 2In = 0. lines, show that the dc of the line bisecting the 
angles between them are proportional to /,! 4, m, 


MyM, My 


3. Find the direction cosine of two lines </, m, a> are 
given by / + m — 2 =0 and nl — 2mn—2ml = 0. 
9. Find the direction cosines /, m, # of two lincs which 


4, Lincs OA, OB are drawn from O with direction are connected by the relations 
cosines proportional to (1, -2, -1), G. -2. 3). Find @ 1 - m+n=0, 2m - 2in— mn=0 
the direction cosines of the normal to the plane (ii) 15m — 3n= 0, TF + 5m? — 3? = 0 


AOB 
Ae 2 r ae 10. Find whether a point (1, 3, 5) lics towards the origin 
5. What are the direction cosines of a line which is side of plane x + y — z — 3 = 0 or non-origin side 


equally inclined to axes? of plane. 


6. A line OP through origin O is inclined at 30° and 45° | 11. The vertices of a triangle ABC are the points (-1, 2,-3). 
to OX and OF respectively. Find the angle at which it (5, 0, -6) and (0. 4, -1) respectively. Determine the 
is inclined to OZ. direction ratios of the bisector of the angle BAC. 


Answer Key 
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Bs Bie 2 38 
4. (47 te Fe 
( 2) 


6. no such line is possible 


7 (-2.3-4}. 61. +97 and -186 


10. same side IL, (25, 8, 5) 


m THE ANGLE BETWEEN TWO LINES 


Angle between two lines is defined as angle between their 
direction vectors, If (/,, m,, ,) and (/,, m,, n,) be the diree- 
tion cosines of any two lines and 0 be the angle between 
them then cos? = i, — myn, — nya, 
Corollary: 

(a) If lines are perpendicular, then //, | myn, | nn,=0 


Le) 


5 


FIGURE 4,23 


(>) If lines are parallel, then AS meN, 
1, om, ny 
(c) If the dr’s of the two lines are a, 4,, ¢, and a, by, ¢,, 
then 
aa, + hb, tec, 


0 = a a an 
a ai theta Vai +b? +0 = 


Neher bas 
a? +b) + of fal +b2 +03 


so that the conditions for perpendicular and parallel- 
ism of two lines are respectively 


pee 
=} 


2 ey 


sin@= 


a 
jc, =0 and + 


a, 


aa, | bb, 


(d) If (,, m,, m,) and (1, m,, n,) are the dc of two lines, 
then dr of the line which are perpendicular to both 


of them are m,n, — mn, al, — ny, hin, — Ln, 
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m PROJECTION OF ALINE 


Projection of a line joining the points P(x,, v,, z,) and Ox, 
Vy Z,) on another line whose direction cosines are /, m,n = | 
(x, x)! 6, ym &, z)nl| 

Corollary: 

(a) If P is a point (x, y,, 2,), then the projection of OP on 
a line whose direction cosines are (J), mt, #,) 18 | J, x, — 
my, ~ m2, |, where O is origin. 

(b) The projections of PO when P is (x,, v,, z,) and O 
is (x, ¥», Z,) on the co-ordinates axes are = (r,  x,), 
Oy vy). @, 2). 


(ce) If Projections of PO on AB is zero then PQ is perpen- 
dicular to AB. 


Q 
1 OGY2Z2) 


(Vp) 


790° 7 90° 


FIGURE 4.24 


TEXTUAL EXERCISE 3: (SUBJECTIVE) 


1. Find the angles between the lines, whose direction co- 
sines are given by the equation P— m? + n*= 0,1 — 
mt+tn=0. 

2. Find the acute angle between the lines in 3-dimesional 
space, whose dircction ratios are proportional to 6, 9, 
18 and 1, 2, 2. 


3. Find the components of line vectors whose magnitude 
is given by 63 and direction ratios are 3, -2, 6 


4. Ifthe foot of perpendicular from the origin on a plane 
is (11, 11, 11), then find the sum of the squares of 
the intercepts made by the planc on the coordinate 
axis 
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5. Ifa linc makes angles cr, f, 7, 6 with four diagonals of | 9. Find the ratio in which sphere x?! v2 | 2°= 350 divides 


a cube, then find cosa + cos*B —cos*y + cos?d. the line segment joining the points 3. -1. 2) and 
6. Values of projections of a line on coordinate axis are @,-3, 6). 

4,12, 3. Then find the length and direction cosines of | 10. IfJ,, ot,, 1, 54, m,, n,sh,, m,, n,arc the direction cosines 

the line of 3-mutually 1 lines. Find the direction cosines of 
7. Show that the straight lines whose de’s are given by line which makes cqual angles with them and find the 

el Bm =0,mn | nt im =0 will be parallel ang: 

ifalbic= 11. Find the angle between the diagonals of a rectan- 
8. Show that the points @, 2, 2), Cl. 1. 3). @ 5, 6) gular parallclopiped whose co-lerminus edges are 

(2, 1, 6) lie on sphere whose centre is (1, 3, 4). Find abe. 


also the radius of sphere. 


Answer Key 
1. 2/3 2. cos” (20/21) 3. 27, -18, 54 4. 3267 5. 4/3 
6. 4/13, 12/13, 3/138 Sunits —- 9, —157 # V5833 


112 


L+h+h mtm,tm, ntn, tn, 


10. 


TEXTUAL EXERCISE 1: (OBJECTIVE) 


1. Distance between the points (1, 3, 2) and (2, 1. 3) §. The nature of the locus of a point{x, p, 2) is, when 
is @y=0 
(a) 12 (b) Ji2 (a) xz plane (b) xy plane 
©) J6 (d) 6 (c) pz plane (d) None of these 
3 ii) z= 
2. The direction cosines of any normal to the xy-plane Alene 
x (a) plane parallel to yz plane 
(@) 1,0,0 0) 0,1,0 Che nak ena 
©) L10 () 0.0.1 (¢) plane parallel to xz plane 
(a) None of these 
3. Graph of the equation y* | z? = 0 in three-dimensional Gil) y=0,z=0 
space 1s (a) x-axis (b) y-axis 
(a) x-axis (b) y-axis (c) z -axis (d) None of these 
(c) z-axis (a) yz-plane (iv) v=b.z=c 
(a) line parallel to y-axis passes through (0, b, c) 
‘le oer: . 5 : parallel 5 
4. If ( =, »| are the direction cosines of a line. then (b) line parallel to x: 
23 (c) line parallel to z-axis p: 
the possible value of 7 is (a) None of these 
(ay N23 ) 23 6. The projection of a line on a co-ordinate axes are 2, 3, 
6 6 6. Then the length of the line is 
2 3 {a) 7 units (b) 5 units 
> Sees () 1 units (d) 11 units 


4.16 


7. 


10. 


UL. 


2 


13. 


14, 
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A line makes an: a, B, y with three dimensional 


spectively, then, cos 2a — cos 2 


co-ordinate axes 


- cos 2y= 
(a) -2 (b) -1 
@) 1 (d) 2 


. xp-plane divides the line joining the points (2, 4, 5) 


and (4, 3, -2) in the ratio 


(a) 3:5 (b) 5.2 
(©) 1:3 (d) 34 
. Distance of the point (1, 2, 3) from the co-ordinate 
axes are 
(a) 13, 10,5 (b) Vi3, Vio, VS 
1 Io 
‘ ay ee, 
O 6G OTF z 


If the co-ordinates of the points A, B, C, D be 
(2, 3,-1), G, 5, -3), (1, 2, 3) and (3, 5, 7) respectively, 
then the projection of AB on CD is 

(a) 0 (b) 1 

(e) 2 (a) V3 


A point (x, v, z) moves parallel to x-axis. Which of the 
three variables x, v, z remain fixed? 
(a) x (b) vandz 
(c) x and y (d) zand x 


‘The projection of the line segment joining the points 
G1, 0, 3) and (2, 5, 1) on the line whose direction 
ralios are 6, 2, 3 is 
(a) 22/7 

(c) 9/7 


(b) 15/7 
(d) None of these 


Which of the following set of points are non-collinear? 
(a) (,-1, 1D, GI. 1, 1), (0.0, 1) 

(b) (1, 2, 3), 3, 2,1 
(c) ©2, 4, -3), 4, 3, (+3, -2, 4) 
(d) (2, 0, -1), (3, 2, -2), (5, 6, = 


Points (2, 4, 7), (3,6, -8) and (1, -2, -2) are 
(a) Collincar 

of an cquilatcral triangle 

of an isosceles triangle 

(d) None of these 


I 0 is the angle between the lines AB and CP, then 
projection of line segment AB on line CD, is 

(a) AB sin 0 (b) AB cos 0 

(c) AB tan 0 (a) CD cos 0 


16. 


17. 


18. 


19. 


20. 


21. 


If AC, 2, -1) and BC1, 0, 1) are given, then the 
co-ordinates 
the ratio 1: 2, are 


@ La4-p 
3 


of P which divides 4B externally in 
(b) G,4,-3) 


1 
© 5.43 (a) None of these 


If the points (O, 1, 2), (2, -1, 3) and (1, -3, 1) are the 
vertices of a triangle, Then the triangle is 

(a) Right angled scalene 

(b) Isosccles right angled 

(c) Equilateral 

(d) None of these 


If the sum of the squares of the distance of a point 
from the three co-ordinate axes be 36, then its distance 
from the origin is 
(a) 6 


(©) 243 


The ratio in which the line joining the points 
(2, 4, 5), 3, 5. -4) is divided by the xv-plane and the 
co-ordinates of the dividing point are 

(a) 4:5; (1, 2, 3) 

(b) 2:35 (1, 2,3) 

fc) 5: 45 (23/9, 41/9, 0) 

(d) None of these 


(b) 32 
(d) None of these 


The mid-points of the sides of a triangle are (1, 5,-1), 
(0, 4, -2) and (2, 3, 4), then its vertices are 

(a) A CL, 2, 3), B (3, 4, 5), C (1, 6-7) 

(b) 4 C1, 2, 3), BB, 4, 5), C (1, 6, 7) 

() AQ, 2,3), B (1. 4,5), (1,6. 7) 

(d) None of these 


‘The vertices of a AABC are the points (-1, 2, -3), 
(5, 0, 6) and (0, 4, -1) respectively, ‘The direction 
ratios of the bisector of the angle BAC is 

(a) 25, 8.5) (b) (2,8, 5) 

(ce) 2.8, 5) (d) None of these 


. The perpendicular distances of a point (x, vy. z) from 


the axes are 


@ feryre ferred ft ty ez 


(b) YO" +2), YE te), YOO+H) 
(©) & y.2) 
(d) None of these 
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23. The co-ordinates of a point which is equidistant from | 24, The direction cosines /, m, n of two lines which are 


the points (0, 0, 0), (a, 0, 0). (0. 6, 0) and (0. 0, c) are 


connected by the relations / om | n=0, 2fm | 2in 


given by min = 0 are 
1 201 2 101 
ee b ie 
CREE © wana 
(©) FEE {d) None of these 
Answer Key 
1. ©) 2. (d) 3@ 40 S500 M6 G)@ WO 6@ 7 
8. (b) 9. (b) 10. (a) VW. (by) 12. (a) 13. () 14. (a) 15.(b) 16.) ~—:17. (b) 
18. (b) 19. (c) 20. (a) 21. (2) 22. (by 23. (a) 24. (a) 


m VECTOR EQUATION OF A CURVE 


Vector equation of any curve is given by f(7,4,),2)=0 
where ¥ is position vector of a point moving on the curve 
and a@&b are given vectors and ?. is scalar parameter. 


P  f(a,b,,A}=0 


FIGURE 4.25 


Cartesian Equation of a Curve 


Replacing F by xf + yj + 2& in the obtained vector equation 
and comparing scalar coefficients of /, j,# from both sides 


of the equation, we get an equation in x. y, z as F(x, 3, 7) =0 
called as Cartesian equation of curve. 


@ THE STRAIGHT LINE 


Straight line is the locus formed by the intersection of any 
two planes 
1. One and only one line can be drawn through a given 
point in a given direction. 


FIGURE 4.26 


2. One and only one line can be drawn through two given 
points. 


3. Intersection of two non-parallel planes is a unique 
line. 


Thus to summarize, we can say that a straight line in 
space will be determined uniquely if 


(i) it passes through a fixed point and is parallel to a 
fixed line. 


(ii) it passes through two fixed points 


(iii) it is the intersection of two given non-parallel 
plancs. 


m@ STRAIGHT LINES IN 3-D GEOMETRY 


Vector Equation 


Vector equation of straight line passing through 
the point A-(%,4,.2,) 


and parallel to a vector 


FIGURE 4.27 
b= (i + mj + nk) is given by a+Ab 
=> F=a+Ab a8 -: OP=OA+ AP 
(where 2 is a real parameter) 


4.18 Algebrall 


Cartesian Equation: "7-4 = 25 Cartesian Equation of Straight Line 
(Symmetric form): 


= (eb typ t 2k)— (yl + yj + k= AWE + my + nk) 


Let /, m, » are direction ratios of the straight line. 
Comparing coefficients of linearly independent 
x-x=Al 
veclors 7, jf, we have y—y,=Am 
z-z,=An 


Equation of Line Passing 
Through Two Points 


The vector cquation of a line passing through two 


points whose position vectors are a and is: 


F=G+A(b-a) 
‘The equations of line passing through (x,. y,. z,) and 


a 
Oy Py Z's 


Proof: Let 0 be the origin and A and B be the given points 
@ and § respectively 


with position vector 


Then OP =F, OA=@ and OB= 
Since AP is collincar with AB,AP = 2AB for some 


scalar 2, 


FIGURE 4,28 


NOTES 
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=> OP-OA=4A(OB-OA) 


=> F-a=Ab-a) 
F=4+A(b-a) 


Fquation of straight linc passing through 


=> 
a 
and & is given by F=a+ Mb- a) 


(x,¥,2,) (VnZ)  OGY,2) 


FIGURE 4.29 


Equation of straight line passing through (x,,.v,, z,) and 


yop Zy) 
he direction ratios of AB are (x, x,,.V, 
‘The direction ratios of AP are (x xv V2 2) 
Since they are proportional 


V2, 2) 


Any variable point on the line ; = G + 4 has its position vector (a +A'b ) where °.’is scalar parameter. 


 Incartesian from, a variable point on the line is takes as (x,+ 7.1, y, + 7.'m, z, + 2.'n), where 2.'is a parameter. 
Equation of the line passing through two points with position vectors g and h respectively is given by the 


equation # =a+A(b-a) 


The equation ofline passing through twogiven points (x, y,,Z,)and (x, y,2,)isgiven by i 


x-% YM 274 
aed mad Wey: 


© The points A(x, y,, Z,), Bx, yy Z,) and C(x, y, Z,) are said to be collinear if the third point satisfies the equation 


of line formed by 2 points. i.e. 


TEXTUAL EXERCISE 4: (SUBJECTIVE) 


1. Find in vector form as well as in cartesian form, 
the equation of the line passing through the points 


AQ, 2. — 1) and BQ. 1, 1) 


2. Find the vector equation for the line which passes through 
the point (1, 2, 3) and parallel to the vector /— 27 +34 


Reduce the corresponding cquation in cartesian form 


4.20 Algebra il 


3. Find the cartesian cquation of the line passing through 
(1, -1, 2) and parallel to the line whose D. R's are 


4. The points 4 (4, 5, 10), B (2, 3, 4) and C (1, 2, -1) 
are three vertices of a parallelogram ABCD. Find the 


7 cls Vda 
‘a NSD ee 
” V3) V3 V3 Oe 


1 1 1 
() V5, Vi3, Vio ic) Ww s 


4, The number of straight lines that are equally inclined to 
the three dimensional co-ordinate axes 
(a) 2 (b) 4 
(©) 6 (a) 8 


5. The equation of straight line passing through the point 
(a, b, c) and parallel to z-axis. is 


(1, 2,-2) vector and cartesian cquations for the sides AB and 
BC. Also find the co-ordinates of D. 
Answer Key 
ee ee ee tat pats at ota #oh 2-3 
1. F=it+2j-k+AG-j+2k): 2. Fait2s+3k+ AG—2j 43k), ——= er 
3. oe or F=@—} +26) +40 4+2)-2%) 
4. AB F = 4iesjsiok+agd+j+3b,**= s ae 
ig ge UR at 8. yee yh : a 
BC: +3] 44k + AG +] +58), == == =, Co-ordinates of D are @, 4, 5) 
TEXTUAL EXERCISE 2: (OBJECTIVE) 
1. The cquation of line passing through the point ; 
(1, -1, 1) and perpendicular to the line joining the ) 
points (4, 3, -2), (1, -1, 0) and (1, 2, -1), (2, 1, -3) is 
(a) x-1_ytl_ 2-1 (b) 
10 4 7 
(oy etl val ead © 
10 -4 7 
fc) Xth_vtl_ al (d) 
4 10 7 
(d) None of these 6. Tquation of x-axis is 
2. If the line through the points (4. 1, 2) and (5, k. 0) (a) ~ (b) x_y_z 
is parallel to the line through the points (2. 1, 1) and 1 Sy, 
(3, 3,-1), then k is equal to x ype 
(a) 3 (b) 2 O + OF orT 
(c) 1 (d) None of these 
3. The direction cosines of the line x =} =z are: 7. The straight linc a3 at 18 


(a) Parallel to x-axis (b) Parallel to y-axis 


(c) Parallel to z-axis (4) Perpendicular to z-axis 


8. The projection of the line segment joining the points 
1, 0, 3) and (2, 5, 1) on the line whose direction 
ratios are 6, 2 and 3 is 


eo? o 2 
18 
(c) a (a) None of these 


9, The acute angle between the line **! _ ¥ 


and the plane 2x | y—3z | 4=Ois: 
alt) ay sins 28 
(a) sin Jao (b) sin Ja0e 


2 
(c) sin! (is) (a) None of these 
7,29 


10. The angle between the lines 2x = 3v = z and 
6x= y=-4zis 
(a) 0° (by 30° 
(c) 45° (dy 90° 
IL. Ifline ~~ Y= _ 274 jg parallel to the plane 
é m n 
ax | by ez | d=0, then 
Answer Key 
1. (a) 2, (a) 3. (a) 4, (b) 5. (d) 
I. (b) 12. (d) 


m ANGLE BETWEEN ALINE AND A PLANE 
Angle between line and plane is defined as angle between 
line and projection of line in the plane. 0 = 90° — &, where 
at is angle between line and normal to plane. 


FIGURE 4.30 


Tf angle between the line *7 4. _ YT _ FTA and 
a b c 
the plane a,x - by - ¢,2 - d, = 0 is 0, then 90° — is 


the angle between normal and the line 


90° 6) aa, + bb, + ce, 

Le., cas(90° = iS a 

: NG +P +e ath +ey 
aa, + bb, + ce, 


Osineas Se a ae 
Neth te fat te; 


Corollary: 
+ec,=0 


If line is parallel to the plane, then a,a, + b,b, 
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abc 
ea oa 
(b) al bm cn=0 
Ge eeases 
é om on 
(d) None of these 
12, The angle between two lines os = — = 
and *—4 _y+4 _ 241 jg 
To 25 9 
{2 [2 
(a) cos" ry (b) cos” 9 
(¢) cos (3) (d) cos (4) 
9 9 
6. (c) 7. (a) 8 (b) % (a) 10, (@) 
m ANGLE BETWEEN TWO LINES 
Let £,=0: F=a+Ab ma) 
L,=0:F=é+yd (ii) 


be two straight lines in space. 


O¥,2) 
FIGURE 4.31 


Clearly. (4) and (ii) are straight lines in the directions 
of Bandd respeclively. Let 0 be the angle between the 
straight line (i) and (ii) 7 . 

Then @ is the angle between the veclors 6 and q also 
b.d=\|b||d|cos0 

bd 


=> cos@= —— 
{oll¢| 
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Cartesian form: dent, if they lie in same plane and the vector 6,d,d-—@ ate 
X-X, ry, 27% 5 
ef ws collinear 
m, 
Ha te = ® 
TMe VT, 2 Tes . ssa: ey ae 
and 773 = 22 = Sethe cartesian form of and Fad i) 
(i) and (ii), then @ = cos” | eer nd 2 A Tea+ oe 
Vib +m? +n} VE +m +n @ iD eC €-ae Bb 
FIGURE 4.33 
m CONDITION OF PARALLELISM AND 
COPLANARITY For eoincident § = kd = 2 (€—a) 
Lom _” 
Le. ie ie and (x,, y,, 2,) satisf 


m@ CONDITION OF PERPENDICULARITY 


O24) 


FIGURE 4.32 


‘The above two lines will be parallel (but not coincident) 
when 5 =2' d # (c—a) and [(e-a) bd] =0 


L a & — FIGURE 4.34 
But out of —1— , —+—,, 1 atleast one is dif- 
PM, Nae Ok a Ai ‘The straight line 


ferent from others. 


L,: F=G+Ab ic, XM =P“ _ 274 and, 


1 
i, my n 


m CONDITION FOR COINCIDENCE 


kom) YOM Foe 
2 ™, ny 


L,: F=e+udie., 


are perpendicular iff b.d =0 
= 1,1, + m,m,+n,n,=0 
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m FOOT OF THE PERPENDICULAR/ 
IMAGE OF A POINT IN A LINE 


Given a point P (x, »,, z,) with P.V. © and the straight line 
x-a@ _y-B 


=G+Ab= ie. Veo ei 
of perpendicular of P in the line be M and image be Q, then 
the position vector of the foot of perpendicular Af (Fe) is 
given a8 r_ =OA+ AM 

Now 7y7_ is the projection of AP on b 


= 2 ifthe foot 
n 


2A =((é-a) i 


> &+(-a).b)b 


Ra G+ [(@-a) CE mj nk + mj +n) 
Pamttn? 


where G=ai+ Bj+yk 


and c=xityjtak 


The position veetor of the image Q (g) is given as 
G=27,- PK of p= n— 


4 PX Y,2,) 


A(a) 


FIGURE 4,35 
Cartesian method: ct the foot of perpendicular Af be 
(Ad — a, Rin — BA — ) 
Now, pM 16 
=> (Al+a—x)l+(Am+ B-y)m+(Anty—z)n =0 


=> PMb=0 


Ira) + my ~ B+ nz.-1) 


=> as ao, 
Pemte 
so the coordinate of M can be obtained and the coordinate 
of image Q is given by Q.= 2Me— Px: Q = 2My— 
2M_— P_where MM, M,, M_). 


O The Distance of the Point P(x,,v,,z,) from the Line 


XM _ ITM ere 
i m ” 
Direction Cosines of the Line), is 


, (where Lm and a are 


4.24 — Algebrall 


I, - P+, VP +E, -2P— Ue, x) — 8, —Y) 
ie be 


Let @=(—m)it On -y)i (ea) 


R=litmjtnk 
POL YZ.) 
d 
(X,¥2,) dic’s 
vas Co) 
FIGURE 4,36 
cos @ = 4+ 
Iilél 
also d=|7|sin@, d* =|5[ sin? 


=i F U—cos?6) 7p (-- a 


= PARP GAY {where 17 |= 1} 
2 dain lh -GAY 


4 de | ee een 
{Hay —m) +m, y+, — 2) 


m CO-ORDINATES OF POINT OF 
INTERSECTION 


If the two lines are intersecting, the co-ordinates can be 
found as. 
Method 1: 


Step i: Compare the position vectors of both lines. 
ic. Ict position vector of point of intersection be 
roatdAbact yd. 


Step i: Compare the scalar coefficient of lincarly 
independent vectors to get three linear equations in & and 


Step if: Solving any two to get & and p and if the values 
obtained satisfy 3rd equation, then lines are intersecting and 
for the obtained value of 4, get the position vector of the 
point. 


Method 2: 

Step # Take a gencral point of £, = 0. Gi tx), Am, ty, 
An-z,) 

Stepis Substitute in equation L, = 0. to get two equations 
ink, 

Step ffi: If the valucs of % obtained [rom both equations 
are same, then the lines intersect otherwise they are parallel 
or skew. 

Step!V: If the lines intersect, then the values of 4 obtained 
generate point of intersection 


Special Cases: If [(G-@)b d|=0 and b#kd. lines 


intersect. 


Case t: ¢—a = Ab ; Point of intersection is C. 


FIGURE 4.37 


Casell: ¢—a= Ad Point of interscetion is A 


FIGURE 4.38 
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>i =i eajest) 5 
>a =(3+v2)i +57+(5+v2)é, Similarly % =a— Sb 
Fi bees as Di ca AOS te * 
= (37 +47 +5k)—V5| 27+ 7 +*2k | =(3-V2)F437+(5-V2)e 
( }-5 [Sel tei gt] 6-92) +37+(6-12) 
Aliter: *—*1 2% 7741 _ 
cosa cosf cosy 
v2 1 v2 
Where (x, y, z) = (3, 4, 5) and cosa =—=;cos 8 =—=;cos =~2&r=1J5 
&y,2)=¢ ) E B x coger 
=> (& y= G +2, 5,5 +V2) or GB — V2, 3, 5-2) 
Ki i : 5 ~ ox y-l_ 2-2 
ILLUSTRATION 25; Find the image of the point (1, 6, 3) in the line — =~ = 
1 2 3 
SOLUTION: Let P be the given point and let Z. be the foot of perpendicular from P to the given line. 
‘The co-ordinates of a general point on the given line are given by x20 _yol_z-2_ a 
1 2 3 
le, x=A,p=2A+1,2=32+2 
© P(1,6,3) 
ea 
FIGURE 4.39 
Let the co-ordinates of L be (A, 24-1, 34 +2) @ 
So, direction ratios of PE are: (A- 1, 22—5, 34-1) 
direction ratios of the given line are (1, 2, 3) which is perpendicular to PL 
=> (A-1).1 +QA—5).2+ GA-1)3 =0, >4=1 
So, co-ordinates of 7 are (1, 3, 5) 
Let Qt, y,, 2,) be the image of P(1, 6, 3) on given line. 
where Z is mid-point of PO 
fea al eA es ed => x,=1y,=0,2,=7 
2 2 2 
ILLUSTRATION 26: Show that the two lines *—! _ ¥—2 _ 2-3 and cclpay dato z, intersect. Also find the 
3 4 5 2 
point of intersection of these lines. 
SOLUTION: Ilere *—!_¥=? _ 2-3 ~, (gay) m0) 
2 3 4 
-4 sr -0 a 
x > aes = A(say) wii) 


5 1 J) 
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LLUSTRATION 27: 


SOLUTION: 


ILLUSTRATION 28: 


SOLUTION: 


Any point on line () is P@r 1,37 | 2, 4r | 3) 

and any point on the line (ii) is Q(5A + 4, 24-1, 0 

They intersect if and only if 2r | 1=54 1 4;3r 1 2=2011,4r 3=4 
Solving, r =— 1,4 =-1l 

clearly for these values of A and r P(-1,—1,—1) 

Hence (i) and (ii) intersect at (1, -1,—1) 


_ Yr2_z+3 g x-2_y6_z- 


Show that the line x interscel cach other and also find 


3. 4.~«CS8 
their point of intersection 

aa ee a ee 
eet og mel ea O Fhe id 
I a Soca de od 7 


=> @=2j-3k = b=74+27 43K > F=2746743K > d=4i 437 +4k 
> E-G=2) +47 +6h =2(7 +2) +3h)=26  @-a=nb 
Point of intersection is é = 27 +67 +3k 


Find the value of ‘a’ for which the lines 
py to2 YO 2d) soa yn 7 _ 22 


intersect 


1 2 30° 20 33 


Now any gencral point on F,, will be given by x=2 + 2,y=224+9,2=30 4 13 
This point lies on Z.,. 
(A+2)—a _(22+9)—7 _ (34413) +2 


-1 2 3 
Solving for 2; (2A+9)-7 _GA+13)+2 
2 -3 

> toe 2A => At1=-4-5 = 24=-6 or A=-3 

Solving fora 2*2-@_(@24+9)-7 gg 

-1 2 

Aliter: 1, (27 49) +13k)+Aa(7 +2) +3k) a) 
and L, (ai +7j-2k) + u{-i-+2j-38) (ii) 
Now since, the two lines intersect each other, therefore vectors are same for some value 
of A and pp 

comparing coefficients of 7 on both sides, we get2 A=a weve Gi) 

Similarly, 9+22%=7+2p (iv) 

and 13 +34 =-2—3n cesses () 


Solving (iv) and (v) ; we get A=-3; p=-2 
Putting these values in equation (iii), we get 2 + (3) =a—(2) 


=> -l=a+2 => a=3 
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TEXTUAL EXERCISE 5: (SUBJECTIVE) 


1 


Find the angle between the following pairs of lines: 
G) F=(47—f)+AG+27-26) and 
Fai-j+2k-pQi+4j—4hy 


(i) F=AG +7 +26) and 
F= 27+ WB -DI-WB+Di +46] 


2. Find the angle between the pairs of lines with direction 


ratios proportional to 2, 2, | and 4, 1, 8. 


3. Hind the equation of the line passing through the point 


4. 


x-3 
4 2 3 
Find the equation of the line passing through 
point 


(1, 2, -4) and parallel to the line yrds _ tl 


(2, 1, 3) and perpendicular to the lines 
x Zz 


5 


5. Find the vector equation of the line passing through 


6. If the lines 


7 


the point (2, -1, -1) which is parallel to the linc 
6x—-2= 3y-1= 22-2. 
¥=1\_uy=2._7=3 
22 2 


x-1_ y-l 
3A 1 


and = 


ze are perpendicular, find the value of 2. 


Find the perpendicular distance of the point (1, 0. 0) 
from the line “st we aoe Also find the 


co-ordinates of the foot of the perpendicular. 


8 Find the cquation of the perpendicular drawn from the 


x+5 


point P (2, 4, -1) to the line aes = z-6 


4 -9. 


9. Find the image of the point (5, 9, 3) in the line 


x-1_y-2_ 2-3 
a ae 
Answer Key 
L@ 0? Gi) 28 2 cos(2) 


x-2 


10. 


12. 


13. 


14. 


IS. 


16. 


17. 


Find the image of the point (2, -1, 5) in the line 
F =(1) —27-8) + AOI —4j-118) 


(a) Find the co-ordinates of the point where the line 
through the points A(3, 4, 1) and B(S, 1, 6) crosses 
the X¥ plane 

(b) Find the «1 
through (5, 
plane 

(c) Find the co-ordinates of the point where the line 
through (3, 4, -5) and (2,3, 1) crosses the plane 2x 
-y-2=7 


ordinates of the point where the line 
1, 6) and (3, 4, 1) crosses the FZ 


Show that the line segments joining the points (4, 7, 8) 
(1, -2, 1) and (2, 3. 4}, (1, 2, 5) intersect. Also find the 
point of intersection. 
(a) Find the image of the point (1, 6, 3) in the line 
x_yr-l_2z-2 
ca cae oe 
(b) Find the image of the point (1, 2, 3) in the line 


F= (6147) +7h)+AGi +2) -2k) 


lines 


the 


Show _ that 


intersection. 
Show 


x+2_) 


Prove that the line #=(4j-h)+AGi—j) and 
F= cu -h + ui + 3h) intersect and find their point 


of intersection 


5. F=Q)-j-B+ad+2)43% 6 a=-2 


4_ztl 
= 9. 0,1, 11 
5 ¢ ) 
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10. (0, 5, 1) 11. (a) (22 eal .0) (b) (04 pte =) () C1, -2, 7) 
8. S29 
Play 13.(a) (10,7) (b) (5.8,15) 14. 2,6,3) 16. (4, 0,-1) 
TEXTUAL EXERCISE 3: (OBJECTIVE) 
1. The co-ordinates of the foot of the perpendiculars (@) 0 (b) 1/2 
drawn [rom the point 4 (1, 2, 1) to the line joining (©) 19/21 (d) None of these 
BA, 4, 6) and C(S, 4, 4), is 
(a) (2, 3, 4) (b) (1, 2, 3) 7. The angle between the lines ord 
(c) 3, 4,5) (d) None of these 
2. The foot of perpendicular from the point (0, 2, 3) on 
; 1 
the line *+3_¥-]_2+4 and the length of the (b) cos 
2 E 
icular i 1 
perpendicular is (c) cost) (d) cost 
(a) (2, 3, -1), 21 units 2 
(by (1, 2, 3), V21 units 8. Direction ratios of two lincs arc a, b, ¢ and 
(c) (5, 2,3), V21 units = i oa ‘The lines are 
a) None of these eC Ca al 
{)-None of these (a) Mutually perpendicular 
3. The image of the point (1, 6, 3) in the line (b) Parallel 
x yp-l 2-2, (c) Coincident 
[oo a (a) None of these 


4 


(c) (1, 3, 2) (@) G, 1,2) 
. The image of the point (1, 2, 3) in the line 
x y-l_z-l, 
—=-—=—— is 
2 i] 3 
(42) (24) 
a: 44 
(ce) C1, 3,2) (d) G1, 2) 


. Cosine of the acute angle between the lines 


(a) (1,0,7) 
(c) 0, 2,7) 


(b) (7,0. 1) 
(d) None of these 


‘The foot of the perpendicular from the point (1. 2. 3) 
x 


tothe line XY! _ 2-2 is 


ts" 3 
3 13 23 91 
rag Gece res re, 

o(577) © (6b) 


—j+4k+AG+2j+2k) and 


F=7i+2j+2k+uGit+2j+6k) is 


10. 


1. 


. The length of the perpendicular [rom point (1, 2, 3) 


to the line 28 _ Y¥—7 _ 7-7 5, 
3 2 2 

(a) 5 (b) 6 

7 (d) 8 


If 0 is the angle between the lines whose vector 


equations are F=3N+274+4h4+AG+27+24) and 


F=Si- 


cl then 


(a) cos = 19/21 (b) 


2}+ wi +2j+6k); A and p being param- 


sin 0= 19/21 


(©) sin @=4V5/21 (a) cos@ = 45/21 

The tines X21 YN _ Zt ang Ho 4 _ tO _ 
=1 2 0 

zt+l 

3 


(a) do not intersect 

(b) intersect at (4, 1, -2) 
(c) intersect at (4. 0, -1) 
(@ intersect at (1, 1, -1) 


12. If the lines*=b = 241 271 ggg 23 Yok 2 
2 3 4 I 1 1 
interscet, then k = 
(a) 2/9 (b) -1/2 
(c) 0 (d) None of these 
13. The point of intersection of lines, x3 yok z 
1 
and Zale yo2 -253 is equal to 
2. i 4 
aa] 
(a) ia ae (b) C1,-1, 1) 
() (1, -1,-1) (d) C1, 1,-1) 
14, The point where the line —— = YE ES: meets 
2 4 
the plane 2x | 4y z= 1, is 
(a) 3, -1, 1) (b) G1.) 
(ce) C1, 1, 3) @ 0,3.) 
15. The length and foot of the perpendicular from the 
point (2, -1, 5) to the line, xoll _ yt? _ 248 
—4 -11 
Answer Key 
1 © 2. (a) 3. (a) 4. (a) §. (a) 
10. (a,c) 11. () 12. (b) 13. (a) 14. (2) 
@ TWOLINES IN THREE DIMENSIONAL 


SPACE 


As we are familiar with the fact (for 2 dimensional co- 
ordinate geometry) that if two objects move along straight 
path their loci must intersect at some point unless they are 
parallel straight lines but in three dimensional geometry it 
is not exactly the same 


In 3-Dimensional geometry: the two point objects 


moving on straight paths can be such that their paths may 
be either parallel or intersecting or neither parallel nor inter- 
secting (such straight paths are termed as skew lines) 


Condition of Coplanarity 


The two straight lines? =@+4b, 7 =2+ yd are coplanar or 


intersecting if (@-2).(bxd)=0. ie. [a6 d|=[25 a] 


Proof: ‘he line 7=4+Ab passes through the point 


A(@) and parallel to & and the line F =2 +d passes 


through point C(é) and parallel to d 


-4 
18, The point of intersection of lines pas 
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(by V4, (1, -2, 3) 
(d) None of these 


(a) Vi4 (1, 2,-3) 
) Ji4.(.2.3) 


16. The distance of the point (-1, -5, -10) from the point 


of intersection of the line *2 - 2+! _ 27? ana 


3 4 12 
the planex yy z=Sis 
(a) 10 (b) 11 
(c) 12 (d@) 13 


17. The perpendicular distance of the point (2, 4, -1) from 


the line X45 _ +3 _*-6 ig 
pe tk) 

(a) 3 (b) $ 

()7 {d) 9 


5 


and X=! _ Y-? _ 2-3 jg 
2 3 4 
(a) 1, -1,-1) (b) (-1,-1, 1) 
() (1, -1,-1) (d) (-1,1,-1) 
6. (c) 7. (a) 8. (b,c) 9 (&) 
15.) 16) 17.) 18. (a) 


If these two lines are in the same plane, then 


AC. and d lies in the same plane. Since 6x d is normal 
to this plane. 


= AC(bxd)=0 = (6-a).{bxd)=0 


= [@bd]=[a5 4] 


Two coplanar lines can be 


(i) Parallel 


(ii) Non-parallel (intersecting) 


m PARALLEL LINES 


oe eS 
a+Ab or 


Hh, 


and 1,:% =é+yd or — 


are parallel are proportional then 
Bb =kd or (i,,m,.n,)and(l,,m,.m,) 


4.30 Algebra ll 


m@ DISTANCE BETWEEN TWO 
PARALLEL LINES 


FIGURE 4.40 
Veclor Projection of (€-@) on bb =((c-a).b)b 


Scalar Projection of (€¢ -—@) L to b= |@-a)-(é —a).b)b| 


are intersecting, if they are non -parallel, but coplanar. 
=> bd, é@-@ arecoplanarand b kd forkeR 
> bekd;ke Rand |é-Gbd|=0 


m SKEW LINES 


FIGURE 4.41 


Skew lines are defined as " pair of lines in the space which 
are neither parallel nor intersecting" 

Two straight lines in space are called skew lines, when 
they are non coplanar 


m CONDITION FOR NON COPLANARITY 


Given [wo straight lines 


[=0:-F=G+2b = 


x-x, 


1,=0:F=é+pd => 


are non coplanar iff |¢ -@ 5 d| #0 


Condition in Cartesian form 


Zq—2 


Loom 


non coplanar, then 4,2—4,d do not lic in the same plane 


=> €-a)(bxd)4o > [€-a)bd]zo 


F2—% 2-H 2 2) 
= i, m, n |#0 
L m, n, 
5 
Ala) 
u 


c(c) d 
FIGURE 4.42 


m SKEW LINES AND THEIR SHORTEST 
DISTANCE 


Two skew lines can be intersected by an infinite number of 
lines as a variable point on one can be joined to a variable 
point on the other. Of these intersecting lines there is one 
and only one which is shortest and inters 
lines perpendicularly. By the shortest distance between two 
lines we mean the join of a point in one with one point on 
the other so thal the length of the segment so obtained is the 
smallest. I the cquation of two straight lines are give 
can always 
as the shortest distance between the given two straight lines, 


both the skew 


s well 


obtain the equation of shortest distane: 


FIGURE 4.43 


Shortest distance between them is the line segment per- 
pendicular to both of them 7 

Given two skew lincs F=@+Ab and 
Vector along SDis xd 

Let SB = a(b xd) = OP 

Length of shortest distance (SD): Position vector of 
any point on QP is given by 7 =a +Ab +a(b xd) 

If this point represents 

PY of P=é + nd , taking dot product with (6 xd), 

we have (5 x d)+0+a(b x d)(b xd) =6.(b xd) +0 

> -G-2)(bxd)=abxdy 
_ @-@6xd) 
~ |bxdP 
> sp= \erB xd = |e xa 
_ (@-2).(bxd) 
 [bxd| 

Which is nothing but scalar projection of AC along 
(hxd) 


F=Z4+ yd. 


> 


8.D 
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Equation of shortest distance (SD) 


Let PQ and RS are two skew lines and a line which is 
perpendicular to both ?C and RS. Then the length of the 
line is called the shortest distance between PO and RS. 
Let equations of the given lines are 
x—H YOM ond 22-2 os 
i my n is My Ny 


z-% 


Let SD lies along the line ae Pat eta A , then 


m n 
SD. =|ix,—x,) + my, —y,) — n@, — z,)| and equation 
MM gt Mein SZ 
of shortest distance is | m, nm |=0 
L my My 
Equation of SD Line: 


As intersection of plane PCS and PAD 
[F-2d bxd]=0 and [F-ab bx d|=0 


(ey Bre (ly te n,) 


FIGURE 4.44 
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and |b, xb, |= ¥44140 =V5 


G,- 4). xb.) -4-+ 
18, x8, | v5| V5 


ILLUSTRATION 30: Vind the shortest distance and the vector equation of the line of shortest distance between the 


Shortest distance; d = 


lines given by F = (37 +8) +3k)+ 2(3i—j+k) and # = (37-74 6K) + m3) +2) 4.48) 


SOLUTION: Given lines are F = (3/ +8) +3k)+ AGI -j +h) @ 
and # = (—3i-7) + 6k) + w(-3i +27 +48) Gi) 

=F pee 223 
Equation of lines (i) and (ii) in cartesian form are AB > = talar tete (iii) 


a CD 2 
“ 3° ~20C~«:*C<‘ 
B 
L 
A 
¢ if D 
FIGURE 4.45, 


Let LGA -3,-4 +8, 2 +3) and M(-3p —3, 2-7, 4p + 6) 

Direction ratios of ML are: 3A | 341 6, A-2u | 15,4-4—-3) since ML LAB 
BGA | 3 1 6)-1CA—2pe! 15)+1A—4p-3)=O0rllA 7=0 
Again LM 1 CD 

=> -3GA 1 31 6) 4204-24 15) +4 (- 4-3) =0 or 70-29 =0 waavi) 
Solving (v) and (vi), we gel: A =0 = => L=(3,8, 3) and M= (3, -7, 6) 


Hence the shortest distance LM = (@+3)' +(8+7)'+(G—6) =3y30 units 
vector equation of LM is # = 31 +8) +3k+4(6i +15j—3k) 
x-3_ y-8 2-3 

6 15 -3 


(v) 


also the cartesian equation of LM is: 


ILLUSTRATION 31: Hind the shortest distance between the lines X—1- ¥=2 _ 23 yng *—? ya _ 275 


-1_y-2_ 2-3 


SOLUTION: Given lines are > =“. 


x-2_ 
7 
Here, x, = 1, y, =2,2,=3;x,=2,y,=4,2,=5 

1= 2, m, = 3,0, = 431, = 3, m,= 4,0, =5 
Shortest distance between. the lines (j}.and.(i),are: Modulus of 
Tiida eon 5 Sas 


and 


ii) 


im, = hm Y + (mn, = mn) + ny = Lan } 
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TEXTUAL EXERCISE 6: (SUBJECTIVE) 


1. Find the shortest distance between the following pairs 
of lines whose vector equations are: 


F=(I-Ni+¢-2j+G-Ok and 
Fa(A-Wi t+ (As j-d4 DE 
2. Find the shortest distance between the following pairs 
of lines whose cartesian equations are: 
x-1_y-2 2-3 x-2  y-3_ 2-5 
= = an = = 
2 3 4 3 4 5 
Gi) x-l_yt+2_ 2-3 Sail x-l aot _2tl 
-1 1 2 1 2; 2 
3. By computing the shortest distance determine whether 
the following pairs of lines intersect or not 


Q) 


() F=@4j-K)4 AGE 


7 = (4) —h) + w(2? +3h) 


Gi) x-1 avtH ax x4 _ bo? 
2 3 5 1 
4, Find the shortest distance between the following pairs 
of parallel lines whose equations are: 
F=(i+j)+AQi-j+k) and 
F= (24 j—k)+ w4i-27 +24) 
5. Find the 
x-l ys? 2 2-3 and xo2_yo4 ss 225 
2 3 4 3 4 
find the equations of this linc 
6. Obtain the co-ordinates of the points where the line of 
shortest distance between the lines 
x-23 y-19_ 2-25 x-12_ y-l_ 2-5 
= = and =- = 
-6 4 3 -9 4 2 
intersect the above lines. 


1Z=2 


shortest distance between the lines 


Also 


4.34 
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. Find the shortest distance and cquation of the line of 


shortest distance between the lines 
F=(A-Di++Dj-(AtDé> 
F=(-witQu-lj+ (a+ Dk 


. Define the line of shortest distance between two 


skew lines. Find the shortest distance and the vector 


Answer Key 


1 
20 Ew 


13 


3. (i) Yes (i) No 


cquation of the line of shortest distance between the 
line given by 


25-3 Vb? — 4ac)+ AQi-j) 


(43 +38)4AGi+ 7 +8) 


5. 6 (11.113), 5,7) 7. F=-2)+aG +4), De mits 8. /30 units 
v2 
TEXTUAL EXERCISE 4: (OBJECTIVE) 
(©) AL, | mmm, | nnn, =0 
1. ‘Iwo lines X= etl VR EES re 4 Nes f thes vege. 
T 23 1 2 3 (d) None of these 
(a) Distinet Parallel lines 5. If the straight lines x = 1 s,y=-3 Ads, 
(b) Intersecting at one point z=1 Asandx=02,y=1142=2 4, with 
(c) Skew lines parameters y and / respectively, are co-planar, then 
(d) Coinciding lines equals 
2. The straight lines 273 and (a) 0 b) 1 
3 (c) V2 (d) 2 


. the tine S22 2738274 ggg HOLL ys 
1 -k k 2 
g=2 are co-planar, if 
(a) A=Oor-1 (b) A£=Oorl 
(c) A=Oor-3 (d) A=30r-3 
|. The direction cosines of three lines passing through 


ae a 
(a) Parallel lines 
(c) Skew lines 


(b) Intersecting at 60° 
(d) Intersecting at right angle 


the origin are ak, m, n,and L, m,n, The 
lines will be co-planar if 


, mm, 
(a) |, 2, m,| =0 
i, nom 
, mon 
(b) |, m, m| =0 

i 


6. 


A line with direction cosines proportional to 2, 
meets each of the lines x = y |a¢ =z andx 
2z.The co-ordinates of cach of the points of int 
tion are given by 

(a) Qa, a, 3a); 2a, a, a) 

(b) Ga, 2a, 3a); (a, a, a) 

(©) Ga, 2a, 3a); (a, a, 2a) 

(@) Ga, 3a, 3a); (a. a. a) 


a= 


. The equation of straight line passing through the point 


(a, b, c) and parallel to z-axis, is 


x-a_y-b 


(a) 


(b) = 


() 


@ - 


Answer Key 


1. @) 2.@) 3.) 4. (a) 5. (d) 


m PLANE 


Plane is a locus of a point which moves so that any point 
on the line segment joining two position of moving point 
always lie on the same locus. 


Cc 
ZF 
R 


FIGURE 4.47 


Ilere points C and X do not lie on the surface and hence 
given surface is not a plane. 

Ilere every point on segment joining A and B (for every 
positin) lies on the surface and the above definition is true 
for this of surface and hence this surface is a plane 


aaa 


FIGURE 4.48 


Properties of plane: 


@ It has a unique normal vector # defining ils oricnta- 
tion in the space 


: 
Vai 
FIGURE 4.49 


@ The normal vector of the plane remains perpendicular 
to all the line lying in that plane 


Ag 


FIGURE 4.50 
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6. (by 7. (a) 


Equation of Plane 


Any lincar cquation in 3 variables x, y, 2 of the form ax - 
by — ez—d=0 ... (i) represents a plane surface 


Proof: Let A(x, y,. z,) and B(x,, v,, z,) be any two points 

on (i), 

qi) 

(iii) 
Locus (i) will represent a plane if the line joining any 

two points on the surface fully lies on the surface. Let 

C(,. v,, Z,) be any point on the line AB. 


then ax, - by, - ez, - d=0 


and ax, — by, - ez, - d=0 


Arte _ Aya ty; _ Ady +% 
nat 8 a 241 
Putting coordinates of C in equation (i), we have 


“ aoe (Be om Az, +2, Corer 
A+) A+1 A+) 

=> Mar, | by, | ez, ! d)+ (ax, | by, | cz, | d=0 

. LUS=0=RIUS 

C point satisfies equation (i) and hence all the 


points on line joining / and B lie on locus (i) . 
Thus locus (i) is a plane. 


& y= 


3 


Case f: Tiqualion of a plane passing through a point 


AZ(x,,¥,,2,) and normal to veetor n= af +4) +ek 


Variable 
point 


FIGURE 4.51 


Vector Equation: Let ?-(x.y.z) be a point in the plane. 
Since AP hes in the plane 


» AP .n=0 = (OP-OA).n=0 > @-a).A=0 


-z = ad, Where dis constant. 


4.36 Algebrall 


Cartesian Equation: 


FP R=a A 


=> (xi typ tzh) (ai +H +ek) = 


> ax+by+cz = ax, + by, +z, 
d@ 
where a, 6, ¢ are direction ratios of normal vector to the 
plane 


Normal/Perpendicular form 


Fquation of plane upon which the length of Lr from ori- 
gin is p and normal vector has direction cosines (Lawn). is 


my nZ=p 
AP Lit 


given by : Ae 
Proof: 
=> (OP -OA).a=0 


Fuap 
vector equ" of plane 


=> (F- pi).ai=0 > 


> (xi +yj+zk) 2 (i+ mj+ak)=p 

=> bl my \nz=p 

=> xcos a — yeos fi — zcos y =p 

cartesian equation of plane. 

To convert general equation of plane F.7i=d or 
ax+by+cez=d to normal form 

We divide both sides by fa? +6? +6? = 


to get In + my — 27 = p. 
Transformation of cquation of the plane 
ax — by cz +d =0to normal form = 


Given equation isax | by cz | d=0 vad) 


From (1), ax | by | cz=-d 


Normal form of equation (1) is 


a b c 
SSS | 
Vath te Vath tc la th ct 

d 


= ——. if d <0 
Va? +074 
Llere direction cosines of the normal to plane are 
a b ¢ 
f= es Ca ara 
Va 4B? Ve +P +e Vai +b 4c? 
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6 | en eo 


In both cases, a,5,c are the direction ratios of the 


Ilere direction cosines of the normal to plane are . 
normal to the plane (i) 


4.38 


Algebra Il 


Intercept form of the plane 


‘The equation of a plane which cuts on intercept a on x-axis; 


een x Zz 
bon y-axis and c, on z-axis is given by xettee : 
a © 


then, 
AB,AP & AC are coplanar and hence [APABAC |= 0 


Proof: Let ? be a general point on this plane, 


(a,0,0) 


FIGURE 4,52 
> [(-a(6-a)\@-a)]=0 
or (F-a).((5-a@)x(é-@)}=0 


Cartesian Equation: we know that 
G=ai -b =bj-2=ck 
Now b-G=bj-ai &2-a=ck-ai 
= (F-a)((b-a)x(@-a))=0 


Ix-a@ y-O z-0O 
=> |-a b 0 


=> bex | acy | abz=abe 
Dividing both sides by abe, we get oy . +251 
a € 

Aliter: [ct the cquation of plane Ax + By - Cz =D 

Given that the plane passes through (a, 0, 0) , (0, b, 0) 
and (0, 0. ¢). 
D 
b 


we gel Aw? pe 2 
a c 


=> Equation becomes eae +2y 225 =D 
a ¢ 


x yz 
=> =4+54+-=l1 
abe 
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Equation of plane passing through three 
points 

Considering three points A(,, y,, z,) having position vector 
a: Bx, V, Z,) with position vector 5 and C(x,, y,, z,) with 
position vector ¢ . 


FIGURE 4.53 
Tiquation : AP (AB xAC)= 0. 


= [@-ab-a)c-a)|=0 


eM YoY 273% 
or Pa — m2 HH 0 
aM Ys 47% 


Condition for four points to be coplanar 


AQ, V,, Z,), BR, Va, 2y), CO, Yy Z;) and DOr, vy Z,) to be 
co-planar: (x,, v,, z,) must lies in plane ABC 


73) Dix q¥a2y) 


AX ¥}2,) BOX, YZ.) 
FIGURE 4.54 
Equation of Plane ABC: AP. (AB xdC y=0 
FIM, BOM 
TH VaTN 
Brae ed ir Os aE 


MoM Var MW 247% 
So condition is | *,-%  ,-— 


m3, 


z,—2z,| 18 equation of plane 


or [ABAC AD]=0 
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Equation of plane passing through two points 


A(x,, »,, 2,) and B(x,, y,, 2,) and perpendicular to the plane 
ly + my + nz =p. 


Proof: Let a variable point (x,y,z) lying in the plane, 
where & = 4) + mj +nk 

= (ABx a) is normal vector to the plane. 

=> AP (ABx@)=0 = |AP AB aj=0 

=> [(r-aXb-a) a]=0 

Po YSN SAL 
SPH Yew 27 %/=0 
L mn a 


A A A 
a = (li + mj + nk) 


FIGURE 4.55 


Equation of a plane passing through a point and 
parallel to two lines 
The equation of the plane passing through a point P (x,, 
Y,, 2,) and parallel to two lines whose d.r.’s are <e,, B,, ¥> 
ee VOY 2 & 
and <a, B,. ¥> is | a% Bb, y |=0 
% fon 


Proof: Direction ratios of normal is given by : 


ijk 
~ Bo 
a, Bt, 
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FIGURE 4.56 


SEM Me BR 


mR 
a Bb 
quired plane 


¥%, | = 0 is equation of re- 
tr 


m@ AREA OF ATRIANGLE 


IPA, A_,,A,, be the projections of an arca A on the co-ordinate 


planes vz, zx and xy respectively, then. A= , far +42 +42). 


Tf vertices of a tnangle are (x,, y,, 2,), (Vz 2,) and Oy, v5, 
z,), then 

mad 

Ye, 2, Mis 

vy 1 


zy OI 
By Ry and 


le 


Nilo 


y 
# 


FIGURE 4.57 


4.42 Algebrall 


TEXTUAL EXERCISE 7: (SUBJECTIVE) 


1. Find the intercepts of the plane 2x - 3) 4z = 12 on 


the coordinate axes. 


2. If the line drawn from (4, -1, 2) to the point (3, 2, 
3) meets a plane al right angle al the point (-10. 5, 4), 
then find the equation of plane 


3. Find the cquation to the plane through the points (2, 
3, 1) and (4, -5, 3) and parallel to x-axis. 


4. Ifa plane meets the coordinate axes at A, B and C in 
such a way that the centroid of AABC is at the point 
(1, 2, 3), then find the equation of the plane 


5. Find the equation of the plane passing through the 


mid point of the line of the points (1, 2, 3) and 
(3,4, 5) and perpendicular to it 


6. A variable plane moves so thal sum of the reciprocals 
of its intercepts on the coordinate axes is 1/2. Then, 
the plane passes through a fixed point, find that point 


Answer Key 
1. 6,-4.3 27x 3y-z1 89=0 
Sx ylz=9 6. (2, 2, 2) 


10. 3x + 42 = 12 Ix +p-2-1=0 


TEXTUAL EXERCISE 5: (OBJECTIVE) 


1. The equation of a plane which cuts equal intercepts of 
unit length on the axes is 
(jx y z=0 (by) x vy z=l 
(c) x-y-z=1 (d) x/a + pla + zla=1 

2. The equation of the plane through the points 
P(., 1, 0), OC, 2. 1) and R(-2, 2. -1) is 
(a) 2x 
(b) 2x 
(c) -2x-3p - 32 -5=0 
(d) None of these 


3y-3 


3. Aplane meets the coordinate axes in A, B, C such that 
the centroid of triangle ABC is the point (p. g, r). The 
equation of the plane is 


7. 


10. 


il. 


Foot of the perpendicular from B(-2, 1. 4) to a plane 
is (3, 1. 2). Then, find the equation of the plane. 


Find the equation of plane passing through 
a point AQ. -1. 1) and parallel to the vector 


@= (Gi -h) & b = (31 +2) 42h) 


Prove thal the points A(4, 5, 1), BO, -1, -1); CG, 9, 
4) and D(-4, 4, 4) are coplanar, 


A plane x makes intercepts 3 and 4 respectively on 
y-axis and x-axis. If'r is parallel to y-axis, then find its 
equation. 


Find the equation of the plane which passes through 
(1,1, 1) and (1, -1, =1) and is perpendicular to 2x —y 
+z 0. 


12. ‘lhe plane $+ _ + A =1 cuts the coordinate axes at A, 
B, C, then find the area of the AABC. 
By +42=7 4x44 a1 
3 6."9) 
7. Sx-2z= 11 8 2x-3y 6z-25=0 


12. ¥61 Sq. units 


(a) x/p | jyvq | zr =3 
(b)x yy 2=3 
@) x-y-z=1 
(d) None of these 


. The equation of the plane through the points (2, 2, 1) 


and (9, 3, 6) and perpendicular to the plane 2x 
6z=9is 

(a) 3x 1 4y Sz=9 (b) 3x | dy—52=9 
(c) 3x -— dy—5z=6 (d) None of these 


by 


» The equation to a plane through (a, 6, c) and perpen- 


dicular to OP, (where O is the origin) is 
(a) ax | by 
(b) ax by 


ez=0 
cz=0 


ie 


10. 


i 


12. 


. The point of interscetion of the line 


(c) av — byez 
(d) None of these 


. The area of the triangle whose vertices are the points 


(1, 2, 3), (-2, 1, -4) and @, 4, -2) is 


@) 0 » 
(c) ¥609 (d) None of these 


y-l_ 242 


and the plane 2x + 3y +2=0 is 


(a) ©, I, -2) (b) (1, 2,3) 

Y -1 9 -25 
VEL, 9, -2 a (=, 2 = 
26 ia @ (F ll Z| 


Il 4x ~ 4p ~ kz = 0 is the equation of the plane through 


; xa + 
the origin that contains the line * T_lytl_z 


2 3 4 
then k= 
(a) 1 (b) 3 
(c) 5 @ 7 
‘The line aaa ad = lies in the plane 
(a) 2x 3y 42=7 (b) 2x 4y 22-6 
(c) 2x 3y 42=5 (d) 3x 4y 2z=7 
Equation of plane perpendicular to the line “~ = 7 = 7 
and passing through the point (2, 3, 4) is 
(a)x ll 2y13z=9 (b) x1 2y 3z7=20 
(c) 2x 3y z=17 (d) 3x 2 z=16 
Equation of the plane containing the lines 


Falsapaek+ad+j+k) and F=i+2j+k+ 
“Gt 2p+ 2k) will be 
(a) FaPe2Pek+ ade j42) 


P+ j+k+AG@ 427 4+h)4 wi +27 428) 


P+QjrDh+AG+j+hy+uG+27+h 


(d) Fait2j+R+AG+j+bt+ ulit2j +2 


Equation of plane containing the __ line 


aM 777 and parallel to the line 


13. 


14. 


15. 


16. 


17. 


18. 
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Ray YN AS ey 
f@) | a 4 e, |=0 
Xe Yea. 2 
oe, io Boy 
)| a &  « |=0 
at Ww 4 
XH YW 2-% 
© | a db ec, |=0 
a, db Cy 


(a) None of these 


A point moves in such a way that the sum of its 
distance from xy-plane and yz-plane remains equal to 
its distance from zx-plane. ‘he locus of the point is 
(ax ylz=2 (b) x ly z=0 
() x-y+z=0 (d) x-y-2=2 
The equation of the plane through the three points 
(1,1), (1, -1, 1) and (-7, -3, -S), is equal to 
(a) 3x-4z1 1=0 (b) 3x-4y 1 1=0 
(c) 3x 1 4y | 1=0 (d) None of these 
The cquation of the perpendicular from the point 
(a, fy, y) to the plane av — by — cz — d=0is 
(a) ate a) 1 by BP) ef =O 
(by 22% YA ary 

a b ce 
(©) a(x — a) + by - ff) —e @-y) 
(d) None of these 


abc 


‘The co-ordinates of the foot of the perpendicular 
drawn from the origin to a plane is (2, 4, -3). ‘The 
equation of the plane is 

(a) 2x —dy - 32 = 29 

(b) 2x —4y - 32= 29 

(c) 2x + 4p —32= 29 

(d) None of these 


In three dimensional space, the equation 
By t4z= rt 
(a) A plane containing x-axis 
(b) A plane containing v-axis 
(c) A plane containing z-axis 
(d) A line with direction ratios 0, 3, 4 


represents 


If from a point P(@, &, c) perpendiculars #4 and PB 
are drawn to vz and zx planes, then the equation of the 
plane OAB 


4.44 Algebrall 
(a) hex — cay + abz =0 
(b) bex — cay — abz = 0 
(c) bex — cay - abz = 0 
(d) —bex + cay - abz = 0 


19, The cquation of a plane parallel to x-axis is, 
(a) av — by - cz -d=0 
(b) av — by -d = 0 
(c) by cz d=0 
(d) ax cz d=0 

20. In the space, the cquation by + ez — d=0 represents a 
plane perpendicular to the plane 


(a) YOZ (b) Z=k 
(c) ZOX (d) XOY 
22. The line e522 9-3 see is parallel to 
3 4 0 
(a) xy-plane (b) yz-plane 


(c) zx-plane (d) None of these 


Answer Key 
1. (b) 2. (c) 3. (a) 4. (b) 5. () 
IL. @) 12. (c) 13. (c) 14. (a) 15. (b) 
22. (a) 23. (c) 24. (a) 25. (b) 


m@ ANGLE BETWEEN TWO PLANES 


d, 
: | be vector equations of two planes, then angle 


between the planes is defined as the angle between their 


nomals. i¢., @=cos || 20% 
|#,|| 4, | 


If @ be the angle between the planesa,x | by yz 
d=Oandax by cg d,=0, then 


Line of intersection P,, fi 
of two planes 


aa, +bb, +ec, ) 


j far +b +e; 


yal tb + 


FIGURE 4.58 


27 *o is parallel to the xy-planc 


(a) 1=0 
() n=0 


(b) m=0 
(d) 1=0,m=0 


24. A plane which passes through the point (3, 2, 0) and 


containes the line *=3 _ ¥=6 _ 7-4 jg 
5 4 
(@) x-ytz=1 (b) x+p—z=5 
(©) x - 2y 0 (d) 2v-2y +2=0 
25. The point of intersection of the — linc 
sete ~and plane2x y 3z-1=0is 
(a) (10, -10, 3) (b) (10, 10, -3) 
(c) (-10, 10, 3) (d) None of these 
6. (b) 7. @) 8. () 9% (c) 10. (b) 
16.) 17. (a) 18 (b) 1H) 20. a) 
Corollaries: 


1. If planes are perpendicular, then n, nh =0 or aa, 
bb, - ec, =0 


a 
2. I planes are parallel, then jy = gy, OF —- = 
2 a, 


3. If planes are coincident, then 


m ANGLE BETWEEN LINE AND PLANE 


Angle between lines L SA SE EE and the 
™ on 


plane x: ox! dy | ez | d=0. Let 6 be the acute angle 


between the line and the plane and o be that between line 
and normal to the plane. 
ue 


=> O=—-a 
2 


FIGURE 4.59 


iG +mj+ nk) {ai + bjt | 


3-D Geometry 


lal + bm + cn 

> 0D — —— 
Ve +R +e VP +o? } 

Corollaries: 


1. Line is perpendicular to plane if @_ & 
m 
2. Line is parallel to plane if af bm = cn=0 


3. Linc is coincident in the 
al + bm+cn=0& 
aarbht+cey+d=0 


plane 


4.45 


4.46 Algebra 


m EQUATION OF A PLANE PARALLEL 
TO A PLANE 


Since the two parallcl planes have the same normal, 
therefore equation of family of planes parallel to a plane 
axt+by+ez+d=Oorf.n=d is given by ax | by cz 

4 =0 or F.n=A represents family of planes parallel to 
given plane. 


Distance Between two parallel planes 


ax+by+ez =d 
T.aed 
FIGURE 4.60 


ax — by + cz = d and ax + by - ez = d' is given by 
ld-d'| 


Proof: Writing the cquations of both the planes in normal 
form, we have 


axthytez dd 
Vo? +B +e? a 
a thy +ez 


et +h te? “IS +h +e? 


The distance between the planes 


dea’ 
Na? +b? +07 


=ld,-dJ 


m DISTANCE OF A POINT FROMA GIVEN 
PLANE 


Given plane az: TF. = dorae+bhy+ez+d=0 
& a point £504.51. 
Tet My, (6). Yar21¢) be the foot of perpendicular 


Vector form: 


FIGURE 4.61 


Cartesian form; —[-qualion of family of planes parallel 
to a plane ax + by + cz +d =0 and passing through point 
P(x, Pj. 2,) is given by ax + by + cz = ax, + by, + cz, 

So distance of the point /(r,, ¥,, z,) is given by distance 
between the two planes. ie., 
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Pu- jax, + by, +62, -d 


_ jax, +by, tez, +d 
Vath tc 


m FOOT OF PERPENDICULAR/IMAGE 
OF A POINT IN A PLANE 


P (K,¥2,)(0) 
A (x.y) 


image Q 


FIGURE 4.63 


Given plane x : 

& a point Py (%.4.2)) 

Let M, Qy.¥sZy) be the foot of Ir and 
Q,@%o.¥o-Z@) be image of P in the plane x. 


i= d,oraxtby+ezt+d =0 


Consider a point A(@) = (x,y,z) on the perpendicular from 
P to the plane z. Equation of line perpendicular to plane and 
through P(&,, y,, Z,) is given by F= pt An 
~ dc's of AP:(x-x%, y—y,, 2-2) 
do.'s of Rita, &, ey 
LEM 2 
b € 
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_ a(xe— 4) tb(y—y) Fel —2)) 
+B +e" 
_ (act+by tez +d) — (ae, + by, +z, +d) 
7 ath te 
If @, v, Z lies on A, then 


(ax, +by, + +4) 


+R te 


m_ IMAGE OF A POINT 


Since O is the image of point P 
is the mid point of segment PQ. 


Cartesian Form: For A(x, y, 2) to be the image of point P 
mid point of PA should lic on the plane therefore Yax, + by, 
— ez, — d)= (ae + by — cz +d) 


r- 2(ax, + by, +e2z, +d) 
a a+b +e 


m IMAGE OF ALINE IN A PLANE 


Step f; Given a plane av — by + cz + d= 0 and a linc 
pc 


mn a 


Step Hf: ind the point of intersection of line and plane i.e 
point A (say (x. ¥y.2,)) 


Setp if: Take a point P(x,, y,, z,) on line and find the image 
Q of P and foot M of perpendicular P(x, y,, z,) in the given 
plane 
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FIGURE 4.65 


Step{¥: Write the cquation of li 
and AM (line of projection) 


¢ AQ (image of the line) 


4.50 Algebra 


TEXTUAL EXERCISE 8: (SUBJECTIVE) 


1. If the distance of the point P(1, -2, 1) from the plane 
x | 2y—2z=a, where a > 0, is 5, then find the foot of 
the perpendicular from / to the plane. 


2. Let a plane passes through the point P{-1,-1, 1) and 
also contains a linc joining the points Q(0, 1, 1) and 
RO, 0, 2). Then find the distance of plane from the 
point (0, 0, 0). 


Let L be the line of intersection of the planes 2x 3y 
z=landx 3y ! 2z=2. If L makes an angle a, 
with the positive x-axis, then find cos a. 


3. 


4. A plane x passing through (1, -2, 1) and is perpendicu- 
lar to two planes 2x —2y +2=Oand x-y — 22=4, then 
find the distance of the plane « from the point (1, 2, 2). 


. Find the equation of the plane parallel to the planes 


x 2 3z-5=0.x +2y | 3z-—7=0 and equidis- 
tance from them. 


. If 0 is the angle between the planes 2x -—y - z-1=0 


and x — 2y + z — 2 =0, then find cos 0. 


. If for a plane, the intercepts on the coordinate axes are 


8. 4, 4. then find the length of the perpendicular from. 
the origin to the plane. 


. Find the cquation of the plane through the point 


(1, 2, 3) and parallel to the plane x + 2y + 52=0 


. Find the image of the point /(1. 3, 4) in the plane 


ax y z13=0. 


10. Find the angle between the planes 2x —y + z= 6 and 
x-p-22=3. 

11. Find the value of & for which the planes 3x— 6y— 2z 
=7and 2x y kz = 5 are perpendicular to each 
other. 


Find the distance of the point (2, 3. 4) from the plane, 
Bx-6y 22 1=0. 


12 


13. If the given planes, ax — by +ez-d =O and a'x - by 
- e'z — d'=0 be mutually perpendicular, then find aa’ 


+ bb! + cc! 
Answer Key 
(24,2 2. V2 units 3. 1N3 4. 
33° 3. 
7. 8/3 8.x +2y+5z-20=0 
12.1 13. aa’ | bb cc’ =O 14. 
17, al bm \en =0 


m@ FAMILY OF PLANES 


Equation of family of planes parallel to a plane av by 
ez-d=Oor ##=d is given by ax bylez=hor FA=A; 
where % is a parameter 


3-DGeometry 4.51 

14. Find the angle between the planes, 3x- 4) | 5z = 0 
and 2x y-2z=5. 

15. Find the angle 0 between the plane av — by - cz - 
d=0 and a line whose direction cosines are J, m, n. 

16. Find the distance between parallel planes, 2x-2y z 

3=Oand 4x—4y 22 15=0. 
17. Find the necessary and sufficient condition, the line 


*7% _ TM _ 77%: to be parallel to the plane 


i m n 
ax | by ez |1d=0. 
22 Sx y 3z-6=0 6. 5/6 
9 (3, 5, 2) 10. 7/3 «1 0 
16. 1/6 


15. sin { alt+bm+en 


Va tite 


ax+bytez=d, 7. fed 
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Equation of plane passing through the Inter- 
section of two given planes 


Since infinitely many plancs can pass through the line 
of intersection of planes P, = 0 and P= 0 . Therefore 
the equation of family of these planes is given by P, + 
WP,=0. 

Let Prax! by | oz=dyie. F 


=d, and 
Prax —by-ez=d, ic, Fi, =d, 


=> Family of planes through line of intersection is 
Fn +An)=d, + Ad, 
Or {a,x+ byt oz)+A{a,x thy +¢,2) =d,+Ad, 
Since itis lincar in (xy, z) so il represents a plane because 
the cqualion contains a scalar parameter ‘i’ so it represents 
a family of planes. The above cquation is salisficd by all the 


points of the line of intersection so itis called Family of planes 
passing through intersection of planes P, = 0 and P,= 0 


Equation of line of intersection of 
two planes 


Given two planes P, = ax + by + ez-d=Oic, fp pad 
and P,=ax | by | ez—d,=Oie., Fad: Since the 
normal vectors of both the planes are perpendicular to the 
line of intersection. So the direction vector of the line of 


intersection of planes will be j 57 


Kk 
a =<1,m,n> (say) 


Interscetion of the planes ax — by + oz =dand a,x + 
by + ¢,2 = d, with x—y planc (2 = 0 ) is given by pair of 
straightlinesax by=d.ax by=d, and (, B,0) be the 
point of intersection 


Fquation of line of intersection of plane is 


Z \x+my+nz=p 


ax+by+cz=d 


FIGURE 4.69 


Algorithm to convert general equation ofa 
line to symmetrical form 


(a) Point: Pul x = 0 (or y = 0 or z= 0) in the given cqua- 
tons and solve for y and z. The values of x, y and z are 
the co-ordinates of a point lying on the linc 

(b) Direction cosines: since linc is perpendicular to the 
normals to the given planes, find direction cosines. 
Then write down the equation of line with the help of 
a point and direction cosines 
Let the equation of the line in the general form be 


ax! by oz! d=0 «(1) and 
ax | by og! d,=0 (2) 
T.ct /, m, n be the direction ratios of the line of intersection 


of planes (1) and (2) 
Direction ratios of normal to plane (1) are <a,, b,, 
Direction ratios of normal to plane (2) are <a,, b,, ¢> 
Direction ratios of the line of intersection AB be </. m, n> 
Since 4B lies in both the planes (1) and (2) therefore 
normal to planes (1) and (2) are perpendicular to AB 
=> lat mb,- nc,=0 


cP 


QB) 
4) 


and la,+ mb,+ ne, =0 


NOTES 
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FIGURE 4.70 


Direction ratios of x, y, z axes are 1, 0,0; 0, 1, 0 and 
0,0,1 

If n' = 0, then 1.0 — #0 + n'.1 = 0 and line AB will be 
perpendicular to z-axis and parallel to xy-planc. Similarly, 
if 7’= 0, then line AB is parallel to yz-plane and if m'= 0, 
then AB is parallel to zx-plane. 

Let AB be not parallel to xy-plane 

Let line AB cut xy-plane at P(a, B, 0) 

‘Then ? lies on AB and hence it also lies in planes (1) 
and (2) 


=> aat+bp+d,=0 wn(S) 
and aa +b,B+d,=0 (6) 
From (5) and (6), we have 
a Z pb _ 1 
bd,—bd, da,—ad, a,b, —a,), 
> a= bd, ~b,d, d,a, — 4,4, 
ab, —ayh, "ab, — ayh, 
Now dircetion ratios of AB are /, m, n and il passes 
through point P (ce, B, 0), therefore its equation will be 
_ da,- ad, 
7 7 abj-ab 2-0 
7 Gd, — 0,4, Ob, — yb, 


(i) Ifn’=0 and’ = 0, then point P may be taken as the point of intersection of line AB and yz-plane and if m’ #0, then 


P may be taken as the point where AB cuts zx-plane. 


(ii) Ione line is in symmetrical form and other in general form: Let lines are Si 


bytcz+d,=O=ax+bytcz+d, 


The condition for co-planarity is 


SEU SVE LED A) 


m 


z2-Z, 
=—— andax+ 
n 


ax,+by,+¢z,+d, _ al+bmt+cn 


a,x, +b,y,+¢,2,+d, 


a,J+b,m+c,n 
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(iii) If both lines in general form: Let lines areax + by+cz+d,=O=ax+by+cz+d,andax+byt+cz 
+d,=O=axtby+cz+d, 


la, 6 Gd, 

* Peds Pe | b& G& a 
The condition that this pair of lines is co-planar is =0 

ja, b, c, ds; 

la, b, cy dy 


LLUSTRATION 54; 


SOLUTION: 


ILLUSTRATION 55: 


SOLUTION: 


ILLUSTRATION 56: 


SOLUTION: 


~ 


Reduce in symmetrical form, the equation of the line represented byx y 2z=5,3x 1 z=6 


Let a, b, ¢ be the direction ratios of the required line. Since the required line lies in both the 
given planes, we must have a—b — 2c = 0 and 3a th +c =0 
Solving these two equations by cross-multiplication, we get 

a b c aibe 
T= 
In order to find a point on the required line, we put z = 0 in the two given equations to obtain, 
x yp=5,3x | y=6 


Solving these two cqualions, we obtain, x = a 


4 


Co-ordinates of point on the required line are . z. 0) 


9 
Hence, the equation of the required line is, wil y= (- | 


z-0 
4 


4x-11_4y4+9_ 2-0 


-3 5 1 
Reduce in symmetneal form, the equation of the line represent by x = ay — b, z= cy + d 


or 


Let J, m, n be the direction ratios of the required linc. Since the required line lics in both the 
given planes, we must have / — m(~a) + n(0) = 0 and 1.0 — m(-c) +n = 0 
Solving these two equations, we obtain ae ae i_min 

a -l -c ale 
To oblain the co-ordinates of a point on the required line, we put y = 0 in the two equations to 
obtain x = b, z= d so, the co-ordinates of a point on the required lines are (, 0, d) 


d 


ils equation is 


Find the angle between the line of interscction of the planes 


#(/+2+3k)=0 &F (3 42)+38) 


k 
3| = <0, 6, 4> or <0, 3, -2> 
3 


0 with the coordinate axes 


NN So 


iF 
dr |l 
3 


‘Therefore angle with x-axis = n/2, with y-axis: cos ' 


} , With z-axis: cos 
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m CONDITION OF INTERSECTION OF 


THREE PLANES 
Given three planes 
P.=0 ic ax-by-ez=d, zaQ): 
Pi,=O ic. ax+bytez=d, ... ii) and 
Pi,=0 ie ax! by | oz=d, « Giii) 


Solving the above three equations by Crammer’s mule, we get 
AXx=A, Ay =A, AZ= Ay 


Casel; The given three planes cut at one point ill A #0. 
ic, unique solution and the point of intersection is given by 
A, Ay 

aA 


(a, B, y), where @ = *, p= 


FIGURE 4.73 


[/ 
7 / 
P,=0 


FIGURE 4.74 


FIGURE 4.71 


Case if; The given three planes docs not have a common 
point iff set of equations have no solution 


Case ffs The given three planes have infinitely many 
ie A= 


and atleast one of A,, A,, A, is non-zero. solutionsiTA 0 A, A, Ay. 
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All three row's of A ave identical or two row’s of A are 
identical 


Line of intersection 


FIGURE 4.75 
a =P,=0 
FIGURE 4.76 


FIGURE 4.77 


NOTES 


Equation of Bisectors of the Angle between 
two Planes 
T.quations of the biscctors of the planes 

Pyax | by | ez! d=0 

Praxtbytezt+d=-0 


where d> 0 and d, > 0 are 


lax+éytezt+d| laxtbhytaztd| 


NX eternal 
Bisector 
Plane 


FIGURE 4.78 
Conditions Acute angle obtuse angle 
bisectors bisectors 
aa, ~ bb, — ce, >0 - + 
aa, ~ bb, — ce, <0 + - 


(i) Equation of bisector of the angle between the planes: a,x + by +¢,z+d,=Oandax+by+cz+d,=0is 


ax+by+cz+d, =p Xt by +¢,z+d, 
a? +b? +c? Va; +b,? +c, 


(ii) Bisector of the acute and obtuse angles between two planes: Let the two planes be a,x + by +¢,z+d,=0 


andax+by+cz+d,=0whered, d,>0 
ax+by+ozt+d, _a,xt+b,y+c,z+d, 
Ja? +b? +c? 


according as.a,a,+b,b,+¢,c,<Oor>0. 


>| _ is the equation of acute and obtuse angle between the two planes 
a; ABA cs: 


Other bisector will be the bisector of the other angle between the two planes. 
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(iii) To test whether origin lies in the acute or obtuse angle between two planes:Let the equation of two planes be 
axt+by+cz+d,=0anda,x + by +¢z +d, =0 where Origin lies in the acute or obtuse angle between 
two planes according as a,a, + b,b, +¢,c,<Oor>0. 


~ 


ILLUSTRATION 58: Find the equation of the bisector planes of the angles between the planes2x y 2z | 3=Oand 
3x-2y 6z 8=0 and specify the plane which bisects the acute angle and the plane which 
bisccts the obtuse angle 

SOLUTION: he two given planesare2x y 2z 3=Oand3x—2y!6z 8=0,whered,d,>Oand 
aa, bb, \ec,=6+2+12>0 


axthytoztd, _a,xtby+to,z+d, 


(obtuse angle bisector) 
a; +b? +07 a, + bf +2 


and axtbytoz+d, _—(axtbytoz tds) (acute angle bisector) 


24 bra ot fa? + beset 
a, +b) +ey a, + by +e; 


Qx-y+2z+3_, 3x-2y +6248 


1, RAYE SETS open eye 


44144 9+4436 
=> (4x-7y 14z 21)=+(9x-6y 182 | 24) 
Taking posilive sign on the right hand side, 


we get 5x y-4z-3=0 (obtuse angle bisector) 
and taking negative sign on the right hand side, 
we get 23x — 13y + 32z - 45=0 (acute angle bisector) 
ILLUSTRATION 59: Find the plane which bisects the obtuse angle between the planes 4x-3y | 12z 13=0 and 
x 2yi2z=9 
SOLUTION: Given planes are 
4x —3y - 122+13=0 0) 
and x - 2y - 22=9 Gi) 


x+2y+22-9 4 4x—3y412z+13 

> 13% 2p | 22-9) =43(4x-3y 122 113) 

=> 13x + 26y — 262-117 = + 12x - Y + 362 - 39) 

=> x+35y—10z=156 [taking —ve sign] (iii) 
and 25x - 17y + 62z=78 [taking -ve sign] (iv) 
let @ be the angle between the planes (ii) and (iv), then 


ve GL }: (2 ae ) 3 T= } ~ lm 7 E =e 


=> 6<45° 


The equations of bisecting planes are 


Hence (iv) is the biscctor of the acute angle between the given planes 


= plane (iii) ie, x + 35y — 102 = 156 is the bisector of obtuse angle between the planes 
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TEXTUAL EXERCISE 9: (SUBJECTIVE) 


1. Find the cquation of the plane passing through the 3. Find the equation of the plane, passing through the 
intersection of the planesx |v z=6and2x 3v line of intersection of the planes P = ax +byp + ez — 
4z =5 and the point (1, 1, 1). d=OandP'=a'x | b'y | c'z d'=0 and parallel to 

x-axis. 


2. Find the reflection of the plane 2x -3y 4z-3=0 
in the plane x-y + 2-3 =0 


Answer Key 
1. 10x - 13y - 16z-39=0 2. 4x -3y - 2z-15=0 3. Pla = Pia’ 


TEXTUAL EXERCISE 6: (OBJECTIVE) 


1. The plane 2x — (1 — 2)y — 3z = 0 passes through the (a) 2x - 3p-4z +4 =0 
intersection of the planes (b) 2x-3y-4z -4=0 
(a) 2x y=0andy—3z7=0 (©) 2x 3yt+4z14=0 
(b) 2x - p=O and y +3z2=0 (@) None of these 
(ce) 2x y=O0 andy +32=0 4. The cquation of the plane passing through the linc of 
(d) None of these intersection of the planes x + p + z= 1 and 2x - 3p— 


z—4=0 and parallel of x-axis is 
2. The equation of the plane passing through the inter- (@) y+3z 6=0 (b) y-3z 6=0 
ction of the planes 2x - 3y + z—4 = O and x—y —z = 

=0 and perpendicular to the plane x - 2y—3z C).y=32: G0) : (“None .of these 

6=0,i8 5. The cquation of the plane which contains the line of 
interscction of the planes x + 2p + 32-4 = 0 and 2x - 
y—z+5=0 and which is perpendicular to the plane, 
5x + 3y -62 — 8 =0, is 


(a) 45x 45y 502-41 =0 
(b) 33x - 45y - 502-41 =0 


(a) x + 5y + 32423 =0 
(b) x-Sy-3z-23 =0 
(c) x- 5p + 32-23 =0 
(d) None of these 


3. ‘The equation of the plane through (1, 2. 3) and paral- (©) 45x — 45y—50z-41 =0 
lel to the plane 2x | 3y — 4z = Ois: (a) None of these 
Answer Keys 


1. (a) 2. (b) 3. (a) 4.) 5. (b) 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


SUBJECTIVE SOLVED EXAMPLES 


1. The equation of motion of a rocket are: x = 24, » = 
— 41, z = 4,where the time / is given in seconds and 
the co-ordinates of a moving point in kilometers. 
What is the path of the rocket? At what distance will 
the rocket be from the starting point OO, 0, 0) in 
10 seconds? 


Solution: Eliminating f from the given equations, we get 


the cquation of the path = 


Thus the path of the rocket represents a straight line 
passing through the origin for ¢= 10 sec. 
We have x = 20, v=—40,2= 40. Let #=xi +yj+2h 


> [Fla x? +y?+2? 
= ¥400 + 1600+ 1600 = 60 km 


2. Find the locus of a point, the sum of squares of whose 
distances from the planes: 
x z=0,x-2y | z=Oandx | y | z=0is 36 


Solution: Given planes are x — z= 0, x - 2p — 2 = 0 and 

x y z=0 

Let the point whose locus is required be P(a, B, y). 

According to the question, 

lay |a-2Atyl let Bryl _ 
2 6 3 

=> Sad +f — 2eey) + 2 + Af +f — deaf — 4 py - 
Qeeyt ort fF — 2 + Zaps + 2Py — oy) = 36 x6 

=> Gob + OF + 6y 


36 


=> o&- P-~=36 
Ilence the equation of required of locus is x? | 57 
+7=36 


3. If the planes x — ey — bz = 
ay — 2 = 0 pass through a s 
of a? + B+ c+ Nabe 


cx—y az =O and bx - 
ghi linc, then the value 


Solution: Given planes are 
x cy bz=0, 


cx ylaz=0 
and bx + ay—z=0 iii) 


Equation of plane passing through the line of intersec- 
tion of planes (i) and (ii) may be taken as 

(& oy bz) Alex yl az)=0 
or xl! ac) ve AD z(& adjy=0 (iv) 
If planes (iii) and (iv) are same, then equation (iii) and 
Gv) will be identical 
l+eA _-(e+A)_ —b+ad 


> 
b a -l 
__fatbe) __(abte) 
Gacy Mt AE ray 
~(a+be) __(abte) 
(ac+b) (l-a*) 
>a a be &bce=@be ac?! ab | be 
> Whe lac? ab a a=0 
=> aQabe 1 1 a@-1)=0 
> a! Bie? +2abe=1 


4. Find the angle between the two straight lines whose 
direction cosines ¢, m, m are given by 2@ | 2m — 
n=Oand mn | né | tm=0. 

Solution: 2¢ — 20—n=0 m0) 
mn —né—fm=0 wil) 
put = 2¢ — 2m in (ii) 
=> m(2E + 2m) + #20 + 2m) - fm =0 
=> 2+ Stm | Im=0 
=> @ 2w)(2e m)=0 


Casels 6 +2m=0 


™ a 
ff, \ mm, nn, =0>9=90° 


5. P is any point on the plane £x — my + 27 = p. A point 
Q is taken on the line OP (where O is the origin) 
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such that OP OQ 
p(t + my + nz) = 


p?. Show that the locus of Q is 
-yte 


Solution: Let the coordinates of ? be (a, B, 7): O be @,. x, 
x,). Dr’s of OP and O@ are (a, B, 7) and (&,.x,,x,). 
‘. O, P and Q are collinear, 

a_b 


* 


Fak (sayy 
7 


r 


=> ake, B=, 7= 2, 


P(a, By) lieon & omy nz=p 
=> fo | mB i ny=p 
=> ker, kmy,  knz,=p i) 


Also OP.OO = P? 
Vet B ty? Va ty ta =P 
(ee RyaPa fea ee =p 


= 
> 
=> koptyptz)=p? di) 
bx, + + 
> Oi) > BAT 
x * 


1 
+z Op 


=> Plex, | my, bn) = ty tz 
So locus of (x,y, 2,) is 
=> P(fx + my — nz)=x? + y? + 2? 


6 The plane denoted by z,: 4x | Jv | 4z | 81=0 is 
rotated through a right angle about its line of intersec- 
tion with the plane 9: 5x | 3v  10z = 25. If the 
plane in its new position be denoted by z, and the 
distance of this plane from the origin is Vk, where & € 


N, then find & 


Solution: 4x | 7y 4z 81=0 wi) 
Sx 3y 102 = 25 i) 
Equation of plane passing through intersection 
of (i) and (ii) is given by (4r Jy 421 81) ASx 

3y | 10z-25)=0 
=> (4+ 50x — (7 + Bap + 4 + 1002 + 81 - 
254. =0 Gi) 
plane (iii) is Lr to (i) 
=> A(4 + 5) +77 + 32) + 4(4 + 104) =0 


=> = 1 putting &=- 1 in (iii), we got 
x1 4y—6z 106=0 (iv) 
distance of plane (iv) from (0, 0, 0) = Vk (given) 

106 


= =k => £=212 
vi+16+ 


7. Find the cquations of the straight line passing through 
the point (1, 2, 3) to intersect the straight line x - 1 = 2 
(vy -2)=2 +4 and parallel to the plane x — Sy + 4z=0. 


Solution: [ct a, b, ¢ are Dr’s of required line, thus equation 
of line passing through (1, 2, 3) 


elon ge ak aa wll) 
a b c 
=> @k 1.6k 2. ck | 3)is any general point on () 
Also. given line, that intersect (i), is 
z-(-4) : 
= =A we Gi 
2 1 2 @ 


s any general point on (ii) 


=> Qh-1,4+2, 24-4) 
+: line (i) and (ji) are intersecting 
22-2 a 2A-7 
= *. pat: cae 
k k k 
@is ||to planex | Sy 4z=Oi.e., perpendicular 
to normal vector. 
=> soa+5b-4ce=0 


(a). 


a 


Required line is x 


8. Find the point where the line of intersection of the 
planes x —2y + z= | and x — 2y - 2z= 5 interscets the 
plane 2x 2y 1 z +6=0. 


Sobution: P,=x-2y+z=1 
tlont pet 2y-22=5 
of planes be a, 6, ¢ 
=> a-2b '\c=0 anda | 2b-2c¢=0 
b (a 
—= > 
4 1+2 2+2 
Calculating a point which lics on both plane 
P, and P,, X- 2y | z= 1> 2y=x 12-1 and 
xl Qy-22=S=>2v= x 2 5 
2z 5 > 2e=z16 
Now. z=O0>x=3 >y=1 
“. Equation of line passing through (3. 1, 0) and has 
dr's 2, 3, 4 is 
5S Yt E_ Asay) 
2 3 4 
General point on it is P(2% 3. 34 
Now, solving with plane 2x 2y 1 z 
202% 3) +2GR 11)+42.16=0 
4. 6464 2+44 6=0 
1444+ 14=0>54=-1 
P(1, -2, -4) is the required point of interscetion 


. Let Dr’s of intersection 


Sx lz-l= x 


1,44) 
6=0 


¥uUY 


9%. Feet of the perpendicular drawn [rom the point 


P(2, 3, -5) on the axes of coordinates are A, B and C. 
Find the cquation of the plane passing through their 
fect and the area of AABC 


Solution: Equation of plane through A. B and C is 


10. 


Mite Soe 
2 3 -5 
=> 15x + 10p—6z = 30 


25 +0) —5k 


i(-15)— j10) + (6) =-157 -10} +6k 
=> |ABx AC| = 2254100436 = 19 


area of AABC = 


x AC| = . Square units. 


Hind the value of p so that the lines 
xl _yop_2+2 ad we yr7_zt+7 
-3 2 1 A 3) 2 
the same plane. For this value of p, find the coordi- 
nates 
the plane containing them 


are in 


of their point of interscetion and the equation of 


Solution: let the dr’s of the required plane be a, 6, ¢ 


=> 3a + 2b-c=0 anda-3b+ 2c=0 
a b c abe 


A res pa De 
44+3 146 9-2 oes ane 

=> a=b=e 

Fquation of plane passing through (, 7, -7) 
and having dr’s (1, 1, 1) is I-90) +1 @—7) + 
1@+7)=0 

x +y+z=0; If also contains point (-l. p, -2) 
-l-p-2=0 = p=3 

Equation of the first line is 


“UU 
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=> General point on linc T., is (34-1, 2% + 3, 4-2) 


zt+7 
s = say, 
7H (say) 


=> General point on line £, is (4, -3u + 7, 2-7) 
Now. Solving for point of intersection of line 
L, and L,, we have -3%,-1= yp, 
3h pt 1 =0;4-2=2-7 
4-2u 1! S$=Oand2A+3=-3u+7 
On solving above equations, we gel 4 = 


sYUY 


Point of intersection = (2, |, -3) 


LL. Find the equation of the line of greatest slope through 
the point (7, 2, —-1) in the plane x-2y | 3z=0 assum- 
ing that the axes are so placed that the plane 2x | 3v 
~— 4z = 0 is horizontal. 


Solution: [ct 7. be the Line of intersection of the planes 
P,ix-2y | 3z=Oand 
P12 | 3y-4z=0 
Further let a, be are Dr’s of L 
=> a-2b - 3c =0 and 2a + 3b-4e =0 


Now </, m, n> are the dr’s of the required line L 
=> (-2m + 3n=0 and-f + 10m + 7n=0 


> 
é mon & mon 

> = => > sos 
44-10 8 22.5 = -4 


x-7  yp-2 z4l 

required line: = = 

22 5 4 

12. The position vectors of the four angular points of a 
tetrahedron OABC are (0, 0, 0): (0, 0, 2); (0, 4, 0) and 
(6, 0. 0) respectively. A point / inside the tetrahedron 
is at the same distance ‘r” from the four plane faces of 
the tetrahedron. Find the value of *r’. 


Solution: O(0, 0, 0); A(O, 0, 2); BO, 4, 0); CCG, 0, 0) 
OAB— yz plane 
OAC > zx plane 
OBC > xy plane 
since point P is equidistant [rom zx, xy and yz plane 
Hence, its co-ordinates are P(; 5 7) 


462 


13. 


Solution: 


14, 


Algebra Il 


x 
Fquation of plane ABC is 0 4 
6 0 
> -8&- 12y-24(@-2)=0 
=> 2x -3y-62= 12 

Pis also at distance r from plane ABC. 


|2r43r4+6r—12| [r=12| 
=r =r 
V449436 49 
> |lr-12|=7r 3 r-12=47r 
=P oO yer) = 12H 
184 
The line 746 _y+10_z+14 is the hypotenuse 


5 3 
of an isosceles right angled triangle whose opposite 
vertex is (7, 2, 4). Find the equation of the remaining 
sides. 
x+6 _y+l0_z+14 

ae ae 
General point on above linc is 


=A(say) 


4. — 6, 34 — 10, 84. — 14). 


Let B = (54 - 6, 34 - 10, 84 — 14) 

dr's of line AB are <(54 — 6 — 7), G2 — 10 — 2), 
(82. — 14-4) > ie, <54— 13, 3A — 12, 82 — 18> 
Also, dr's of line BC are <5, 3, 8> 

Since angle between AB and BC is n/4 


cost = (SA -13)5 + 3(32 - 12)+ 884 -18)] 
4 $5? 43 48? 52-13)" + 32-12)? + 82-187 

1 [25A+9A +644 —65- 36-144] 
V2 Jos fGA-13) + GA-12)? + BA-18)° 


Solving above cquation we get 2 = 3, 2 
Hence equation of line are 
x-7_y-2_ 2-4 y-2_ 2-4 
=2 = and =4 = 
2 <3 6 3 6 2 


A variable plane at a distance of | unit from the 
origin culs co-ordinate axes at A, B and C. If the 
isfies the relation 


centroid D(x, y, z) of triangle ABC s 
Teles A 


=k, then find the value of & 


Solution: [ct the cquation of variable plane be 


arent which meets the axes at A(a, 0, 0): 
a € 


BO, b, 0), and C(O, 0, ¢) respectively 


Centroid of AABC is ($2.5) and it satisfies the 


9.9 ~9 are er: 
statyzak > 4tataeTt ay 
a BF ct a Bo 9 
Also given thal the distance of plane 24% 42a 
a c 


from (0, 0, 0) is 1 unit 


From (i) and Gi) M9 =1>k=9 


15. Find the equation of the plane containing the line 
2x vy z-3=0;,3x y!z=Sand ata distance of 
16 from the point (2, 1, -1). 


Solution: The given line is the intersection of planes 


Qx-ytz-3=0 Ga) 
and3x y z-S=0 ii) 
‘Thus the plane containing given line is 
(QQx ylz-3) AGx yvilz-5)=0 
ie. GR 2xiQ&-Dy & Dz CS-3)=0 


| 
As its distance from point (2, 1, -1) is—= 
point ( ) Ye 


(3A+2)2+(A-Dl- (A +1) + CSA -3 
VILA? +121 +6 
=> 4.(52 - 24)=0 
=> 4=0,-24/5 
. Required planes are 2x 
62x 29 1 19z- 105 =0 


z-3=O0and 


16. Let an incident ray is along the unit vector » and the 
reflected ray is along the unit vector W . ‘The normal 
is along unit vector @ outwards. Express # in terms 


of @ and 0 


<> 
o> 
<=> 


Solution: We know that the incident ray, reflected ray and 


17. 


normal lic in a plane and angle of incidence = angle 
of reflection 


‘Thus @ will be along the angle bisector of 17 & -% 


.  w-d 
a 


| 
Now, | w—¥| = OC = 20P = 2|W|cos@ =2cos0 
w—-v 
2casd 
=> W=d-2G9a (49=-cosd) 


=> a= => w=d+2cos0a 


The plane ax | Sy = 0 is rotated through an angle 
& about its line of intersection with the plane z = 0. 
Show that the equation to the plane in new position is 


axt byt zya? +b? tana =0 


Solution: Given planes are av + by = 0 o) 


18. 


and z=0 wii) 
Equation of any plane passing through the line of 
intersection of planes (i) and (ii) may be taken as; 
ax by kz=0 Git) 

‘The direction cosines of normal to the plane (iii) are: 


a b k 


The direction cosines of normal to the plane 


(i) are OS ar) 
va +b> ya? +b* 

Since the angle between the planes (1) and (ii) is &, 

aatbb+ko 7 
VO +b +k? ya? 45° 7 
=> I cosa = a’(1 — cos? a) — b? (1 — cos? a) 
~ “ = <> k= 
pulting in iii) we get, cquation of plane as; 


ax+byt za? +b? tana =0 


Assuming the plane 4x - 3v | 7z = 0 to be horizontal, 
find the equation of the line of greatest slope through 
the point (2, 1, 1) in the plane 2x | »—5z=0. 


=> cosa@= 


> rk tye? +8 tana 
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Solution: The required line passing through the point 
P(2, 1, 1) in the plane 2x + y — 5z = 0 and is having 
greatest slope, so it must be perpendicular to the line 
of intersection of the planes 


Qe ty—52=0 @ 
and 4x —3y | 7z=0 Gi) 
Let the dr’s of the line of intersection of (i) and (ii) 
are a, b,c 


> 2a b-Se=Oand4a-36 7e=0 
las d.r’s of straight line (a, 6, c) is perpendicular 
to d.r’s of normal to both planes] 


abc 
> —=—=— 
417 5 
Now let the dircetion ratios of required line 
be proportional to J, m, mthen its equation be 


gel 


n 
where 2/) m—Sn=Oand 4/1 17m Sn=0 


‘Yhus the required line is * 7 2oy Et 


-l 
19, Find the equation of the plane which is equidis- 


tant from the line ——=+~—-=—— and 


z-l 


2 


Solution: [Equation of plane which contains the linc 


3 1 2 
(-2-3W-3)) AQW-3)-@-I)=0 
=> xIQa-3w az 7-54=0 


If the plane is parallel to X= 


=> 14(24-3)2-32=0>2=5 
So cquation of plane which contains sccond linc 
and parallel to first is x — 7y — 5z- 18 = 0. 
Similarly, cquation of plane which contains first 
linc and parallel to second is (x — 1) + 7(v — 2) - 
52-3) =0 

=> x Tv—5Sz=0. Llence equidistant plane is 
(e+ Ty~Sz—18)+ (e+ Ty-52) _ 9 

5 = 
=>x TW-Sz-9=0 


20. If a variable plane forms a tetrahedron of constant 
volume 64 # with the co-ordinate planes, find the 
locus of the centroid of the tetrahedron 


464 


Algebra Il 


Solution: [ct the variable plane interscets the co-ordinate 


21 


axes at A(a, 0, 0), BO, b, 0) and C10, 0, c). 
Then the equation of the plane will be 

By p22] wee) 
abe 

Let P(a, B, y) be the centroid of tetrahedron OABC. 


a be 
then a=", B=2, 7 =© ora=4a, b= 4f,c= 4y. 
rarer iB 


1 . P 
=> Volume of tetrahedron = qiica of AOAB). OC 


> 64K! =3(tab)e oe 
3\2 6 
= cay OAD AY) 
6 
=> pu tby 
6 
Required locus of P (a, f, y) is xpz = 6K. 
A point P’ moves on the plane ~ +247 = | which 
Pog oh 
is fixed. The plane through P’ which is perpendicular 
to OP' meets the axes al P, Q, R. The planes through 
P,Q, R parallel to ¥Z, ZX, X¥ planes interscet at 
B.Prove that if the axes be rectangular, the locus 
of B is : pig satel 
xyz pe qv rz 


Solution: Let the co-ordinates of point ?' be (a, B, y): then 


equation of the plane through ?’ and perpendicular to 
OPisax D1 BO Bly y=0 

Let co-ordinates of point B are (x,, »,, 2)) 

Now, since (x), ),, 2,) satisfies the the given condition 
of plane 


> 5 ee i) 
, er i) 
: (iii) 
Y 
end FY Wy wali) 
gr 
Ly i ‘ U at pty | 1 6) 


yo (eRe Y +B ay? 


Put the values of «, i, y from (i), (ii) and (iii) in equa- 


i 1 
tion (iv), we get (2 + fP + Alt mw 
1M 


By using cquation (v) locus of point Bis 
pT | 
pole de 


PW 


22. Considering an ellipse having its foci at AG) and B 
) in the cartesian XOF plane. If the cecentricity of 


the cllipse be e and il is known that origin is an interior 


point of the cllipse, prove that ee] 0, } 
laltlal 


Solution: As by definition of cllipsc, sum of distances on 
any point on the curve [rom foci is 
=> PB+PA=2a= |F-F|+|F 

and AB = 2ae or | Fj 


from (i) and (ii) |F —F | +|F 


e 
As origin lics inside the cllipse (using S, < 0) 
=| 


=> |0-F/+10-%|- <0 


=> lAltlAal< 


li 
TRl+14| 
23. Show that the straight lines whose direction cosines 


are given by the cquations al — bi + en = 0, ul - 
A 


> s(o 


vm? — wn? = 0 are parallel or perpendicular accord- 

ingly Gi bs Fee ay ora ow) Bw | ww) 
uv ow 

eu | vyy=0 


oe (bin + cn) 


Solution: | lere / = and uP mv w= 0, 


u(bm + cn)? 


eliminating /, we get ~ +mv+ wr? =0 


=> ulb?m+2bemn cn) | vatm | ow 
> (Pu a vyn2 + 2beuymn (ctu | ew) w= 


> (bu +a'v(™) + caben{ =} + (clu +a?) =0 
n n 


which is a quadratic in (a/n) having roots (") 


n 
my 
and [ ; 
” 


(a) If the straight lines are parallel: 
the quadratic in m/n has got equal roots 
ie., Discnminant = 0 

=> (Qbeu)— Abu -— & vyeu + aw) =0 


=> Be = (bu + a v\(eu — aw) 


> aw baw fu =0or #12, ¢ 
“yw 

(b) If straight lines are perpendicular 

= mm _ uta 


(product of roots) 


non buta’y 


h 


mn, 


Butay 


Mii) 


From (i) and (ii) 
Al 
Bw+ er 
Since they are perpendicular /,/, — mm, — n,n, =0 
MB w — cv) — Metu + ab) + A(B'u + av) = 0 
av — w) + Bw — uv) + lu — vy) =0 
Ilence the lines are 
(a) parallel if: abe © =Oand 
u v w 
(b) perpendicular if: 
av —w) + Bw —u) + eu —v)=0 


> 
=> 


24, I is a parallelopiped in which A,B,C and D are 
vertices of one face. And the face just above it has 
corresponding vertices A’, B', C’ and D'. T is now 
compressed to S with face ABCD remaining same and 
A’, BY, C" and D' shifting to. A", BY, C" and D" in S. 
‘The volume of parallelopiped S is reduced to 90 % of 
7. Prove that locus of A" is a plane. 


Solution: [ct the cquation of plane ABCD be ax — by — 
ezt+d=0 (0) 
oD Cc 


A B 
Given A" is the new position of 4A‘ when the 
parallclopiped T is compressed 
Let A" = (a, BY) 
DY c 


A’ (a,B,y) B" 


Given volume of the compressed parallelopiped 
S= 90 % of volume of 7'= (0.9) volume of 7° 
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But parallclopiped S and T have same base ABCD 
Height of parallclopiped S 
= 0.9 height of parallclopiped 7 
D c 


A B 


=> length of perpendicular from A'(a.B,y) to plane 
ABCD =0.9h 
aatbp+cy+ad 
Ve rete 
Where / is the height of parallelopiped 7° 
Lence locus of A" (a, B, y) is ae by 
£0.9h Va? +b? +0* 
Clearly locus of A" is a plane parallel to plane 
ABCD 


=0.9h 


ez id= 


25. A plane is parallel to two lines whose direction ratios 
are (1, 0, -1) and (-1, 1, 0) and it contains the point 
(1, 1, 1).If it cuts coordinate axes at A, B, C respect- 
evily then find the volume of the tetrahedron OABC. 


Solution: I.ct the cquation of plane be 


ax | by | ez 1 d=0 CL) 
Since plane (i) contains point (1,1,1) 
albiec d=0 #2) 


Since plane (i) is parallel to the lines having direc- 
tion ratios (1,0.-1) and (-1,1,0) 
Nonmal to the plane is perpendicular to these lines 


=> at+0.b-c=0 23) 
and-at+b+0.c=0 +. a=b=e 
From (2).3¢@  d=0 SaseooRe 4) 


From (1), required plane is -< (e-y-2+d=0 


Orx 5) 
Since plane (5) cuts coordinates axcs at 4, B, C 
respectively, volume of tetrahedron OABC 

oo 01 


yvlz=3 


18 001 
magnitude of — 
60 3 0 1 
ee | 
1 3 0 9 5 
= Gente oF 0 3 0}=—=— cubic units, 
jo 0 3 
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26. Two planes P, and P, pass through origin. Two lines 

I, and [., also passing through origin are such that 
I, lies on P, but not on P,, L., lies on P, but not on P. 


\ e 
A,B,C are three points other than origin, then prove 


that the permutation [4', B’, C’'] of [4,B,C] exists such 

thal 

(i) Alics on Z.,, B lics on P, but not on £.,, C docs not 
lie on P, 


(ii) A’ lies on L,, B' lies on P, but not on L,, C’ does 
not lie on /’,. 
Solution: Given (i) A lics on Z, 
(ii) B lics on P, but not £, 
iii) C does not lic on P, 
(iv) A’ lies on L, 
(vy) B' lies on P, but not L, 


(vi) C" does not lies on ?, 


To prove [4', B', C"] is permutation of [4, B, Clic, 
A‘is one of A, B, C. B' is onc of remaining two C' is 
the remaining third 

Ifv ke A'=C and C'=A 

B =a point on line of intersection RS of plane P, 
and ?, other than point O. 

‘Thus there exists a permutation [A’‘, 8’, C'| of 4, 8, 
C] such that all the conditions from (i) to (vi) are 
satisfied. 


SECTION-II 


OBJECTIVE SOLVED EXAMPLES 


1. The vertex A of the triangle ABC is on the line 
F=/+ J+A and the vertices B and C have respee- 
tive position vectors / and J . Let A be the area of the 


triangle and A € [: 8) then the range of values 
4 corresponding to “A” is 

(a) [-8,-4] [4.8] (b) 4, 4] 

(c) [- 2, 2] @ [-4,-2] vu [2.4] 


Solution: (d) A = 


j+akyxti + aby] 
be aleaj]=3 v2 
Beil 


J clopan<® 
4° 4 4 


=> 
=> 4<5V<16 528A s4 


2. The line of interscction of plancs F(@+j+k)=3 
and FQ + 37 +k) =9 is perpendicular to plane 
F.(ai +0) + 4k) =5 then value of a + b is equal to 
(a) 8 (b) 4 
(ce) 4 @ 8 


tion of given planes is along 


Solution: (b) Linc of inter 


i pk 

1 1 t=d—3)+ f(2-)+kG-2)=-27 4 F+k 
2 3 1 

Now this is perpendicular to third plane so 

4b 4 gn_8 bed satba-A 
Sri 


3. Iwo systems of rectangular axes have the same 
origin. If a plane cuts them at distances a, 6, ¢ 
and a', 6', c' respectively from the origin, then 


-#(Z+ ! : where k= 
a ¢ 

(a) 1 (b) 2 

4 (d) None of these 


Solution: (a) Let a, b, ¢ be the intercepts when Ox, Oy, Oz 
then the equation of the plane is 


a) 


are taken as a) 


Also let a’, 4’, c’ be the intercepts when OX, OY, OZ 
are taken as axcs; then in this case equation of the 
same plane is 


1 (2) 


Now (1) and (2) are equations of the same plane and 
in both the cases, the origin is the same. Hence length 
of the perpendicular drawn from the origin to the 


plane in both the case must be the same, 


4, The length of the perpendicular from the origin to the 
plane passing through three non-collinear points with 


? lL 
Y |@xb+exatbxe| 
(b) 2[a@ b é] 


|G@xb+bxé+exa| 
() [4.6.2] 
(d) None of these 

Solution: (2) The vector cquation of the plane passing 
through points with position vectors 3 6 andé 8 
F(Gxb +bxé+8xd) =[abe] 
Therefore, the length of the Lr from the origin to this 


af: [ab2] 
plane is given by axb+bxerexa 


5. The lines * a+ Ab xe) and F=b +4 uExa) will 


intersect if (@,6,é arenon -coplanar) 
(b) ac=bec 
(d) None of these 


(a) axc=hxe 
(c) bxa=cxa 
Solution: (b) The lines ¥ = A(x) and F=6 + (Ex a) 
pass through points @ and& respectively and are par- 


allel to vector 6x and @ x @ respectively. Therefore, 


they intersect if @-5,bxé@ and €x@ are co-planar 
and so (@—8).{(b x@)x (Ex d)}=0 

=> (G-b)[(b 2a)e -[b F214) =0 

> ((4—6.2)|b Za] =0 (4,8, Zare non-coplanar) 
=> [béa]40 

6. A straight line #=a+4 45 meets the plane 7.# = 0 


in P. The position vector of P is 
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(b) 4 


(a) None of these 


Solution: (c, 5) A straight line 7 = @+ 2H mects the plane 


Fn =O at P for which A is given by 


(4+ Ab) i= 04 = 


ba 
Thus, the position vector of P is 


a"» [putting the value of 2 in F=G+A b 
bn 


7. The length of the perpendicular from the origin to the 
plane passing through the point @ and containing the 
line F=G+2€ is 


(@) ——=——_—_ (abe 
|axb+bxé+éxa| 
[abe] 
© Tixd+éxal 


Solution: (c) The given plane passes through a@ and 
parallel to the vectors b= and & 


it is normal to (6 —@)xé 


= 4.6 -b)xé)= “ RS 


|b xé-axé| 
8. The linc of intersection of the planes 7.37 — 7 + 
= land 7.(7 +47 - 2k)=2 is parallel to the vector 
(a) 24+774+13K  (b) 2-77 +13% 


() G+77413k (a) -2 477 413K 
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Solution: (d) The linc of interscetion of the planes 


FQi-j+h)=land FG+4j-28) = 2 is Lr 
to each of the normal vectors #,=3/—j+k and 
=i +4j-%k 

It is parallel to the vector 7, x 7i, 

= Gi-j+h)x@ +4j-2h) = 29+7j 4138 


9, If the direction ratios of two lines are given by / | m 
n=0,mn-2 In | im = 0, then the angle between the 


line is 

@ = wy = 
x 

() zy (do 


Solution: (c) Given lines are 
fimin=0=> 1=-™m 1 n) (i) 
and mn - 2in | im =0 (ii) 
=> mnt 2 (mtn) n—-(m + n) m=O (from eq (i) 
=> mnt 2mn- 2 - we - nm =0 


> (2) +(2)-1-0 
m mn 


A n 
This is a quadratic equation in (= 
m 


nny _-1 (iy 
mm, 2 
[ mn : 
where ,— are the roots of theequation 
L mm, 
From eq (i), m =-(@ | 1) 
On pulling in cquation (ii), we get 
~(n+ Da-2in-1(n41}=0 
=> Ft+4dn w= 0 
=> ‘| tH ico > (vy) 
a a mn, 
[ L ? 
where—.,—-aretherootsof theequation 
L nm 


From equation (iii) and (iv) 


as Al, _ ym, _ ny. 
1 -2 1 
Now //, + aym,+ na, =k-2k+k=0 
cosd = 0 => 8=90° ie, 2/2. 


10. If the dircetion ratios of two lines are given by 
3lm —4In - mn = 0 and } + 2m — 3 = 0, then the 
angle between the lines is 


% by Z 

(@) % (b) ri 

z z 

©) ae (d) iy: 
Solution: (d) Given tin Ain + mk =O @ 


and / +2m +3n=0 (i) 
From eq (ii) ,! = Qn + 37), putting in cq (i), we get 
—3(2m — 3n) m — 4 Qm —3n) n+ mn =0 
=> 6n?+127=0 > m+JIn 
Now m= +J2n 
= 1=~(2V2n+3n)=-(2v2 +3)n 
Fim: n= -(3+2V2)n, nn 
342y2):V2 1 
Also, m=—V2n=31=~(-2¥2+3)n 
lomon= ~(3-2V2)n:—v2n:n 
=-(3-2V2):-V2:1 
=> cos = 


(3+2V2)(3-2v2)+(V2)(-V2)41 
(fs+208) + (v2) +t fa—2v2) (Wa) +t 


a 
=> G= > 
2 


A. If 4, m,, nm, and 4, m,, n, are DCs of the two lines 
inclined to each other at an angle @, then the DCs of the 
internal bisector of the angle between these lines are 
@ 4+l, mt+m, netn, 

2sin@/2° 2sin@/2° 2sin@/2 

) A+ omtm, neta, 

2cos0/2° 2cos0/2’ 2cos0/2 

my —m, 


2sin 6/2 2sind/2 


() 


2sin6/2° 
L-h om-m, 


man, 

2cos@/2’ 2cas0/2’ 2cas6/2 

Solution: (b) L.ct OA and OB be two lincs with DC's |, at, 
n, and i,, m,, n, T.cl OA = OB = 1. Then co- ordins 
of A and B are (J, m,, m) and (L, ity m,) respec 

Let OC Z be the biscetor of LAOB such that 

is the mid-point of AB and so ils co-ordinates are 

+t, mtm, mtn, 

(s. 2g ) 


@ 


m +m, 


DR's of OC are +4 
_ 


«. We have 


| 
= 3 V2+2c080 [- cos@==114, mm, ny) 


oti, mt hy 


Ath 
2006/2" 2cas6/2” 2eos0/2 


mn, + mn, 


YX B 


Bee 
A Allm,.n,) 


(4 m+m, ny +n, 


D 
(,-m,-n,) 
y' 
12. In above question, the DC's of the extemal bisector 
of the angle between the lines are 


(a) +h tt ata, 
2sin@/2° 2sin@/2° 2sin@/2 
) Ath mtm, ntn, 


2cas0/2’ 2cas@/2° 2cos/2 
f= mam nom 

2sin 0/2 2sin 0/2’ 2sin 0/2 
L-k =m 

2cos0/2’ 2cos/2° 2cos0/2 


(c) 


mm, tt 


dd 


is the exter- 
of E 


Solution: 
nal 


(4 


‘Therefore DR's of OF are——2_ 


(c) In 
bisector. 


above figure OF 


‘The co-ordinates are 


2sin 6/2" 2sin 6/2° 2sind/2 

13. A mirror and a source of light arc situated al the origin 
O and at a point on OX respectively. A ray of light 
from the source stnkes the mirror and is reflected. 
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If the DRs of the normal to the plane are 1, -1, 
DCs of the rellceted ray are 


1, then 


1262. Ve Di22) 
ae bee 
O93 (b) a3 
2 2 i 2: 2: 

en See dy. es ee 
() 1 aes @ a5 


Solution: (d) Let the source of light be situated at A(a, 0, 

0), where a #0. Let OA be the incident ray and OB 

the reflected ray. ON is the normal to the mirrior al O. 
ZNOA = ZNOB = 2 


DR's of OA are <a, 0,0 > and so its DC'S are (1, 0, 0) 
l OF 3 

are ¥ x £008 5 = Te 

Let d, m, 1 be the DC's of the reflected ray OB. Then 

as in above question 


NC's of C 


fl Lmtd 
2c0s/2 V3 2c0s6/2 3 

n+0 
4 5 c0s02 


Hence, DC's of the reflected ray are -+-4, : 


14. The perpendicular distance of a corner of a unit cube 
from a diagonal not passing through it. is 


(a) f {b) 


oo an {d) 


w]e wir 


Solution: (a) Lei the edges OA, OB, OC of the unit cube, be 
along OX, OF and OZ respectively. Since OA = OB = 
OC = l unit. Therefore, 04 =7,0B = 7 and OC =k 
Let C34 be the perpendicular from the comer C on the 
diagonal OP 
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15. 


Algebra Il 


‘The vector equation of OP is F =AG+j +h) 


‘A(1,0,0) 


Now, OC? = OM - CM? 
P= OC? - OM = |OC i -OM=1- 7 - 2 


= cu- P 
3 


The shortest distance between the diagonals of a 
rectangular parallclopiped whose sides are a, b, ¢ and 
the cdges nol meeting il, are 


) be ca ab 


: 2be 
(c) oe 


(d) None of these 


Solution: (b) Let one vertex of the parallelopiped be at the 


origin O and three co-terminus edges OA, OB, OC be 

along OX, OF and OZ respectively. The co-ordinates 

of the vertices of the parallelopiped are marked in 

figure. 

The edges not meeting the diagonal OF are Alf. AD, 

BP and their parallel edges ie, BE, CE and CH 

respectively 

The vector equation of the diagonal OF is 

F=04Alal +b) +k) 

The vector equation of the edge BD is 
F=bj+ pai 

We have, 


2) 


(al +b)+ ck) x ai =ba(j xi) + ealk x?) =—bak + cay 


16. 


|(ai +B +ck)xai EVP a tea? 


and {(ai +b) +ck) x af}.(bj —0) = (—bak + caj).Bj 


= abe 

z 

ry 

[C(0.0.c) __£(0,b,c) 

(a,0,c)H 
(ajb.c) 
B(0.b.0), 
‘A(a,0,0) D(a,b,0) 


abe be 


Similarly, it can be shown that the shortest distance 


2 


ca 
between OF and AD is Were and that between 
a a 


OF and Attis —% 


a+ 

If OABC is a tetrahedron, where Q is the origin and 
A, B, C are three other vertices with position vectors 
G,& and @ respectively, then the centre of sphere 
circumscribing the tetrahedron is given by the position 
vector 
© ab x8) + 0°E x @)+07(Gxb) 

2a b é] 
B(bxé)+a°(Exa)to7(axb) 

[a b é] 
Bxe)+ar(Ex a+ c7(Gxb) 

2a b J 
@(GXb) + Bb XZ) +07 (E XG) 


a be] 


(b) 


(cy 


(d) 


Solution: (a) If the centre ‘P’ has position vector, F 


then g PA, b 


where | PA| =| PB [=| PC 


Consider |@—F |=|¥ | 
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Similarly, 6 = 26 F and c= 22.7 A, = 
ama ty ee oct S41 se oneretat and 2A, - 34, =0 
Bb) , 
AD ==(b +3 
7 ce) 
p 8 
A (a) 
Since (6x2), (x) and (@xb) are non-co-planar, A) 


then # = x(bxc)+ p(2xa)+2(a@xb) 
z For point £ we have 
a(bxc)ty.0+2.0=xabe] 


=> a.F : ee, 
3 > b+a(S-a)-S14e 
=> x= = 2 202 
la@bc] 2\abe] =(1 é 
: : = 5(5-a)+S4-a)=0 
Similarly, y= ——s— and z= 2 2 
2a be) 2a be] 1 a “oR 
20h aya bE x a eclagxh = hahay> = AB= 
Henec #= 2 Ox O48 (Ex a@)+e°(axb) a 4 
2labé | Now Fy = 2245 -2b-6 _ 28 
17. Let the area of a given triangle ABC be A. Points 4,, - 4 oh 4° 
B,C, are the mid-points of the sides BC, CA and AB b+e 3c+b _Sh+e 
respectively. Point A, is the mid-point of CA,. Lines 2 7 14 


C/A, and Ad, meet the median BB, at points £ and 


° i ae 
D respectively. If A, be the area of the quadrilateral Area of quadrilateral £4 4) = 5 x Dal 


A A,PE, then = is equal to 


= 5 08 -B)xi5b +2) 


= Noa xb -bxd 
112 


14 1 
(ek (by) — - = 
64 56 = be cath Ajai 2b area of Mase 
15 B i12 56 2 56 
@ 2 @ = ; al 
52 48 ‘Thus required ratio is 56: 


Solution: (b) Let the position vectors of A, B and C be 0, b 


and 2 respectively. We have 18, Let ‘/ be the incentre of triangle ABC. ‘Then using 


vector method for any point ‘P’, a(P4y | A(PBY 
cWCY is equal to (where a, 6 and ¢ have usual 


meanings) 
Fquations of the lines BB, AA, and CA, are (a) ald BUBY | cUCP + (a 1b 1 PY 
respeciively: Fe bya (2B t= 3 et® ana (b) bUAP  aUEBY 1 UCP + (@ 1b 1 UP 
* 2 74 (c) BUAY — cUBY + aICY + (a + b + cXIPY 
Fi 3 (d) cA)? — BUBY + AICP + (a + b + oIPY 
pee ale oe eee ee 
ae 4(§) Solution: (a) We have. P/ + A= PA 
eae ree o45 => |PAP =|Pif +|p 4277 A 
Far pois’ We Hav +a(i-b)aa, zu) \PAP = [PEP + ZAP +272 1A 
2 4 => a|PAP =alPIf + a|TAf +2P?(alA) (1) 
Similarly, 6| PB? = b|PT + b| TBP +2P? . IB) 


Fy AL) é a 
> s[i-a-2)-2(04—a4}-9 & 
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and ¢|PC |? =c|PFP + eC P +2PF .(eIC) 3) 
On adding cquations(1), (2) and (3), we get 
a|PAP +b|PBP +c|PCF 
= (a+b+e)|PIP + alZAP + bLIBP + 
cl ICP +2PF (ald +biB+clC) 

=> al|PAf +b|PBP+c|PCP 

= (atb+e)|PIf + afAP + 6) BP + ef ICP 

as ald + bIB+ iC =0 
(since D be point of intersection of Af with side BC) 
we have BD: DC = c: b and AI ID = (a -c):a 
cIC + bIB 

(b+e) 

= adl=cIC+bIB => ald + bB+clC =0 


> ID= and adi =(6+c)ID 


A 


B Cc 
19, P is any point on the circumcircle of AABC other than 
the vertices. // is the orthocentre of AABC, M is the 
mid-point of P// and 2) is the mid-point of BC, Then 
(a) AP is opposite side of DAZ 
(b) DM is parallel to AP 
(c) DM is perpendicular to AP 
(d) None of the above 


Solution: (c) Let S be the circumcentre of AABC. 
b,@ and p be the position vectors of 4, B, C 


Lively with reference to origin S. 


=P. 
R = circumradius. 


and | p|=|4@ 

Now, @+5+2 

= SA+2SD =S 

Cs G:GS =2:1 whereGiscentroid) 
Position vector of H= +6 +2 

a+b+2+ 7 

So, position vector of = —o 

DM =pxvofM pv. of D 

_G@+b+2+p b+e + 

2 2 2 


A@) 
P(p) 


B(b) \_D_—“C<) 


Now pw Pa-( $42) (2-2) 
Fs 


2 


DM LAP 


20. A straight line ‘I.’ cuts the sides AB. 
parallclogram ABCD at points B,, 


AC and AD of a 
and D, respec- 
tively.lf AB, = A,AB,AD,=A,AD and AC, = A, 


1 
AC, then — is equal to 


A, 
@i,4 oy 4-4 
Aaa AA 
©) A A; (d) A, | A, 


Solution: (a) Let AB = 4, AD = 6, 
then AC =a+6 


Since vectors De, and BD, are collinear, we have. 
DC, =k B,D, for some k eR 

= AC, -AD, =k BD, 

> A(a+b)-Ab =k (Ab-Aa) 


=> AGt+(A,-A,)b=kAb-k Aa 
c 
b 
0, 
c™ 
a's a B 


: 
Hence, 2,=—k A, and 4,-4,= A, 


A Anh 
A, 


2 => AA, = Ady + 4h, 
A i 


1 1 1 
+. 
Aa 


Assertion reason type 


21. Consider three planes 


Piocx-ytz=1 


U 

Pyix y z=-1 

P,ix-3y | 3z=2 

Let L,, L,, L, be the lines of intersection of the planes 

P,and P,, ?, and P,, P, and P,, respectively. 

Statement 1: At least two of the lines L,, L, and L, are 

non-parallel. and 

Statement 2: The three planes do nol have a common 

point. 

(a) Statement-1 is Truc, Statement-2 is True; state- 
ment-2 is a correct ¢ 

(b) Statement-1 is Tr alcment-2 is Truc: state- 
ment-2 is NOT a correct explanation for state- 
ment-1 

(c) Statement-1 is True, Statement-2 is False 

(d) Statement-1 is False, Statement-2 is True 


lanation for statement-1 


Solution: (d) P, : fap) 
P,:x-y-z=-1 (2) 
Pix 3y | 3z=2 (3) 


Line L, is intersection of ?,, ?, 
L, is || to vector 

75k 

1 1 -l)=-47-4k 

Li, Ze" 


L, is intersection of P, and P, 
ijk 
T, is||to vector [1-1 1|=-27-2% 
1-3 3 


and line L, is intersection of P, and P, 
ij ok 
L,is||tovector |1 -1 1 )= 2j+ 2k 
2a Oa! 


clearly lines L,. L, and £, are || to each other 

Also family of planes passing through the inter sec- 

tion of P, and P,isP, AP, = 0. If P, is represented 

by P, 4P,= 0 for some value of 4, then the three 

planes pass through the same point /, 
x ta) +yQ-1) - 20-4 - 
This will be identical to P, if 
1A And 1A lea 


1 33 3 2 


@) 
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aie et Ae el 

Tare) 3 
ating ltt att ge 

pos 2 


there is no value of 4 which satisfies equation (4), 
‘The three planes do not have a common point 
=> statement (2) is true therefore, (d) is correct 


Passage 


A: 


22. 


24. 


WA, 4 be the area of projections of an arca A 


on the xy, yz and zx planes respectively, then consid- 


cring A , a vector quantity whose direction is normal 

to surface A and its component along the co-ordinate 

A i+ Ay} + Ak, 

A] =A, and 
A A ay 


axes be A,, A,, and A, such that 


therefore we ean say [4 |= 4, | 


hence the area | 4|=, At A +A’, 


=> AHA +A AY, 


‘The area of A whose vertices are (1, 2, 3), (2, 4, D, 3, 
4, 5) respectively is 
{a) 10 

(©) (26 


(b) 16 
(d) 212 


. A plane makes intercepts a, 6, c onx, v, z axes respec- 


tively, then twice the area of AABC including both its 
sides (a,b,c arc +ve) is 


@) Ja +h +c* 
(c) 2(ab+he+ca) 


(b) far? +8? +e7a? 
(d) None of these 
Through a point P(A, k, 2) a plane is drawn at right 


angle to OP to meet the co-ordinate axes in A,B,C and 
if OP = p, then the area of A ABC is 


‘ s 
P P 
‘ t 
©) Spal ) 
a ; 
ey 4) None of these 
© ta (a) None of these 
Solution: 


22. (©) LetA = (1,2, 3), B= (2,4. D: C = 3. 4,5) 


Area of AABC 


ijé 
-3 2 -2|=26 square units 
22 2 


Aliter:A_=3,A,=1;A,,=4 = A= V9+1+16 = 26 
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23. (b) Coordinates of points 4, B, C are (a, 0,0); (0, b,0) 
and (0,0, ©). Now A, A, A_ are projection arca of 
AABC on plane x = 0, y = 0 respectively 


(2B OC|= +be 


=A 


x so80 2 


Similarly, 


= Anaet ver +Pe tae 
2 Ane =e +R ta 


4. (6) OP = p=Vh tke 4P 
Direction cosines of OP are 


( h k 1 ) 
Vise VRP VP HP 
OP is normal to plane; equation will be 
nice) Gre 
+k +P Whee 
VP +R +P 


= bx-ky-h=R-R- Pap 


(5 00}.a=[0,  ohea{oo z) 


_ip' 


25. The unit vector perpendicular to both £, and Lis 


-i+7j+0k -i-7j+5k 
a} b 
@ Ys (b) 3h 
-i+7j+5k Vi-7 
6). = ‘d) —S—— 
©) @ fp 
26. ‘The shortest distance between L, and L, is 
@0o ow 2 
41 
(ec) —= d) —= 
(c) 3h (d) 3h 


27. The distance of the point (1, 1, 1) from the plane pass- 
ing through the point (1, -2, -1) and whose normal is 
perpendicular to both lines /,, and Z., is 


2 
ae 1b) 
ae ©) 
13 
yes dye 
(c) Vis (d) 
Solution: 


25. (b) Vector in the direction of L, = 7i, 3 + p+ 2k 
Vector in the direction of 1, =i, =/ +27 +3k 


Vector perpendicular to both /., and 7, 


Required unit vector 
-i-7j+5k 
Vi+ 49425 
26. (d) ‘The shortest distance between L, and L, is 


(e-ayaxd| 
foe. 


(ist) 2p). 7 


33} 3 WB 
27. (c) The plane passing through (-1, -2, -1) and having 
normal along # is-l@ 1 1)-7G 1 2)+5@ 1 1)=0 
Or x 7Jy—Sz 10=0 
Distance of point (1,1.1) from the above plane is 
_147x1-5x1410 13 


Vi449+25 075 


Solution: 


Matrix Match Type 


28. Consider the following linear equation 


ax t+ by -ex=0 
bx | cy | az=0 
ex | ay | bz=0 


Match the conditions/expressions in Column I with 


statements in Column II 
Column I 
(a) ath+e#0 anda? +h? +c?=ah + be -ca 
(b) at+h+c=0anda?t+ hb? +e #ab + be+ca 
(©) atht+c#0anda?t+h?+e?#ab + be +ca 
@ ath+c=O0anda? +h? + c=ab + be +ca 
Column If 


(p) ‘The equations represent planes meeting only at a 


single point 
(q) ‘lhe equations represent the line x = 
(r) The equations represent identical planes 


(s) The cquations represent the whole of the three- 


dimensional space 


Ans. (2) 1, (by >g, (—>p, Mas 
Ilere we have, the determinant of the 
la be 
coefficient matrix of given equation as, A=|b cal 
le a Bb 


=-(atbte)(a +b" +c? -ab—be~ca) 


= -F(arb+0)[ (aa) +(-c) +(e-a)'| 


@) 


> 
= 


(b) 


u 
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at+bh+ce#0 
and a? + B? + c*-ab-be-ca=0 
(a—bY + (b-cf +(e -aP=0 
a=b=c(butzOasa & c#0) 


Thus equations represent identical planes. 
albic=0 
anda? | 6° 1 cab be 


A=0 and a, b,c are not all equal 


ca#0 


All cquations are not identical but have infinite 
many solutions 

ax + by =(a + b)z (using a -— b - c= 0) 

and bx + ey =(b - oz 


@ acdy=(" az >y=z 


axl by cy=0 > ax=+bt+ecy 
ax=ay Clatb+c=0) 
x=y => xa=ypez 


oy 


(c) 


vuUUES 


The equations represent the line x = y = 7 
albitc#Oanda i 1c? ab be ca40 
A # 0 = Equations have only trivial solution, 
ie,x=y=z=0 

the equations represents the three planes mecting 
al a single point namely origin 
a+b+c=Oanda’ +b? - c?- ab—be-ca=0 
a=b=candA=0 

a=b=c=0 

All equations are satisfied by V x,y and z 

‘The equations represent the whole of the three 
dimensional space (all points in 3-D) 
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3. 


. Direction cos 


Algebra Il 


TUTORIAL EXERCISE 


SECTION-III 


SINGLE CORRECT ANSWERS 


1. m, n of two lines which are con- 
nected by the relation | — m + 0 = 0, 2 Im + 2ln— 
mn = 0, then DC’s of two lines are 

1 1 
(@) #02, WATE LD) 
(b) C1, 2, 30, -1, 0) 
(c) (1, 2, -3) and (1, -1, 0) 


“eeeleee 


» The vertices of a triangle ABC are the points 


(-1, 2, -3), (5, 0, -6), (0, 4, -1) respectively. Then 
DR’s of bisector of the angle BAC are 
(a) 25, 8,5 (b) 20, 8,5 

(c) 25,-8,5 (d) None of these 

‘Three vertices of a tetrahedron are (0, 0, 0) (6, -5. 1) 
and (4, 1, 3) and centroid is (1, -2, 5) then fourth 
vertex 15 

(a) 2, +4, 16) 
(c) (2, 4, 16) 


(b) (2, -4, 18) 
(d) None of these 


. If points A(4, 5, 10), B(2. 3, 4), C1, 2, -1) are three 


» The condition for the line 


vertices of a parallelogram ABCD, then coordinate of 
D and equation of AB are. 
x-d_ y-5 
wie ole 
x4 


2-10 


(a) (3.4.5); 


(b) (3,-4,5): 
x4 

1 1 3 
(d) None of these 


(©) (45,3); 


to intersect the locus of the equations ax? + by? = 1, 
z=0is 

(a) afain — yh? | GB — mryP= i? 

(b) afan  vfP b(nB - myy 
(©) a(an—ylP — b(nB — ney? 
(d) alcun — yD? + B(aB — myy 


7 


. Intersection point of the line 


and 224 Ya!1 2 
5 2 1 

@ CLL D 

(©) (1,0,1) 

Projection of line segment joining the points (-1.0,3) 

and (2,5,1) on the line whose direction ratios are 


(6.2.3) is 


(b) (-1,-1,-1) 
(d) None of these 


22 22 
@® > {b) 7 
23 
(c) 7 (d) None of these 


. Equation of planc through P(a, b, c) and perpendicular 


to OP (O is origin) is 

(@) axtbytez=a? +b +e? 
(b) ax+bytezta’+h* +c? =0 
() axtbyt+ez=t(a? +b? 40°) 
(d) None of these 


. Angle between planes 2x-y+z=6,.x+y+2z=7is 


10. 


11. 


12. 


(a) n/3 
(©) 0 


(b) w/6 

(a) n/2 

Area of AABC whose vertices are (1,2,3); (-2.1,-4) 
and (3,4 — 2) 


(a) 1220 (b) 12 
2 V2 

() M218 (d) None of these 
2 


A tetrahedron has vertices at O(0, 0, 0), ACI, 2, 1), 
B(2,1,3) and CCA, 1, 2). Then the angle between the 
faces OAB and ABC will be 


19 17 
‘a) cos '| — b) cos ‘| — 
@) 35 (b) 1 
(e) 30° (@) 90° 
The line of intersection of planes F.(7+j+*)=3 


and 7 (243j+8)=9 is perpendicular to plane 


13. 


4. 


15. 


16. 


17. 


18. 


#. (ai +a) +4) 5, then the value of a — & is 


equal to 
(a) 8 (b) -4 
(c) 4 @ -8 
‘ yr2_ 2+3 
Image of the line Sane aE ee the plane 


3x — 3y — 102 - 26 =0 is 
x+4 yt] 2-7 


(a) 
(b) 

x-4_ ytl 2-7 
o a ae 


(@) None of these 


Tf the plane 2x — 3y + 6z — 11 = 0 makes an angle 
sin-'(2.) with x-axis, then 2 is equal Lo 


-2 
by) 24 
(ay (b) 7 


(c) (d) None of these 


aes 


Tf the point O(0,0,0); A(@, 1, 1); BC, b,1); CC,1,c) are 

coplanar, then value of ——+—— +—— is equal to 
l-a 1-b I-e 

(a) 1 


(b) -1 
(c) 0 (@) None of these 


The equation of the plane which biscets the line join- 
ing (2, 3, 4) and (6, 7, 8) is : 

(a) xt+y-z-15=0 (b) x-yt+z-15=0 

(ce) x-y-2z-15=0 (d) x+y+z-15=0 


x-2  y-2_ 2-2 


‘The angle between the line 


the plane ax + by - ez +6 =Ois 


(a) sin“ 
aan 


The direction cosines of two mutually perpendicular 
lines nd Lo 


Lm, n, 
z 
of the line perpendicular to both the given lines will be 


n,. The dircetion cosines 


17 doy Mh — yy My 
(c) LL, mm, na, 
@) mn, 


mp, ni,— nfl, Lm, 


19. 


20. 


21. 


22. 


24. 


25. 


3-DGeometry 4.77 
The locus represented by xy + yz = 0 is 

(a) A pair of perpendicular lines 

{b) A pair of parallel lines 

(c) A pair of parallel planes 

(d) A pair of perpendicular planes 


The planes x — p= 0, y +2=0andx +2=0 
(a) meet in a unique point 

(b) mect in a unique line 

(c) are mutually perpendicular 

(d) None of these 

Lines OA and OB are drawn [rom O = (0, 0, 0) with 
dircction cosines proportional to (1, -2, 1) and 
(3, -2, 3) respectively. The direction ratios of the 
normal lo the plane OAB are 

(a) , 3, -2) (b) C4, 3, -2) 

(c) 4, -3, 2) (a) (4, 3, 2) 

The direction ratios of the normal to the plane passing 
through (1, 0, 0), (0, 1, 0) and making an angle 12/4 
with the plane x + y = 3 are 

@) @, ¥2,1) (b) (1, 1, V2) 

© (1,2) @) (V2.1, 


. The cquation of a plane passing through the line of 


inters 


clion of the planes x — y + z= 5, 2v-y - 32= 
1 and parallel to the line y = z = 0 is 

(a) 3x-z=9 (b) 3y-z=9 

(c) x-3z7=9 (d) y-3z=9 


Centroid of the tetrahedron OABC, where A = (a, 2, 
3), B = (1, b, 2), C = (2, 1, c) and O is the origin is 
(1, 2, 3). The value of a? + b* — c? is equal to 

(a) 75 (b) 80 

(©) 121 (a) None of these 

The distance of the point (1, -2, 3) from the plane 
x —y — 2-5 = 0, measured parallel to the line 


¥_¥ 271 is equal to 


23 + 
(~) 1 unit (b) 2 units 
(c) 3 units (d) None of these 


. The length of projection of the line segment joining 


the points (1, -1, 0) and (-1, 0, 1), onto the plane 
2x + y + 62 = 1, is cqual to 


255 237 
i. b ae 
® 41 - 41 
137 155 
5): fee dy fee 
© 41 o 41 
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27. 


28. 


29. 


30. 


3. 


32. 


33. 


34, 


Algebra Il 


The direction cosines of the line which is perpendicu- 
lar to the lines with direction cosines proportional to 
6, 4,-4 and 6,2, lis 


(a) 2,3,6 (b) 
2 
(c) 7 1,2 @ 


The lines whose direction cosine are given by the 
relations at — b?m — c2n = 0 and mn + al + lin = 0 are 
parallel if 

(a) (@—B - ct = date? 
(b) @ +B +e 2 
(c) (BI ey 
(@) None of these 


Save 


The coordinates of A, B, C are A(-l, 2, -3), 
B(S, 0, - 6), C (0, 4, - 1). The direction cosines of the 
internal bisector of ZBAC are proportional to 

(a) 6, - 2, 13 (b) 21, 2,2 

(c) 26,-4, 6 (d) 25, 8,5 

Three lines with direction ratios <1, 1, 2> <3-1, -V3 
= 1, 4> and <-v3 - 1, V3 - 1, 4> form 

(a) aright angled triangle 

(b) an isosceles triangle 

(c) an equilateral triangle 

(d) None of these 


The plane x — y — z = 0 is rotated through right 
angle about its linc of interscetion with the plane 
2x — p + 4 = 0, the equation of the plane in its new 
position is 

(a) x-2+4=0 
(c) x 


The value of % for which the planes 4x — 5y — 2z — 
2 =0, 3x— 3p + Az = 3 and 5x —y—Az —- 8 =0 forms 


(b) x +2-4=0 


ziy=4 (dx y=4 


a pris 
(a) 4=1 
(c) 4=0 


(b) A=-1 
(d) no valuc of & 


The value of 4, k for which the line = 1 


lies in the plane 2x +3y +22+k=0 


/2,k=-1 
/2,k 
1/2, any value of k 


1/2, k =-3 


The planes 2x — 3p —7z = 0, 3x — Id — 132 = 0, 8x — 
3lp—33z2=0 


37. 


41. 


. The three pla 


. If points (2 x, 2,2). (2,2 y, 2), (2.2.2 


(2) forms a prism 
(b) passes through one line 
(c) interscets only al a point 
(a) None of these 


Qx-y+z2=4, 5+ 7p- 22=0 and 
= 0 intersect in 


3x + dy —22 
(a) apoint (b) aline 


(c) aprism (a) None of these 


z) and 
(1. 1, 1) are coplanar, then 


i es Vans | 
(a) —+-—+-=1 
x ye 


(a) None of these 


©) x-y-z=1 


The distance of the point (1, 1, 1) from the plane 
passing through the points (2, 1, 1), (1, 2, 1) and 
(1,1, 2)is 


1 
(a) B 
(c) V3 


(b) 1 
(d) None of these 


The reflection of the point (2, -1, 3) in the plane 


3x —-2p—z=9is 
26 15 17 26 -15 17 

») (2. =8. 
@( } w (5 7 7] 


TTT 

15 26 -17 26 17 -15 
5 d 
gee) «(29 


777° 7 


. The image of the point P(a, B, y) in the plane 


fxtmytaz=0 is O(a’, f',y') then 
(a) a+ Brey? 
) at Pty =aPyr By rey 
(c) aa's Pp +yy'=0 

@ fa-a)+mB-B)+nly-y')=0 
Dis 
FG +74 =S5 measured parallel to x-axis, is 

(a) 1 (b) V2 

() 2 {d) 4 

The plane ax | dv | cz =d, meets the coordinate axes 
at the points A, B and C respectively, Area of triangle 


Cam ta? 


nce of the point P(2, -3, 4) from plane 


ABC is equal to 

@) CNOA gy, PATE 
| abc| 2| abe | 

PN +8 Fe a) None of these 
4) abe] 


42. 


43. 


44. 


45. 


46. 


47. 


48, 


49, 


Fquation of plane which passes through the point 


x-l_y-2_ 2-3 


1 2 
2-2 and at greatest distance from the 


of intersection of lines and 


point (0, 0, 0) is 


(a) 4x 3y) Sz =25 (b) 4x By 55z = 50 
(c) 3x 4y) 5z=49 (d) x | 7y-5z=2 
A is a vector with direction cosines cos a, cosB and 


cos 7 respectively, Assuming yz plane as a mirror the 
direction cosines of the reflected image of 4 in the 
yz plane is 


(a) cosa, cos, cosy (b) cosa, cos 


(c) -cosct, cosf, cosy (d) cose, — 


P is fixed point (a, a, a) on a line through the origin 
equally inclined to the axes, then any plane through P 
perpendicular to OP , makes intercepts on the axes, 


the sum of whose reciprocals is equal to 
(a) a (b) 3/2a 
(¢) 3a/2 (d) Va 
The projection of any line on co-ordinate axes be 


T eclively 3, 4, 5, then its length is 
(a) 12 (b) 50 
(c) Sv2 (d) None of these 


The length and foot of the perpendicular from the 


x-ll_ y+2 
point (2, -1, 5) to the line —— =~ = 


1 -4 -l 
(a) J14.,2,-3)  ()_ Jig.1,-2,3) 
(©) Via .(1,2,3) 


(d) None of these 


‘The point at which the line joining the points(2,—3, 1) 


and (3, —4, —5) intersects the plane, 2x y z=7is 

(a) C1, 2,7) (b) (1,-2.7) 

(c) C1, 2,7) (d) (1, -2,-7) 

The distance of the point (1. -2. 3) from the plane 

x—y-z=5 measured parallel to the line X= ¥ — 4 
2,3 -=6 

is 

(a) 1 (b) 6/7 

(e) 17 (a) None of these 

The angle between the lines 2x = 3) = —z and 


(b) 30° 
(d) 90° 


50. 


Sl. 


. Distance of the point (x, »,, 2,) from the line = 2 


. The planes2x Sv 
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The ratio in which the line joining the points(a, 8, ¢) 
and (-a, —c, — 4) is divided by the xy-plane is 
(ajacé (b) bse 

@c:a (d) c:b 


A tetrahedron has vertices at O (0, 0, 0),.4 (1, 2, D, B 
(2.1, 3) and C C1, 1. 2). hen the angle between the 
faces OAB and ABC will be 


(a) cos? (2) (b) cos! (Z) 
(©) 30° (d) 90° 


xy 


z-Z 
2. where /, # and # are the direction 


m n 

consines of line is 

(a) (2) +O) + - 22)? 
Uy <x) + mG, — yy) 4 mlz, — 2, 


va 


(b) 
(©) f(x — x, +Oy, — yt (z,- 2,0 
(d) None of these 


(xm, — x4) +(¥, MY + (2. -4)° 


. The co-ordinates of the points A and B are (2, 3, 4) 


and (—2, 5. -4) respectively. If a point ? moves so that 
PA PB = k, where k is a constant , then the locus of 
Pis 

(a) A line 
(c) A sphere 


(b) A plane 
(d) None of these 


. The equation of plane through the line of intersec- 


tion of planes ox by | ez) d=O,a'x | by lz 
d = 0 and parallel to the line y = 0, z= 0 is 

(2) (ab'-a'b)x+ (be'— b'e)y —(ad! -a'd) = 0 

(b) (ab'-a'b)x+(be'— b'c)y —(ad'-a'd)z = 0 

(©) (@b'-a'by+(ac'-a'e)z — (ad! -a'd) = 0 

(d) None of these 


. A square ABCD of diagonal 2a is folded along the 


diagonal AC so that the planes DAC and BAC are 
al right angle. The shortest distance between DC 
and AB is, 


@) 2a 
(©) 2a/J5 


(b) 2ah'3 
(a) (¥3?2)q 


3z=0,x y | 4z=2 and Ty -Sz 
4=0 

(a) meet in a point 

(b) meet in a line 
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58. 


60. 


61. 


62. 
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(c) neither meet in a point nor in a line 
(d) are cquidistant from origin 


. The shortest distance between the line x = y =z and the 


line 2x | y 1z-1=0,3x y 2z-2=Ois 


(b) v2 
B 


3 
2 


1 
(a) == 
V2 

3 
(c) 

v2 
The line x - 2y-z-3=0,x + 3y-—z-4 =O is 
parallel lo 
(a) xy plane 
(c) zx plane 


@ 


(b) vz plane 
(a) z-axis. 


. If @ and } are non -collincar vectors, then the point 


of intersection of the lines # = @-2b + ab + 2a} and 


7 =2a-b + u(a+28) is £ (a3): then numerical 


quantity & must be 


(a) 5 (b) 0 
(c) 1 (d) 2 
A variable plane is al a constant distance p from 


the origin and meets the axes in 4,B and C. If 
the locus of centroid of the tetrahedron OABC is 


A ‘ 
+» then the numerical quantity 
Pp 


2, should be 


(a) 16 (b) 15 
(ce) 11 (d) None of these 
Equation of plane containing the two parallel lines. 


x+1 yp-2 2 x-3 yt+4 z-l 
= =— and == ai 1 
3 ve 1 3 2 1 

(a) Sv —p— 262 - 6 =0 

(b) 8x — y— 262 +6 =0 

(c) 8x —y + 262-6 =0 

(d) None of these 


iS 


A line with direction cosines proportionate 


lo <2, 7, -5> is drawn to interscel straight lines 


x-5 7 yr = z+2 and x+3 - y-3 = Z=% then 
3 -1 1 3 2 4 
equation of line and length intercepted on it is 
y-8_ 243 
eae 78 
7 a) 
y-8_ -z+3 
= sV78 
2 rr 5 v78 


64. 


65. 


66. 


67. 


69. 


. If P, = 0 and P, = 0 be two non parallel planes. 


. The 


xt+2  y-8  724+3 


(c 
» 7 
(d) None of these 


the cquation P, ~ .P,=0, 2 € R represents the family 
of all planes through the line of intersection of the 
planes P, = 0 and P, = 0 except the plane 

(a) P,=0 (b) P,=0 

() P, P,=0 @ P, P,=0 

A plane passes through (1, -2, 1) and is perpendicular 
to two planes 2x —2y - 2= 0 and x—y — 22 = 4, then 
the distance of the plane from the point (1,2,2) is 

(a) 0 (b) 1 

(©) ¥2 (d) 2N2 


If the straight lines x = 1 — 5, y 


1-4As 


t 
and x = yy 1+4,2=2-¢, with parameter s and 


t respectively are coplanar, then 2 equals 


(a) 2 (b) -1 

(c) -1/2 (0 

The direction consines /, m, » of two lincs are con- 
nected by the relation / — m — n= 0, ln = 0, then the 
angles between them is 

(a) 0/3 (b) 2/4 

(c) a/2 (d) 0 


The cquation of a plane through the line of intersec- 
tion of 2x — 3y —z-1=0 and x + 5y— 22 +7 =0 and 
parallel to the line p= 0 = zis 

(a) 7x+5y+15=0 (b) 7yv—5z-15=0 

(©) 13y-32 + 13=0 (a) de + 7p -5z2-15=0 
makes isosceles 


A x Zz 
hne: ===> an 


kok -12 
triangle with the planes 2x - y + z- 1 = 0 and 
—x —2y - 32+ 1=0, then the value of k is 
(1 (b) 12 
(c) 3 (dy 4 
Direction consine of normal to the plane containing 


: -1 
lines x = y = z and e-lsy-1== (where d € 
d 


R —{1}) are 1 
ah i 1 1 
© | o ys} 


(ce) {0-551 (d) None of these 


3. 
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SECTION-IV 


MORE THAN ONE CORRECT ANSWERS 


. If a straight line makes an angle of 60° with each of 


the x and y-axes, the angle which it makes with the 
z-axis is. 


(a) x3 
(c) n/2 
. The lines and 
-4_ 2-5 : 
2 * = 7 are coplanar if 
k 2 1 
(a) k=0 (b) k=-1 
(c) k=-3 (d) k=3 


The plane x - 2v | 7z | 21=0 


(a) Contains the line = = ne 
(b) Contains the point 0, 7,-l) 
(c) Perpendicular to the line ; = = z 


(d) Parallel to the plane x - 2y + 7z = 0 


. IC p,, Py» p, denotes the distances of the plane 2x - 3» 


- 42 + 2=0 [rom the planes 2x — 3p - 42 + 6 = 0, 
4x - 6p + 82 + 3 = 0 and 2x - 3p + 42-6 =0 
respectively, then 
(a) py + 8p, - Ps 


(b) p,= 16p, 
(4) p, + 2p, + 3p,= V29 


dimensional geometry ax — by — ¢ = 0 
nts 

(a) a striaght line on xy plane 

(b) a plane parallel to z-axis 

(c) a plane perpendicular to z-axis 

(d) a plane perpendicular to xy plane 

If P(2, 3, 1) is a point and £ 
plane, then 

(a) Origin and P lie on the same side of the plane 


y-z-2=0Oisa 


(b) Distance of ? from the plane is ate 


5 


(¢) Foot of perpendicular is G 
a 


(d) Image of point / by the plane is (2 


10. 


11. 


. The distanc 


. The plane containing the lines F 


of the point (1, 2, 3) from the coordi- 
, B and C respectively. Which of these 


nalc axcs 


Cc 
138° 


(b) B= 20? 
(d) None of these 


. Which of the following conditions, such that the linc 


NUP _¥"4_F7" jies on the plane Ax | By 
i mn n 

Cz + D=0 is/are correct? 

(@) p omg m D=0 

(b) dp Bq Cri D=0 

(c) Af) Bm Cn=0 

(a) None of these 


@+ia' and 


Faa'+sa 

(a) must be parallel to @ xa" 

(b) must be the perpendicular to axa! 
(c) must be [7,4,@']=0 

(a) @-a.G xa)=0 


Let #4, = p, and #. 7, = p, be bwo planes and a be 


a given point, then 

(a) the line passing through @ and parallel to the line 
of intersection of given planes must be perpen- 
dicular to 7, x 7, 

(b) ‘he line passing through @ and parallel to line 
of intersection of given planes must be parallel to 
hy xh, 

(c) ‘he line passing through @ and parallel to 
line of intersection of given planes must be 
F-B.Ci, x7.) =O 

(d) The line passing through @ and parallel to 
line of intersection of given planes must be 
@-@ xi, xh, =O 


Which of the following is (are) correct? 

(a) The three coordinate planes divide the whole 
system in 8 octant 

(b) ‘The perpendicular distance of the point 3 cas 8, 3 
sin 9, 4) from the z-axis is constant 

(c) Ina tetrahedron, each of four vertices is the inter- 
section of four lines 

(d) The vz plane divides the line joining the points 
(2. 4, 5). (3. 5, -4) in the ratio 2 : 3 (internally) 
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SECTION-V 


ASSERTION AND REASON TYPE QUESTIONS 


‘The questions given below consist of an assertion (A) 
and the reason (2). Use the following key to choose the 
appropriate answer. 
(a) If both assertion and reason are correct and reason is 
the correct explanation of the assertion 
(b) If both as 
not correct explanation of the ass 


rtion and reason are correct but reason is 


rion. 


(c) If assertion is correct, but reason is incorrect 
(d) If assertion is incorrect, but reason is correct 
Now consider the following statements: 
x-l_y-2_ z+l 


1. At Line ——= =—— lies in the plane 
3 ll ll 


llx-3z-14=0 
R: A straight line lies in plane if the line is parallel to 
the plane and a point of the line lies in the plane. 


= = ry = 2% 
2. At 'Thelines ~ A a hate and ~ EP sa 
3 4 5 3 1 


Si) 
are co-planar. 


R: If two lines are perpendicular to each other, then 
these are co-planar. 
3. A: Two perpendicular non-intersccting line: 
co-planar. 


not 


R: Two skew lines are nol co-planar. 
4. A: Letd G+) +8) and B G-j+8) be two points, 
then point P (2? +37+4) is exterior to the sphere 
with 4 and B as ends of its diameter. 


2 


If.A and B are any two points and / is a point in 
space such that PA.PB > 0, then the point P 


lies exterior to the sphere with AB as onc of its 
diameters. 
5. A: The points (2. 1, 5) and (3, 4, 3) lie on opposite 


2z-1=0. 
The algebraic perpendicular distance from the 
given points to line have opposite signs. 


sides of the plane 2x — 2y - 


6. A: A homogeneous equation of second degree in x, 
v and z represents a pair of plane passing through 
origin. 

R: A homogencous cquation of second degr 
and z can be factorised into two linear factors. 


cinxy 


7. A: ‘The locus of a point which moves so that |x| + y| 
+ |z|=& is an octahedron 
R: The equation of the type x — y + z= k represents 
a plane 


8. A: If distance between two points is defined as 
dp.q) = \(x, x)| + |v, ¥,| + |z, 2); then for a 
vector OP where P = <I, m, n>; the relation 
{4 + Jai] + |n| = 1 holds truc 

R: When given by 


distance is 


dp.q) = 


y then 2m? 


9, A: Let g be the volume of the parallelopiped 
formed by the vector @=a/tajt+ak, 
babi +b j+ok, F=f tejrek. fa, b,c, 
where r = 1, 2, 3 are non-negative real numbers 


3 
and (a, +6, +¢,) =32; then Fs 13 
m 


e 


Styl 2<(e-ytz) 


SECTION-VI 


COMPREHENSION TYPE QUESTIONS 


Passage 1: 
A: [wo space lines are said to be skew lines, if they are 
non-co-planar. A line which is perpendicular to two 
skew lines is called a line of shortest distance, we call 


it LSD. The distance intercepted by LSD between the 
two skew lines 
(SP) between the two skew lines. (Note that we are 
studying SPD and ESD of skew lines only). For co-pla- 
nar lines these are trivial for example SP of co-planar 
non-parallel lines = 0) 


allcd the length of shortest distance 


(a) SD of two skew lines F., and £., is equal to projection of 


(b) 


(c) 


@) 


line joining a point on £, and a point on Lon ESD. 


SD of two skew lines £, and E, is also cqual to 
perpendicular distance of the plane drawn through £, 
and parallel to £, for any point on L, 


2-3 


ve 
and L, = 
, ” h, My 


Let E, 


2-2, 


be two lines and let /, m, n be the direction 


My 
ratios of LSD. Then /, m, n are easily determined by 
solving //, | mm, +mn,=0, Hl, mm, | nn, = 0. The 
equation of the plane containing L, and LSD is 


e-x poy 2-3 
4 m, n, |=0 and plane containing 
/ m n 

L, and LSD is 


‘These two planes together determine LSD in unsym- 
metrical form. 

The SD of two lines given in unsymmetrical form is 
found by the following procedure: Let lines be u, = 0 
=v, and, =0=y,, Any plane through the first line is 
u, dy, =0 and through the second line isw, xv, = 
0, If we choose },, « such that these two planes are par- 
allel, then the distance between these parallel planes 
shall give us the SD between the two lines. 

The shortest distance between two lines F = a, + Ab, r 


1G, ~ 4). xB) | 
15, x4, 


=a,+ ub, must be 


. If 2d is the shortest distance between the lines 


=1,x=0 and 7-7-1, )=0, then 
Be ij 


(a) Poa +h +e 

(b) P= at + bt 

(ce) 42? =a? - Bb? - 
(d) None of these 


. Tn a rectangular parallclopiped of cdges a, b, ¢ the 


shortest distance between any edge and a body diago- 
nal not intersecting it may be 


B: Let AB be the straight line = 
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x+4_ yt+6  z-1 


3. The lines i ,3x-2ytz-S5=0= 
5 = 
2x | 3v 1 4z & are co-planar for k = 
(a) 0 (b) 2 
(©) 3 @ 4 
Passage 2: 


=2. From the 
6 


-3 
2, 5) perpendicular PN is drawn to AB, 
the [oot of perpendicular. A straight line 
PQ is drawn parallel to the plane 3x - 4y + 52 = 0 to 
meet AB in Q, then 


4. Co-ordinates of N are 


(a) (3 78 =) b) (-2 7B =) 


49° 49° 49 49° 49° 49 
© (22s) a (22% 
49° 497 49 49° 49° 49 


§. Co-ordinates of Q are 
(a) 3, -9/2, 9) 
(c) G3. 9/2, -9) 

6. Tiquation of PQ is 


(a) xol 


(b) 3, 9/2, 9) 
(d) None of these 


() = 
(estat 45252 


@) 


Passage 3: 


x+y=2d 

ct By= pl sem has infinite solutions and the 
position vectors of two points A and B are given as 
(4, 2) and (1, ft, 22) respectively. AB linc 
segment is divided by x-y plane in the ratio n/m such 


that © /: where m and n are related by the qua- 
m 


dratic equation ax? — an’x + mn =0 


7. If roots of the quadratic equation are real V a € R, 


then points 4 and B are 

(a) on the same side of the x-v plane 

{b} on the opposite side of the x — y plane 

{c) on the same side of the plane x — y—z + 1=0 
(a) on the opposite side of y-7 plane 
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8. For every possible valuc of 2, the roots of the 
quadratic arc real in all possible ways, then 


1 
(a) aeR (b) lal2q 


©) jaj<t @ lala 
4 
9. If both points arc on the opposite sides of x-y plane, 
then the equation of a plane perpendicular to 4B 
vector and passing through origin will be 
(by y + 5z2=0 
(d) 5p -—z=0 


(a) y-5z=0 
(c) 5p-z=0 

10. Equation of a plane parallel to all possible AB vectors 

and passing through (a, a, a) where a is the value at 

which sum of the roots of quadratic becomes 16 is 

@y=-1 

(b) 2(¢ - 1) =0 

(ce) 2 - 1) + - 1) 4+ 34+ 1)=0 

@Mytz=-2 

If system of equation is inconsistent, then the point 

(1, 4, 2n7) may lie on the plane may 

(a) x+y +z=10 (b) x-y+z=8 

(ce) ety +753 (d) x-y-z+8=0 

If the roots of the quadratic equation are always real. 

What are the possible values of ‘a’ such that both 

roots of the quadratic are positive? 

(a) ae(0, ) (b) ae(-1/2, 1/2) 

(c) aeR (d) None of these 

13. If the system of equations has infinitely many solu- 
tions and both points are on the opposite sides of the 
x-y plane, then the number of terms in the binomial 
expansion of (1 + xy” is 


nF 


12. 


(a) 3 (b) 4 
(ce) 5 (d) 8 
Passage 4: 


D: Giventwo straight lines L,: 7 = a+ Ab passing through 
point A with position vector @ and parallel to vector b 
and L,: + ud . passing through point C(é ) and 


parallel to veetor d , then these lines shall be 
(i) parallel if b = Ad 
Gi) perpendicular if 6.d =0 
ii) coincident if (@- a) = kb = fd 
(iv) intersecting: when (€- 4) = 46 # 4d (then pointof 
intersection must be C); when (€-4) = fd # kb 


(then point of intersection must be A) 


14. The angle between two lines ae 


a) 0 b) Z 
(a) (b) 7 


©) = (a) None of these 


15. Given that G@=-f-27-k:  b=274+2)4+k: 
G=27 +27 44k and d=61 +87 +108 , then 
(a) L, and L, are skew lines and ; to each other 
(b) L, and L, are skew lines with angle between them 


O= 

(c) FE, and L, are non skew lines with angle of inter- 
19 } 

1sy2 


(d) F, and F, are intersecting lines! 


section @ = cos ( 
to cach other. 


16. The point of intersection of L, and L, 
(a) does not exist (b) is (1,2, D 
(ce) is(-1,-2,-1) — (d) none of these. 


Passage 5: 


E: To find the foot of perpendicular/image of a point 
(<p Yp Z,) ina given plane m: ax + by + cz +d=0 
Consider a line through P perpendicular to plane x say 
PP* and any point O(x,y,z) on it. DR's of PP’ are < 
X—%,y —y,, Z-2,>, which must be proportionate to < 


a, b,¢ > i.c. DR's of normal to the plane. Therefore 


equation of PP' will be 7*1 _ YTM _ 2741 


a b © 


P12) 


Q (x,y,z) 


Plxyz) 


+bly~y2)te(2~21) 
a+b +e 
PEM. 2A: 

be 
_ (act bytezt d)— (ae + by te, +d) 

P+h te 

Now for Q to be foot of perpendicular: (x,};z) 
must lie in the planeie.ax by cz d=0 
beat dee 2 eet —(ax, + by, +z, +d) 

a 6b ¢ +h +e 
Also for Q to be image of P': mid point of 
(«,,,2,) and P(«, y, z) must lic in the plane, ic, 
ax ~ by ~ cz ~ d= (ax, ~by,tez,-d) 
zZ-% _ —2(ax, + by, +02, +d) 
e+ te? 


= som Yr 
a b © 


17. If (-9, 1,1) is the image of any point ?(a,B,y) in the 
plane 2x + y —z = 0 then P(a, yy) are 
(a) C3, 5, 7) (b) 3,-5.7) 


(c) G,5,7) (d) None of these 


18. Image of linc sey rin the plane 
x - 2y—3z+ 12=0is 
) x+l_yt+2_ 2-7 


Oy 2. 3 
(bye Re aad 
1 Ry 
(ey Sahel 
1 2 6S 


(d) None of these 


19. If Q(2, 4, -4) be the foot of perpendicular of any point 
P(x, y,.2,) in the plane x | 3) — 2z—22 = 0, then point 
Pis 


20. 


21. 
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In above question image of point P(x, p,, 2,) is 

(a) G. 7, -6) (b) G,-7, -6) 

© (3-7-6) (a) None of these 
Co-ordinates of point Q which is twice as much dis- 
tance away as that of P(3.2,-2)with respect to plane 
x —y—z=9 bul on opposite side of plane is 


(a) (9.4.8) (b) (0,-4,-8) 
(©) O48) {d) None of these 
Passage 6: 


F: IPP, = ax - by ~ ¢,7-d,=0 and P, = ax + by — 


22. 


24. 


ez = d, = 0 be two planes, then linear equation P, — 
2 0 where 4 is an arbitrary constant represents a 
family of plane passing through linc of intersection of 
planes P, = 0 and P,, = 0 because itis a lincar equation 
so represents equation of plane and since consist of 
parameter % therefore it is a family of plane and for 
cach point (x,, ¥,,Z,) common to planes P, = 0 and P, = 
0, the above equation is always satisfied for all values 
of 2. Above concept is widely used in solving various 
problems on plane. 


The equation of plane passing through intersection 
of planes x — 2y —z = 2 and 2x - y - 2z-5=0 and 
containing origin is given by 

(a) x- y-5z2=0 (b) 2x + 3p-52=0 

{c) «- 12p-92=0  (d) all of the above 


. The equation of plane passing through intersection of 


x+y -—z=4 and 3x—y + 2z—4 = 0 and containing 
the point (2, 2, 0) on itis 

(a) 4x + 3z=8 (b) 2x-2y +z=0 

(c) 7x—-y — 5z-12=O(d) 5x-3yt+3z-4=0 


The equation of image of a plane x — y ~ 2 = 3 in the 
xy plane as a mirror is 
(a) x-p-z=2 (b) x-y+2=3 


() x-p-2=3 (d) None of these 


SECTION-VII 


(a) Cl, -1, -2) (b) (1, -1,-2) 
(ce) C1, 1, -2) @) Cl. 1.2) 
COLUMN MATCHING 
1. Column T 
Gy Schl? 2-3 geod _y-3 2-5. 
2 3 4 3 4 Se 
Giy X22? 2-3 gg 2o 3 _ yo _ 2-7 


i = 3 = = > 
Gi) aa fal _5-z and 7_ytl_ 2-2 
5 4 2 5 4 2 

Gv) 23 vt2 204 yg to 3 yn? z-7 
4 5 } 2 5 
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Column TT 
(p) coincident 
(q) parallel and different 
(r) skew 
(s) Intersecting in a point 


~ Column I 


(i) Foot of perpendicular drawn from point (1, 2, 3) 
2 =—1_ 2-2 , 
“= is 
3 4 
(ii) Image of point (1, 2, 3) in the line 
e-2_ p-l_ 2-2 
2 300 «4 
ii) Foot of perpendicular from the point (2, 3, 6) to 
the plane 2x 3y-4z 17=0is 
(iv) Image of the point (2, 5, 1) in the plane 3x — 2y 
+4z-5=0is 
Column - TT 
(2 30 2) 
29° 297 29 


Ss 


to the line ~— 
2 


is 


88 125 69 
W | soap 
29° 297 29 
(ry ( 
(s) (26,99, 198 
29° 29° 29 


3. Column I contains some cqualions and column IT 


some loci. Maich the equations with their correspond- 
ing loci 
Column T 
(i) |x| <0 andy? - 2720 
Gi) p—-4|<Oandx? 1 220 
Gi) P Iv <0 
Gv) P12 a@ &<Aax 2) 
Column I 


straight line || to y-axis through (a, 1, ¢) 
(1) A plane |] to z-x plane passing through (1, , 2) 
(8) yz plane 


. Column I 


(i) fe— a) <0 and |p —2) < 1 and [z= 1/5 4 
(ii) x = @ where at © Z such that e—1 + V3— is 
real and |y|=|z 2] =0; where |x| denotes greatest 
integer function of x, » € [0,3] represents. 
Gii) value of 4 for which planes 2x-3y z= 1 and 3x. 
13y 2% z=2 are perpendicular is 
(iv) z?-3z | 2 =0 represents 
Column I 
(p) pair of planes || to x-y plane 
(q) 3 planes with total area 3 square unit 
(r) plane surfaces) || to y-z, plane 
(s) 3 


SECTION-VIII 


INTEGER TYPE QUESTIONS 


. Find the volume enclosed by the equations |x| < 8, 


Wi S8, [e]<8and jy +p — 2/58 


. If the shortest distance between any two opposite 


edges of a tetrahedron formed by the planesy z= 0, 
xlz=0,xly=0,x ly z=~3a is equal to vka, 
then find the value of k 

If a line is passing through (a,b,c) and intersecting 
y=0,z?=dax lies on the surface (hz —cy)?= kat (b—y) 
(bx — ay) ; then find the value of k 


. If the projections of PO on OX, OY, OZ are 


respectively 1, 2, 3 and 4 ; then the magnitude of PO 
is given by 4; then find k. 

T' the locus of a point which moves such that the sum 
of its distances from points A(O, 0,—a) and B (, 0, a) 


. A triangle 


is constant (6) is given by 


find the value of . 


. Let fbe a one-one function with domain {—2, 1,0} and 


range {1, 2, 3} such that cxactly one of the following 
statements is truc | (2) = 1, fil) # 1, AO) # 2 and 
the remaining two are false. II the arca of the triangle 
formed by (-2,1,0) and (2), f01).,R0)) and the origin 


hk 
is given by “>, then find the value of & 


» placed that the middle points of 
are on the axes. If a,b,c be the lengths of its s 


x 
the equation of its plane is given by ee 
i 3 


where 2x? = 6? +e? — a7; 2y? =a? +c7- 8, and 


? +b* —e7: then find the value of 1/4] 


8. If the reflection of the plane x + 2p — 3z — 4 =O in the 
plane x + y — 2 + 3 =O is given by x + 2y + 32-44 
Ae + y +z — 3) =0, then find the valuc of “27. 


9, If the di’s of 2 lines are given by 3 fm — 4é 
mn=Oand/ | 2m 3 =0 and the angle between 
them is given by 1/k, then find the value of & 


LYLE =-(3)- 
a B y aa \bB} 


eee =~ == all willlie on one plane if — (6 c) 
cy i mon 


10. The three lines 


mn 


+ "3 (ec a+" (@_ 6)=k then find the value of & 
v 


11. The length of the edge of a regular tetrahedron DABC 
is ‘P units. Points F and F are taken on the edges AD 


and 8D respectively such that # divides DA and F 


divides BD in the ratio 2: 1 each. If A() be the area 


Answer Key 
SECTION III 
1. (a) 2. (a) 3. @) 4. (a) S. (a) 
I. (a) 12. (b) 13. (c) 14. (a) IS. (a) 
21. (a) 22. (b) 23. (b) 24, (a) 2S. (a) 
SI. (a) 32. (a) 33. (a) 34. (b) 35. (a) 
Al. (b) 42. (b) 43. (c) 44. (d) 4S. (c) 
SL. (a) 52. (a) 53. (b) 54. (c) 5S. (b) 
61. (b) 62. (a) 63. (b) 64. (d) 6S. (a) 
SECTION-IV 
1. (bd) 2. (a.c) 3. (a,b.c,d) 4. (a,b.c,d) S. (b.d) 
10. (b,d) LL. (a,b) 
SECTION-V 
1. (a) 2. (c) 3. (a) 4. (a) 5. (a) 
SECTION-VI 
1. (b) 2. (a) 3. dd) 4. (c) 5. (a) 
11. (c) 12. (d) 13. (¢) 14. (b) 15. (c) 
21. (b) 22. (c) 23. (a,b) 24. (c) 
SECTION-VII 
1LM->6) G) >) G@)>@ @) +O 
32.M> 6) G) >, a> @), G) > @ 
SECTION-VIII 
1. 2048 22 34 4.13 S11 


i. 9 12.1 13.3 14. 4 


3DGeometry 4.87 


of ACFF, then find [4(6)]. (where [x] denotes integer 
part of number x) 


12. Points ¥ and Y are taken on the sides QR and 


RS, respectively of a parallelogram PORS, so that 
OX =4XR and RF = 
PRat Zif PR =kPZ , where kis a scalar, then find the 
integer part of &. 


‘The line XY cuts the line 


13. If @, 6, @ be non-co-planar unit vectors, cqually 


inclined to one another at an angle Q and 
axh+hxc=patgbtre, then 
Pq 


number of 


non-negative integer values of ££ js equal to. 


14. The intemal angle biscctors of the AABC meet the 


opposite sides in D, F, F respectively (where a = 2, 
b = 3, c = 4 units), such that the area of AABC = k 
{area of ADEF) then integer part of & is given as. 

6. (b) 7. (a) 8. (a) 9 (a) 10. (c) 
16. (a) 17. (d) 18. (d) 19. (d) 20. (a) 
26. (b) 27. () 28. (a) 29, (d) 30. (b) 
36. (a) 37. (a) 38. (b) 39% (b) 40. (c) 
46. (c) 47. (b) 48. (c) 49. (d) 50. (d) 
56. (b) S7. (a) 58. (c) 59. (a) 60. (a) 
66. (a) 67. (b) 68. (b) 69. (a) 

6. (a.b,c) 7. (b,c) 8. (b,c) 9 (b,¢.d) 

6. (a) 7. (b) 8. (b) 9. (a) 

6. (a) 7. (b) 8. (b) 9. (a) 10. (b) 
16) 17.@ 180) 1.6 20 
2@—-@;, 4) >@), G1) (), Gy) > 
4.0-@;, G) > @: Gi)- G6), (iv) > (p) 
6. 61 2 8. +4 9 2 10. 0 
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1. 


bad 


Algebra ll 


HINTS AND SOLUTIONS 


TEXTUAL EXERCISE 1: 


Let R(x, 0, 0) be the point on x-axis wh 
from P(4, 3, 1) and QC-2, -6, -2) 
=> & 4 C3P IC 1-1 aye 12 

gives 12x—18sox— 1.5 hence R-( 3/2, 0,0) 


is equidistant 


. ABCD plane is parallel to xy plane 


BQ, -2, 1), C(4, -2, 1), D(4, 1, 1), E(4, 1 - 2), FC, 1 - 2), 
GQ, 2, 2), H(4, 2, 2) 


Zz 
re 
(1,1,1) 


>Y 


x 


Let the line segment has a point R intersecting on the surface 
of the sphere) 


(= dit) +2) 
R=|——+ 
1+A 144° 144 
So 9M— 16h?— 1 — 8% — 2542+ 4 + 200-25 {HP + 
1 2-0 
=> 25%7-22- 20-0 
22 Va84 +2000 _ 22+ V2484 _ 114 V62I 
= 50 50 25 


|. A point on the line through P(3, 4, 1) and Of5, 1, 6) will 


=) _(5A+3 444 GA41 
have a general point R @-( ete oe } 


1+a Atl A+ 


6441 
This paint will line one y plane, when 2 =0 
Atl 
13 23 
Sok- 6=> (220) 
. P(2, 3, 4) and OG, -4, 7) is divided internally in the ratio 
21 -11 47 
5:3 bya point R, so R =| —.——.—_ 
8 8 8 


The reficction of a point p(a, B, 7) in x — y plane will be 
Pto.B. 


. (a, 0, 0) is the point on x-axis that is nearest to the point 


P(a, 6, c). The required minimum distance ~ yb? +c? units 


. Lot A(0, 7, 10), BCA, 6, 6) and C4, 9, 6), then [ABP ~ 1? + 


BY A= 18 BGP m2 SCS OP 18 aC a FP 
— 4?— 36. We observe that AB — [BC and AC?— AB? + BC? 


So AABC is isosceles and right angled. Honee triangle is 
right angled isosceles. 


9. Consider mid points D and ## respectively on OB and AC 


= = AE: 
then Dd) == and B@) =“ Leta general point R, be 


2 


Lae a+e 
then 2° "(2 J (@4e)A+b 
d+a4) 


on Dit, 
20+A) 


Similarly consider point F(/) on BC and G() on OA 


a bx 
4 R= 
3 = 


so G(Z) 


as Lay A 
Now , 2 (2 _ a+b aA 
142 


21+) 
Observe that for 2 — 1, R,~ R, 


Similarly H(h)="— and PU) = 


om 


‘The points are concurrent 


Mid point is which is true for 4-1 


a+h+e 
4 


=> R=R,= 


10. A general point R(x, », 0) will be on (x-y) plane so iL it is on 
the line scgment through P(2, 4, 3) and O(3, 5,4) then 


BA+2 SA+4 -4A45 
x ¢ is =(x.,y,0) 
142 1440 142 


3/4 then Reo at oo} an M1 5:4 


> RO 


11. Let point C divide line scgment joining A@, 1, 5) and 
3, 4,3) in the ratio 2:1 and itlies on 2e 1 2p 22-1 
29 27 2). (2 9 28) 


=> a eet ores 
12712712 


Sok: 1-5: 7and C (2. 


1274’ 6 


12. Let P(x, y, z) be the foot of perpendicular from 
AQ, 2, 1) on the line joining points B(1, 4, 6) and C(5, 4, 4) 


is ea 4a+4 42 $8) (3.2) 


1447 A+1 7 241 


3A 
aww 4{-%4 | -2{24*} 0 
30 161, — 62 ~ 10 gives 4 - 


Ze” a 24 
ie., the mid point of AB so P — (3, 4, 5) 


TEXTUAL EXERCISE 2: (SUBJECTIVE) 


1. AC 1, 3,4), BS, 1,1, (7, 4,7), DO, 6,10) 


=> |ABl=V6? +2743? =7, BC=V24+3°+6 =7 
CD= V6 42° +3? =7, AD=¥2°+39' +6 =7 


As sides are equal so i is a rhombus. 


2. Givené 1m n-Oandmn 2né 2fm—0 
Put £~—(n =n) 80 mn + 2 (mm = n) + 2m (mm + n)-0 
Gives 2m! | Qn? | Smn—O,ie., (2m n)(m | In) 0 


n picin e 
> ae or-2n => aor orn respectively 
non 
¢,D.C. sare (-=,-<,0} or<a, 2n, n> 
( 22 ) 


n n 
Case (Kor (-" 7 
‘ase (9) ( 7 “.n) 


H 


wn’ +4n? st web 
4 3 


Crs) 
~~ 


Hence 19.C.’s are ea tet 


Case (ii): For <n, 2n, n> 


Ww 4 il w-lS> woes 
z 
1 Ps 1 
D.C.’s t—., ¥ =. t= 
rae ( vee $) 


3. €-m+n-0s0 £~- (mr — n), thon nf — 2mn — 2mé - 0 
becomes (n) {m on} 2mn | 2m{m ny —0 
0 => (2m - 1) @m—n)-0 


So 2m? — — mm — 


—n 


Given m= so D.C. sare < 2h, n, n> 
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4. Let ax + by — cz — dO be the plane, then O(0, 0, 0); 
AQ, 2, 1); BG, 2,3) 
= d-Oanda—2b—c~ 0 also 3a— 26 - 3c— 
Putting e—(a 26), we gel 6a — 86 


or 


guts; 6 - band pei 
3 3 


4 2 
And the plane is o(drey-3 


Or4dx 3p 22-0 
The normal #67 = 47 +3} -2k) 


(= i+ 5) j- 2 & 
29 hg! a5 


3 
D.C’s of normal vector (4 Ts Rex} 


5. Let ¢,m, 1 be the direction cosines of such a line ¢ — m — 9 


> f=m= 


pene ep) (SHS) 


6. Given o — 30°, B-45° 


from £— m? — n?— 1, we get” 


such a line is not possible 


= 21, D.R's=<2,-3,6> 
DC's (smsS<aen)- (3 3 =) 


As result 7 =-67 +9} -18k 


*. Unit vector 


8 Since £,,m,,m, are the 1D.C’s of the line 1, 


along L,is Ai +m,j +k 


Similarly unit vector along /.,is 4,f +.) +nyk 


Veetor along the Zbisector is 
(6. +4£:)8 +0m, +m) 7 +(n, +m, )k 
+. D.C’s of bisector are proportional to (Z, +4), Om, + m,), 
(, 4) 
9. @ £- (min) > 2m 1 2m mn-0 
So (-2) Gn + 2) (m — n)— mn —0 gives 
2n?—0 or (2m | nim 2n)—0 
=> DR's <7, —2n, 1 


2m? Smn 
Case i: m ——2n 


121 

V6 V6’ V6, 

n non 
Faives DR’s (-2.-2.) 


eF) 


490 Algebrall 


10. 


iW. 


1 


4. 


. DR. of line Ly, =<6,9,18>= G 


(ii) £=5m 3a gives 72 = 73m 3n)P- 3n? Smt 
=> 125m? 9? 30m) | Sm? 3n? = 
=> 30{6m? + 21° — Tm} = 
=> (3m 2n) (2m n)-0 


Case (: mat vives DR ( slit 


yi ’-2 
SoD.C.s >. ek) 


Ve Ve V6 
Case Gi): m=2n prs (2,2%.9 
ase (i; m=5H givesDRs (4, 


3 
Hence 19.C.’s are +(e ira) 
PC, 3, 5), O€, 0,0) and the plangisx yz 3-0 
~(2} 
B 


AC 1,2, 3), BG, 0 


ui 
<0 = 150 so points are on the same side 
6), C@,4, 1) 


DR''s of AB ~ «6, -2, -3 


Similarly DR’s of AC «1, 2. 


DR's of the bisector of angle BAC ~ «25, 8, > 
TEXTUAL EXERCISE 3: (SUBJECTIVE) 
-£—(m + nyand £7 > m?= in? 


=> ((m Pam?) 2m oe 
Gives 21 (n — m)— 0 


Posh 
So (#7 7— 0, then m—-€, so DC's Ge aoe 0) 


el 
(ii) # — yn, then € — 0, so D.C’s (0 ee 5) 


1 a 
Angle between the lines {cos 4] “4 gives Ulens 


236 
PT 


ees 
DRofline 1, =<1,2,2>=(=.5,4 
a = 


246412 20 H Osean ae 
“an ane 21 


cosO = 


. Length of line vector — 63 


Ti +187 + 54k 


D.R's - <3, 2, 
Components are 27, 18.54 


Foot of perpendicular from origin is (11, 11, 11) 
=> Normal vector #= +01 +117 +11k) 


(i +7+K) and the plane is Px | y | 


Normal vector # 
z—d—O since (11, 11, 11) lies on the plane so @- -33 and 
Pexlylz 33-Oie,x mlereep!—y mlercept—z 
intercept ~ 33 
‘The required sum — 3 x (33)°= 3267 

5. As shown DR's of — 
DR’s of DB ~ <1, 1, — 
DR’s of AG =< 1,1, 1 
DRs of CE <1, -1.1 


Let ,m, be the D.C! s of the line and il makes 2s &, 8.7, 
46 with these four veetors (Diagonal) 
sa | cos’ cosy cos’) 


I 
3 3 3 3 


- 4 +m? +n?) == 


6. Let line vector be 7 =a7 +37 +2k, then projection with 
coordinate axes will be x, », z respectively 


=> F=45 4127 43h 


=13 units > DC's are ( 


. ebm | cn -0 
=l 


=> b= fb'mte'nbam nti im-0 


a 
=> ran +t8m en = Jom +n) =0 
a 


> Pricer (ec a@)mn-0 


The lines will be parallcl when there is only one valuc 
of mie.{(b? 2) a%}?— 4b? 
o a)|- —2be 
B= c= 2he~ a or (6 - cF -a? 
B= ct 2be~ a or (b- ch - #* 


=> so|b \2| > one possibility isa -— 5b +c¢70 
8. Observe that distance of A(3. 2, 2); BC-1, 1, 3); C(O, 5, 6); 
DQ, 1, 6) from PC, 3, 4) is AP — BP] -|CP — DP - 


VP 42? +2? =3 units. Hence the points lic on a sphere of 
radius 3 units 


9. A general point on the line joining in (3, -1, 2) and (9 -3, 6) 
9443 —3A-1 6442 
ne ( 142 (142 ) 
The point will lie on the sphere x? |»? 2? 350-0 
1¢(9% 3P C3 171 (6A 42F 350 117-0 
=> (126 -350)A?+ (72 —700)A + (14-350) - 0 
—157 £-V5833 
112 


144° 


or 4(56A7— 157% — 84} —O gives A= 


10, Let ce, B,7be the angles that a unit vector (7 = 4 +m +nk) 


makes with these three mutually perpendicular lines 
1 


=> cosa — cos — cosy — 


since cos’e. | cos? B | cos?y — 1 
po 1,2,3 = (£6, + mm, — mY - 13 

(Similarly other parts) 
and £,f, mm, nn,— 0 (Similarly other parts) 
£ +m +n =1 (Similarly other parts) 


ae 


This will give @ (4 +m? +n} 


5 at Stndilanly avaandie 


11. Let x-axis be along OA (and other axis similarly) 
OF 


ai + bj tok 


ai +bj tok 


Va +b? +0? 


ax _ -ab thi —ck 


TEXTUAL EXERCISE 1; (OBJECTIVE) 


1. (©) Distance between AQ, 3, 2) and BQ, 1, 3) is 


= VP +(2y +1 = V6 
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2. (d) The D.C’'s of a normal to x-y plane will be 0, 0, 1> 


3. (@) 9X —A-0 Sy 0 and z~ 0, Now only x can vary 
sis possible for the points on x-axis 


* ) are the D.C.'s of a straight line 


_H 


G) (a) Point (x, y, z) when y ~ 0 is xz plane 
(ii) (6) z— ¢ => a plane parallel to xy plane 
Gii) @) y— 0, 2-0 = x-axis 

fix) (b) y 
= A straight line parallel to x-axis and passing through 


(0, 6, ¢) 


—b.z-¢ 


6. (a) Projection of a line on coordinate axes are 2, 3, 6 


=> Length of the line - V¥2*+3° +6? =7 units 


7. (b) We know that cos’a. 
sin’ + sin’y ~ 2 
So cos2a cos2f | cosy — (2 costa 1) | (2eos?B 1) | 
(2cos*y-1) — -1 
8. (b) A(2, 4, 5) and B(— 4, 3, — 2) will be divided by x-y plane 
-2a4+5 
Atl 


cos'B | cos*y — 1 and sin’or | 


in the ratio %: 1, then 2 =0 


802 - S/2ieLk 


9. (b) Distance of AC, 2, 3) from x-axis - V4+9 = VIB , 
from y-axis — VI1+9 = VI0 and from z axis - V4+1 = V5 


respectively 


=> 13, 10, v5 


1-5:2 


10. (a) AB=i+2j-2k; CD =2i +3) +4k = 29 
D.Ris of AB are <1, 2, 2> and D.R's of ACD are <2, 3, 4> 
246-8) 


29 


11. (b) Point P(x, », z) moves parallel to x-axis 
So y and z values remain fixed 


0 SAB LCD 


Projection of AB on CD = 


12. (a) DR's of AB - <3, 5, 
DR s of CD <6, 2, 3° 


Projection AB on CD =2241078 _ 22 
hi 3 7 

13. (©) Observe that (0, 0, 1) is the mid point of (1, -1, 1) and 
(1,1, 1), similarly (2, 2, 2) is the mid point of (1, 2, 3) and 
G. 2, 1). Also AQ, 0, -1 BG, 2, -2) and C45, 6, ba are 
collinear as D.R.'s of AB :2, land D.R.'s of AC — 
6, -3». Points under option (¢) are not collinear 


As AB has D.R's <6, 7, 1> and DR's of AC -< 1, 6, 7 
14. (a) AC 2.4.7, BG. 6 8) CCI, 2, 2) 
DR''s of AB ~ <3, -10, — 15 DR's of BC ~ <2, 4, 6 


observe that D.R. 


are proportionate so points are collinear 
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15. 


16. 


Vs 


18. 


19. 


20. 


21. 


22. 


Algebra Il 


(b) Projection of AB linc on a line CD where angle — 8 will 
be AB cos. 


(b) AQ, 2, Vand BE 1, 0, 1). Now P divides externally in 
the ratio 1: 2i.e., 1 : -2 intersecting 


> of ; 3 \-04-% 


1-1 
(b) The vertices ofa Aare AQ, 1,2), 2, 1,3), Cl, 3.1) 
AB=V2 4242 =3; BC = CI? +(-2) +29 =3 
AC = JP +(-49? +? = 32 
Observe that AB ~ BC and AB? — BC? ~ AC? 
Right Zed at B and isosceles 


(b) Let (a, b,c) be a point in space, then sum of the squares 
of distances from the axes 
=(b ct) (cw) (a?) 36. 
$0 a — b? = c?~ 18 => OP = Vi8 =3V2 units 
(c) Let x — y plane divide the line joining A(2, 4, 5) and 
BG,5, A) inthe ratio 2: 1 

ha yo en smorakst— 5:4 
Atl 

23 41 
id the point on x-y plane | —,—,0 


(a) Let mid points be DE, 5, 
Alx,y,z,) 


1), HO, 4, 2), #2, 3, 4) 


D F 


c 
8 
Oyy,2) & — OY,2) 


3121 
3. 


=> Centroid G -(3 


Since G -(Ats BAY tM stutt) 


3 3 3 
+X, VWt¥2 2 +2, 
So C- 3G — 2D - (1, 2,3) 
B-3G 2K-(1,6, D 
A~3G-2E- (3,4, 3) 
Vertices are (3, 4, 5). 1. 6,7) 


{a) A(-1, 2, - 3}; BG. 0, -6); C0, 4, -1) 


AB = 63 -2j-3k =pe'sor M=($.2. 3) 


and p-( 


and AC 


tis ts ae =—_fl 
=1427 +26; so D.C.'s of ( . 
D's of Z bisector of ZBAC ~ <25, 8, 5» 
(b) Perpendicular distance of a point Pix, y, 2) is from 


waxis — fy? tz? from yaxis — Vx" +27 


vty? 


: from 


Z-axis — 


23. 


24. 


Lal 


= 


» 


{a) Let O(@, 0, 0); Ala, 0, 0); BO, b, 0 : CO, 0, ¢) 
Let P(x, y, 2) be equidis 
2-(-af tpt 2th 
Nowx? ly? zi-(r ah yt zt 
=> Eithora- 0 orx- ai2 


b 
Similarly (b ~ 0) or y= and (@ ~ 0) or zat Henee 


{a) €—m — =O is satisfied by the values in option (a) and 
(b). Further 24m n) — min is satisfied only by the values 
under option (a) 


TEXTUAL EXERCISE 4: (SUBJECTIVE) 


1), BQ, 1, Bai42j-k, 


—j+2k 


1) gives 


=> The required vector equation of straight line is 


F = +2j-h)+ AG - 7 +2k) 
‘The Cartesian (arm is 2 =2—2 = 241 
12 
G=1427+36 and b=) -27 +36 


The vector equation is 7 = (i +27 +3k) +4 -27 +3h) 


Ihe Cartesian form is 


G@=i-j+2k,b=142j-2k 

The veetor equation is 7 = — 7 +2k) +2 +2) -2k) 
x-l_y4l -2 

The Cartesian equation is a = a = _ 


AC4, 5, 10), B(2, 3, 4), C0, 2, 
F = 47 +57 +10k + A(27 +27 +64) 


1) vector equation of AB is 


re : ~ xd yo 
The Cartesian equation is = 
2 2 


Qi43j+4k + AG +7 45k) 
z-4 
1 1 3 


Vector equation of BC: 


x-2_y-3 


Cartesian form 


and D:3, 4, 5) 


TEXTUAL EXERCISE 2: (OBJECTIVE) 


(a) Observing option (a) 
Ks 14311) 12 
(1-2)-@yX- 3-1) -0 


0)-Oand 102-1) 1. 4) 


(a) The lines will be parallel when DR's are in proportion 
ie. <1, 2, -2> and <1, k— 1,-2= gives k~3 


_y-o 
Ok 


(@) The line = = 4 whore k ~ direction 


cosine. 


ye 


10. 


12 


ee 
5. (c) The equation of x-axis 


=> 3h =1l=k= 


at e 


114 
One possible combination is a+) 


3°33 


. (b) There are eight possible combinations of D.C.'s 


(= 5) with four | f support 
vith four lines of suy 
N3 B B PI 


= No, of lines ~ 4 {as these are not dirceted lines} 


The cquation of a line parallel to z-axis passing through 
(a, b, c) will have DR's <0, 0 


1. x-a@ 
Ience the equation is 


. (d) The given line has D.R.'s «3, 1, 0». Now z-axis has 


D.R!s — <0, 0, 1> and product of D.R.'s — 0 ie., 30) | 1(0) 
— 0(1) ~ 0 = line is perpendicular to z-axis 


(b) Projection of vector 37 +57-2k ona line with DR's 
18+10-6 22 
7 7 
(a) D.R's of the line «3, 2, 4 
Normal to the plane i = 2) +7 -3k 


<6, 2, 3> is 


=> sing= igre 12). => O=sin™ { ks ) 
Via cod Va06, 
yg 
(a) ‘The lines are os @ 
=> DR's of (i) are «3, 2, 6 
x z 
16-1 -1/4 0) 
=> DR's of (i are <2, 12, 3> 
> cee. [s-24+19 _ =>6- 90° 
TAAST 
. (b) It = 25% 277A ig parallel to ae by | ez | 


d-0, then normal to the plane i= ai +3] +ck is perpen- 
dicular to this line with DR's 
=> af bm cn-0 


(a) DR's of the lines are <2, 2, 1> and <1, 2, 2> 


I2+4—2 
5. emo = 2#4=2| 1-44 o=cos'() 
@Q 9 9 


TEXTUAL EXERCISE 5: (SUBJECTIVE) 


(i) Observe that 4 = 


So lines are parallel > 0 —0° 


> 


Aliter: 


Angle between L, and L,=> cosé = 


Be 
Gi) H=AG +7 42K) 


3-D Geometry 


=1>0-0° 


= 27+ nt -Di -GB +7 44k) 


(3-1-3 +48 _ 6 ra 
= cosg = Ne TP 5 9-2 
V6V24 12 3 

1D.R.'s of lines <2, 2, I> and <4, 1, 8> 


_8+2+8_2 


BO 


ztl 


= 9 =cos" (2) 
3 3 


4.93 


are <4, 2, 3> 


» 2, 4) will be 


-3 2 


xb, 


di 


5| 


f=4/1 2 3)=4(47-147 48h) 


he required line through (2, 1, 3) will be 
je hae Tj +4k 
x-2_y-1_ 2-3 


-1-22 


7 
. Line passing through (2, -1, -1) and parallel to 6x -2 — 3y 


2ic., 
Ft 


pel 
x-1/3_ 273 


1/6) (1/3) 


— J-K)+AG +274+3k) 


) 


in vector form and 


aor cartesian form 


z-l 
(2) 


will be 


‘The line will be perpendicular when { 94 1 2% 


,_710 
or 4=—— 
7 
a= JG - GAY 


72 =0? +(41)? +¢410)' = 1o1.(% = 07 +7-+10k) 


a= 101-77 = 
Foot of perpendicular — @ - j -10K) +A), 
7 (§-j-108}+@ -3} +8k) 


= apa. 


4j-2k 


V24 = 2V6 units 


M(3,-4,-2) 


10} -0 


4.94 Algebra il 


8. P(2, 4, -1) and (2 -3 -2) — 442 -3 4} -— C9) (9H) + 


611)-0 

Gives h- 1 and (4.— 5, 44-3, -% — 6) - C4, 1,3) 

=> Equation of perpendicular “2 =-2—4 241 
uation of perpendicular “= = 25" === 


9. Point P(5,9,3) and 2022 1 5) 3(3R 1.2 9) 1 4G 3 
-3) — O gives A 1 and foot SM 2A — 1, 34. — 2, 42 + 3) - 
(3,5, 7) (from Q — 2M P). Now the image @ - (1,1, 11) 

10. PQ, 1,5)and 10C10R 1 112) € 4) 44 21130 1 
{-112 -8-5} —0 gives 2 —-1 and Foot (10%. + 11, -42— 
2, 11h 8) =(1,2,3) 
The image - 2M P - (0,5, 1) 
Vector Method: P(A) 
. _10r-47-1 
and §, =—— 2 
* 237 
Li -2) - 88) + AD, 


OF +7413 


Foot MO# 


~ nino} aby 8 no} ali —}403eae 
(uli -2) ~88) + HNO —4j 11k) ~ 7 +2) +3 
soM~(1, 2,3) 

Ilence the image O(G) = 2 - p — OF +357 +k Q=(0.5.1) 


1. (a) AG, 4, 1) and B(S, 1, 6) 
Line AB will mect xy plane for z — 0 and let P(x, y, 0) divide 


AB in 2: 1 ratio 
51 
2Sigad 
6At1 1 6 6 
go 24 =o = a=-2 = P|_—6,_S, 
SO ase) ag, LST 6 516 
p-(2.2 0) 
375 


(b) Let the line through A(S, 1, 6) and G3, 4, 1) intersect 
YZ plane in}: 1 ratio at P(O. », 2) 
3 


So gives 2 — -5/3 
-17 13 
ate 
Now P| +? 3 3 


(-2/3)'(-243 


17 13 
SoP | 0,—.-— 
2 2 
Let point P on 2xy | z= 7 divide the line joining 
AG, 4, -5) and BQ, -3, 1) in: 1 ratio 
224A +3) 4+(-34 -4)+(4-5) 
4) 
and P= (1,-2.7) 
12. Equation of line joining AG, 7, 8), and BC-1, -2. 1) is 
% =(4E +77 +88) +(-AMSE +97 +78) 
Similarly, equation of line joining the points C(2, 3, 4) and 
DO, 2, 5)is F = (28 +37 +4E) +E + 7-O 
% =F gives4—5h-2-w, 7-94 -3-—w 8- 7h 4p. 


=7 gives k--2 


=> 47 12, p=2- 5h - 1/2 


me 389 
The point of intersection is | =5.5 


13. (@) (RB 1) 22% 1 6) BGR 12 3)-Ogives 142 
— 14-080 %~ 1 where P(1, 6, 3). The foot of perpen- 
dicular 44(1, 3, 5). The image Q- 24 P- (1,0, 7). 


(b) P(p)=7 427438 
F =(6F +77 +7k)+AGi +27 -2k) 
7-35 -4k 


Now #= 
Foot of perpendicular Af (7) = (Gi +77 +78) +R AYA, 
17) 
17 
— m=3i +5) 49k 
Image of P is Q (G)=2m- p 
— S748} +15K . s0 OCS, 8. 15) 


— GF +77 47k) + (37 +2} -2k) 


Ai + (2A +2) 7+BA-3)K 


=> KH =(242yy +(643y)j +B44p0k 
Equating 24 — 2 + 2p, 2+ 22 — 6 + 3y given 
61 4-6 3p, so p— 0 and & — 2 which also 
satisfies 34-3 — 3 - 4u 
So the point of intersection is (2, 6, 3) (Le., point C) 


=> R=GA+DE+(24-Dj +34 4DE 

z+1_ 

2 

=> r= (4p-W4+Gy4)j (2p -DE 
Equating 32 — 1 -— 44 —2 and 24-1 — 3. — 1 gives 
R= 7-12 
Putting in 54 + 1 —— 24-1, gives -84 - 23 which is 
not true 


And fy: 


x+2_y-l 
4 


lines do not cross each other 


16. Line 4,:% =(+7-42Gi-j) 
and Ly 47 — B+ p(2i +3h) 
{Observe that 6+ pd and €-G=h soé is the point of 
intersection} 
3-1 Q 
[€-a6 d= 3 -1 o=0 
20 3 


Lines intersect 
S$03%+1-24—4:-2+1-0:-1- 3-1 
(gives 2. — 1); (gives p—0) 

The point of interscetion is  i.e., (4, 0.1) 


Lal 


. (a) Let the foot be AM(5% 3.2K 1-1, 3% 


. @ 


(6) PCL. 2, 3) and the line £.:~—* 


TEXTUAL EXERVCISE 3; (OBJECTIVE) 


. (©) A=(@)=(.2.D,B) - 4,6).C@ = (3.4.4), 


7 - 2k 


Foot of perpendicular Af (m)=6 +@7)A 
- G44] +68) Oat 28) =35 +4) +5k 


4}, then 5452 3 
— 0} — 2{24 +1 -2} - 3434-4 -3} -0 
Gives 38% 38-0 so 4-1 and M(2,3, 1) (distance) 


Length of perpendicular ~ V2? +1? +4? = /21 units 


. (a) Let AA, 24 — 1, 3% + 2) be the foot perpendicular then 


(h 1) 22% 1 6) 33K) 2 «3)-0 
Gives 144 14-0 so 4-1 and M{1, 3, 5) 
The image Q ~ 24—P ~ (1, 0,7) 


|. (a) Let A4(., 2% — 1, 34 — 2) be the of foot of perpendicular 


from PC, 2,3), then (1) 22% 11 
=> 14-6 -0 gives 43:7, 


3 13 23 
M|-- 
‘a (5. } 


(a) Let M (i) = (24,32 +1,34 +1) be the foot of perpen- 


dicular from (1, 2, 3), then 22% 1) 3% 11 2) 1 
3(3% + 1-3) ~ O gives 224-11 ~ 0 so A ~ 1/2 and the foot 


2) 133412 3)-0 


R= (SP —j+4k) + AG +27 +24) 
= (Ti +2) +2k) + wi +27 +6k) 
_ +4412 

BT) 


=> cos0= 


lle: 


9 
> ead a 
21 


and 


The angle between [ 


I3+0-5| 


2 
V250 5) 5S 


isaiven by eosd =| 


> 8-cos X1/5) 


. (b,0) DRs of L,: “a, b 


. ea abe 
DR s of f,:{—-——}={(——-—_—_ 


be ca ab abe abe abe 


=> lines are parallel or coincident 


Length of perpendicular d = 
— 4k =P = (166y = 66 


where % =—3 


13. 


14. 


15. 


16. 


17. 


3-DGeometry 4.95 


5 t2I- 28 


oT 


+27 +4k) + AG +27+2K) 
2}) + u(3i +2} +6k) 
_B+4+12|_ 19 


cos6 =8,.d, a a 


kh) +4Gi-)) 

1,17 = (43 -B) + aQi +3k) 

Comparison gives 32 + 1- 2u+4,1—2-O gives 4-1 
and 3p, 1- 1=3p-0 

2-1, 1-0 satisfies -. C(é)= 4? —& is the point of inter- 
section C(4, 0, -1) 


(b) 1, R= QA4DF+GA-DF +42 4DE 


Ly:h, = (M43 tet kj + ak 

ie, 2h +1-p+35 44-1 -pgivesp--3, 4-3/2 
pultinginp = k-3% 1k 5- 9721 

=> k--12 


(a) Ly R= 43 +t 44k 
Ly Dp +1 +B +20) +(4u 43 
1-2.13;2 


gives 2u 4y | 3, gives w— 5/2,%- 7 


i) 


(a) A general point ? on the given line is 

F=(QA41¥ 4(-34.42) J 444-30 

If it meets the plane 2x | 4p 2-1, 

thon 47, — 2+ 8-12-42. + 3-1 gives 4-1 
PB, 1,1) 


(© Let M02 411, 4402, 17% 8) be the foot of L 
from (2, -1, 5) then 10(10% - 11 -2)-4(- 44-241) -11 
(1K 8 5)-O0r237h 1 237-O802- 1 

M(1. 2, 3) and Length of perpendicular 


~ fP 403) 42? = Via 


(@) A general point P on the line will be (3% — 2, 44-1, 12% 
2). If it also Ties on the planex y 2-5, then 

(3h. — 2)— (Ai. 1) + (122 + 2) — 5 gives 4-0 

=> P2, 1,2 and its distance from AC 1, 5, 


d =V3° +47 +12? =13 units 


point of intersection = 


10) is 


4.96 


18. 


19, 


Algebra Il 


(©) P2,4,-1),A- 3. 3,6) 


R= 


ade. 


> 


§xB,=[-1 1-1] - 07 -27-2k >| x 


fa 


ait) 


@ 


AP =75+7j-7K and & 


aR 
fay eA - 4903- “e = V9 = 7units 


=(52 44 +0417 428 


=(2n +1i +Bu42)) +e 430k 
Sh +4-2u +1, 2h- 17 3p +2; 
3givespp— landd- 1 


satisfies the other equation 
Point of interscetion P(-1, -1, -1) 


TEXTUAL EXERCISE 6: (SUBJECTIVE) 


GF -274+3k) +7 +j-2 
i+j-ky+ad+j-b 


| = V8 units 
| 


-4).(b xb, 21 
Shortest distance d= (4.4.04 bs) 2 
ve 


units 
R= +27+3h) + AQF +37 +4k) 
F, = (25 +37 +5k) +003) +47 +58) 
Nowa, 4, =?+7+2k and 


Rub-f+2}-kao pik 


shortest distance d= 


F=()-27+3k) 4-747 -26) 
=(-j-k)+aG +2) -2%) 
j-4k and 6x5, = 


27-47 -3k = J29 


Now 4, -4 


-4+12] 8 
Shortest distance d = | | = units. 
29 29 


R=G+}-O+4Gi-j), 
7, =(4i -) + (27 +38), 


i 7 a 
Now 4, -4,=3i-j and &xb,=|3 -1 0] 

kh o 3 
8 xb, =-37 -97 +28 |B, xb,| = vo4 


F-j)+2Qi+37+h, 


7 +2) +2k) + ui +7 +04) 
~27+3742h 


i 7 & 
3 1]/=-F+57-13k 
19 
4-4), | _ [2415-26] 9 
Jbxd, 195 hos 
Lines do not intersect 
4. F=0 + )+Aai-j+k, 
R=(28+j-K +i -27 +2), 
Now 4, - =2i-j+k=V6 
Shortest distance 
a)xb |i+37-€] 
go Gca)eh Fsi-4 i, 
al vo vo 
§. A point on the straight line 
hy: M(Qh 1, 3% 12, 4% 1 3)and 
(3t + 2, 4¢+ 4, 5#- 5) 
sofMN=(1 3 2h,4t 2 3A,5t 2 4h) 


Since MN LL, 

=> 2 6 4R11%16 9K 20 8 164-0 
ie., 38¢— 29% — 16-0 serene) 
Similarly, 3 + 94-6). — 16f + 8 - 124 — 251 + 10-201.- 0 
sot 38% 21-0 ecceeesie i) 
From (i) and (ii), we get 4 — 1/3, t- -1/6 


‘( 10 25 
dN Se 
2°36 


6. A general point on straight lines /., and /., are given by 
M(O2. + 23,— $2. +19, 3% — 25) and NU2 -9, 4¢- 1, 24 


MN ~ (62. — 9-11, 42, +418, 2¢— 32.20) 
Since MNIL, 


=> 66 54 3621 72-16% 16t1 6 9% 60-0 
So 44-612. — 78-0 
Similarly AN LL, 44t 672 1 78-0 @) 
and 8/4 + 99-54%, — 16%. — 161-72 — 41-64-40 -0 
Sol0l 44, 13-0 Gi) 


From (i) and (ii), we got 22,471 
So M1, 11, 31) and AG3_ 5,7) 

7. Lk =A-Ie+UtDj-A+Ddk, 
Ih =O wi +Qp-Nj+(u+2k, 

1,4 + 1,-R— Land NO = we, 2e- 1, x +2) 

~2-p-A,2w-A-2,m-2-3 

SoMN LL, gives(2 po ®) (Qu % 2) Qu 2% 3)-0 

iv, -34-3-05%--1 

MN Ligiveswih 2 4 2 Alp 

iv., 6p—3 ~ 0 => p~ 1/2 so 44-2, 0, 0) and NY 


wi of) - F-F 


nial 31438) 
2 bs 


The cquation of line MAN, F 
or F=-2+a(i +h) 


8 Lot L,: M2h,2—A,-3) and Ly NGw- 4, bw +3) 
DR'sofMN-3np 4 2p ® 2p 6 
MN LL, gives 6p - 8-4%.-p--2-0 


ie, 5p 5% 110-0 a) 
Similarly MN LL, gives 9u 62112 poh 2 p 6-0 
=> Up-5i+ 16-0 wand) 
Gives p— 1,%—1, 80 M(2,1, 3)and MQ, 1,2) 
d= Y(-ty +(-2)° +65)" = V30 units 
F = (2 +) -3k)+A(-1-27 +58) 
TEXTUAL EXERCISE 4: (OBJECTIVE) 
BPE og Hl 52 vats 
L@ pag53 and S 3 z afe parallel as 


D.R's are equal, also point %— 1, 2% — 2. 3% —3 lic on first 
line. 


=> Lines are coinciding 
2. (d) Observe that (1, 2, 3) is a common point both for Land 
[D2)+22)+GK-2)| _ 9 

Vid Vi2 


Gives 0 — 90° ie., lines intersect at 90 


Hand cos@ = 


3. (ce) G=24+3744K and G, = +47 +5k 
&,-a =-i+j+k 
‘The Tines will be coplanar when [ a; 
pt 4 
ie, |1 1 -k]=C{2+2k +47 44-2} =0 
k21 
=> M+ 3k-0,s0k-0,-3 
4. (a) Thrce line passing through the origin will be coplanar 


when 


w 


3-DGeometry 4.97 


Nn -4 -1 
ic, {l -2 2]=Ogives—52,— 10-0, s04--2 
n 2 -2| 


=F OMGA-aA) 


z 
— SNe ap, 

l/2 1/2 = NCQ a. . 1) 

(By Hit and trial or guessing) on putting 2 — 3a and p~ a, 

we gel Af(3a, 2a, 3a) and Ma, a, @) 

(a) Line parallel to x-axis will have D.R.'s <0, 0, 1> if it 


passes through (a, 6, c), then 


TEXTUAL EXERCISE 7: (SUBJECTIVE) 


Intercepts formed by the plane 2x 4z— 12. on coordi- 
nate axis 

x intercept — a — 6 units 

y— intercept — 6 — —4untis 

z—intercept — c — 3units 

=> 6 43 


3y 


D.R's of the Tine joining AG, 

7,—3,-1> 

Since it is normal to the plane passing through ( 10, 5, 4) 
The plane will be 7x + 10)-3@— 5)- 1@-4)- 0 
or7x 3p 2189-0 


1, 2) and BC 3, 2, 3) is 


A plane parallel to x-axis will have a normal of the form 
OF +87 +k 

Hence the plane (in general form), P: by | cz 
Now (2, 3, 1) and (4,5, 3) lic on it 

=> 3b cld-OQand 5b! 3c1d-0 


=> 4b-c=sd— 7b, \lence the plane will be bf 
-O.ie,y + 2-7 


d-0 


4 7h 


Let the point be A(a, 0, 0) . BQO, b. 0) and C(O, 0, c). Since 
the centroid of ABC is (1, 2,3) 3 a-3,b-6,¢-9 


Hence the plane is ~+2+2= or6e 1 3y 22-18. 
a. SSD 


AQ, 2, 3). BG, 4, 5) mid point C@, 3, 4) and D.R's of 
AB <2,2,2> or <I, 1, 1> 


4.98 — Algebrall 


Honec the plane (x- 2)- G°—3) -@- 4) - 0 
ory | yl 2-9 


1.94 1. 
6. Let the intercepts be a, b,c, then —+—=+—= 
abe2 
242,20 
abe 


Since the equation of the plane with a, 4, c as intercepts 


will be =+242 
abe 


(2, 2, 2) lies on the plane irrespective of the individual 
values of a, 5, ¢ 
Hence the plane always passes through (2, 2, 2). 
7, B(-2, 1,4) and A(3, 1, 2) D.R's of BA ~ (5, 0, -2) 
So the plane is 5(x 3) OG =) ez 2)-0 


or 5x 22-11 


8. The plane passes through P(2, -1, 3) also it is parallel to 
&(3,0,-1) and 5(-3,2,2) 


lx-2 y+ 2-3 

=> The required plane is ?:| 3 o -1]=0 
-3 2 2 

or Ax 2) 311) 6&2 3)-0 


i.e. 2x—3y + 62-25-0 


9, A plane will be passing through A(4, 5, 1); BQO, -1, -1); 
CG, 9, 4), DC 4,4, 4) 


If AB,AC,AD vectors are coplanar i.e., AB(AC x AD) = 0 
4 -6 -2| 0 0 -2| 


-10 3 
Hence these points are coplanar. 


10. Since the plane x is parallel to y-axis 


x 
‘The equation (in general) for #:— 
a 


c 


oz 
Now ¢ - 3, a—4, 80 Fare or 3x | 42-12 


11. Lot ax — by + cz — d—0 be the plane Leular to 2x—y + z 


3-0 
=> 2 -f2+8 is parallol to the required planes 
. 2a-bt+e-0 0) 


Now (1, 1, 1) lies on the plane so a — & 
Also (1, 1, I) lies onthe planesoa 6 c- d 
we get 6--c soa--d 

Pulling in (i), we get 2a bb -Osoa—b 

The plane will be ax + ay—az—a-0 

orx y 2-1 
z 


4 


xy 
12. The plane =+4+==1 
2 3 


arca of AABC = y{AdOBY +( AAC 


— ¥9+16+36 = V61 square units 


TEXTUAL EXERCISE 5: (OBJECTIVE) 


Zz 


1 


(b) Given a - b- ¢— 1 => The plane is ona es =1 


© PQ, 1,0); OQ, 2, 1) and R¢ 2,2, 


x-l 


1) are on the plane 
y-loz 
So} 0 1 1/=0 »2-2-3-3)- 32-0 

3 0 -2| 


or 2x + 3y—32-5-0 


. (a) Let the plane make intercopts of longth a, 5, ¢ on the 


coordinate axes 


b 
(¢ San = a-3p,b-3q 


¢=3r and the plane is 


. {b) Plane passes through A(2, 2, 1) and B(9, 3, 6) and itis L 


to 2x | 6y 62-9 
x-2 y-2 z-] 
The required plane is | 7 1 5 |=0 
2 6 6 


=> 3x dy 52-9 
(c) OP =ai +bj-+ck where Pa, b, 0) 


So plane through P with OP as normal vector will be a(x a) 


by by oz e)-0 

or ax by cz-(@ 1 1 ey) 
(b) AQ, 2, 3), BC 2,1, 4) and CG, 4, 2) are the vertices 
of AABC 

7 i pak 
So area ABC = {AC x BC) -3P 2-3 

5 3 2 

SI Slisi -295 -a — square units 


. @) A general point on the line will be (, 2r + 1, 37 - 2). 


ata 2-0 
111" 11 


If it is also lies on the plane, then 2r — 6r 


1 
gives r= —T) Ilence the point is (- 


(© Ide 4y | kz — 0 contains the line ~— 


thon 4(2) — 4(3)+ (4) — 0 
=k 5 

(e) A general point on the line is (1 
these in the given planes 

L.ILS gives 2x | 3y 42-2 2r | Gr 
= Plane (c) contains this line 


r,2r 11, ¥) pulling 


3 4-5 


10. 


WL 


(b) ‘The plane 1 cular to the line zs 


Zz 
ae and A 
3 and passing 


through (2, 3, 4) will be (x 
ic.,x + 2y— 32-20 


212 3)13 4-0 


(d) Thegiventwolinesare /, :7=( +27 +H) +40 +j+) 
And fain =(/4+274+H4+ +27 +28) 


Observe that (7+2}+K) is the point of intersection of 
these two lines. 


So the plane can be written as 


FaG4+2j+h+aG4j +h +p +27 +26) 


13. 
14. 


15. 


16. 


17, 


18. 


and parallel to line — 
a 


b, 
IC(¥,,¥p 2, lies on the plane and 
(at +b,j tek) xCayt +hyj +e,k) is normal to it 

em Y-H 
‘Yhe required planeis| a, =~ ¢, |=0 
a 6, 


z-Z 


o 


(c) According to the given z — yorx-y+z—0 


(a) The equation of the plane through (1, 1, 1). (1, -1, 1). 
(x¥-D G-l) &-) 
(7, 3, S)is}| 0 -2 0 |=0 
38 4 -6 
=> 12¢%- 1) + (—1)-16) — 0 or 3x- 42 - 1-0 


(b) Normal to the plane ax + by - cz + d-Qis ai +8) +ck 
Equation of line passing through (a. B, y) will be 
F =(ai + Pj + yk) + alai thy +k) 

-p 


a b e 


(6) Foot of perpendicular from origin to the plane is 2, 4, 3) 
-, 2 +4] -3E is the normal vector and therefore the plane 
is&x 2) 4ty 4) 3 3)-Oor2e | 4p 32-29. 

(a) ‘The plane 3y | 4z — 0 is satisfied by a general point on 


x-axis is (a, 0, 0) 
=> It contains x-axis 


(b) P(a, b,c) > Foot on yz plane and zx from P are points 
A(, b,c) and Ba, 0, c) respectively. The plane through 
O(0, 0, 0), A and B will be 


x y 2| 
Ob 


c|=0 = bex + acy—abz— 0 


19. 


20. 


pr 


22. 


24. 


3-DGeometry 4.99 


(© Ifa plane is parallel to x-axis thon the normal to the 
plane will be perpendicular to x-axis. 

= by-atd-0. 

(a) Normal to the plane by + cz — d-Ois bjtek which 
will be perpendicular to af, Now a! is normal to FOZ 
plane 

y-3_ 2-4 


4 0 
2~4, So this line will be parallel to xy-plane 


(a) ‘The line ~— 


has 1D.R.'s <3, 4, O> and 


~¥o 240 


m 


(© The line 7 will be parallel to 


ay-plane ifn - 0 


. (a) Observe that (3, 2, 0) and (3, 6, 4) lic onx—y +271 


Also the product of D.R's <1, 3, 


vero so line lies in the plane 


4> and <1, -1, 1 boing 
(b) A general point on the line is (3r 1, 4r 2,3 2r) 
Ifit lies on 2x—y + 37-10, thon 6r + 2-4 + 24+9— 
6r 1—Ogives 4r - 12 orr-3 

So P(10, 10, -3) 


TEXTUAL EXERCISE 8: (SUBJECTIVE) 


Plane mx | 2p 22 a—Oand point P(1, 2, 1) distance 


of P(from plane x) d= =, gives a—10>0 


Further let Af be the foot of perpendicular, 
then M(x + 1, 2r—2, — 2r + 1) satisfies x 


sor ll4r 4 4r 2 10-0 
Gives r=2 50 u(3 = 3) 
3 
-l 11 
. Volume of parallclopiped — |9 0 2/=(-2\-1=2 
ae Ue | 


cubie units 
Equation of the plane passing through P(-1, 1, 1), Q(. 1, 1) 


e+] y-1 2-1 
andRO,0,2)is| 1 9 0 |=0 gives1-y+1-z 
o -1 1 


-O=>y1z 2-0. [lence distance from O(0, 0,0) to plane 


|—2| 
Pl anit 


D.R's ef the line of intersection of two planes 


plz 2-0is 


i ja 
—|2 3 1/=3/-37438 of <1,-1,1 
1 3 2] 


=> cosa 


4.100 


4 


7 


10. 


12. 


13. 


14. 


15. 


. Angle between the plane 2e yz 


. Plane passing 


. Let M(2r 


Algebra Il 


D.R's of the normal to the required plane 
i fj & 
2-2 1)=-37-37+08 or <1, 1,0> 
1-12 


‘The required plane is x | y | 1-0 


l+2+0+]] 
So distance from (1, 2, 2) is d all+24041 op 


v2 
=> d=2y2 units. 


. Under the given condition the plane x 2p | 32 6-0 
‘3 [-6+5|_|-7+6| 
serves the purpose as pea) 
Purpose a ia 


=> mplanex | 2y 32 6-0 


1-Oandx 2y 21 


j2+2+1] 5 


2-0is PTE eit cos 8 —(5/6) 


Given a — 8,5 — 4, ¢ ~ 4, so the plane is 


x + 2y + 22-8 0 and distance from origin ~ 


through (1, 2, 3) and parallel to 
x + 2y + 52-0 will be (1) + 2-2) + S@—3)-0 
ie,e ly 52 2-0 


1, rl 3,7 1 4) be the foot of perpendicular 

from PCL, 3, 4) on the plane 2x—y + z - 3 — 0, then 4r — 2 
ro 3lr 4 3-0.Sor- 1 and MC 1,4, 3) 

=> Tho image Q(of point P) will be (-3, 5, 2). 


Angle between the planes 2x-y + 2-6 andx —y — 22-3 
is given by oso = 212 _ 1 =0=4 

s given by cos0 = == == 

is given by ee 2 3 

The plane 3x 6p 22-Tand 2x1 y ke—S will be Leular 
when 6-6 + 2%-O=>k-0. 


Distance of point(2, 3, 4) trom the plane 3x — Gy — 22 + 

\6-18+8+1]| 
a 
ax + by — cz—d~O and ax ~ by — cz — d ~ 0 willl por- 
pendicular ifaa’ | bb | ce*— 0 


11-Oisd =1;s0 d—1 units. 


Angle between the planes 3x 4y 52-0 

9 = 6#4=14 _ 4 
a -y-22-5 6 y cos) =+—— = 
and 2x—y— 22 ~ Sis given by Sh 


=> 0-2 
2 


Angle between the plane ax — by — ez — d- 0 and a line 
m, n> will be given by 


a a 
.so @=sin 


16. Distanee between the plane P,; 2x—2y + z— 3-0 and P, 
B 


2y- By -2+52-Oisd 


z-2, 


17. The line 


E-m _y- 
# m 
d-Oilal bm 


will be parallel to the plane 


ax by lez cn-0 


TEXTUAL EXERCISE 9: (SUBJECTIVE) 


L Lethe ylz 6)1(e 3p 42 
passing through the interscetion. 
Sinee it contains (1, 1,1) 
so % (-3) + 4 ~ 0 gives X — 4/3. Hones the required 
plane is 10x | 13y | 16 39-0. 


5) —0 be the plane 


2. 4x — 3p + 22 — 15 ~ 0 the equation of image plane is 


3 Rie y 2 3-0 
P,:(2-Wx—G + Ay — Ata) —3 (1-2) 0 


P :2x—3y+42-3=0 


Angle b/w p, and p must be same as angle b/w p, and p 
[24+3+4] _ [2+44+3+A44+A] 
V29N3 3 a+ ay ++ ar +4tay 


81 (342 118% 1 29)- 2934.1 97° 
9322 — 18}. — 29) — 29 (A? — 62, +9) 


thus 


> 2+1% 0 
> 2421 6)-0 
> 2-0-6 


For J — 6 we get the equation of image plane as 4x | 
3y— 22 + 18— Oi, 4x—3y — 22-15-09 


3. Let P,=%: P + P'— 0 the required plane, Then D.R.'s of the 


normal to the plane are <a a’, b&b, ch. | c'>, Since 
the plane is paralle! to x-axis 

a 
=> Mak+a’)-0 => as-4 

a 


The cquation of the plane P, will be given by 
‘ PP 

-{P +P'=0 oradP-Paie, —=—. 

a aoa 


TEXTUAL EXERCISE 6: (OBJECTIVE) 


1. (a) The plane 2e (1 | Ry 32 —0 (for 2 — 1) can be 
passing through intersection of 2x—y — 0 and y— 3z ~ Das 
Qx yyIC I 32)-Oor2e 2 32-0 


2. (b) Let 4 (2x— 3y— 2-4) + @—y + 2-1) Dor (A-D) 
xl€ 3 Dy Gllelad 4-0 
The plane will be perpendicular to the plane 


x1 2y 3216-Owhen(2, 1) 6% 2 3% 3-0 


which gives 2 andthe planeisx Sy 32 23-0 
3. (a) Tho plane passing through (1, 2, 3) and parallel to 
2x By 42-Owillbe Xr 1) 3 2) 4 3)-0, 
ie., 2x —3y—42-4-0 
4. (©) Let P~ A(x — y — 2-1) - (2e + By —2 - 4) - 0 be 
the required plane with D.R's of the normal as <(2 2), 
(4-3), -L 
Since this plane is parallel to x-axis 
(-2)(1)-0 > A--2 
lence P—y 3216-0 
5. (b) Let P—Ae 2 32 4)IQely 2 5)-0 
be the required plane with D.R.'s of the normal as = % — 2. 
I+, 3K I> 
Since the plane is normal (perpendicular) to the plane 
bx By 6 8-0 
=> Sh 1016K13 18% 6-Ogives 4 - 19/7 and the 
plane will be 33x + 45y — 502-41 -0 


SECTION III: 


1. (a) Given £1 mn -0 
=> £-=(m—n)and 26m — 2 - mn - 0 
{also 42m? n?— 1), pulling £— Gm | on) 
we get (— 2)Qn? + 2? — 2nm)— mn — 0 
or 2m? 2n?- Smn— 0 => (2m + non — 2n)-0 


(i) when # = then tat so ae'e(-2.-2.m)] 


1 1 2 
=|F Ft 
(= ane 5) 


when m — —2n thon £ — #7, so D.R's (#7, —2n, 2) 


= desley = 


Vo" V6 


AG =i +27 42k 
G42} +2k) 
3 


So AC = and AB =6)-2}-3k so 


meee 61-27 -3k 
iz. 
Vector along angle bisector — AC + AB 
_ P+ 27+2k F223 =3k — 257 +87 +5k 
3 7 21 
So D's of the biscetor are <25, 8, 3> 


R+2,+2,4+2, _ 


3. (a) Centroid is at d,-2,5) 


80 z, = (2,-4, 16) 


4 


. (b) The point of interscetion of 


4.101 


3-D Geometry 


(a) AG, 5. 10). BQ, 3. 4), CC, 2, -1), D~ 3, 4, 5) 
Now AB =-27-2}-6k - (-2) ff +j +34} 
-4 


Bra cary 
(@) Line is >=" == p (way) 
é m n 


=> S hp ly fore = Os we gel pS 2 
7 


na ~ ty 


So x= 


and y= 2AM 
” 


Pulling in ax? by? - 1, we get 
ane. — fy)? — BG — my) 


wv 


and === =f will be given by 2% 1 1-Sp 4, 


21 
SR + 2-2-1, 4-3 -p 
=> h-y- Vand then pointis( 1, 1, 1) 


{a) LetA—( 1,0,3)and B-(2,5,1) => AB 
Projection of AB on 67 +2) +3k will be 


(a) OP =ai + hj +ck 
Plane 1 to OP passing through (a, b,c) will be (@) (x— a) + 
()G@ 6) (ee c)-Ogivesar by | ez—a? ble 


(a) Angle between plane P: 2x y 12 6—Oand 


Piy=xlyl2z 7-Ois ono (222 


(©) AQ,2,3), BC 2,1, 4);CG,4, 2), AB=-3 
and AG = 27 +2} 


=> Area of AABC = 


ij 
am «A | - 2s ee 
2 2 

2 2 
Tigger gal Sd 1 
~ s|H9% +29 +4k| - 5 V361+ BAT +16 = 5 Vi2I8 


(a) Given O(0, 0, 0) AC. 2, 1), B(2. 1,3), CC 1, 1, 2) are 
the vertices of'a tetrahedron. Vector normal to face 


i 7 & 
OAB=\1 2 1|=51-7-3k 

21 3 
Similarly vector normal to face 


7 
ABC =|1 
a2 1 AL 


4.102 


12, 


13. 


14, 


15. 


16. 


Vy: 


Algebra ll 


Now cosy = G1 == 3. 54-36) 


35-035 
9 19 $ 
Ppl ALLL ey, een TL 
35 5 


(6) The D.R's of the line of intersection of 
3 and P,:¥.(2i+37+k)=9 will be 


Since this vector is perpendicular to 7.(ai +87 +4k) =5 
Soa--8andb-4>at+b--4 


(©) Observe that the product of D.R.'s viz. 13) — 1) (-3) 
(3) (10)-0 
Line is parallel to the plane and it is at a distance of 


+3-6-30-26| [59 it 
vis ie 2 units 


‘The image will also have same DR's and it will also be 
at the same distance 


12+3+70-26| _ 
vie 


(a) D.R's of x-axis <1, 0, 0%; DR's of normal to plane are 


yy 


(c) Option satistics as units 


= A (given) 


(a) {As (0, 0, 0} satisfies}. Lot the plane be 4x — my + nz ~ 0. 


Now A(a, 1, 1) gives fam | n—0 a 
BCA, b, 1) gives €- mb-n-O aa Al. 
And C(I, 1,6) gives £ 1m ne -0 ii) 
Now from () we ge.@= 20h 2 

f+m+n 
so 1-a@ =———— 

£ 
é 4 
Similarly 1-B=—7™" ang 1 =" 
mi 7 
_ftmt 


c ftmtn 


(a) Mid point of (2 
satisfies x — y + 2-1 


4) and (, 7, 8) is (4, 5, 6) which 
-0 


- =2 
(d) ‘The angle between the line ~——=2—"=77* ang 


be 
the plane ax — by — cz + 6 — 0 will be given by 


= line is parallel to normal to the plane ie., Line is 
perpendicular to the plane 


19. 


20. 


21. 


22. 


24. 


25. 


26. 


(D.C) 


= Ong, — myn Ji + (Ln, — Em) 3 + Em — Fam 


(a) Given {x 2)-0 

y ~ 0 which is xz-plane or x — 2 — 0 which is a 
ing y-axis and inclined to x-axis at x/4 and 

inclined to z-axis at 2'4.But these planes arc mutually 

perpendicular. 


(a) ‘The planes x | 2-0," | y—O,y | z—O are intersecting 
in a unique point (0, 0, 0) 


(a) OA=i-2j-& and OB =31 -27 43k 


normal to the planesOAB=|1 -2. -1)/=-8/-6) +4k or 
B -2 3 

<4,3, 2> 

(b) Since we are to find the D.R’s hence the products of! 

DRIS will be - =cos% 


@ay+djqy 
VPP yr +r +(V2)° 


Which is satisfied as cos? = 


. {b) The line y — z ~ 0 is x-axis which has D.R.'s <1, 0, 0% 


Let the required plane which is parallel to x-axis be 
P(A 12x (RB lpi (aR 32 (SA 1 1)-0 
So the product of D.R.'s will be zero ic., 2 + 2-0 and the 
plane P willbe P: 3p 12 9-Oor3y 2-9 
(a) Afa, 2, 3), BOL, b, 2), C(2, 1, ¢), O(0, 0, 0) 
3 5 
Given centroid at G = (12,3) = (= 3 <bHs +8) 
4°4°4 
=> a-1,b-5,c-7 
Henee @? + b= 7? — 75 


(@) Equation of line parallel to line 5 


through PO, 2. 3) is 


=> Any point of this line is (2r + 1, 3r—2,-6r — 3) = Olsay) 


Itis lies on plane x—y - 2-5-0, 
9 iis 
TTT 
1,9) and € 1,0,19 


= e-( 


(b) Line segment joining (1, 


sro 


The given plane is 2x + y — 6-1-0 


27. 


28. 


29. 


30. 


The required length is g = 


a fea 2 2 JF 
al Val 
(b) DR's of line L, : <6, 4,4 


D's of line £,: < 6,2, I> 
Vector perpendicular to both these lines is 


ij & 
6 4 -4|=12/ +18) +366 — 627 +37 +68} 
6 2 1 


2.3 
DC's are (2.5.5 
TTT 


(a) Given: mm + fm + n£-0 


nt 
Soma | Q- nt => m=- 
ute 
Putting in a | b'nt | c2n—0, we gel 
B4-nt) : 
at 29 5 cn =0 which gives 
n+e 


@@ - aint — Bt - nk - cr 0 
or até? | (a? |e? byt | cn? 0 


pre ta +e Yr ae 


2a* 


> 


Since lines are parallel 
(a? + cl b= farc2n? — 0 
=> (a + 8b) fate? 


(d) A(-1, 2, -3), BS, 0, -6), C(O, 4, -1) 


gives AB = 6) -27-3k so 316i -2) -38 
He-i+aj sai -» de -{' 2/024} 


Vector along internal bisectors of ZBAC 


_ 61-25 -3: Ebay 42k 
7 3 
_ 25) +87 45k 


=> DR's «25, 8, 5» 
21 


(bo Let DR's of AB =<1,1,2>: 
AC < V3 -1,-vB-1.4>;5 
BC = (-V3 -1,V3-1,4) 


So cosa = VS=I=VI=148 1 8 gs 
V6 24 2 
-3+1-3+14+16 12 
and cos = tS ATH 8-602 
¥24 S24 24 


Obviously B — 60° 
Triangle will be an cquilateral. Furthor an equilateral 
triangle is also isosceles 


31. 


32. 


3 


3-DGeometry 4.103 
(a) D.R's of the line of interscetion of x — ~ 0 and 
i jk 
2x y 4-Owillbe |] 1 1/=-7+27-% 
2 1 QO 


‘The required plane must be parallel to the vector obtained 
above. Also the sum of products of D.R’s should vanish 
‘This is fulfilled byx 2 4-0 


As (1) (1) - 9-1) 1) - 0 
Also (D112) 1 C1)C 1-0 
x—z+ 47 (is the required plane 
-1 


y_z+2 
1 -1 2 

Will be parallel to the plane P: 2x - 3y + 42 -— k- 0 
When (2)(1) G)( 1) (A) (2)-0 = 4-12 
Now point (1,0, 2) will lie on the plane when 
2+0-1-k-O=k--1 


(a) ‘The line E: 


. {a) A prism will be formed when all the three lines of inter- 


section (by two planes taken each time) are parallel. 


i 7 & 

Now |4 -5 2)=(6-5A)i +66-44)j 43h 
B -3 A 

ij & 

4-5 2|=(5242¥ +(44410)j 4214 


5 -l -Al 
Comparing we get 4 land D.R's - <1, 2, 3 
Using A - 1 in the 3% combination for checking 
i j & 
1|=47+87412k =4@ +2) +36 which is true 


(b) Observe that 2r 3p 72-0, 3x 4p 132-0 and 
8x —31y — 33z — 0 intersect in (0, 0, 0) (which is obvious) 


Leth (2e 3y 72) 1 (3x 1dy 132)-8¥ 37y 332 
. 2A4+3  +43A4+14)  +(74 +13) 
for some 2, gives > = 2 
i 8 431 +33 


First two equations give. — 1/2 which also satisfies the 
third equation 

‘The planes intersect in a line 
(a) Solving 2e yp 12-4 

5x - Ty- 22-0 

Bx dy 2-3 
By matrix / determinant method we get A~- 61, A,- - 61 
A,-61,A,- 61s0x—1y- 1.271 
So the three planes intersect in a point 

la-y 1 1 
@| 1 d-») 1 

1 1 @-z) 

@ DOVE Y)-&lylzy 1 


=0 gives 


4.104 


37. 


38. 


39. 


40. 


41. 


Algebra Il 


On simplification we get xy z— xy + yz — ae 


(a) Let ax + by — cz — d~ 0 be the plane passing through 
AQ, 1,1), BU.2, ), C0, 1,2) 


2atb+e-d-0 @ 
a %le d-0 ii) 
a-b+2ce-d-0 (iii) 


From (i) and (ii), a ~ b, from (ii) and (iii); b ~ ¢ and from @) 
and (iii), a—¢ so a—b — 0 — 1 (say) 
> x-ytz+d-Oandd--4 
‘The plane Px ly | 2 4-0, distance of 1, 1, 1) from 
La} a 
the plane P is d a+ 


(b) Reflcetion of point (2, -1, 3) is given by 
2(6+2-3 


x-2_y+l_ 2-3 9) 
a 94441 


Aliter: A general point towards the foot of perpendicular 
from (2, 1, 3) will be (2 | 3r, 1 2r,3) rand ifit lies 
on plane 3x - 2»-z-9-0 

2 - 26 -15 17 
=> r== => Image of point =| —,—,— 

7 o ile eae! 
(b) Image of P(x, B, 7) in the plane P: éx nz—Ois 
—{fa't mp'+n7') 

Vi +0? tn? 


=> Mo. — a!) + m(B + BY ny + ¥)—0 


my 


B-P' 7 


mah gat 


P Pp 


a-a' 


ie | Bl Y=’? 1 BYP + YP 


{c) Any point on the line {passing through P(2. 3, 43} 
which is parallel to x-axis will be (2 — r, -3, 4) . This point 
will lie on r+ j+k)-S=0.when@ NIC 314 5 


— 0 which gives  — 2 


(b) ‘The plane ax | by | cz d—0 will meet the coordinates 


axes in A (Z00}.4(02.0) and e(0 5 
a b 


=> AB= (-Si+dj+0i] 


a 


and A -Si+0)+2 


a 


k 
Area of AABC i) 
q 
c 
2 2 2 Tp 40? 
fas .@ jad ill Lea f@ +bite 
2\(be ae ab 2 whee 
PVa +h +07 


abe] 


Afiter: ‘The three points on the coordinates axes are 


4(2.00),(02.0) and c(oo.2) Consider a tetrahe- 
a b c 


dron with origin as the fourth point 
volof| piped 3 


Riggio = Slot ped ss 
ra ~ “distance of origin from the plane 
0 
=> Area~ 0 
Z| 
¢ 


_ Na? +b +0? 


2| abe] 


will be (32 - 1, % + 2, 22 — 3) and similarly on 
x-3 


xo2_ 
3 B 
will be (a 13, 2u 1 1,3p 2) 


From (i) and (ii) we get 2 ~ 1-1 and point of intersection 
is P(4, 3, 5). The plane passing through P(4, 3, 5) whieh is 


at maximum distance from origin will have normal along 
OP ie, #=45 437 45k 


sesesanil) 


lence the plane will be 4@x 4) 1 3 
ic., 4x + 3y — 52-50 


3) 15 5)-0 

(© Since yz-plane serves as a mirror 

=> only angle with x-axis changes and it changes from «& 
10 (180° — a) so D.C's are (coset, cos, cosy) 


44. (@) The normal to the plane has DR's <1, 1, 1 
Ilence the plane is (x a) 1(y a) 1 a)-0 


ie. x | yp 2 - 3a asa resull the intercepts on the co- 
ordinates axcs are 3a cach 


1 1 
= Sum of reciprocals — —%3=— 
Baa 


45. 


46. 


47. 


48. 


49. 


(©) Let the line scgment be joining AG, ¥,, 2) Bory yz). 
2) 


So the projections on axes are (x, x,: 9, y,-[, 
Length of the line — ¥3*+4° +5? =5V2 units 


The line ig L:2zUL +2248 
(e) The line is f:5-= =F 


and the point 


1 -4j-nk 
P(2,-1,5). Unit vector along the line Lis AB = 


BT 


and F =AP =-97 +7 +13 


so Length of perpendicular — 
— ¥251-237 = V14 units 


Foot of perpendicular 8 = (Ili -2j -8&)+@AB)AB 


~1f-2j-9b 22 (“ 4j 


nié 
¥237 | W237 


— £427 +3 =,2,3) 


(b) The line joining the point A(2, -3, 
BG, -4, -5) is LiF =(27 -3} +k é 
This will interscet the plane 2x + y + z-7-0 
When 4 + 24-3-2-1-64-7-0 

Gives 2-1 then F =i-27+7E - (1,-2.7) 


(c) A general point on the line from (1, 2, 3) with D.R's 
«2,3 G» is (2d +1,3d -2,-6d +3) 


‘This will lie on the planex yz 5-0 


‘ 3 1 
ie, 2d +1-34 +2-6d +3-5=0 gives d=— unils. 


: x y 
elinc arc Ups eos 
(d) The line are J a 


111 
ine i 12.3 4 
Angle between the line is cosd = 42 3_4 =o 
e 7 W157 
6 12 


=> 0-90 


. (dl) The cquation of xy-plane is z~ 0. The points P fa, , c) 


-¢ 
and P,{ a, ¢, b). Th ired ratio is ——=e:b 
and P,( a, ¢, 6) The required ratio is “> 


. (a) GivenO@,0,0).A(1,2, 1); (2, 1,3), C1, 1. 2) OA x OB 


gives normal fi, to plane 4B 


i 7 & 
12 W=si-7-3k 
213 


3-DGeometry 4.105 


pope 
and normal to the plane ABC is #,=|1 -1 2 
2 -1 1 

=> f,=i-5j-3k 
54549 


and angle between i, and fi, is cos = 
= e=cos{% 
35 


(a) Lot F=AP and AM =A= ti +mjtnk 


Now PM =, f 


—l, 2% 0, FP &, 
m + @,-z,)n}7]}" 
53. (b) Given P4? — PB? - k 
> (-2P +93" +E 4) 
f(x 2P+y SPI ay—k 
Gives 8x — 16 — 4y - 162 —k 
Or 8x 4y | 16z | k 1 16-0 which is a plane 


435 V35 


42. 


xe 6, ¥») 


54. (c) The line y - 0, 4 — © will be the line x-axis with 
DR’s ~ <1, 0, 0: 
Now plane passing though the intersection is (ak + a’)x 
(bi. — By + (CA c')- Ga - a) —-O 
Since the plane is parallel to x-axis => a& | a! - 0, 
ie. -— aa 


Henec the plane is (@b' - a'b) y + (ac' —a'c)z — (ad - a'd)— 0 


(b) Let CD be F 


-ai) + 2(ai +ak) Similarly 


(ai) + ul—ai +.aj) 


ai (ai + ak) x¢ 
So shortest distance S/) = 


(ai + ak) x (at + 9) 


units 


C(-a,0,0) 


56. (a) Lot P,~ 2x + Sy + 32-0 
Pi-x-y+4#-2 
Pi-Ty 5-4 
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37. 


60. 


Algebra Il 


Observe that only P, passes through origin so these planes 
can not be at equal distance from origin 


eB -5 3 
4=fl -1 4 
pb 7 3 
3 
= 4|=0 
-s 
2 5 0 
4=|1 -1 2/=0 (Ask, 2R,-R) 


Oo 7 -4| 


planes meet in a line 
Aliter: P,-2P,-P, 


(2x + Sy + 32) —(-2) @—y — 42-2) - (y- 52-4) 
=> plane pan thugh a line 
(a) Let line Ly : 


and it passes though (0, 0, 0) 


Now solving 2x yp |z-Vand3x y 22-2 


We gels z—1 pulx —0 thenz — 1 and il gives y — 0 so 
the line of intersection is passing through (0, 0, 1) D.R. of 
i jk 
line of intersection are [2.1 I/=i-j-k 
3 1 2 
kG -j-Bx i+ jk) 


So the shortest distance @ = 


i - 7-H x +7 +b) 


Je - A unite 
22 2 


. (c) The line of intersection of x | 2y z 3 - 0 and 
F jk 

x - 3y—z—4- (is given by || 2 -1/=7 +k which is 
i Sy 


parallel to x—z planes 


. (a) Given F =(1422)4+(A-2)b 
F=(24 pa +(2u- Db 


(a) Let the plane mmets axis at A(a, 0, 0), BO, 5, 0) and 
C(O, 0, ¢) 


=> equation of plane is ra 1 
a 


¢ 


61. 


62. 


64. 


Its distance form origin — = p (given) 


wi) 


Also centroid = (2,.2 


=> a-4e,b-4y.c-42 Gi) 


from (i) and (ii) 


Putting in the given relation 
=> 27 16> (a) is correct 


(b) The required plane passes through A(-1, 2, 0), 
BG, 4,1) and it contains a vector with DR. < 3, 2, 1> 
etl) (y-2) 2 
andhenc itisgiveby| 4-6 -1/=0 
3 201 
Which gives(8)(x 1) (2) 262-0 
ie., 8x + y— 262 + 6-0 
Fast method: Select that plane which gives sum of the 


product of D.R.’s (with D.R’s of the line) as zero. This is 8x 
y 262 | 6-0. Italso contains A and 3 so Ans, (b) option 


(a) A general point on /., is 
3A45,-24+7,4-2) 


i 
and on L, is % =(-34- 3,24 +3,4u +6) 
Now # -7, =(2p.7p.-5p) 
ic., 3% — 3-8 - 2p 
-h- 2-47 %p 
h 4 8- Sp 

Solving we get 4 — w= 


Henee the equation is 
x-2_y-8_ 243 


2 7 35 
(b) p, ~ O and p,~ 0 
Now p, 2p,—0 fork e R represents the family of planes 
(excepts plane p, ~ 0) 


(a) DR. of the normal to the plane that that is perpendicular 
to the plane 2x 2p 2-Qandx y 22-4 is given 


and length — 78 


ij ki 
by |2 -2 1/=-3)-3forf +7 
1 -1 2 


so the required plane passing through (1. -2. 1) is @- 1) + 
@12-Oorx y 1-0 


Henee the distanee of (1, 2, 2) form this plane is 
4 


d=—~=2V2 units 


65. 


66. 


67. 


68. 


69. 


(a) 1, =% = +s,-3-As1+4s) 


So M@) = (1,-3.1) and (6) 


(o+S1+02-1) 
2 


i 4j-k 
zt 


Aj + nk 


and L, =% 


so C(Z)=(0.1,2) and d= 


Since /., and /.,are coplanar 


So (@-2)(6xd)= 


3 
= ->4=5 soh- 2 
3 so 


(d)é lm #-Oand ém-0 

Case i: £-0,(mF0) {+ if both 4— m—0, thenn-0 
which is not possible} 

then m ~— since @ + m? + m?— 1 so 


-l1 1 11 
£m.) =| 0,4=,— 0.=. 
conn-(0 5-5) # (5-45) 
Similarly Case (ii) when m — 0 (but é £0) 
then (f, m, n-(F-%) or (4-4) 
cos 0- 1=0-x(0r0) 


(b) The line y - %-Qis x axis with IDRs. < 1, 0,0 > 
The plane through the intersection will be 

Qh )e1Ge Spl Dzig w-0 

Since it parallel to x-axis, 22. 1-O,ie,2- 1/2 


‘And hence the plane is 


or Fp—$z- 15-0 


(b) According to question &.2 + k.1 - 36 — -k- 2k — 36 
=> 6k-72=k-12 


ky iz 
(a) The line fy:>=>=— has DR’s <1, 1, 1» 


and the line /:—— has D.R.s <1, 1,d> 


1 
Now D.R.s of the normal 
ii 4 
-flo1 1=(d-bi +0-¢)j = <1, -1, 0 or 1,1, 0= 
lid 


So D.C’s the normal to the plane — zt 


ta 
aa 


1, 


+ 


. (band d) ax — by 
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MORE THEN ONE CORRECT 
(b, d)a-B- 60% y-? 
Pel 1 
&— B~ 60° => 6=m— 12. Son =— or n=t— 
2 RE 
3 peta 
ar 4 


(a, b) The lines are 
L=a+2b a =(2,3,4) 


1, =+ yd where 2 =(1,4,5) and d =(k,2,1) 


where and A(1,1,-k) and 


The lines will be coplanar when (a - @).(6 xd) =0 


1-1 -1 
ic, fl 1 -&=0 
ke 201 


ie, 2k12 kik 2-Oork(k!3)-Os0k-0, 3 
d) Since (1)€ 3) | ( 292) 7(1)-O and 1( 1) 2(3) 
So line is contained in plane. 


Similarly (0, 7, -1) lies on the plane x -2y- 7z + 21-0, 
obviously other options are also true 


(a.b.c.d) P@xyz)— 2x By dz | Qand PP 4-0; 


P=P-Z=05P,-P 8-0 


4 
Pp, distance between x, y,2)~O and P.O B, = 


8 
= V9 and Py “po observe that 8p,~ p, 


and 16p,—p,alsop, 8p, p,-0 


441424 
Now p, +2p, +3p, =———— = 29 
Pit 4p, tps Yoo 
c — 0 represents a plane with normal's 
DR’S <a, Since the product with <0, 0, 1> is zero 
The plane is perpendicular to xy plane and parallel 
to z-axis 


(abe) PQ.3,1)andL.-x y z 2-0 


P) -4 
HP) _~4 959 so they are on the same side of plane 
LO) 2 
d distance of P from the plane ~ C¢l= 4. 
and distanee of P from the plane ~ t= 
c plane ~ = 


10 3 -1 
P@,3, 1) and (2 onset 

<a ee | 
which is parallel to the normal 


10 5 
Also observe that (: 


} lies on the plane so 


10 $ -1 
( 2 ) is the foot of perpendicular from P. 
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7. (b and ¢) Point P (1. 2, 3) distance from x-axis is 
=V2 +3? =Vi3. 
Distance from y — axis is B= +3° = V0. 


Distance from z axis is C = VI? +2? = V5 
Clearly A? B? oC? 2c? 
24?C? ~ 130 ~ 13B? 


zor 


8. (bande) if ~~? = lies on the plane Ax By 


i om mH 
Cz DP -0, then point (p, g, 7) will satisty 

Ap ~ Bq ~ Cr + D- 0, Also Al + Bm + Cn -0 

9 (b, cand d) F 
Since @x@' is perpendicular to both d and @ 


G+1a' and ¥,=4'+sa 


pendicular to the plane of @ and 4". Since. 


@ - a. {4x'}=0 also (F-a').{axa 


So #.axa fax 


Also 


Fxa') -0 


0-0 


10. (band d) Fi, 
is a given point 
Now 44, xf, is perpendicular to both the planes and it will be 


parallel to the line of intersection of planes. Since line 
passing through @ and parallel to the line of intersection of 


plane will be F=4+2 (i, <7,) 


Pz are the two planes and @ 


(since dx =6) => GF -A)x (i, xii, 


11. 


(a, b) (a) statement is true 
(b) distance of (3 cos 0, 3 sin 0, 4) from z-axis - 


yGcos0)* +@sin0y =3 which is constant and 


independent of 0 

In a tetrahedron a vertex is formed by the intersection 
of three lines 

The line joining AQ, 4, 5) and B(3, 5-4) is dividing 
by yz plane in the ratio externally as 2 | 3% - 0 gives 
a= -2/3 


(co) 


(d) 


ASSERTION REASON TYPE 


1. R: The statement is true 


tas 


y-2_ 241 
a ab. SM 

P:1lx-32z-14-0 
Observe that (1, 2, 1) lies in the plane , Also (3)(11) | 
(11) (3) — 0 

=> The line lies in the plane 
Statement ‘A’ is truc and completely supported by R 
Ans (a) option 


A: The linc is / 


and the plane 


‘The statement is false. ‘The two lines will be coplanar if 
they intersect in a point. The perpendicular lincs may or 
may not intersect. 


z 


Ed 


: ‘The statement is true asx 


The statement is true as these two lines intersect at 
3.4) 

Ans (c) option 

Statement is truc as the coplanar lincs must intersect in 
some point (where as the skew lines never intersect) 


: The statement is true since the given lines are given to 


be non-intersecting 
Assertion is true and it is fully supported by R. 
Ans (a) 


: ‘The statement is true consider a point ?, on the sphere 


with AB as one of its diameters then .A-PRB=0 and 


0 — 90: When point lies outside the sphere, then ¢ 


: ‘The statement is true : In this case PA=(-?-27) and 


PB =(-i+4j) so PAPB=1+8=9>0 
The statcment is true and it follows from R 
‘Ans (a) 


The statement is true when two points 

AG, ¥,2,) and B(x, .¥, . z,) lie on the opposite sides of 
a plane P(x, y,2)— 0, then P(x, .¥,, 2). PP pz) <0 
The statement is true. Points arc A(2, 1, 5) and 
PG. 4,3) 

P(2,1,5) . P(3,4,5) - (5) (7) <0 

Ans (a) option 


: The statement is true 
: A homogenous equation of second degree in x, y, 2 


when factorized will give two linear factors which will 
represent two planes both passing through origin. ‘The 
statement is true and it is supported by R. 

Ans (a) option 


y | z—k represents a plane 


: The statement is truc as x +|y +|z —k will give 8 planes 


and it result into the formation of an octahedron. So “A” is 
truc but itis not fully supported by R as mere formation of 
planes does not ensure formation of an octahedron 

Ans (b) option 


: The statement is true for the given considerations 
: The statement is truc for the given system, But the 


slatement can not follow from R. In ‘R? the square root 
of sum of squares is involyed where as in ‘A’, It is sum 
of moduli 


Ans (b) option 


~ |a,bye, —4,¢,b, -a,bc, + abe, — a,b,c, -a,b,0, 


= (aubrey +a,boe, +abo,)—(ayerb, + abe, +a,b,¢,)) 


Without loss of generality lot a,b,c, + a,8,c, - a,b,c, > 


acd, abe, abe, 


¥ < (a,b,c, +a,b,0, + a,h,c,) - i) 
By AM. <G.M., (a, + 5,~¢,) 2 3(a,b,c,)” 

Similarly (a, ~ b, + ¢,) 2 3(a,be,)"" and (a, ~ 5, — c= 
3(a,b,0.) 


3P Ca 


=> (a, ~ b, + 6) 2 Mabey): (a, — b, + ¢)' 2 2a,be,) 


and (a,b, | ¢)°=27%a,b,c,) 

Adding we get, 

@, ble l@ lb ley (a 6% 
2 2Ka,b,c, + a,b, - a,b,c) «Gii) 


from (i) and (ii) 
r <a[la +b; +e) +(a, +b, +e) +(a, +8 +e, y] 
ar <slla +b, +6,)+(a, +b, +e,)+(a, +5, +6) 


[- Stylt2)s(xty+z) for x,y,z 20] 


= vslpip=r srsi 
27 


=> Assertion as well as reason both are correct and reason 
is the correct cxplanation of assertion 
=> option (a) is correct 


SECTION VI COMPREHENSION TYPE 


. (b)x—0, ey | be be ~ 0 represents a line through (0, b, 0) 
x-a_z-0 


with D.R.s <0, 6, ¢> similarly y—0 , 


repre- 


sents a line though (a, 0, 0) with D.R.s <a, 0, > Hence 
|@ -2).6x a) 
bx] 


SD. gives 


Be? +a7e? +a°b* 


2 1 F 


Typ ragP ea ai tb Pte? 
a°+b°+e 


. (a) Consider the body diagonal from © (0, 0, 0) to Cla. B. c) 
so any point on the diagonal is % = (ai +4} +ck)Z 
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Consider the edge GF from G(0, 0, ¢) to F (0, b, ©) 


any point on GF is %, =ck + uhj 


ch ai + bj +k) x bj} 


Henee S.D.= = = 
(ai thy tok) x by 


lade] ac 


Va°b? +b°c* : Vai +e? 


3. (d) D.Rs of the line of intersection of the two planes 


(a, ¢ > O being edge lengtrs) 


i é 
—|3 -2 1/=-117-107 +136 
2 3 4 


Now the given line is L: a . iG 


observe that this line is not parallel to the line of intersection 

of planes. so both lines must intersect in order to be copla- 

nar. ‘The line intersects the plane 3x 2p 2 1-5-0 for & 

given by 3 (3 — 4) -2(52 -6) + (-22 +1) -5 - 0 

=> 3) 6-O0ork—2 and the point of intersection is 
(2, 4, -3). This point will also satisfy the equation of 
second plane sod 112. 12 &-Ogivesk-—4 


Passage 2: 


4. (0) OP =i 42j45k 


fod OP. 
P(1,2,5) 
N 
a—?2 B 
(0,0,0) W236 @ 
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5. (a) Now AB line is intersceted at Q point. 
LetQ(2h, 32, 6%) 


so PQ =(24-Di -(3A+2)} +64 -S)k 


This must be perpendicular to the normal to the plane 
3x- 4y + 52-0 


s03(2h 1) 4(3k 2) 1 5(62 5)-0 


gives 4 


3 thon 9(3,-2.9 
2 = 
6. (a) for & — 3/2 the equation of PO will be 


ee aig G 
PG =24-B jak and 


line PQ will be = 


x-1_2- 
13 


Paasage 3: 
Given system of equations x + y = 2). 
and x + Ay = 2p 
infinitely many solutions 
LiL pety saa 
1 a op 
=> 42=1,p=22 
=> Real p=42 
Fora = 1, =2 
ACL. 1,4); BA, 2, D 
Now AB is divided by x —y plane in the ratio » : m 
Am+n 


eerren() 
sts Gi) 


i222 


mod 


AC -1,-4); BC-2,1) 
Again it is intersected by x - y plane in the 
ratio mn: m 


—Am +. 
mer eos 


atm 6 ) 


Now, n, m are related by the quadratic equation m? 
x? + ax +mn=0 


ad 


Roots of quadratic equation value are real VaeR 
=> (an) An? Onn > 0 VaeR 


=> @n'-4n'n> 0 VaeR 


4>0VaeR 
m 


Lot 2 =k = it 4k > 0 VaeR 
m 


10. 


il. 


12. 


which hold for ¥aeR and k <0 
ie. k~—4and VaeR 


=> 22-4 xy plane divides extermally 
1 
=> points A, B lie on same side of xy plane 


(b) ponble value of & are %— Tor 1 
For 4 — 1; quadrate equation has rediblwts 
a (4-44) > 0 

16a? 1 = 0 which holds VaeR 

For % ~—1; quadut equation have real lwts 
= a (4) 4(4)20 


Vy 


freee | 
=> lo? 1205 a2— 
16 


1 
= for,1= or 1, a2 gives real loots 


(a) When both the points arc on opposite sides: 

(for — I) we get A-(1, 1, 4) and BCI, 2, 1) and 
AB=-j+Sk and the required plane perpendicular to 
ABisy 52-0 


(b) When sum of the roots of quadratic (é 2 
6 


~a(l6, 


is 16, then 0) =16 which gives a— 1 
Fi 


Now A(1, -1, 4) and B (1,-2.1) => (4B) 


and A(1, 1,4) and BQ, -2,1) (AB), = j 


vector perpendicular to (48), and (48), is 


i & 
lo $|=-27 
oO 1 = 


Hence the required parallel plane is ( 2) (¢ 11) = 0 or 
2@- 1-0 

(c) The system is consistent when % — + 1 and pL - 22 so 
(1,22, 2n2) is (1, 1, 8) this point (1,1, 8)lies on xy 17-8, 
+2710 andx—y—z-8-0 

Since we are considering inconsistent system so the point 
will not lic on these planes. It may lic on some other plane 


sox 


(a) When roots of the quadratic equation are always real and 
—ve, then % ~-1 so that product is also positive so x?+ 16ax 
4-Ohas | ve roots = a <0 and (256a’ -16) 20 


1 
Le..a?2 1/16 (ie., a 2 1/4) ae (~-4) 
(©) When the system is constant and the points are on 
opposite sides of x —y plane, then “= 4 so (1 - xy™- 
m 


(1 + 3)' which gives 5 terms 


14. 


15. 


642 


ac 
is given by cos0 === 
ee 


=0-90° 


| 
(©) Observe that -4=31 +47 +5k => 


=cos7 H 
© (52 


so lines intersect al 


Now cos = 


19 
G2) 


16. (c) As stated above lines intersect at A(@) =(-1, -2,-1) 


Passage 5 
17, (a) 22% I-A _l-y_-2Qa+fty) 
1 1 (44141) 
(22% 
37373 
x+l oy+2 z+] 
18. (b) The line is —— == =—_— 
(b) the Fine is ar as 
and the plane is x + 2y—3z + 12 —0. Since D.R.s of the line 
and normal to the plane are the same 
Line is perpendicular to plane hence it itself is 
the image 
19. (c) Q(2, 4, 4) is the Coot of perpendicular of P(x, a »z,Jon 
xt By — 22-22 - Othen «x, -2,y,-4,2,- 42: « 2 
> when (x,.¥,,2,)—(L, 1, 2) the conditions are ined 
20. (a) The image of P(1, 1, 2) will be(4. 1,8 1, 81 2)- 
G,7,-9) 
21. (b) P(3, 2, -2) and the plane is x- »-z-9-0 
=3) 3% 
for the given requirements & De yn? 
_ ete 
-l1 
= & ¥.2)~ (9, 4, -8) 
Passage E: 
22. (c)P,:x Jy z 2-OandP,: 2x yl 22 5-0 


Lot the equation of the plane through interseetion of P, and 
PybeP, 2 P,-0 
> x(11 24) 1 p21 2(% W @ S2-0 

if this plane is to pass through origin, then 4 ~ -2/5 and 


‘ 
BY 9 <9 orx—12p- 92-0 


the plane is = + 
e) 


5 


. (a and b) Let the plane through the intersection be 


Mery +2-A}t Sx—y + 224-0 

ie QIDeIQ Dy Gle 40 

Since (2, 2, 0) lies on the place 
-6-2h-2-4h—4—0 (which is always truc) > 2 € R 


1-0 


Pg 
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It means the point (2, 2, 0) lies on the line of intersection. 
By puting 1-1 and1— 1 we get plane given in options 


(a) and (b). 


(©) DR:s of normal to plane ~ « 
to the (image taken in xy plane) is 


1, 1, 1» D.R.s of the normal 
$75.1> 
The intersection of plane x + y + z— 3 and xy plane (xy 


plane means z—0)isx—y~3, a line withDR ( 


oe 


Now image plane isx yz &— O-will contains the line 
of intersection i.c x + y~3 and z~ 0) so 3-2 + k-O gives 
k-3 

Honee the requireD plane is x + y-2-3-0 


SECTION VII: COLUMN MATCHING 


4: Gi) nye 2=t 2H 


ae 4a 
2.3 4 

so A(@) =(1,2,3) and 5 = 27437 +48 

and 1, a ot Fay 

so C(Z)=(1,3,5) and d =31 +4 45k 
oO 1 2 

we find [@-@ 6 d] - |2 3 4/=0 
B43 


so the lines are intersecting in a point 
Ans (i) > (s) verification for 2 — 3, » — 2 
we get (x,y,z) ~(7, 11, 15) 
2-3_ 


-ly 


observe that D.R’s are identical also for 2 — 1 and jo — 0 we 


get (x, y.Z) — (3. 5, 7) so lines are coincident (superimposition) 
Ans (ii) > (p) 
x-2_y43_2-5_) 
4 
x-7_y+l_ 2-2 
id fy =+—= =p. 
and 45: r aoe 
observe that 19.R’s are identical 
If the lines are coincident then 54 — 2- 5p+7_ ....(i), 
th. 3-4 1 (ii) 
and 215- 12 (iii) 


Now from (i) and (ii) we got %— pp -3 
and form (i) and (ii) we get 32) -2 
so the lines do not intersect = lines are parallel and distinct 
Gi) >@ 

-3 y42 
(yy 1, 7-2 == 


and Ly: 
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Algebra Il 


sinee |@-a 
fyom 


2. (i) Foot of Lr from P(12,3) to given line x-2r  2y—3r 
- 1,27 4r +2 is given by such that 2(21 + 2 - 1) +31 + 
1 2) 441 2 3)-0 


P(1,2,3) 


=> 1-329 


= >” 
(ii) Image of Lr from P(1,2,3) is given by 2(foot of Lr) 
point P= (223) 
29 29 29 
Gi) > @) 


x-2 
Gif) Using given = 


2 
44+9-24417) 
29 
58-12 _ 46 87-18 69 198, 
x= =m, ys ss 
2929 29-9" 29 


(S 69 =a 
it | Sao 


y-3 
3 


29° 29° 29 
ii) > (8) 
(iv) image of point (2, 5, 1) in the plane 3x 2y | dz 5-0 
is given by 
x-2_y-5_2-1_ (-26-1044-5)_10 
3 2 4 29 29 


88 125 69 
*& {59729 °29 


(iv) > (@) 


3. (i) Given y? | 272 0 which is always true and |x| <0 gives 
x ~ 0 (as x|< Ois not truc) > x-O.y,2€ RK 
This gives y— z plane 
Ans. (i) > (s) 

(ii) Given x* — y° > 0 which is always truc and fp — 6 <0 

givesy—blromy b|-O>x,zeR,y—b 
This is a planc parallel to x —z plane passing through 
(0, b, 0), fie., at a distance of b units along y-axis) x. 7 
can have any value like (1, b. 2) 


Gi) > @) 


Gi) y?- 0 means x? y*-0 Lie, x-O,y-0 
Now z can have any value. So it will be z — axis 
dil) > () 

(ivy 2 al ct Qax 2ez<0 


gives (x a)°— (@-c)*< 0 only possibility is (x- a + 
(@ cf-0s0."-a,2~c. Nowy can have any value. it 
gives a line el toy — axis passing through (a, 1, ¢) 


div) > @) 


4. @) br-a <Ogivesx-a: 
ly <1 givesy € [1,3], 2 1 <4givesxe| 3,5) 


f 


> 
8 units 


<> 
2 units 


As shown it gives a plane surface parallel to yz plane 
(Area 16 square units) 
G) > (r) 

(ii) x — a where a € Z (integer set) 


since Vx—1+J3—x is real = x © [1, 2,3] 


Now [y] [z + 2] — 0 = either [y] — 0 or [z + 2]-0 


fy] - 0 >y €[0, 1) 

lz 1 -0>7e[2. 1) 
gives three surface parallel to y - z plane with total 
area 3 square units 
Gi) > @), © 

Gii) P, : 2x 3y — z-1- O and P,: 3x — 3y + 22-2 -0 
are perpendicular > 6 9 1 K=0>4%-3 


Case (i): 
Case (ii): 


> &) 

3z4+2-0=9(z-2)(@-1)-0 

s 2 — 1, 2. Now x and y can have any real value 
This gives two planes parallel to x —y plane. 

Gv) > (P) 


SECTION VIII: (INTEGER TYPE) 


1. fy $8=9x € [-8, 8] similarly for y and z. This represent a 
cube of side 16 units with centre at origin 
Now -8 <x +» — 7 <8 gives space between two panes 
namely 


2. 


bad 


x+y tz+8-Oandx—y—z—8—0 subject to the limits 
ofx,y,%€ | 88] 


his will take out (+ +4) volume of the cube 


=> The required volume — $06)" = 2048 

Ans: 2048 Cubic units 
ytz-0,x+z7-0,p-z-05 (0,0, 0) is a vertex 
xly-0, xty4z=V3a => 2=v3a 

similarly for other parts 

All this combined will give a regular tetrahedron of side 
t-2a 

shortest distance between any two opposite edges 


3 as via (as f - 2a) 


According to the given V2a= Jka sok-2 Ans 

Any point on parabola z? — 4ax, y ~ 0 is given by 

Olat?, 0, 2at) 

Now equation of line joining P(a.b.c) and Q(a?, 0, 2at) is 

x-a _y-h 

aut b-0 ¢-2al 

=> x-a-Ma-at): y—b + bk; z—e—Ajz-e— Meat) 
by given condition point Q lies on (bz cy’— kab y) 
(bx — ay) 


z-c 


given by =A (say) 


(ot2,0,2at) 


=> [be +b’ (e — Dut) — cb — cb? ~ kar (-bA) (ba — BA 
fa at?) ab abs) 

=> [be + bhe — 2abAt — eb — cba ~ —kbak{ba — abs - 
abit? ab abi) 


4 


a 
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P — kbar’. (abst?) 
= 4eb%22 — kbeE > k 4 


Projection of PO on coordinates axes are 12, 3, 4 
ly so PO =125 +37 +4k 


= ¥144+9416 =13 units Ans 


According to the given condition 
PHF a) HYP ey +G +a) 
gives? oy’) @lay-B @ ¥) 
-2byle? +y7)+(z-ay? 

= arb 26) ay ETE 


6a°z? +5" -Bazb™ 
easturing te” 3) ee: aS a 


respecti 


PO 


henec 


b 


ay 


3 @ 1) | 2 4a?—2az 


24a?) bt dg? 
incteyee(® ‘ } = hit 


e 4 
voy? 2 vty 2 
fee es 4 =1 
of Boag oF 4 BS (Be ay 
2 2 


putting tap we get 
=> Ansk=1; (--~(m-n) 


Under the given conditions the possible situation is 
A 2-2, 10)-3; (1-1 

{where (( 2) — 1 is false; (0) # 2 is true and (C1) # 1 is 
false}. The triangle formed is with vertices 

AC 2, 1, 0), BC, 1, 3) and O (0, 0, 0) 


i 7 & 
Area of a40B=1]2 1 3 
210 


1 s.ai\_1 ke 
7 5| i -6j-+4i| =V61 square units - vk, sok -61 
2 2 2 
Observe that mid-points also satisfy the cquation of the 
plane so the mid points are 
L@k,0,0):MO.¥,k 0): NO, 0.2.4) 
Let A(x, k, 0.0): M (@, y,k. 0) be parallel to side a 
so by mid point theorem @ = 2y(x,4)° ‘eg 
ie., a? =4k7(x) +97), similarly 5 3 
and c? =4k?(x) +22) so on adding 


a B+ 8 — ARO typ tzi)x2 


but 2x; +23; +2z) =a? +b? +c? (given) 
= ad Bc @ + B+ 4K => A= 1 and [kl = 12 
1 


=> —=2 
a 
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8. 


10. 


1. 


Consider a point (x,,y,,2z)lyingonx | y 2 | 3-0, then 
x, —¥, —Z, 7-3 distance of this point (x,y, z,) from the 
two given planes will be equal in magnitude (opposite sign) 


—(%, +2y, +3z, +4)- ACK, $39,424,430 
Jl4ayr+244yr4+B44y 
on squaring and rearranging, we get 
{1 1a (IaH LF= 14} 
ori 2+ 1-M-4- +t REO -9- 14 
so 32? 1 124-0=92-0, 4 (2 -Ois rejected) 
=> 4-4 Ans 


. Given € + 2m + 31-0 80 £——(2m + 3n) and € (3m - 4) 


mn—0 
putting £--(2m — 3n) we get 
ma (2m 3n) (3m dn) — Oie., 6m? - 12h? 
som~— V2n 
Hence the D.R.’s of the two lines are 
(i) £=-QN2+3)n: m= V2n, 0 


(i) = QV2—3)n; m = V2 n 
angle 0 between the lines is given by 
1-241 


Vi7+12V2+2-+1 17-1242 4241 


Henee 0 =90" = (lines are perpendicular) 


cos = 


KOR 
zr gives k — 2 Ans 

Observe that (0, 0, 0) satisfies all the three given equation of 

the lines (so concurrent lines) and vector product of any two 

sets of D.R’s will give the plane and the scalar triple product 

will be zero 


apy 
Hence la bf ey|=0 
é m # 


(ie, (abBa aumey) (Bley ofan) + (ayam —yébp)- 0 
rearrangement and then dividing by «Py gives 


- ay ~»} 0-8 
sok =0 Ans 
Let P.V. of D (taken as origin)- O and A(@).B(B).C@) be 


the vertices 


= 2a 
Now E = similarly F = 
2 3 


outwards vectors) 


L(axd) +taxastina 
9 3 6 


= B(b} 


Ala) 


since @xb =€x@=5xé and area vectors are outwards 


e| and for ¢- 6 


we gel area - is 


> [pvi]-1osas1-9 Ans 


12. OX =4XR and RY =4YS also kPZ =PR 
> (k-1)PZ=7R 


Let origin be at P and 


$s y. 


P Q 


PO=4 and PS=6 


_16 5_ 21 
20 20 


Hence [k] — 1 Ans 


13. @.6.2 are non-coplanar unit vectors equally inclined to 
each other at 0 


2) 
qi) 


14. 


Now 4x8 +b xé = pa +gb +ré 
=> G(Gxb)+4(b x2) = pt gcosO treos? 
(By taking dot product with @ ) 


=> |ab2]= p+qoos0+rcosd a (iv) 
=> O-pceos8+q-reosq sevens (¥) 
(dot product with 6 
=> |ab2]= peostqcosI +r a (vi) 
(dot product with 2 ) 
<. From (iy) and (vi); p | reas 0— pcos 0 Ir 
=> p(l cos0)-r(1_ cos 0) 
=> por (v@=0°>4.5,é and coplanar) (wii) 
using p~ rin (v) we get p cos @ + q + pcos 6-0 
=> 2peosd- q cose (viii) 
Pa _ PA 4 _ caso having integer 
rp p 


Values € {-2,-1, 0, 1, 2} 
But for 2cos 0 — 2 = 0 - 0 which is impossible as 
otherwise the vectors 4,5,¢ will be coplanar. 
Also —2cos 6 — 2 > 6 — x which is again impossible 
as otherwise @,b,2 will be collinear and cannot be 
equally include to cach other. 

=> e¢10,) wor 0=%,02%,0-%% 

r 3 2 3 

‘Total 3 integer values are possible. 


Given area of AABC -k area of ADEE) ti) 
Let A be the origin then AB=é (say): where ¢ =4 


AC = 5: where b|=3 
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thon by angle bisector theorem, point D divides BC in the 
ration AB|: 7 


Gi); 


=> |b =k\(AF - AD)x(AE - AD) 


oN 


(4))-(-(4] 


4 


oT 


oT 
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mg INTRODUCTION 


‘Lill now we have been exposed to real numbers. IJumans, 
by nature have always been attracted to the opposite of 
what prevails. Now you must be tempted to shoot a volley 
of questions like (1) Are there any non-real numbers? [low 
can the numbers be non-real? Do the non-real numbers 
really exist or is il mercly a mathematical jugglery? (2) If 
we have non-real numbers, what are they called? how are 
they represented?, and how do we visualize them? (3) What 
is the arithmetic of these numbers? And finally, (4) why did 
we need to define these numbers as such?, to whal use we 
can pul them into? 

The answers to first three questions shall unfold as 
wwe progress but spare me the last onc. It is just like ask- 
ing me “of what use is a bom baby?” T would say every 
baby is of some use depending on how carefully and me- 
ticulously we groom it But the real use comes only after it 
is grown and matured. Similarly, the usefulness of studying 
complex numbers is to develop familiarity with its math- 
ematics. At an appropriate time you can apply the learnt 
concepts to different branches of physics, like alternating 
current ete. 

In fact greeks recognised that square root of negative 
real number does not exist in real number but th eindian 
mathematician Mahavire (580 AD) first of all stated that 
"negative numbers are not a square quantity thus have 
no square noot" in pair “Ganitarare Sangraha". After that 
Bookare (1150 AD) in his Bijaganita; candon in 1545 AD 
Albert Girard in 1625 AD accepted square root of negative 
numbers. T.conahrd Enler introduced sgribol of 1 = v-1) 
and WR. Hamillon (1830) regarded conplex numbers as 
numbers of the four axis as an ordered pair (a, b) of real 
ed it difiriios mathamatically 
avoiding the name imaginary numbers 


number and thus astabli 


Complex Numbers 


m REALNUMBER SYSTEM 


Natural Numbers (N) ‘The numbers which are used for 
counting are known as natural numbers (also known as set 
of positive integers) i.e, { 1, 2,3, 4,5, 6... } 

Whole Numbers (W) If ‘0’ is included in the set of 
natural numbers, then we get the set of Whole Numbers, 
ie, £012,340...) Nu {0} 

Integer Numbers (Z) If negative of natural numbers are 
included in the set of whole numbers, then we get set of 
integers i.e., {........-3,— 2, - 1, 0, 1, 2, 3,. 
Rational Numbers (Q) 


‘The numbers which are in the 
form of —, where p,q € Z and g #0 are called rational 


numbers. ¢ g., 2/3 


, 1/3, 0.76, 1.2322 ete. 


Irrational Numbers (Q) The numbers which are not 
rationals, i.c., which can not be expressed in p/g form 
(p.q € Z andg #0) or whose decimal part is non-terminaling 
and non repeating but which may represent magnitudes 
of physical quantitics are known as irrational numbers. 


eg., ¥2,5!3. me. ete. 


Properties of Rational and Irrational Numbers 
1. Terminating decimals are rationals. 


2. Non-terminating recurring decimals are rationals, 


6 aa 124 
eg, 1.25=x=100x =125.25 = x =— 
99 


3. Non-terminating and non-recurring decimals are irra- 
tionals. 


Real Numbers (R) 


The set containing rational and irrational numbers is called 
set of Real Numbers. ‘The set of real numbers is denoted by 
Rie, R=G@UG ths NcH¥cZcCOQVOQ=R. 


5.2 Algebra il 


Another definition 


A number whose square is non-negative is called a real 


number ie. x € Riff? >0 


Properties of Real Numbers 


1. Number cro is neither positive nor negative, but is an 
even number. 

2. Real number ficld is an ordered ficld, ic., ¥V a,b e R 
a>bora<bora_ b {law of tricholomy) 

3. All real numbers can be represented by points on a 
straight line. ‘his line is called real number line. 

4. Even the smallest interval on real number line contains 
infinite rational and infinite irrational numbers. 

5. Between any two uncqual real numbers there lic 
infinitely many real numbers 

6 Square of every real number is non-negalive, 
ic, xe Rexrro 

7. Number ‘0’ is an additive identity, ie, a +0 =a 
=OtavaeR 

8. Number ‘1’ is multiplicative identity. ie., a.1 
avaeR 

9. Infinity is the concept of the number greater than 
greatest one can imagine. It is nol a number, il is just a 
concept, so we do not associate equality with iL 


Division by zero is meaningless 


A positive integer p is called a prime number if it has 
exactly two positive integer divisors which are | and 
the number p itself. ic. 2, 3, 5,7, 11... 

12. The magnitude of a physical quantity may be 
expressed as a non negalive real number times, 
a standard unit. ¢g., 5 metre distan 
acceleration cle 


4 m/scc* 


Modulus of a Real Number 


The modulus of a real number x is defined as follows: 


~ x20 ifx2a 
m={ x<0 -(e-a) ife<a 
eg,|3|=3 and |-6]=-(-6)=6 
The graph of y = jv is as shown below: |x| represents 
the distance of real number x on Number line from 0. 


x-a 
=> |x-al= 


Remark: 


FIGURE 5.1 


Properties of modulus of real numbers 


xy tele dyy blk lyboly, Vx ey 


4] _ 11 provided x, #0 and x,x,€ R 

xy} |e 

w}=|x pv xe RB and jx =x" V ne Z (when 
defined for x € R) 

xl=|x|VreR 

iangle inequality: |x |- | <|x +] <|x|+|y] Vx, 
yeR 
x—a| distance of x [rom a; 

x—al a+éora-6 
x al<éd=>a d<x<até 


b6>x 


x al>d>x>atdorx<a 8 


Intervals 


Let a, x, b arc real numbers so that 


x € |a,b| >a <~x <b; |a, b| is known as the closed 
interval a, 6 

x € (a, b)=> a <x <b: (a, 6) is known as the open 
interval a, 5 

x € (a,b) >a <x < b: (a, b| is known as semi open, 
semi closed interval a, 6 

x € |a. 6) a<x <b; |a, 5) is known as semi closed, 
semi open interval a, 6 


Imaginary numbers (Non real numbers) 


Aq 


umber whose square is not positive is termed as an 


imaginary number, ¢.g., V—2 or (1+ ¥=2). Therefore it can 
be said that the square root of a non positive real number is 


ry number, for instance if + 1 = 0 
-l 
on-real number, i.c., imaginary number. 


Euler introduced the symbol i for the number V-1 and is 
known as iota (a Greek word for '‘imaginary’) 


Imaginary numbers do not follow the property of order, i.e., forz, and z, imaginary numbers we cannot say which one 
is greater. Since iis neither positive nor negative nor zero (think why?) 


Purely imaginary numbers (1) 


‘The number z whose square is non positive real number 
(negative or zero) is termed as purely imaginary number. 


For example z? + Owhere a € R ~ {0} 

=> 2=-d Clearly z ¢ R asz<0. 

z=tay-1 j=Vl 
Note that 2 = 0 is also taken as purcly imaginary number as 
well as real number. Thus the set of imaginary number (J) is 
given by /= {z: z= ai, where a € R andi= V-1} 


z=tai 


Geometrical Representation of 
Purely Imaginary Numbers 


Since x@?) =x @ x ))= x C¥x € R), hence -x can also 
be obtained by rotating x geometrically in anti-clockwise 
direction through 180°. Hence twice multiplication by # is 
equivalent to geometrical rotation of the number by 7 radians 
in anti-clockwise direction and therefore single multiplication 
by # is equivalent to geometrical rotation of number by 7/2 
radians anti-clockwise. That is the reason why angle between 
real axis and imaginary axis is 7/2 radians 


FIGURE 5.2 
‘Therefore purely imaginary numbers are represented as 
points lying on » axis of Argand's Plane. For example, 
z = ai is represented by point (0, a) on y axis as shown 
below: 


ai | Imaginary axis 


FIGURE 5.3 
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Algebra of Purely Imaginary Numbers 


Let z, and z, be two purely imaginary numbers given as 
z, =ai,2,=bi(a,be R) 


Addition : z, +z, = (a+ d)i 


Subtraction (a—b)i 


-ab 


t 
Multiplication : z, . z, 
avb. (provided b #0) 


Div: 


Closure law: [Jolds for addition and subtraction but not 
for product and division. i.e. z, +z, are purely imaginary, 
where as z,.z, and z,/z, (z,# 0) are real; z,z,€/ 


Commutative law: Holds for Addition and Multiplica- 
,.2,andz,+2,=2, +2, Vz,2,67 


tion. Le. 2, . 2, 


2 
Associative law: [olds for both addition and multiplica- 
tion of imaginary numbers. i.e., z,,z,,z, € 1 

=> 2z,+@,+2,) =, +2z,) +z, and z, @,z,)=(@,.2,)2, 


Distributive law: Multiplication distributes over addition 
and subtraction operations. ie. 2,(z, + 2,) = 2,2, +2,2, 


Existence of Identity: 7.cro is the identity clement for 
addition and | is the identity clement for multiplication. 
ie, z+0=2=0+zandz.1 =2= |.z V purely imaginary 
numbers z. 


Conjugate Element: Tor cach z = ai, 7 = —ai is called 


conjugate clement of z. 


Existence of Additive Inverse: Additive inverse of af 


is aiasai+( ai)=0=( ai)tai. 


Multiplicative Inverse of z = Multiplicative inverse 
of zis z= I/ai as zz" = | provided a # 0. 


llolds for 
2,+z,=2,+2, 


Cancellation law: addition as well as 
multiplication. i.e. 


=> 2,>2,andz,.2z,=7z,.z, > z, =z, (provided z, # 0) 


Properties of lota 
1. P= 1,7 
2. Periodic properties of i 


=) fer ag prtta_ yess 


== i 


ivne? 


3.7 
4. Sum of four consecutive power lerms of is zero 

de, M+ Pol +eo32tP3=0VnEZ 
5. For any two real numbers @ and 4, Va xb = Jab 


is true only when atleast one of @ and 4 is either 0 
or +ve. 


i 
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Notes 


1. The plane formed by real and imaginary axes is called Argand/Gaussian/Complex Plane. 


2. It should be kept in mind that any equation not having real roots does not necessarily posses imaginary roots. 
For example, the equation x + 5 = x +7 is neither satisfied by real numbers nor is satisfied by imaginary numbers. 


ILLUSTRATION 1: 


SOLUTION: 


ILLUSTRATION 2: 


SOLUTION: 


ILLUSTRATION 3: 


SOLUTION: 


ILLUSTRATION 4: 


SOLUTION: 


ILLUSTRATION 5: 


SOLUTION: 


amily omi2 y amid 


i ee ee 
1-i+? -P 


Find the value o 
Peele mete ees ee tat e+e] PPL +i-1—-a] fo] =0 
=> the given number is zero as denominator is 1 — 37 #0 

Find the sum of series i? + i* + i© + ....+(2n + 1) terms. 


Given series is a G.P. with first term #? and common ratio i”. So sum of G_P. is 
= PU)" Gna-@"")_ Cpa) _ 
1-7 1+1 2 


” 
Find the smallest positive integral value of » for which =) is purely imaginary with 
+t 
positive imaginary part 
1-i_Q-a? _ -2i 
l+i 1-7? 2 
=> (-i)" has + ve imaginary part for 7 = 3, 7,... 


=-i G2) =(-i)” to be imaginary n = 1, 3, 5,... 
lt+i 


n 3s smallest positive integer 


2 a+ 


Prove that + 
a+ij* 2 


is equal to 0 or 2 depending upon &, whether it is odd or even. 


asa _ di + 2nF 
(+i)* oF (+i? +2i)* 2 
i pt i * 
= oF a = ii = 5 +i* = en +i 
i i i = 


wl ail oe ccs tye [0 whembisoda 
=P yet eC = 10 whenkiseven 


Lere, 


If wis an odd integer and i= vo, then evaluate(1+)"+(1  )™. 
Consider (1 +)" + (1 — a" =(1 +7 +29"+4+ (1472-2 

= @ipr+ C2 

= 2 + C1 Qi 

= (21) — 27)" = 0 (as n is odd) 
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TEXTUAL EXERCISE 1: (SUBJECTIVE) 


1. (a) Explain the fallacy — 1 = #xi=J-IxJ-1= @) Se ) yo" 
VCDED = Ji =1. Hence evaluate y-25 x J—49. e ms 
(b) Show that © yr @) asa 
@i = 1vne Z Gi) #7 = Wnez = - 


Giiim"2=-lVneZ ivy i= WneZ 


2 i 
6. Tvaluate 14/4747 4....487'-—G"7 47") 
2. Show that ()-! = (i) and hence evaluate 2 
(a) iv” (b) i-%* 7. Find the remainder obtained when 
(c) § (dy § 79 (a) @)"” is divided by 7 


ppg divi ; 
3. Evaluate following (b) ("7s divided by 13 


ant 
qi) as qi) ae 8. Find the following information for the series Y # 
ii) j20 iy) 72001 7 
ae Gy) (a) Number of real terms i 
Vv fal vi) [A + a> (b) Number of imaginary terms 
day ginary 
f} (c) Number of positive real terms 
4, Evaluate (a) Number of imaginary terms with positive imagi- 
& 12i)* nary part. 
@) a +oF (4) 
Ite 9, Find the sum of the following scrics 
» +0% : 1+2i metas Phe 
(+) nez dy — > @ Si ) i 
l-d-/ ro ra 
1-1 F ana. fue dn 7 Ams 
(e) . @ (1), where » is an (c) 3k (a) i? ee 
1-P even integer di D> Dy I 


5. Show that + 7"''+#'? +" 5=0 WneZ and hence | 19, Evaluate [i haat at 4a 4 aye? ‘] 
evaluate 


Answer Key 
1. (a) —35 2@i b-1 @-i Mi 3%3@-41 G@-i G1 Gi W-l WHO 
4. (a) - 2" ()-1 © 20-1 VF @1 © 2 fH 2A 

n[ 2° @-1] 


ot 2 @1 m2 
Qi-1 2 . 


5 @i ®0 @-i @ 


8 (a) 2n—-1 (b) 2n () n—-1 dn % (a) 1 &)-1 © aa @ 2-1) 10. 34,7 
+i 


TEXTUAL EXERCISE 1: (OBJECTIVE) 


4. Who introduaad theaymbel dor JST? 2. Which of the following statements are true? 
(a) L.Euler 7 (b) J.Bernaulei (a) For set of real numbers vie = 4 where as for set 


(c) Paseal (a) Cauchi of complex numbers V6 =44 


5.6 Algebra ll 


(b) fab = Ja Vb iff both a and b are + ve 
(s) yee isequalto 1 
rt 


(d) Both set of real and set of imaginary numbers are 
subset of set of complex numbers. 


3. Sclect the truc statement of the following. 


(a) V-I6 + 3-25 + J-36 — J-625 =0 

(b) 1 +i! +28 + is a real number 

(c) EE PAE =O 

(d) 6 + 507 — "4 6/8 = 73 
4, Which of the following is nol truc about the set of 
purely imaginary numbers? 

(a) [tis closed under addition operation. 

(b) I is closed for multiplication operation 

(c) Tl posseses Additive identity 

(d) Itis closed for division operation. 


§. Which of the following is not true about the set of 
purely imaginary numbers? 
(a) Imaginary numbers follow property of order. 
(b) ¢> 0 is meaningless statement 
(c) Addition of Imaginary numbers are commutative 
in nature 
(d) Zero is purely imaginary but not imaginary 


6. The value of (#)?"" is 
(a) i 
(c) | 


7. (1 +i" Sis, neZ 
(a) areal number 
(b) a purcly imaginary 


(b) 4 
(ad) =I 


(c) Imaginary but not purcly 
(d) depends on the value of n 


8. The valuc of (1 +)” ® neZ is 
(a) Real for is odd values of » 
(b) Real for is even values of n. 
(c) Purely imaginary for is even 7. 
(d) purely Real VneZ 


Answer Key 
1. (a) 2d) 3. (a,b,c) 4. (b, d) 
10. (c) 11.) 12. (b) 13. (b) 14. (b) 


10. 


12. 


13. 


14, 


15. 


16. 


ny 
. The value of 1G)” is 
= 


(a) 1 
() 0 


(b) -1 
@ i 


‘The value of Sa-9 ae 


rl 


(a) 2%" (2! +h 


4-2i 
) 


©) (7 21) (d) None of these 


The remainder obtained when (7)? is divided by 51 
is 

(a) -l (b) 1 

(©) 50 (a) 49 

If ‘y’ denotes the remainder obtained when (i) is 
divided by 8, then the value of (2)'is 

(a) 64 {b) 128 

(©) 1/64 (d) 1/2 


F 0 SAB 56 
a i +P 47 
The value of — 

i 


Pap ea 
(a) -l (b) 2 
©) 3 (a) 4 
3 

The value of sum Sore), where i = ¥(-l) 
equals. is 
(a) é (b) i-1 
a @ 0 

antl 
‘The value of (¥ Fass 

mt 
(a) i (b) 4 
©) -l @ 1 

k Ame 
The valucof S! (# +78 +7 +0") is 

fl 
(@) 4m +1 {b) 4m 
(ce) 4m-1 (d} None of these 
(a) 6. (a) 7. (b) 8. (a,c) 9. (a) 
©) 16. ©) 


m COMPLEX NUMBER 


Anumber z resulling as a sum of a purely real number x and 
a purely imaginary number iy is called 2 complex number 


number of the form zx + iy where x,y © & and? 


I is called a complex number. [lere x is called real 
part and y is called imaginary part of the complex number 
and they are expressed as Re(z) = x, dm (z) =. ere if x = 
0 the complex number is purely imaginary and if y = 0 the 
complex number is purely real. A complex number may also 
be defined as an ordered pair of real numbers and may be 
denoted by the symbol (a, 4). If we write z = (a, 4), then a is 
called the real part and } the imaginary part of the complex 
number z. 

‘The set of complex numbers is denoted by ¢ and is given 
by C ={z:z=xtiy, where x, yeR andi= J-]} 


Argand Plane 


Any complex number z = a + i4 can be written as an or- 
dered pair (a, 6) which can be represented on a plane by the 
point P(a, 6) (known as affix of point ?) as shown below 
in the figure. This plane is called Argand Plane, Complex 
plane or the Gaussian plane. ‘lhe Argand plane is generated 
by real and imaginary axis. Conversely every point in this 
plane represents a complex number. 


y 


Imaginary axis 
P(a, b) 


Real axis 


FIGURE 5.4 


Representation of Complex Numbers 
Complex numbers can be represented by following forms 


1. Cartesian form (rectangular form): A complex 
x + iy can be represented by the point P 
having coordinate (x, ») 


number z 


2. Vector form (Algebraic form) : Every complex num- 
ber z is regarded as a position vector (OP) which 
is_sum of two position vectors : Purely real vector x 
(OA A) and purely imaginary vector iy (OB) 


-: OP =OA+AP =OA +08 >zaxty 
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Modulus of zz Distance of point P from the origin is 
called modulus of complex number z and is denoted by 


\z|. Itrepresent the length of (OP) or it is the distance 
of P(z) from origin 


oF [OP] = e+ 9? = YER) +(7m(2)) 


Argument of z: argument of z is the angle made by 
Op with the positive direction of real 


axis. Also 


known as amplitude z and is denoted by amp(z). 


=0; where tan@ =~, 0 lies in the quadrant in 
x 


which complex number z lies. 


y 
Imaginary | iy 
axis B 


oO x Real axis 
FIGURE 5.5 
Note: ‘lhe principal arguments 6 € (-x, 1] 
3. Polar form (amplitude modulus form) : In AOAP 
OP =(z|=r 
= OA x reosdandAP yp rsinO 
=>z x-iy r(cos0 +i sin0)=rcis0 


4, Euler form (Exponential form): Euler represented 
complex number z as an exponential function of its 
argument 6 and described as below 
As we know that using ‘laylor’s series expansion 
cos @ and sin@ can be expanded in terms of polynomial 
in 6 as given below: 


2 gt 96 
cos 0 = at ene and 
21 4! 6! 
2 ps gi 
sing =0- eae 
ue emi A 
* (cos@ + sin6) 
wy (ey (18) 
= ti CO), UY (8) ke tons =e" 
2! 3! 4! 


>z=x iy= 


r (cosd +7 sin6) = re* 


Advantages of Using Euler's Form 
e Convenient for division and multiplication of 
complex numbers. 


© Suitable for cxponential, logarithmic and irrational 
functions involving complex numbers 
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FIGURE 5.6 

r (eis 0), 

where r is the modulus of complex number z and @ is the 
argument of z. 


2 re r(cos O+isin 0) 


Inter-conversion from Polar/Trigonometric 
to Algebraic Form: 


Given z= x! iy, Considering in polar form z = r (cos@ +i sin6) 
In AOAP; Let |OP| = |z| =r 

Now we can see OP = r= ie + y? :comparing the real 
and imaginary parts, we have 


Using above equations we can convert complex num- 
ber in one form to another form. i.e. Polar to Algebraic or 
Algebraic to Polar form. 


Imaginary P(z)=x+iy 


axis 
y =rsind 

A, x 

X= 10080 Real axis 


FIGURE 5.7 
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TEXTUAL EXERCISE 2: (SUBJECTIVE) 


1. Convert the following complex numbers to polar and 3. Simplify the following complex numbers to 
Euler form ( + iy) form and express them in, polar and 
Euler forms. 
@) 1,8, b) Bi Ee 
@ (Hy 0) (5) 
2. Write the following numbers in Algebraic form: 1-i 1-i 
(a) 2N2{ con + isin 9) fo oho" (a) (+i Gi 
‘ a9" GD on” 
137. 13a 
©) 4{cos 2 isin 2) (©) (f44+3y-20 +4 -3¥-20)" 
(c) Gers 


Answer Key 


1. (a) [sos +s =) ene (b) {on = 7 F | via()),20 Mais 


2 (a) 2-2 (b) 2-243" (©) -3-3V3 
3. (a) 1 +04, 1(cos 0 + isin 0), le” (b) (2) + 2, (2) © (cos x + isin my, (2) 3 o% 


a a 2 
(©) -2°-2°Y54,2 *{ cos 4% + isin 2% |. *e@® — @) 04 22] ;{ =? lf 293% 4 isin ){ =? eer 
3 3 x+l xl 2: 2: x +l 


(e) (6) + 0%, (6)' [cos O + / sin OJ: (6y'e% or 25 +0%, 25[cos0 +isinO]:25e% 
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TEXTUAL EXERCISE 2: (OBJECTIVE) 


1. Which of the following is/are value of i? 
(b) 
(d) none of these 


2. Ifz=(1 + cos0) +i(sind), @ €| 7,3]. then |2| is 


@ 
@) 2082. (b) cos 
2 2 


©) -26082 @ asine 
2 pA 


3. Which of the following 


sin n(i’)" + cos nd)’ ? 


(a) -1 (b) 1 
(c) 0 (a) none of these 
+1¥ 
4. ‘The value of grearn (mi ) = 
mi-V ig ke Z:m>0 
(a) 0 (b) 1 
(c) -l (a) none of these 
§. If zis any non-zero complex number having 
arg (z) = 0, then ao equals 
Zz 
Answer Key 
1. ©) 2. (ce) 3. (b) 4. (b) 5. (c) 


Properties of Complex Numbers 


() Equality: ‘lwo complex numbers z, and z, are equal 
only when their real and imaginary parts are respec- 
tively equal. 


ic. Re(,) Rez, and F(z,)_,(z,) or z,| =|z,| and 
arg (z,) arg (2,) 
Proof: 2, 2,¢9Re(z,) Re(z,)andlm(z,) Itz, 


Letz,=atibandz,=c+id:a,b,c.d€ Riz V1 
Considerz, 2, 
. atib=otid 
=>(@ tie d=0 
>a c=O0andb d=0 
>a=candb=d 


is/are value of 


_ 0 8 
= —2sin— 
(a) 2s, (b) sin 3 


() 2 (d) 2sin0 


6 
isin —| 
2 


6. If zis a non-zero complex number with arg(z) = 6, 


then the maximum value of oe is 
Zz 
(a) 1 (b) 2 
(ce) 3 (a) none of these 


7. Iz, =@G —4i) e* and z, = (4 + 31) e*®; then 
(a) le,|> lel 
(b) lz, <|z,| 
(c) z= lz.) 


(d) |z,| and |z,| can’t be compared. 


8. The expression nf o( <2) equals 
atib 


ab 2ab 
I 
e+e © FF 
ab 
ab 


(a) 


©) 


(d) none of these 


6. (b) 7. (ce) 8 () 


=> Re(z,) = Re(z,) and Im(z,) = bm(z,) i) 
cb d 
atib=z, 2 


Conversely: Consider a 

2, ctid=>z, : 

». Re(z,) Retz, and Im@,) — Im(z,) 

> 2-2, wii) 
From (i) and (ii) we get z, =z, > Re(z,) = Re(z,) 
and Im(z,)_ Imtz,) 

= soillz O=>xt+iy O=x Oandy 0 
The students must note that x, y © R and x, 
y#0.Thenifx+y O=x —yis correct but 
xtiy 0 =x. —iyis incorrect (unless both x 
and y arc vero} 
Ilence a real number cannot be equal to the 
imaginary number, unless both are zeros. 


(ii) Inequality: Incquality in complex number is not 

defined because ‘i is ncither non-negative nor nega- 

live so 4+ 3i>1 

If Re(z) = 0, then z is purely imaginary and if 

Im (z) = 0, then z is purely real 

(iv) z 0 = Re(z)__ Im (z) = 9, therefore the complex 
number 0 is purely real and purely imaginary both. 
Proof: Letz =a+ ib, where a, 6 e Ri = v1 
Now consider z =0 > a+ib=90 


+ 2i ori <0 ori >0 is meaningless. 


(iii) 


=>a= ib 

Squaring both sides, we gel a? =— B? 
=>@+hP=0>a b 0 
Im (2) =0..() 
b 0 


=z Omcans Rez) 
Conversely: Let a 

. 2=0+01=0 
therefore Re(z) = dm (z) = 0 => z =0...(ii) 
Now from (i) and (ii) we get, z = 0 

© Re(z) = im (2) =9 

Ifz x + iy, then iz 

Tn(iz) Re(z) 

Conjugate of complex number: zx + iy is denoted as 

Z =(x-iy)i.c, a complex number with same real part 

as that of 2 and negative imaginary part as that of z. 

(vii) [fz is purely real and positive => Arg(z) =0 

(viii) If z is purely real and negative > Arg{z) =x 

(ix) Ifz is purely imaginary with positive imaginary part 

=> Arg(z) = 1/2 

If zis purely imaginary with negative imaginary part 

=> Arg(z) = -2/2 

Arg(0) is not defined 


(wv) 


—y + ix = Re(iz) =— Im(z) and 


(i) 


(x) 


(x1) 


Imaginary axis 


z=ai 


Positive 
real 


Negative ; 
Real 
axis 


FIGURE 5.8 


Binary Operations Defined on Set 
of Complex Numbers 


Binary operation on set of complex number is a func- 
tion from C x C; where C is set of complex numbers to 
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itself. Le., if 2, z, € C and * is a binary operation on the 
set of complex numbers then z, * z, € C. Following binary 
operations are defined on set of complex numbers 


Addition of two complex numbers 
Let z, =x, + #,and z,=x, + iv, 
= 2tz,=(,ty)t (&, +iy,) 
x, +x,) +i (y, ty) 
Lez, +z,= [R@)+ RE) + ME) + 1G] eC 


Geometric representation: Considcr two complex 


numbers z, = («, + iy,) and z, = (x, + iy,represented by 


vector z, . = OB as shown in the figure given 
below. 
‘lhen by parallelogram law of vector addition, 


FIGURE 5.9 
(ii) Subtraction of two complex numbers 
Letz, x, +iV,, 
then 2, —2,= (x, + iy) — (r,t) 
=(r, x) +i, vy) 
= [RG,)- REI + MG) -IE)] ¢ € 


x, +4, and z, 


ic, z 


Geometric representation 
Using again vector representation, we have 
Bi=OA-OB -z,-2,-00 


Llence, the other diagonal of the parallelogram repre- 
sents the difference vector of z, and z, 


yY BZ) 


B-2,) 


FIGURE 5.10 
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Notes 


1. In AOAC [Since sum of two sides of a \ is always greater than the third side] °." OA + AC> OC=> | OA|+|OB| >| OC | 


=> 
=> OA] + |OB|>|BA| = |z,|+ lz3|2 lz, - 21 


2. 


=> Cis affix of complex numberz, -z, 


|z,|+ |z,|2|z, + 2,] This is called triangle inequality. Also considering AOAB; OA + OB > AB 


While BA represents the free vector corresponding toz,-z, OC represents the position vector ofz,-Z, 


3. Ina triangle, the difference of two sides is always less than the third side. 


= |8|-|Oal <|aB| = |I2,|-I2,|1<1z,+2)| 


4. Triangle Inequality: ||z,|-|z,||<|z,+z,|<|z,1+|z,| 


Multiplication of two complex numbers 
x, tiy,andz, x, +ip, 


(iii) 
Let z, 
then 2,.2,= (x, + #y)).(x, + iy.) 
= (x, x,) tixyy,t ixy, + Pyy, 
= (XY Ya)t Meh, + XV2) 
=|RE)RE) Ie )IE)) + AREYIE) + RE). 

I@jlec 


Geometric representation: Let A and 3 are two points in 
the complex plane whose affixes are z, and z, respectively, 
where 

r,(cos 0, + i sind.) 


z,  r(cos0, +i sin0,) and z, 


il =r, AOX = 6, and 


1 
Join OA and OB. ‘hen, 


OB] =r, BOX = 6, and BOX = 0, 
Then z,.2, _ry',(cos0, + isin 0,) (cos, + sin0,) 


(cas6,cos 6, — sin@,sin®,) + i{sin@,cos @, + 


sin@,cosé,)| 


=r, (cos (6, + 6,) + isin (0, + 8] 
This suggests that a point whose polar co-ordinates are 


(Fry 8, + @,) will represent that point whose affix is z,z, 


Result 


The product rule can be generalized ton complex numbers 
Letz,=r,(cos0, +i sin0,), wheren=1, 2,.... 


FIGURE 5.11 


‘lake a point P on the real axis such that OP = 1, 
Join AP. Now construct the triangle BOC, similar to the tri- 


angle POA 
From similar triangles POA and BOC, we have 
OC _OA OC» 
ee op et 
OB OP ca 1 
=> OC =r, 


And ZXOC 2 XOB+ Z BOC 


Hence the point C represents the affix of product 2,. 2, 


0, + 0.1.0.0, +0, 


in the Argand plane 


Now 2. Zp2,| =F lvoe, = [2,] |Z, oeel2,| AN Org (2, Z,.2,) =O, + O, + me +O, = ANG Z, + AIG Z, + om + AIQZ, 


As special case arg z”=nargz 


(iv) Division of two complex numbers 
Letz, x,+,andz, x, +iy, 
=> 2,/2,= (x, + iv, Mex, + oy) 

x, + iy). Dey, + iv), — 


= 42) 


Opty) 


FY) — Ya) 


OS ty 


J) 


= Om, + HV) 


ame eC 
Cy +¥2) 


Geometric Representation: J.ct A and B be two points in 
the complex plane whose affixes are z, and z, respectively, 
where z, 7,(cos 0, +/sin0,) and z,r,(cos 0, +i sin0,). 
‘lake a point ? on x-axis ie OP = 


On simplification, we get 

2.4 [cos(8, —8,) +7 sin(6, - 8,)] 

Zi. Hy 

This suggests that a point whose polar co-ordinates are 


ty 2 aes Z, 
& 0, a) will represent that point whose allix is — 
H 2 


Join OA and OB 


FIGURE 5.12 


ZAOX = 6, and [OB] = +, 


Then, i 


ZBOX — 0,, Draw a triangle OPC similar to triangle OAB_ 


Notes 
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From similar triangles OPC and OAB, we have 
OC _ OP i 

= or & ail => OC 
OB OA r, 

Also Z X¢ 


ZAOB=ZXOB ZLXOA=6, 4, 
Hence the point C represents the affix of 22. Similarly 
2 


Z, 4 
If we want to represent — geometrically, then 


Z, _ A (cosd, +isin@,) 
Zs ~ n(cos@, +isin8,) 

0, + isin 0,) (cos 0, ~isin 0,) 
30, + isin 0,) (cos 0, —isin O,) 


cos, cos@, + sin, sin @ ,)+ 
‘5 
nO, 


i(sinQ, cos 


a 


-[eos (0, -0,) + sin (0, -0)1 
Therefore this suggests that 2 would represent the 
Z. 


of the point whose arguments 1s (0, — 0,) and at distance 


from the origin, as shown below in the diagram. 


Llere triangle AOAB ~ AOCP => OA _ OB 
OC OP 


1. If 0, and 0, are principal values of argument of z, and z., then 0, + 0, may not necessarily be the principal value of 
argument of z,.z, and 0, - 0, may not necessarily be principal value of argument of z,/z,. To make this argument 
as principal value, add or subtract 2nz, where n is such an integer, which makes the argument as principal value. 


2. Note that angle o. between two vectors OA and OB is x= o= 


0,, @=argz,-argz, 
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Algebraic Structure of Set 
of Complex Numbers 
@ Closure Law: Complex numbers are closed under 
addition, subtraction and multiplication operation 
ic, 2, +26 C,22,€C forall 22,€C , zz, € C forz, 
#0 ic closure law holds good [or division on set of 
non-zero complex numbers. 
(ii) Commutative Law: commutative law holds for ad- 

dition and multiplication of complex numbers 
ie, z,+z,=2, +2, andzz,=22, 

(iii) Associative Law: Associalive I.aw holds for addi- 
tion and multiplication of complex numbers 
ic, 2, +@, +2)=@, +2) +2, and (Z,2,)2, 2, 
(Z,z,) and z,(2,.2,) = (2,.2,)(z,) 
Letz, =a+ib,z,=¢+id,z,=e + if, then 
LHS 2, +, +2) 

atibt(ctidteti—) 

H(atetetibtdtfp 
S(atod+ bt atti 
=(@,+2,)+z, RHS 


(iv) 


™) 


(vi) 


(vii) 


Existence of identity clements: 0 is thc additive 
identity and 1 is thc multiplicative identity because 
zt+0O=z Ot+zandz1l z |lzVzeC 
Existence of inverse clement: For any complex 
number z there exists another complex number —z 
such that z + (-z) = 0 (additive identity) = (—z) +z, — 
zis called additive inverse element of z. For any non- 
zero complex number z there exist another complex 
number (1/z) such that z.(1/z) = 1 = (multiplicative 
identity) called as multiplicative inverse element 
of z. 

Distributive law: Multiplication of complex number 
is distributive over addition and subtraction 
icz.(z,+2,) 2,2, +2,z, (left distributive law) 
and (2, + z,).z,=z,.2,+2,2, (right distributive law) 
In context of real number every real number has a 
unique square root known as principal square root.e.g. 
Vo =3 (mot 43) and Vi6é = 4 ete. Bul in case of com- 
plex number 4 = +2, V9 = 43, J-a = tai where 
ais areal number 


(viii) Existence of conjugate element: Every complex num- 


berz x + iy has unique conjugate denoted as x - iy. 


Complex Numbers 


5.15 


ILLUSTRATION 11: 


SOLUTION: 


ILLUSTRATION 12: 


SOLUTION: 


ILLUSTRATION 13: 


SOLUTION: 


(©) Lat {e ee roe 


+i 3-4 
+xi-2i  2ytFiyt i(x— it 
xexi=21 | Ay t3y te et ie-2), Wy tiGy+)) _ 


347 3-7 343 3-1 
(e+ ix — 23-1) + Qy +4 3)GB4i) 
10 


=> 3xt+3ix—6i—-ixtx—2+6y+3i+ Ni+2%i-1-3y 107 
=> (4x -3y—3) + 2x - ly 37107 
=> (4x — 3y—3) + 12x - Ly —3) = 107 
=> 4x-3y 3and2x-lly 13 
=> x=-3/19,y = 23/19 
Prove the following results 
(a) (1 +24+3'8 + 7) is a real number. 
Vi +iv3 | V7 -i3 
Vins vind 
(a) (1 ++ 8 + PD HC) + te peat g st2y 
S011 
= —2 is areal number 


(b) 


is a real number 


(b) Let 


V7 +3 VTi | V7 +3, VT iV5 | | V7 
Vis VT4iN3 =|% V7 -i3 ye | 4 


-2V21i 4 
10 


Given that (x + iy)" = (a+ iB), then prove that ~ + - = 4(a?—b?) 
a 


(x + y)'8 = (a + ib) 
Cubing both sides 
=> xtiy=a@ ib +3aib(a + ib) 
=> xtiy @—ib +3a%ib—3ab? 
Equating real and imaginary parts we gel,x a’ — 3ab? and y 


LHS 


BF] 
if3 7 -in3 


b(3a? — B*) 


@~3ab* | 3a°b—b? _ a’b~3ab? +3a’b— ab? _ 3ab(a* ~b*)+ ab(a’ -b") 


@ b ab 


_ @ = )Gab+ab) _ 4ab(a’—b*) 
ab ab 


= 4(a— b?) = RILS 


l+b+i 
Given a? + 5?= 1 then prove that 72" — p4i¢ 
l+b-ia 


tits = tO*#@ psig = (+b+ia)\1+b+ia) hie 
14+b-ia (1+5-ia)(1+4+ia) 


_ 1+b+iat+b?+5+ aibt+iat aib—a* 


+6)? +(@)* 


ab 
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va 
ey 
- 2b + 2ia+ 2aib+ b* —a* +1 C @ t=) 
14+? +a? +2b 
2 . 
2 btiataib+bh _ 60 +6)+ ial +5) =btia RHS 
1+b 1+b 
(ati? (a7 +1)? 
ILLUSTRATION 14: Solve the cquation “——~*_ = p + ig, for p and g and hence prove that _p? +q? = Pal 
2a-i at 


(a? -142ai) | 2a+n 
Mah 2a) =5 
Qa-) ~~ Qatn 


(Qa? - 2a 4 4a7i + a*i—i—2a) 


SOLUTION: Given equation 


ee 
Qa)" a a? prig 
(Qa -4a+5a%-1) =, Qala®-2)4i(Sa?-1)_— 
> See ptiggS: pe 
4a* +1 sas 4a° +1 cei 


3 2 da’ 2 16a" eee rc 
_ 2a fa pe28 Now, page= a° + 16a ase set +1-10a’ 
4a’ +1 4a’ +1 16a‘ +1+8a’ 


= a’ +142q* 44a" 48a" + 4a% _ (a) +1) 4 4a° 42a" ta") _ (a? +1) +0 4 da") 


=P 


16a‘ +8a° +1 16a‘ +8a* +1 (4a? +1)? 
2412 
=-@ +) , hence the result. 
4a’ +1 
Q-5i° 
ILLUSTRATION 15: [Express z in the form A + iB 
(3421) 
3 : 
sotution: (275!) _ 841251 6(5/)(2— 51) _ 8 +125 ~60;-150 
G+ 2i)* 9-4412i 54125 
=142 465i _ (1424 65i)(S—-12/) _ —710+1704i+3257+780 70, 2029% 
= — = =——+ 
54125 169 169 169 169 
ILLUSTRATION 16: Find the additive inverse of a : and express itinx iy form. 
+55 
2-H (2-34-51) 8-107-127-1572 
SOLUTION: [cl z= oe = = oar | 
445i 16+25 41 41 41 
Additive inverse of z = ae + 22, ANS. 
41 41 
245% 
ILLUSTRATION 17: Find the multiplicative inverse of a7 and express il in x + iy form. 
-Ti 
SOLUTION: Let z = 2 = 
-Ti 


3-7i 3-7) 2-55 


M1 of @is L= x 


z 245) 245) 2-5: 
_ 6-15i-14i-35 _ -29-297 | 
4425 29007 


—l-i Ans. 


TEXTUAL EXERCISE 3: (SUBJECTIVE) 


1. Express the following in the form A + iB 
@) G+2N6-2/) Gi) @ 2F 

_. 1+ 2i+3i7 

iv) ———_ 

) 1-2+37° 


14.27 
wi) (=) 
a 
Q+y 2-7 


‘ 2-i 
iii) ——_— 
‘ 443i 


148) 
See (3) 
(vii) 


2. Express the following in the form 4 + iB 


_, (ati (a-i 


® G@-) (ati 


a l+sina +icosa |’ 
l+sin a —icosa 


(c) (2 21) for n = +1, #2..... 


+i 

3. Prove thal (1 +4)"+(1-)" 
mit 

and rer if nis an even integer. 


0 if mis an odd integer 


4, Find the value of a +a'+a?+ 1 when a= tt! 
V2 


. (1+iy™ 
5. Simplify i 


-i 


=a 
6. Evaluate le) 
i 


Answer Key 


12. 


. Simplify 


j. IE (x + iy) 


Ife) 
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344i 


) in the form 4 + iB. 


14 


20 > 30 = 
B-V2 W428 28-J2 


. Kind x and y if x —2iy) (2+ )*= 10 (1 +1) 
10. 


If (x! + 2ei) — Gx2+ yi) = (3 — 54) + (1 + 2yi), then 
evaluate the values of x and y, where x and y are real 


numbers. 


3 
1) —————__ a + ib, then prove that 
2+c0s0+isinO 


@+h=da-3 
Find the multiplicative inverse of 
-37 -5i)* 
2-8 ig G9) 
4+5i 3-2 


(a) 342i (b) 


p+ ig, then express (y + ix)*in the form 
A+iB. 


. Ifx,y, z are three distinct complex numbers such that 


=0, then find the value of 


(y-2) 


. If x= 565-N5, then find the valuc of xt — x3 -— 


12x? + 23x + 12. 


xt 8x4 + 4x24 de + 39 and (3 + 2i) 
then evaluate ab. 


at ib, 


1.() 13407 (i) 3-47 Gil) si (iv) 0-7 (&) = Wi) -140% Gi) 0-5 
=] 


6D 


2a) x (b)cos(rm/2 nat) +i sinGr@/2 nat) (c) (5/2) [cos (nv tan} 1/3) +i sin (tan * 1/3) 
1.9, 7 5 
4.0 5.1 6-4 7. +i &0 9x 14/l5,y 5 
10.x=2,y=30re=-2,y=13 9 12 @ 32 (iy 722% gy 22341028 
1B 841 
13. g + ip 14.2 15.5 16. -; 
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TEXTUAL EXERCISE 3: (OBJECTIVE) 


1 


ptig> +t itis meaningful only when 
(a) p=0,r=0 (b) p=0,1=0 
() gq=0,r=0 @ q=0,1=0 


» The multiplicative inverse of a number is the number 


itsell, then its value is 
(a) i 
(ce) 1 


(b) -1 
@i 


. If z, = (4,5) and z, = (-3, 2), then = equals 
2 Z 


4 [21 + HP = 
(a) i (b) 2 
@)1l i (d) 1-27 
§. Ifz 1 +4, then the multiplicative inverse of z* is 
(where i = J=1) 
(a) 27 (by 1 i 
(c) -#/2 (a) None of these 
6. Ia cos0-+sind, then £4 ig equal to 
-a@ 
(a) cote (b) vot 5 
(c) re (d) étan g 
c) fcol— tan 
2 2 
7. The real part of ———!____ is equal to 
l-cos@+isin@ 
(a) 1/4 (b) 1/2 
(c) tan 0/2 (a) 1/1 —cos 8) 
B. If +i) (tig) = 62 +59), then 


@p «q@ y bp eq 

@p vq x (d) None of these 
te ao 

pp Ge Oen eG SNK ET |p mnen thé real valies 
3t+i 3-i 

of x and p are given y 

f@x —-3y -1 @e By -1 


(c) x @) x=ly=-3 


10. 


11. 


13. 


16. 


17. 


. The Icast positive integer # which will reduce (4) 
i 


The least positive integer n which will reduce (4) 


to unity is 
(a) 2 (b) 4 
() 8 (a) 12 


The smallest positive integer 'n' for which (1 +) 
(=i is: 
(a) 4 
() 2 


(b) 8 
(d) 12 


fe 


+1 
to a real number is 


(a) 2 (b) 3 

(©) 4 (d) $ 

Ifx = 2+ Si, then x? — 5x°+ 33x 19 = 
(a) 12 (b) 25 + 67 

(c) 10 (d) None of these 


. Let fz) be a polynomial in z € C, when fiz) is divided 


by z — i and z + i, the remainder is Ht na St 
respectively. What is the remainder when f(z) is 
divided by 2? + 1? 


(a) 542/32) (b) iz+it] 


(c) + (2ie +2¢+1) (d) None of these 


. Given that equation 27+ (p + ig)z + r+ is =0, where 


pqs are non-rero reals, has real roots, then 
(a) pgr FP +p’s (b) prs @trp 
(©) prs pi +sq (d) pgs P+ gir 


Integral solutions of the equation (1 
is/are 
(a) 0 
() 01 


(b) dn, neN 

(a) None of these 

If n,, n, are positive integers, then (+1) +(1+7?)* + 
(+) +04)" is real number if and only if 

(a) nan, tl 

(b) n, +1 =n, 

(©) nan, 

(a) n,n, are any positive integers 


18. a, b, ¢, a, b,, c, are non-vero complex numbers 


‘ a i 
salisfying —+—+ 
4 


a 


then — is equal to: 
gq 
(a) 27 (b) 2+23 
(c) 2 (d) None 
Answer Key 
1. @) 2. (b),(c) 3. @) 4. (b) 5. (¢) 
W.()1B(a)— 1B.) fa). 


m CONJUGATE OF A COMPLEX NUMBER 


Conjugate of a complex no. z = x + iy is defined as 
Zz =x iy Itis mirror image of z in real axis as mirror. 
as shown in the figure. 


FIGURE 5.14 


Let z = r (cos + isin@) 


=> F  r(cos—isind) + feos(-0) + isin-0)] 


=> F represents the affix of point having magnitude » 
and argument — 0 


PROPERTIES OF CONJUGATE OF 
COMPLEX NUMBERS 


1.R@) R@, KZ) Ae) 
2. 2F>|7P=1zP=(R@Y +E) 


3. (F)=2,, =F 


4. c= (Eland - Agr z= Arg 


3. Ifz = 7 ie, |e] =|2| and arg z = arg 7 > z is purely 
real. 


Complex Numbers 5.19 
6-37 1 
19. If }4 9 3% 9 —-l]=x+éy, then 
20 3 i 
(@) x=3,.y=1 (b) x= 
() x=0,y=3 (@) x= 
6. @) 7. (b) 8 () 9. (b) 10. (b) 
16.) 17.@) 8%) 19%. @) 
6. If Z=-zic,|-2|=|Zlandargz —arg 7 zis 
purely imaginary 
7. R@)= = =x=R@),;1,@)= 2% 5 =-Im(@) 
a 


e148 ew 
8. cos0 = i » sing =| —* 
2 2 


+Z,+2,4+..42, 


9. (2,42, 4+2,4+..42,) =F, 


10. (2, 2, 2..2,) =) @) G).--@,) 


LL. Gz.) = 
(lz) (,) 


12. @")=@" 


13. Ifo fz), then @ = f(Z), where fiz) is algebraic 
polynomial 


14, 2,2, + 2,7, = 2R Gz.) 


18. |, +2, [= yin +12, 42Re@zZ) 


lal + 


la tz, P=(2,4+2,).G+%) 


2Re(z,.%) 


2lz,P 


1 
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cr 


B+i 
B-i 
V3 +i CB +DNNR +I _ 242N31 _ 145 
V3-1 GB-nQB+N 4 2 

Bti 
J fos 


cos(nz) +i sin(nz) + 1 =— 1+0+1=0 {where mis odd} 


an 
ILLUSTRATION 18: Show thal } +1=0 [or all odd inicgral values of 2. 


SOLUTION: a 


+1=(e*?)" +41=(e*)41 


ILLUSTRATION 19: If vfa+ib =x+iy, prove thal Ja—ib =x—-iy, 
SOLUTION: fa +ib = x+iy 
=> atib (<+iP= (xy) + 2p, Equaling real and imaginary parts, 
>a=r yandb=2xy >a ib=(? y)-2xnyi=( iy)4 lence, Ja-ib =x-iy 
ILLUSTRATION 20: If equation z* + az + 8 = 0 has a real root, prove that (eBX@ - a)=(p- BY 
SOLUTION Lei x be areal rool of cquation z*+az+b 0, thenx*+ax+P O>P -x?-ax ........() 
B= -x? - Gx or B =-x" -&x 
@-(i) > B-f =(@-a)x 
From (ii), af =-ax® - aa&x 


From (i), @B = @x’ -@ax 
(iv) - (v) => af - fa =(@-a)x* 
Now (af - fa)(@-a)=(@-a) x*=(B- BY (from Gi] 


ILLUSTRATION 21: Ifz, =a | ib and z, = + id are complex numbers such that |z,| = |z,| = 1 and R (z,.7,) = 0, then 
show that the pair of complex numbers @, = a + ic and @, = 6 + id satisfy. 


@ |o,|=1 @) |o)=1 Gil) R@@,) = 0 

SOLUTION: Given, z, = a +ib,z,=c+id,o,=a+ic,o,=bt+id 
Bl=el= sate p naan @ 
and c? + d=] sof) 


Now, z, 7, =(a+ib) (c—id) ac + bd +t (be — ad) 
Again R(z,z,) =O=>ac+hd O=>ac —bd 
ab 


pipes cies 

Fone) Gi) 
a=kdandb= ke, From @@’+8=l1 > Ré+ht=loPe+d=1 
oP=l[oet+F=1] 2 k=lor 1 


whenk=1l,a=d,b= candwhenk=-l,a d,b=c > |al=(d); |b|=lIe| 
@) |o,|= va? +e7 =a? +8? =1 Tr lel [al] 
Gi) || = vb? +d? =Vb 407 =1 Le ld =lal] 
Git) @,, = (at ic)(b-id) => R@O,)=ab+ od 
=-de+ed O[-a db -cora —d,b 


c] 
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TEXTUAL EXERCISE 4: (SUBJECTIVE) 


1. Find the conjugate and modulus for the following 
@7=G3-wWEB+WU+H 
a 247 
( 
4i+ (+i 


2. Let 2,,2, be two complex numbers. Find the condition 
that both (2, + z,) and 2,2, are real 


3. (a) If|z|= 1, then prove that % = is purely imaginary 
z+ 
(b) Find real @ such that Je2isng: is 


1-2isind 
Answer Key 
L@B-B,Bw Gi 2, wis 
3. (b) (i) Oe nn Gi) nt ni @4 


@ real 
(ii) purely imaginary 
(c) Find the number of solutions of Re (2°) = 0 and 
|z2| a2, Ovhere z is a complex number and 
a>0) 
4. For any three complex numbers z,, z, and z, prove that 
z,lm G, z,) + zm(Z, 2) + z,lm@,z,) = 0 
5. Letz,and z,be complex numbers such that z, #z, and 
|z,| =|z,|, Ifz, has positive real part and z, has negative 
imaginary part, then prove that (@, + z)/(z,  z,) is 
always purely imaginary. 


2. Hz.) + 2.) = 0, RE ME,) + REM, = 0 


TEXTUAL EXERCISE 4: (OBJECTIVE) 


1. The complex numbers sinx + i cos*x and cos x 7 sin 
2x are conjugate to each other for 


(b) x (ns sls 


(d) No value of x 


(a) x am 


(c)x 0 
2. The values of x and » for which the numbers 3 + ix?) 

and x? + y + 4 are conjugate complex numbers can be 

(a) (2, -1) or (2, -1) 

(b) C1, 2) or 2, 1) 

(c) (1, 2) or 1, -2) 

(d) None of these 


cad 
cos0 + sin0, then the valuc of y+— is 


3. Ip 
y 
(a) 2 cosd (b) 2 sind 
(c) 2 cosccd (d) 2 tand 
aueele V3. then x is cqual to 
x 

(a) cos = +isin (b) cos +7 sin = 

3 3 2 2 

(c) sin a +i cos %. (d) cos = +isin S 

6 6 6 6 


5. Ifz , then (2) lies in 


14+iV3 
V3+i 
(a) 1 quadrant 
(b) TT quadrant 
(ce) TI qudarant 
(a) TV quadrant 


6. For the complex number z, the number z + 7 and 
zz is 
(2) Arcal number 
(b) An imaginary number 
(c) Both are real numbers 
(a) Both arc imaginary numbers 


7. (+ a(Z+ a), where a is real, is cquivalent to 


) k-al (b) 2+ a 
(©) k +al? (4) None of these 
8. If 2a, #—i) is a purely imagainary number, then 
zti 


zz is equal to 
(2) 0 
©) 2 


(b) 1 
(a) None of these 
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eti 


9. If —— =a + ib, where a, ¢ are real, then a + 
ci 
pe 
(ay 1 (b) -1 
() @ -* 
10. If the conjugate of (x + iy) (I = 2) be | +4, then 
(a) eel (by y=3. 
5 5 
@\xti De! (ayes et 
1-2 142 
11. The conjugate of Sr in the form of a+ tb, is 
3+i 
13 15 13 -15 
@) S42 ) + +) 
2 { =) 10 { 2 


13 -9 13 9 
ey eaten) aE d) 243] 
© B(2) +2) 


12. The conjugate of complex number 2 


3i 114107 
= b 
(a) 4 (b) 7 
11-10% 2434 
y d 
ear arr 
13. If 7 be the conjugate of the complex number z, then 
which of the following relations is false’? 
Answer Key 
1. @) 2. (a) 3. (a) 4. (d) 5. (©) 


mn 


l(c) 120) 13. @) 1). 


m@ MODULUS OF COMPLEX NUMBERS 


Modulus of a complex number z x + vis denoted by |z|. If 
point P(x.) represents the complex number z on Argand’s 


plane, then |z| = OP = fx? +)? = distance between origin 


and point P = y[R@P +P 


Properties of Modulus of Complex Numbers 


1. Modulus of a complex no. is distance of complex no. 
from origin. 
|e|=0 > |z|=0 iffz=0 and |z|>Oiffz +0 


14. 


16. 


(by 27 =[F] 


() 344%=24+2, (@) agz=arp7 


Iz, = 
equal to 

31 
@) — 
71 
17 


() oH 


+ 2i and z, = 3 + 5i, then Re E 4] is 
24 
oy 2 
2 
22 
{d) — 
17 


. If the complex number z satisfies the equation Gz) 


(+2j+ iz) G-4)=14 7, then 2+7+27 is 


equal to 

(a) 0 (b) 1 

(c) -l (d) None of these 

For z,,2,2,€C, 312, (%2;) = 

(a) 2,+2,+2, (b) 0 

(c) ona +Z,+2;) (d) None of these 
4 


. Letz, a+ib,z,  ¢+éd be two complex numbers 


such |z,| = |z,| = 1 and Re (47,) = 0. If w,= a t+ ie 


andw, 6 + id, then Re (,#,) is 
(a) 1 (b) 0 
(c) -1 (d) None of these 
6. &) 7. () 8. (b) 9. (a) 10. (&) 
16.) 17. () 
2 -|z|<Re(z)<|zland |z|<Jm(z)<|z| 
3. |2/=|2|4-2/=|-71 
4. z=(|z7 
3. |2,2,1=12, ll 2,1 
In general | 2,22, .....2,] = 12, 112, 112, bl | 
6 |4)-/4l (2, #0) 
z| || 
7. Triangle inequality: | 2, +2,|<|2,|+|2,| 
In general | z, +z, +z,......tz]=|z,|+1z,1+1z,| 
tit |Z, | 
Proof: |z,+z,|<|z,|+1z,| 


For this consider 

Iz, +2, 1? =lz,P +1z, 

=|z,P+leP + 22, +%,2, 

= (jz, P +] z.[)+2Re (2%) (2 2+ F = 2Relz)) 

< laf +120 4214.41 

P+ 2121-121 

sla PtlaP+2lallale lll) 

sz |+1z, 0? > lz, +2,P sz, 1412, 1? 
lz, +z,]s1z,1+1z, 


<l4P+lz, 


Now replacing z, by z,in above inequality we get 
lz, +-2,)1S]2, 1+] 2, lor]2,—2.1$14,| +122 | 
Cd-2l=l2) 


Now, 2, + @, +z)| $|z,|+1z,+z,|S1z,1+12,1+ 
lz] 

Similarly the result can be generalised for n complex 
numbers 


8. Similarly | z,+2,|2]z,|-|2, |. 

9% [z"|=|z2/" 

10. ||2,|-12, [| S12, +2) S12,1+12,| 
Thus | z,| +|z,| is the greatest possible value of | 2, +2, | 
and || z, |—|z,| is the least possible value of | z, + z,. 


i. 


13. 


15. 
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ytz/=|4Ptlalt@%+hz) 
= |z,P +12, F + 2Re(z,) 


=|2,P+|2z, P4212, llz,| cos (0,— 0) 
i 3 eee : 
2,+z,P=|2,P-lz, Pe zm is purcly imaginary 


az, + bz, |? + | bz, — az, P = (a + B*Y(| 2, P+] z, PD 
where a, be R 


16. Unimodular: if z is unimodular, then | z | = 1. Now 


17. 


if f(z) is a unimodular, then it can always be expressed 
as f(z) = cosé + isin@, dR 
2, +2,P +1z,-z,?=2dz, P+1z, 9) 


Proof: For this consider | 2, +2, ) = (2 + 2,2, +2,) 


Ce |zP=22) 


=@t2@+%) (044% 554%) 

= 22, +22, +242, te 225 

=l2,P +]2,P 42% +223; oi) 
= 12, 2P=@ 2)@-%) 

=laP+lal-4%-mA di) 


Adding (1) and (i), we get 
lz,+z,P+lz, z,P=2dz,P+1z,) 


5.24 Algebra il 


TEXTUAL EXERCISE 5: (SUBJECTIVE) 


1, Find the modulus of the following: 


7. If|z+1 |= ¥2| 2-1], where z= x+y, then prove that 


1-3 24e 2 
2th P4y—6e+1=0. 
© ar © tra * 


8. Find the complex number z such that z*+ |z| = 0. 


2. If z = 1 + itana, where eeqest then prove that | 9% If'z—#| <1. then show that |z + 12 - 67 < 14 
> 2° 


10. If a> 0, z\z| + az + 1 = 0, show that z is a negative real 


|z|= sec a, 
number. 


3. If (cos 0-ésin OY — x—iy, then prove that. x7 +y?= 1. 


a+ib 1. If 4 = 2, show that greatest value of |z| is H+. 
4. 1x t+ iv paar then prove thal (2 + vy = z 


a 12. If|z+4|<3. find the least and greatest values of |z + 1]. 
etd 13. Prove that [or a complex number z, minimum value of 
5. If + Ae i) = (a + id). c € R, then prove that bel + |z—2]is2. 
@ + B= I, bla = 2eke?— 1). 14. If a, B be two complex numbers, then prove that 
ea tnet Bard 3 F ees + i £ 4 
6. Simplify ESl-2 in terms of x, v. where z =x +i. Ja? |+|f?] = lat Alla AP). 
Answer Key 


L@) 2) He 6.22 +32 + 10 +9 =0 8. 0.47 12. 0,6 
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TEXTUAL EXERCISE 5: (OBJECTIVE) 


3 


4. 


5. 


. Tf 


(1-i¥3)(cos0 + isin 0) 


~Iz Soo then modulus of 


2(1-A)\(cos@-sin 8) * 
zis 
als: 


22 


(a) None of these 


1 
= b 
(a) E (b) 


1 
() E 


. If aw and PB are different complex numbers with 


|| = 1, then f | is equal to 
(a) 0 (b) 1/2 
() | (d) 2 


If a,4,¢ are complex numbers such that a + 6 +¢ =0 
and |a| = || = |c| = 1, then l/a + 1/b + Ve = 


(a) 0 (b) 3 
(c) 0) (d) None of these 
If |z| > 3, the least value of |z +t is 
Zz 

(a) 3/8 (b) 8/3 
(c) 10/3 (d) None of these 
iy 1 = 1, then 

Zz 


a 


1 
(©) elgg =— 


1+ 
©) Haw 


-1+V5 


2 


2 


(€) [Alaa = (d) None of these 


. The maximum distance from the origin to the point 


eet l=2 1s 


Zz 


z satisfying 


(b) 14+-¥2 


(d) None of these 


1 
(2) 3245) 
() J2-1 


Iz -2 = 2, then the maximum value of [2 is equal to: 
(a) VS41 (by 2 
(c) 24+ y2 (d) ¥3+1 
. We) = 2, ley = 5, lz, + 24] = 3, then [4z, + 25z,| = 
(a) 29 (b) 30 
(e) 10 (d) 15 


10. 


13. 


14. 


16. 


17. 


. I \z|= 1 and 


. For any two complex numbers z,, z, we have 


lz, +z,P =|z,P +z, ), then 


nd 2) =0 (b) Im (2) =0 
Zs Z 


(©) Re( 2,22) =0 (d) In(z,z,) = 0 


(a) 


If z and @ are two non-zero complex numbers such 

a a 
that lzo| = 1 and arg (2) — arg (0) = >, then ze is 
equal to 


(a) 1 (b) -1 

i @ 

we [1222] <1, fe #1, then = 
2-22, i 

(a) 4 (b) 2 

©) | (d) None of these 


7 “ (where z #1), then Re(@) is 
ze 


(a) 0 @ al 


v2 


[z+1P 


©) 


(d) None of these 


If @ = a+ ip, B 0 and z #1 satisfies the condition 
a is purely real, then the set of values of z is 

-2 
(a) tz: |] = 1} (b) {2:2=2} 
(©) fe: iel=1.241} @) {202413 


If || <1 <[zJ. 2,2, € C, then \a = 2% )Me, - 2,)| is 


(a) <I (b) >1 

@) =1 (d) None of these 
. Maximum value of az +3z,)/z, z,|l is 

() | (b) 2 

4 {d) None of these 


The number of points in the complex plane that satisfy 
the conditions |z— 2)=2,2(1-) + FU +)=4is 
(0 (b) 1 

© 2 (d) More than 2 


The maximum value of |z| satisfying the equations 


1 ice 
—(z+Z) =1-=|zPis: 
12 3 
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ab ) & 24, For any two complex numbers 2,2, and any two real 
as as numbers a and b, jaz, — bz,|?-+ |bz, + az, = 

c 2 

(a) (at blz, + |z,P) 


2 2 2 2 2 
18. If 7 is a purely imaginary number other than zero, ) @ bi ) (z,P +P 
32, ©) @ +) (2) +k) 


p (d) None of these 
then 

z,+2, 25. If |z| < 4, then maximum value of liz + 3 - 4i| is 
(a) 3/2 (b) 1 equal to 
(c) 28 (a) 4/9 (a) 2 (b) 4 


(c) 3 @ 9 


19, If z, and z, are two complex numbers satislying the 


26. Iz, and z, are Wwo non-zero complex number 
1, then — is a number which is 


equation 
2 ing pctalay then is 
(a) Positive real (b) Negative real z,+iz, $s 
(c) Purely imaginary (d) None of these (a) Purely imaginary (b) Purely real 
20, If z, and z, be complex numbers such that z,#z, and (c) Of unit modulus (d)_ None of these 
[2\|= lz) fz, has positive real part and z, has negative | 97, yp | 3 + 2j] = 4, then sum of maxla| and min [ois 
imaginary part, then oe may be (a) ¥2-1 (b) 4 
122 


(c) 8 (d) None of these 


28. z, and z, are two non-vero complex number 
kz,|= lz, + lz, —2,], then 


(a) Purely imaginary (b) Real and positive 


(c) Real and negative (d) None of these uch that 


1 1 lee (a) Re(z,/z,)=0 (b) In(z,/z,) = 0 
21. |-(z, +z,)+4/2,2,|+|-(z, + 2.) -V/2,2,|= me? i 
i Vt e+ E | k' aes 4 (c) dm(z,z,) = 0 (a) Re@,z,) =0 
(a) ky, +2 ) ,— 21 29, Forz €C minimum value of |2— 4 +3i] + e+ 3 —4il 
(c) lz) + lz.) (d) le -lz,] ig 
22. If|z, +z,|=|z,| + z,| where z, and z, are different non- (a) 10 (b) 0 
zero complex numbers, then (©) 7¥2 (d) 2 
a) Re (z,/z,)=0 b) 7 /z,)=0 
fe) of 2 ; phe - ‘hess 30. Let C be the set of all complex numbers z such that |z| 
() 2, +2, fe) -None'ol these = 1 and define the relation R on C by z,Rz, iff 
23. If|z iRe(z)|=|z m2). then larg z,  argz,| = 2/3. then R is 
(a) Im(z) = 2 (b) Re(z) =2 (a) Reflexive (b) Symmetric 
(c) Re(z)=Jm(z) = 2  (d) None of these (c) Transilive (d) Anti-symmetric 
Answer Key 


1. (a) 2. (0) 3. (a) 4. (b) 6. (b) 7. (a) 8 (bd) 9%.) «10. (a) 
1. (>) 12) = 13.) 16.) 17.) 18) 1%) — 200 @®) 
2. (c) 22) 2) AL (25 A) 26) 2) — 2D) 2 (30. () 


real axis. Principal Argument: In general, argument of a 
m@ ARGUMENT AND PRINCIPAL ARGUMENT complex number is not unique since if 6 is the argument, 

OF COMPLEX NUMBERS then 2na + @ is also the argument of the complex number 
where » = 0, + 1. + 2,..... lence, we define principal 
value of argument @, which salislics the condition — 1 < 
the radius vector OP makes with positive dircetion of | 0 < m Hence, Principal valuc of arg(z) is taken as an 


Argument of z (arg z) also known as amp(z) is angle which 


angle lying in (Cx, x] if arg z ¢ (x, a], then Pfarg 2) 
arg z+ 2kn. 

A complex number z given as (« + i) lies in different 
quadrant depending upon the sign of x and y. Based on the 
quadrantal location of the complex number its principal ar- 
gument is a shown below 


Sign of x and y Location of z Principle Argument 
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m@ PROPERTIES OF ARGUMENT OF 
COMPLEX NUMBERS 

1. arg 2) 

2. arg(z") = n (arez) 


arg 2, + arg 2, 


x>0,y>0,  Istquadrant’ @=@ = tan '|2 
x 
x<0,y>0 IP quadrant 0=(¢—a)=2-1an! 4 
x 
x<0,y<O IP quadrant =-2 +tan?|+) 
x 
x>0,y<0,  [V" quadrant 9 =-@ =-tan™ 4 
x 
IInd quadrant y Ist quadrant 
nl2 <Argz<x 0<Argz<x/2 
z Zz 
%, A 


=z 


=z 


=n <Argz <-n/2 —n/2 <Argz<0 
\IIrd quadrant y’  |Vth quadrant 
FIGURE 5.15 
Caution: 


Ausual mistake is to take the argument of z = x + iv as tan! 
(y/x) irrespective of the value of the x and y. 


® remember that tan (/x) lics in the interval 


Whereas the principal value of argument of z 
(Arg(z)) lies in the interval (a, x]. 


Thus, ifz=x iv, then 
tan '(v/x) ifx>0 
tan (v/nj+a ifx<O,y20 
Arg)= lan(y/x)-z if x<O,y<0 
nid if x=0,y>0 
-w/2 if x=0,v <0 
not defined forx = 0,y = 0 


3. arg (2 } arg 2,—arg 2, 
2 2 


Proof 


1. Let z, =r, (cos@, + isin@,). z, = 7, (cos, + isin@,) 
Now 2,2, = rr, |(cos@, cos@, sind, sin@,) + i(sin@, 
cos0, + cos0, sin0.)] 

rr, [cos(O, + 0,) + isin(O, + 0,)] 
= r{cos@ + isin®), where r= 7, r, and @ = 6,+ 8, 


. arg, z,) =O = 0, + 6, = arg z, + arg z, 
2. arg (Z,. z, Z,) = argz, + argz,+.... + argz, 

pullingz, 2,=...%, 2, we gel 

arg (2") x» (argz) 


Zz, _ 7 (cos@, +isin) 
Z x 7,(cos@, +i sin 8, ) 
7 (cos, + isin & cos, — isin, ) 
1, (cos 0, + isin 0, (cos 0, —isin 0,) 


[(cos 6, cos 4, + sin 4 sin 8,) + 


= “feos(0, -0,)+isin(@, -0,)1 
ny 


“arg (2) = 6,-@, = argz,—argz, 
Z, 
4, arg(z) = 0 (or 2nz, nn € Z) 
=> complex number z is purely real and positive 
S. arg(z) = a (or (Qn + 1m, 7 © Z) 
=> complex number z is purely real and negative 
6. arg(z) a/2 (or (n+ I)n/2: n € DY 
=> complex number z is purcly imaginary with posi- 
tive Im(z) 
7. arg(z)= n/2 (or (4n + 3)n/2:n € Z) 
=> complex number z is purely imaginary with nega- 
tive Jm(z) 
8. arg(z) = not defined @z=0 
9. argiz) wd =>z (1 tor (xt xi cle lor («> 0) 
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INCIPAL ARGUMENT: 
ENT OF COMPLEX 
BY ARG. (Z)) 


Ly 
complex numbers, then 


ne 
Arg (I } = Yi Arg Zz, +2ka, where k eZ for suit- 
ca nm 
ably choose value of & such that principal Arg of resul- 
tant no. lies in principal range i.e.. (-z, 2). 


fn 
1, (Cos 0, + i sin 0) = me, are number of 


. Arg (] = 2Arg (z) + 2nn for suitably chosen value 
z 


of 7. 
3. Arg (2) a Arg z+ 2kx; for suilable integer 


. Arg(-z) + Argzor 2+ Ar, 
Arg z> 0 or <9, respecliv 


6 Arg (1/z)= Arez 
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ILLUSTRATION 29: 


SOLUTION: 


ILLUSTRATION 30: 
SOLUTION: 


ILLUSTRATION 31; 


SOLUTION: 


ILLUSTRATION 32: 


SOLUTION: 


ILLUSTRATION 33: 


SOLUTION: 


If z,- 1] <1, z,— 2 <2, z, — 3] <3, then prove that lz, +z, +z,|<12 


Let | z,+z,+2z,| 


1@-D+@-2+6-3+6| 


S|z,-1|+|z,-2]+|z,-3|+6<1424+3+6=12 


Find the complex number z satisfying the relation | z+ 1 | = z+ 2(1 +2). 


Letz x+y 


[etptl| xtyt+20+9 


=> f+? +y? =(%+2) andy +2=0 


=> &w+S=4x+4andy -2 


1 
> z=-(01-4i 
fepuray 


1 | <> then find the range of 


1 
z+— 
Zz 


=> @<2+3a 
=> (a-2)(a+1yr<0 


s+4{>0 


Zz 


Buta 


Evaluate the minimum value of |z — 43] + |z — 


t= 2)-@ 4) 


=> yet) +y? = (e+2)4i(y42) 
> (etl) += (et 2¥ andy =-2 
=> x= y=2 


Cer = le") 


=> @-3a-2<0 
=> as2-.a€C@,2] 


=> Range of ais [0,2] Ans 


2i|, for any complex number z. 


[2al = |(@ — 24) - @— 4i)| < [2 — 2a] + | - 4 


2<|z—2il + fz - 4i 


Minimum value of jz 2i|+|z 4: is 2. 


= |zP-4|2|+4<10 
=> -v10 <|2|-2< vid 
The greatest valuc of = e|2+ J10 ~ 5.162 


The greatest integral value of [z| is 5 


4, then find the greatest integral value of |z| 


= |zP-4|z|/<6 


=> ((z|-27%<10 
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ILLUSTRATION 34; 


SOLUTION: 


Second method: 


ILLUSTRATION 35: 


SOLUTION: 


If a> 0, z|z| + az + 1 =0, show that z is a negative real number. 


zke|+az+1=0=> 2(le|+a)=-1>2=- 


1 
ar a eg 


lence z is a negative real number 


Lez x+y 
Now z |z|+az+1=0 > ety (ery t+a(eti)t+1=0 


> xy? ty? tac+l+i(ye +y? +a) =0470 Q) 
Equating real and imaginary parts, we get x yeay t+ ax+1=0 sn) 
and ft ¥y +a)=0=9 y=0[ va>0— Pay +a>0] 
when y = 0, form (i), x Vx7 + ax+1=0—9 x{x|4 ax+1=0) 


-1 
> x= 


=—~ <0 =>z =x<0,ie., negative real number 
a+|x| 


Find the range of real number 'a' for which the equation z + az 1| +27 =0,z=x+tiyhasa 
solution. Also find the solution. 


z xtiywherex,ye R 
Given, z+a|z-1|+2i Oorx+iyta|x+iy—1|/+2i 0 


orx tor fx? +y?-2x41+i(y+2)=0 


Equating real and imaginary parts, we gel xtayx’+y?—2x41=0 00 (i) 


andy +2=0 

From (ii), y =-2 

Putting the value of y in (i), we ge x +a ¥x?-2x+5=0 siveazetiee (Qld) 
or ayx? -2x+5 =—x ora%{x*-2x+5) or (a?— 1) x? — 2a*x+ Sa? =0 cesceeeefiV) 
For a? = 1; x = 5/2; For a? # 1; Equation (iv) represents a quadratic equation. 

Now for x € R ; Disc > 0; 4a‘ —4 (a? -1) (507) 20 

=> af- 5a? (a?-1) 20; a (a? - 507 +5)25 

=> a%54a?) >0 2 a<toa [25 


From (iii), * =-yx?=2e+5 =-Y(x-° +4 > * <0 (v) 
a a 
a tay5-4a? 25) 


Again from (iv), x= (a) 


(vi) 


Tn view of (v) and (vi), we get &£-V5~ 4a? 
a’-l 
lage 
Case): Now oa 
ae 


Clearly «?> 1 and a > 0 is rejected and a?> 1l;a< 0 


=> a<—-¥5-4da? > ¥5-da? <-a 


> 5-dor<a? (7 -a>0) 


<0 


<0 
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=> ¥5-4a?* >-a, Which holds for a > 0 ic. for a € [0, 1) and fora <0 
=> S-4a?>a? => a?<l1 
Which is tc ic, « € (-1, 1) 


faa 
This 2 2S NS Ae gc 
a a-\ 2 
ea eye 
Case (ii): Next, aoN5-4a" 29 
a -l 
Clearly, a? < 1; a <0 is rejected 
o<la>0; => a€[0,1) 


=> a>V5-4a? => a? >5-da? --a20) 
=> a?> 1, Which is nol trac. Now, for a?> 1, a—y5—4a’? <0 


u 


a <¥5—4a? , which holds for a < 0,ic¢, trae| 9.1} and for @ > 0; a? < 5 — 4a0?. 


=> a? <1, which is not tue. 


2 
# ao V5— 4a? tre] 
a a?) 
324 fora = +1 
2 2 
asave—aa* tora e| M4 
‘Thus the final solution are z = ae] 2 
2 ols—4a? 
sey fora €(-11) 
a 


ILLUSTRATION 36: For every real number a 2 0, find all the complex numbers z satisfying the equation 2|2| — 4az + 
lt+ia 0 


SOLUTION: Let z =x + iy, where x,y € R 


Given 2|z|-4az+1+ia=0,a>0 seen) 
et + y? —4alx+iy)+1+ia=0 or 2x7 +y? —4ax+1-i(4ay—a)=0 
Equating real and imaginary parts, we gel 2. fe +y? —4ax+1=0 (ai) 
and4ay a=0=>y= 1/4, |. from @), a £0) 
Putting the value of y in (ii), we get 2,/x? + 7 = 4dax-1 Gi) 


or (+5) = I6a?x? + 1 - Bax or (4-16a"y2? + 8ax~3 =0 
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cr 


3 
-8a+ [6a 24 4(4 16a? 
ery D4 _ Bat Visa eID dat faa ¥3 


x= 3 sgn cea pee (iv) 
2(4— 16a") 2(4 16a") 4(4a° —1) 


| 1 } 1 3 3 
From (ii), dav = 142 ,fx?+— 214+2,/0°+— ==> x2 x>Oasa>0 .{v) 
16 16 2 8a 


4a 4a? +3 
Case: Whenx 4a-V4a" +3, Now fom (v), “27¥42 43 _ 3 3g 
‘ada? 1) 4(4a*-1) 8a 
= 2 = Pe 
= Pahari +3) “Se DS => Now 3—4a?-2a V4a?+3=0 
Ba(4a® —1) 
1 
=> (3-403 = 4a*(4a? + 3) = 9-36a'=0 > a=—[va>0| 
34a? -2aV4a" +3 


Also 8a (4a7-1)=O=a 1/2’. a> 0], Sign scheme for gata) 


FIGURE 5.16 


—4q? -2av4a* 
den Mistake ne 2 0 for no value of a (> 0) 
8(4a? -1) 


4at+V4a?43 . dat Jaa? +3, 3 


Case-if:; When x = z > 
4(4a" -1) 4(4a°-1) 8a 


Re a 

Sota +2avta +3 5 9: Now 3- 4a? +20 Yaa? +3 =0 (a>) 
Ba(4a° 1) 

3-4a’ + 2av4a* +3 
8a(4a" -1) 

Q-——--}+ —-- —_-> = 


ve 12 +ve 
FIGURE 5.20 


‘Now, sign scheme for is as follows 


3-4a? + 2avl4a? +3 


8a(4a’—1) 


4a+¥4a74+3 1 


1 
> Ofor—<a<oo; Thus z =x + iy = ——,—— +7 
44-1) 4 


1 
when 5 <a<o; For O<as>.no valuc of z 1s possible 
ILLUSTRATION 37: If a and fi arc any two complex numbers, show that 
lars fe? -f? +a fat =|a+Bl+|\a-A| 


SOLUTION: For any two complex numbers z, and z, we have 


lata +[4-z,) =24||*+2I2,[ wed) 


Let z,=fa?—f? and z,=a-Ja?—f* 


Tha LHS +b) 
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TEXTUAL EXERCISE 6: (SUBJECTIVE) 


1. Find the modulus and amplitude of =e 


=-—— $. Ifz, = 3¢ and z,=— 1 —4, find the value of arg 
a-i d+? . z. 


2 
2. Find the argument of the following: 


(a) -/3-i ) l+i 6 If, +z)=|e, z, prove that amp z, —amp anh, 
1-3 
7 d+jd+v3iyr 7.1 z+ ¥2|z41|+/=0, then express z in the 
eke (l-i) then tnd | 2 | and ares: form of @ + ib and find the principal value of the 
4, Find the principal argument of complex number SB 2, 
@-1l i Gi) -1 + Bi 
Answer Key 
1. 1q/2 2. (a) 7al6 (b) - Sx/12 3. 4.706 4, (i) -3a/4 ii) 22/3 
5. - 32/4 7.z= 2 fand argz =—(#/2+tan '2) 


TEXTUAL EXERCISE 6: (OBJECTIVE) 


1. If Arg (z) = @, then Arg (z) = 4, If a = cosa + isin a and 6 = cosf + ising, then 
(a) 0 (b) -0 (+5) 
() x0 (@) 0-7 BAS ab: 
(a) cos(a + By (b) sin(a + B) 
2. The sum of amplitude of z and another complex num- (c) cos(a B) (@ sina p) 


ber is x. The other complex number can be written 


- 5. Iz CC, 


. ‘ rr zd 
~C, where C, 080: + isin —, then 


@ = (b) = 
(©) z @ arg z= 
: , : (a) 0 (b) x 
BI 2 cost") + asin(ai3), r 1, 2, 3, then xan (ay Nous et hide 
2.2% 
@l- (b) 6. If (cose: + isin) (cos 2or + # sin 20)........(¢08 nor + 


(ci (d) -1 isin nox) = 1, then the value of « is 
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(a) dun ame. 
n(n+l) 
4ma mar 
atat) atat+1) 
W3+a" 
7. For any integer a, the argument of 2 ~~~ 
or any integer a, the argument of 2 7 
18: 
(a) ni6 (b) 23 
(c) a/2 (d) 2x/3 
& Iz x +iy,|2+1|= [2-1] and arg (4) =F 
Zz 
then z = 
(a) (24D: (b) d-v2)7 
() ¥2-1 (@) 2-1 
% Ifa =cosa + isina, 6 = cosf + isin, c = cosy + isiny 
and Pease 1, then cos( — 7) + cos(y— i) + cos 
¢ a 
(a py= 
(a) 3/2 (b) -3/2 
(c) 0 (@) 1 
10. If [7z,| = [2eosn/4 — 2 sina/4] and arg (2) = s then 
az = 
(a) 2-1 iN3)—(b) 2-14 V3) 
(©) 4-14 ¥3) (@) 4d+iv3) 
Answer Key 
Lo) 26) 36) 4@ 5b) 
I (c) 12) 1) HS.) 


m SOLVING AN EQUATION CONSISTING 
OF COMPLEX VARIABLES 


Let the given equation be fz) = g(z). To solve this equation 
we have following four methods. 


11. The solution of the equation |z|—z 1 + 2é 
3 
(a) 2-3 ) 5 42% 
oe 2 id) 2+ = 
©) ad so aaa 
12. The amplitude of the complex number z sina + 
i(1 — cosa)is 
a3 a 
2 sin— by = 
(a) 2 sin 2 (b) 2 
() a (d) None of these 
3t+i 3-7). 
13. a +—— | is cqual to 
nm reales 
(a) wW2 (by) w/2 
(c) 0 (d) a/4 
14, 182,200... .Z, = 2, then Arg z, + Arg z,t + Arg 
z, and arg z differ by 


(a) Multiple of 2x 
(c) Greater than x 
If |z| = 4 and arg z = 
(a) 242 +12¥2 

(©) 2N2-i2y2 


16. If z, and z, are two non-zero complex numbers such 
that |z, +2,| =|z,| + [z,| then Arg 2, — Arg z, is equal to 


(b) Multiple of 2/2 
{d) Less than z 


15. 7/4 then z is 


(b) 22 +iV2 
(d) None of these 


(a) (b) 2/2 

(©) A/2 @ 0 
6. () 2. ©) 8. (a) 9% (d) 10, (b) 
16. (d) 


Method1: Put z=~x+ iy in the given cquation and cquate 
the real and imaginary parts of both sides and solve to find 
x and y and hence z= x + iy. 
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Method 2: Put z = +(cos0 + isinO) and equate the real and imaginary parts of both sides and solve to gel r and 0 and 
hence z, 


Method 3: Take conjugate of both sides of given Adding and Subtracting above two cquali we gel 
cquations . Thus we get lwo equations. fz) = g{z)...... (1) | two new cquations solving which we get 2. 


and {(Z)= g(2) ee) 
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Method 4: 
ils locus. 


Geometrical Solution: From the given equation we follow the geometry of complex number z and find 


TEXTUAL EXERCISE 7: (SUBJECTIVE) 

1. For every real number ¢ > 0, find all complex numbers 
z which satisfy the equation |z|? — 2iz + 2e(1 + i) = 0. 

2. Find all complex numbers satisfying the cquation 
2\z[ +27 -S5+iv3 =0 

3. For every real number a> 0, find all complex numbers 
zsalislying the equation, z|z|+az+i 0. 

4. Solve the equation for z in complex number system 

@ 25-7 

Gi) 2 = 


Answer Key 


S. If |g — 2| = 2\z - 1|: where z is a complex number, then 
find 27 . where z lies on the line x = 

6 If  Ya-ib=x° +87, then show that 
2 
e 


7. If Arg(z— 1) = 2/4 and z—7 =3i, then findz 


8. Find the — solutions of — the 


wW2 xt =(3 -1) +3 -1) 


equations 


1. ce[0.v2-1] 


40 O08 Tg 


ae CRC ae 


OF Gi) o1- 


ae 
acy 


B. te ty es 
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TEXTUAL EXERCISE 7: (OBJECTIVE) 
1 fi+2 2+i=0, where i= 1, then | isequalto | % Iflz—3/=le—6| and [e|=S, thenz is 
(a) 1 fa) 94Vi97 (b) 249% 
b) 1/2 
: vi ) Sls (i) None of these 
id} None of these 
2. The solution of the equation|z + 1| =z +2+ 2i is 7 If 2] = 1 and Digi 2 where wa + ib and 
(a) +8 +40 (b) za +61) lw) aviacs othen value of is 
: ‘ @ $s (b) 3 
©) 76-4) @ 70-4) (©) 6 dy 4 
3. If z, n = 1, 2, 3... are solution of the system of 8. If Iai =a -ib forsome xeR . {0} then 
+ix 2 


equations z=12} _ =1, then Lz, = 
Z-8 
{a) 10 (by 15 
(c) 25 (d) None of these 
4. Number of solutions of the cquation z* zis 
(a) 2 (b) 0 
(c) 4 (d) x 
5. If iz?-z = 0, then |z| is equal to 
(a) 1 (b) 0 
(c) Oorl (d) None of these 
Answer Key 
1. (a) 2. (d) 3.) 4, (a) S. (0) 


m SQUARE ROOT OF A COMPLEX NUMBER 


(1) Algebraic method: 


lfz=atib 
Now square root of a complex number must be a com- 
plex number, therfore 
Let z!? = x + iy = (a + 16)? 
Squaring both sides, we getx? 3° + 25% =atib 
Equating & and J parts we get 
xoysa 
dy b " 
Wehave (+P =p ptt yy ath 
=> + y= ya?+b? [ve root is rejected since 
ety¥20) 
e+y=|z2| 


ii) 


a-b 
a) (a—bya- b)=1 Ct =l 
(a) (a— bya ~ b) {b) (3) 
©) @+h=1 (d) None of these 


9. Ifz x — iy, then |5z - 1| = 5\z — 2}; then Re(z) is 
(a) 1.2 (b) 11 
(c) 2 (a) depends on z. 


10. If |z + 1| + |2z- 3) =6 and |z| = |z - 2], then z equals 


(a) 14 VSi (b) 24 V3i 
(c) -2+¥5i (a) None of these 
6) 7d) &@ %0) 10 () 


solving (i) and (iii) = E1+@ 


Where x, y have same sign for b > 0 


— w-.| fele,, [zee 
2 2 


Further x, v have different signs for 6 <0 


res [z|+a_ a 
= gas) fe 7 
2 2 


lence square roots ofz =a 74 are given by 
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af fle lela | ys and 

Hl Sty | for b> 0 an 

a] lzlt@_, l2l-@ |) pepe 
yay 2 


2. Trigonometric method 


lfz =r (cos 6+ / sin@) 
2ka+O Qk +O 
cos ——— + isin 2 


then = 4-041 


ne cone i ane > 
2 2 


oer $)omer$) 


Thus 2 =7e® = re? 27? = 
where k= 0,1 

3. Shortcut method 

Let z,=a+ib and let Ja+ib =x+iy 


ie Tae 8 

Step 1: Consider pervemety 

Step 2: Factorise b/2 into [actors x. 
pray =Relz,=a 

Step 3: Thereforea ib=(x+ iP 


=> Va+ib =i(xtiv) 
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ILLUSTRATION 43: Find the square root of 7 — 30 ¥2i 


SOLUTION: Algebraic method: 


Let ¥7-30V2i=x+iy = 7-30V2 ty? +12) 

Equating real and imaginary parts, we gel x?— y= 

and 2xy = -3042 

Now, (x? +7)? =? °° + Qay)’= (7)? + (30-¥2)? = 49 + 1800 = 1849 
xt+yi= +1849 =43 
Now, (3) + (1) gives 2x? = 50 

=> x= 25 => x £5: (3)—(1) gives, 2y?= 36 > y*= 18 

>y=t3v “) Qy =-302 <0 


=> xand y must be of opposite signs 


Ix S,y -3WandIfx -5,y 3W-. fr—30J-2 = (5-321) 


Short-cut method: 7-30J21 ; Imaginary part = — 30 V2i (divisible by 2) 


30/2 
2 


Now = 15/2 = = ny such thats? —y#=a=7>0 > b> bi 


=> factors of b are -5x3V2 or -5¥2 x3 
or -15x¥2 or -15y2 x1 and (5)*= (32)? =25-18=7 > x=45,y=43V2 
xy <0 x= 5, y=-3V2 orx=-5, y= 3V2 
7-30 Voi = (5-3 dior (5+ 32 7-309) = 45-321) 
ILLUSTRATION 44: Find the square root of VitvG 
SOLUTION: i= 0 + li= 1/2 (0 + 2%). Imaginary part 2 
Pa3n1 =xy such thatx?-y?-=a=0 > @ y=, DorCl,-l) 


Vinee: Taking conjugate, J—i = 0-0 


ANG 


rs ae 
= Gyles d-o)- Feb Orewa eea= Hh 


ILLUSTRATION 45: Find the roots of ¥—-81 


SOLUTION: (-81)!*= (81i)""= (491)? = 3%, 3¥—7 


As found above, vi = sa4y and J-i =+ 


4-81= ov =a +209) and ine 


(1y 


2) 


(3) 
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m@ CUBE ROOT OF UNITY 


Proofs a = 
Let V1 = cube root of unity P(3): = 1 
=> P=la(e—l)@trtl=0 - fu 
-ltvi-4 | -12 V3 ; 2 
=> «x lorx ——e= O,.@ 
2 2 
a 1.3: 
where «@ = Le Bi and @? Sgtyel 
> 4 4 
Cube roots of unity are 1, @, 0? and o, @ are m oe 2 
called the imaginary cube roots of unity AGE or iar oval ors @iN ged, 
Proof: (o”)=(#y' =(ly'=1: 
m@ PROPERTIES OF CUBE ROOTS OF UNITY eo ' oo 1e@ oand 
o” 2 @”o=10? o> VaeZ 
PI: Jol =|o7|=1 P(5): Sum of cube roots of unity is 0 
13 ie, lt+o+@?=0 
Proof: reat 
: -l 3 
: Proof: Hrovaate(Z 4, 
P(2): =a 2 
Remarks 
1.) @ =o? and1+@+o?=0 => 1+0+0=0 


2. °. @=07 and w=0.1=0.0° =o =(0’) =(@) 


3,when # is amultiple of 3 


P(6)! 1 +a" + o™ 


0,when nis nota multiple of 3 
Proof: Case (i) When n = 3 k, keZ, then 1 + o" + 
0” = 1+ 0+ oF = 1+ (0+ = 1414153 
Case fii) Whenn 3k+1;keZ, thon|] +@"+o@" 1+ 
o®' + @%'2=1+@+07=0 fe o* o% 1] 
Case (iii) When n = 3k +2: keZ, then 1 + o*+ o*=1+ 
OF + M4 = 1+ @7+ot=1+@7+a=0 

P(7): 1, @, 
cach side ¥3, as shown below 
AB BC AC OB 


¢ the vertices of an equilateral A having 


B(-'/,,V3/2) ay 
OF 


al 


FIGURE 5.18 


14+@+0?=1+ (0 +0 > 14+0+(@) =0 


P(8): Circumcentre of A ABC with vertices as cube roots 
of unity lies at origin and the radius of cireumcirele is 1 unit 
Clearly, OA = OB = OC =1 


>< 


Bio) 


FIGURE 5.19 


Remark 
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From above properties clearly cube roots of unity are the vertices of an equilateral \ having each side = V3, and circum- 


scribed by circle of unit radius and having its centre at origin. 


P(9): 


#) $5 


arg (@) arg [++ 2 


3/2 


“1/2 =v3 and @ is acute 


tang = 


u 


¢ 2B 
arg(@)=a a/3=2n3 


1.4) =a1+9, 


y 


d 2) = 
and arg (@?) [ 2 


and lang = | 


b=ni3 
arg(o*) m+ 2/3 = 4x3 

Any complex number a + i4 for which (@ : 4) 
Be or ¥3: 1 can always be expressed in terms of 
iw. w?, 


eg. tiv} =m’: 


m@ =IMPORTANT RELATIONS 


(a) Ptxt+1=(x-0) &-@') 
(b) P xt1l=&+0) (to) 

(©) PtwtyP=(e vo) yo) 

@ 2 owty=@tye) & tye) 

OxPtV=atHG@ 5) 

MP +P= (ty) (Kt yo) (e+ yo) 

(g) vy = (ey) (eyo) (- yo") 
(h) C+ y4+2-x-yz—zx (x + yo +207) (x + yo" +20) 

G) P+ 4+2)-3ypz=(et y+ 2)(e + po +z0A(e+ oy + 
@z) = (x + yo? + 20)(x@ + wp + 2)(K? + yo + 2) 

@) Two points P(z,) and QG,) lie on the same side or 
opposite sides of the line az+az+ accordingly 
as Gz, +a7,+b and az, +az,+b have same sign or 
opposite signs. 
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ILLUSTRATION 48: 


SOLUTION: 


ILLUSTRATION 49: 


SOLUTION: 


ILLUSTRATION 50: 


SOLUTION: 


ILLUSTRATION 51: 


SOLUTION: 


If 1, @, @? are cube roots of unity, show that(1 @+@7) (1 @+o')( o*+ o%)...2n 

factors 2™ 

We know that 1 = 0? = 0 = 0°. 

o=0'=0') =e"= 

> LIS=( ot@t+o oF} o+o%.... 
=(1+@?-oy(l+o-o (-@-0)"(-0?- oy 
= Clo) (207 = 2)". (oY = 2", 1 = 2" = RUS 


...2n factors 


If @, @*be the imaginary cube roots of unity, then prove thal 
() G+ 3@ + 50?)§— (2 + 6o +207) =0 
Gi) 2 a2 0&2 &%2 o)=49 


(@) (3 +3@ + S@)* — (2 + 6@ + 20°? 
= (3 +30 + 30? +20°- (2 + 2@ + 207+ 4a) 
= {3(1 + @ + @) + 207}- {2(1 + @ + @) + 4a}? 
= (2@7)§- (4@)° |since 1 + @ + @*= 0) 
= 64@"— 64@° = 64-64 = 0 
Gi) 2-@) 2-@*) 2-0") Q-o") 
= (2—@) (2— 0”) (2—@) (2- a") 
= (2- oY (2- of = [2 - @)2— oP 
=(4-20 207+ @)=|5-2(@+ oP 
=(5+2yP=49 
Tf @ 1s an imaginary cube root of unity, then show that 
@Q eA oo) of o)=9 
Gi) (l-@ +o) + (1 + @— a’) = 32 


. @ o=0°. o = and @ = @. @ = @? 
a @)Q @)0 o)0 o) 
= o)1 @)1 o)0 
=( of @P=[ a) oP 
=[l-(@+ 0) +o} 
=[1-(1)+1P=@y=9 [l+@+@?=0>0+o?=-1] 
Gi) d-@ + a+ (1+ @- 0 
=(1+ ato) + (1+ 0-0) 
=o af+Coe afl 1l+o@= @andl+o@’= oa] 
= (20) + (207) = 320° - 320" = — 320@?- 32(0°P 
= -32@?— 32@ = — 32 (@? + @) = (32) x (-1) = 32 
If @ is an imaginary cube root of unity, then evaluate 
(1+) (1 +@) (1 +@4) (1 + 0°). to 2 [actors 


(+al+o7 +o) +o to n factors 

= C0?) (-@) 0?) -o)..... to n factors @ 
Case I: When 2m (cven) 

LHS. = 0)-@) (-@”) Co)... to 2m factors 

= [Co?) 0) [Co (-0)]... to m factors @?. @. oto m factors 1 


~ 
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Note 


If one cube root of any real number is a, then its other two cube roots will aw and aw? 


m De MOIVRE’S THEORM 


Tt slates that 
G) (cos@ + isin8)" = cosné + isinné if n is an integer. 
(ii) (cos@ + isin6y’*has one of its values given by 
cos 2@ + isin 2¢ if 2 is a rational number. 
q q q 
(iii) (cos@ + isin@)!" = |cos(@ + 2kx) + isin (6 + 2kx)|!™ 
Cv period of sin@ and cosé@ is 27) 


(25m + 9) 5 gig Oh +O) =012.4n 1. 
n 7 


= cos 


m n* ROOTS OF UNITY 


Let x be an nth root of unity, then 


x= (aye =(cos0+/sin oye 


= soo{ 220) iin{ E49), HOU Quoc 1. 
an n 


2rm |, ore 
= cos 4 jsin 2,» =0,1,2,. wn-l 
n n 
re pe ft ca 
Set FH0, 12g Lhe tet jane * 
= 1, @, a." |where a ra 


@ PROPERTIES OF n* ROOTS OF UNITY 


P(1): nn roots of unity form a G.P 

PQ): ltatet..t+ar'=0 

P(3): lao? 1=-1yP ! 

Proof: P(1):°. 2" roots of unity are 1, @, o,....@~' where 


a  e” which are clearly in G.P with common 
Talio @ 
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P(3): Loa. oF b= alot @ 


= ("1 = (cosa + isinzy'"" = (C1! 


ce) 


P(4); vn roots of unity are vertices of n sided regular 
polygon circumscribed by a unit circle having its centre at 
origin. 


FIGURE 5.20 


The 2m non-real roots are (a, 0"), (07, 0”), 
Case (i) When n is odd [A ia) eee <a”, at) where the ordered pairs 


Let n = 2m + 1, mis some positive integer, then only one | @@ (2,2) ie. non-real roots and their conjugates 


root is real ie., 1 and remaining 2m roots are non real pe 
complex conjugates, (shown in Figure 5.24). and @=e " 
Note 
The n" roots given as ordered pairs are conjugate and reciprocal of each other. 
ote pe een! = an mA 
Ce OW 


Case (ii) When nis cven 


Letn 2m, a =cis eile cis (=) ; except 1 and—1, 
n m 


other roots are non real complex conjugate pairs as shown 
in the (figure 5.25) 


a" =cis =-1=a" and 


a =a"(a)=-(@)=-a 


am | 


FIGURE 5.21 


Note 


The nth roots arranged vertically below are conjugate and reciprocal of each other and diagonally are negative 
ofeach other. 
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ILLUSTRATION 54; 


SOLUTION: 


ILLUSTRATION 55; 


SOLUTION: 


ILLUSTRATION 56: 


SOLUTION: 


ILLUSTRATION 57: 


SOLUTION: 


cos@+isiné 


Show that 
sin@+icos@ 


fi 
} = cos80 + i sin80 
(cos@ + i sin6)* = cos4@ + i sin4@ 
: 
(sin6 + i cos6)'= | (emo tn a)| =i(cosO isin)'= cos40 i sin40 
F 


Now cos@+isind Pe cos40+isin4é 
sin@ +icosé cos4@—isin 40 
_ (cos40 +isin4@\(cos4A +isindé) _ (cos40+isin 4A)" 


(cos 40 — isin 40)(cos 40 +1sin 8) 1 


=cos86 +isin80 


Ifz 2zcos@ + 1 =0, show thatz?+z 2=2cos2@ 
Given z?— 2zcas@ + 1=0 
2c0s6+/4c0s? 0-4 
2050S OW4 0050+ Yeas 0-1 
= cos@ +y—sin?@ =cos6 + yi? sin? @ =cosO tisinO 
when z = cos@ + isin@ 
z?+z *=cos20+isin2@+ (cos20 7 sin26) = 2cos20 
when z = cos@ i sin@ 
2+z *=cos20  isin2@ + cos20 + i sin26 = 2 cos20 


# 
OF. 


x 
Ifx,= con hisin Prove that x,x,.x,... tooo=—1, 


Lae 
x,= cos—+isin 
r 2 


- 
Now x, x,.x,...l00 =e? e? e? 


qd A 


=e? =e? =cosa +ising =-1 
< 1 
Show that sin‘ cos°a = 356 (cos9a+cos7a 4cosSa 4 cos3a+ 6 cosa). 


Letz cosa + isina 


=> 2” cosna+isinnaandz " cosna—isinna 
1 


fad 2 cos na 


2 
Forn =1,z+ l/z =2 cosa 


1 A e 
Againz — =cosa+isina cosa + isine = 2isina 
Zz 


Thus (2/ sina)" (2cos)' 
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Zz 
1 1 1 1 1 
2P+—z|+|z’+— |-4| 24 |-4| 224+ [46] 24+ — 
3 i 7 al 2° 5 az 3 6 
rz Z Zz Zz Zz 
2 


cos9a + 2 cas7a — 8cosSa — 8cos3a + 12cosa 


sino: cossae = = (cosSa+cos7a 4cossa 4 cos3a +6 cosa). 


ILLUSTRATION 58: [ind the sum of the scrics. cos@ + cos2@ + cos3@ + ... + cosn@ for 0< 0 < 22. 


SOLUTION: Method 1: Consider the complex number cos@ + 7 sin@. We have (cos@ + i sin@)* = 
cosk@ + i sink@, for any integer & If we put z = cos@ + isin@, then cosk@ = Real part of z* 
lence we can write the given series in the form 
S, = cos@ + cos20 + ...... + cos nO 

= Real part of @ +2?+..... +2") 

=Re(l+z+...27-1) 

If 0 < @< 2m, then z #1. Hence, we get 


na 
S, Re (: 1.1) 
z-l 


cos(n + beens e tl} 


Thus's.° Re { cos@ +isin@ -1 


=R fee eras lense are | 
[(cos 6-1) + sin 6||(cos @ —1) -isin A] 
__ (cos —1)(cos(n+ 1)0 — 1) + sin @sin(n + 1)0 
(cos@ 1)? + sin? @ = 
— cosnO—cos(n+1)-cosO+1 _, _ cosnO-cos(n+1)O 1 
2(1-cos @) 2(1-cos@) 2 


1 


2si{ 4 5) @sin (0/2) 
This cen be further simplified 1o give g, = 2 1 


Asin? ? 2 


sinfn+!\o — sinfns! losin? sin” cos| "*! |e 
2s 1 2 2 2 2 


2sin(6/2) 2” 2sin (8/2) sin (6/2) 


e+e ® 
2 
So S= cos 0 + cos 20 +... + cos n0 


Method-2. From Eulcr's form cos@ = 


2,8 
_evte 


_elon-i]efe-a] ole] eee (ety eeen 


Ae) Ae *-H 2¢e* -1) 2¢e" -1) (7-1) 


ete 8 e+e e+e 
=> 8S + Shes: = 
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cos@ +isin@—1 2 


Bpdensd 


2 soene tian 1) sent stent +s? fee? | 


2 


ILLUSTRATION 59: Find the sum of infinite series sin @ + 5am 2a+ pan 3a +>ysin 4G + 0.4.08 
SOLUTION: Let S sin @+ Sain 2a+ 


and C = cos & + ; cos2a +...... 


sa fe 1 1 
Using sum of an infinite G.P., we get C+ iS = bd = 2e' sre Ee =—<)] 
li 2-e* 2 2 
1l-<e 
On simplifying we gel, C+iS 4008%=2,,_4sina’_ 
S-4cos@ = 5-4cosa@ 
P i 4 -2 4si 
On separating the real and imaginary parts, we have C = AOS = and S = — SF 
5-4cosa@ 5-4cosa@ 


ai 
ILLUSTRATION 60: Use complex numbers to prove that the sum. ¥cos* (« +) = 3 wheren € Nj n>2 
n 


SOLUTION: L.H.S  cos*a + cos*(a + @) + cos*(a +26) +... + cos*(a + (m— 196), where g = = 
n 


fart [cos2a + cos2(a + 8) + cos2(a + 28) +. + cos? (a + (n — 189] 
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m n®* ROOT OF A COMPLEX NUMBER (¥/2) = ("cis 25 an(2) where cis 2*%, is n" root of 
n n " - 
n 


Let, z = r cis 6, 2! = (r¥) (cis(2kx + 8)!" = ('") | unity. k= 0,1, 1 


2ka  @ 
18 ee , where r"* is positive n* root of r. 


ILLUSTRATION 61: If n> 1, show thal the roots of the equation 2" (z + 1)"are collinear. 
1y 1_ 
SOLUTION: Given, (z+ 1)" => [1+—] =1=14+—=(1)= 
Zz Zz 


; 
> 14-4 @0s0+ sino)" moth = 0052 + isin 
n n 


1 
where r = 0, 1, 2,......... (@ 1).Butr=0 ay = 0 (not possible) 


1 
oa tra orn’ 
1400s + isin 
n n 
1 1 1 ( ted ) 
= = ee " =—/!col—-i 
2Psin?™ 4 2isin™ cos = 2 sin 7 2 on 
n n n n 
jcot™ ; where r=1,2,3 0... (7-1) 
n 
So, roots of given equation lies on a line x = —1/2 or Re(z) = -1/2 
3a Sr 1 
ILLUSTRATION 62: Solve the equation x’ + 1 = 0 and deduce that cos cos cos ory 
SOLUTION: Given x’ + 1=Qorx’=—1=cosx+i sina 
x= (cosn +i sinny!7= cos” isin 27% ** -0,1,2,...6 


2 3a . 3r 5: xt ¢ 
= cos” +i sin ,cos + isin —,cos. 7 + isin 7 cosm +isin=(=-1) 
i 7 7 7 7 i 7 


TEXTUAL EXERCISE 8: (SUBJECTIVE) 


1 


4 


5. 


8. 


» Find the value of 


Obtain the square root of the following complex 
numbers: 


(a) 54127 (b) 8-64 
(c) 8-154 (di 
(©) 4-30 () 2xy-168-y),x>y 


(g) @-1+ 2a a>O 


. Find the square root of — 5 + 127. 


5412 + ¥5=12i 

V5+121 -V5=124 

Hind the quadratic equations with real coefficients 
whose one root is a square root of 7 — 30 ¥—2. 

Find the quadratic cquations with real coefTicicnts 
whose one root is a square rootof 47+8 v3. 


» Evaluate Vi - Vai 


Find the cube roots of following complex numbers: 
(a) 64 (b) -27 


If 1, @, @? be the cube roots of unity, then prove that 
(a) 1 +@ @)°=64 

b) te @P=(1 @to%=-8 

(c) (2 + 5a + 207) = (2 + 5@? + 2@)* = 729 

(d) (1 +@yY- (+P =0 

(©) 3 +30 +5a°) —(2 +40 + 2o0*7P =0 

() 2-0) 2-02 -0') 2-@!") = 49 


. Prove thal x +2 +x is a factor of (e+ 1)"— x" = 1 


(when n is an odd integer greater than 3, but not a 
multiple of 3) 


10. 


1. 


12, 


13. 


14. 


15. 


16. 


17. 


18, 


19. 
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ports (5) (5) 


2 


If @ and f are non-real cube roots of unity,then prove 

that (1 — (1 — B)(1 - a?) - fr) = 9 

If 1, @, @? be the cube roots of unity, prove that, 

(@) @ Ve yo? yy=xr 

(b) (a+ b +c) (at bo + co”) (a + ba? + co) = a + 
B+ -3abe 

Ife atb,y aatbea*,z am? + bo, where @ is 

a cube root of unity, prove that... 

(a) PC +P+27=6ab (b) yz=a +h? 

If a, f, yare the cube roots of p, p <0, then for any x, 

xat+yfht+zy 

xBtpyt+za 

If a, B. y are the roots of the equation x? — 3x + 3x + 

7=0,thenevaluate(a I(B Diy 1) 

Find the commen roots of the equation 2 + 22? + 22 + 

1 =0 and 2! + 21+ 1 =0, 


y and z, evaluate 


Find all the six sixth roots of unity. Which of these are 
also cube roots of unity? 


Prove that the product of any two of the ten, tenth 
roots of unity is again one of the ten roots. 


(a) Find the a, n roots of unity and prove that the sum 
of their p® power vanishes unless p be a multiple 
of n, p being an integer and if p is a multiple of a, 
the sum is a. 
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(b) Find the 7 roots of unity and prove that sum of | 23. Prove that (1 +cos 0 +/sin 0) + (1 + cos O—isin OY 
power always vanishes unless » be a mul- 2"" | cos"(O/2) cos n0/2. 
liple of 7 (# be integer), otherwise the sum is 7. 


their n! 


24, Prove the following: 


20. TED, Oy Ogereeene Of, , are n, n® roots of unity, then (a) (a t+ iby" + (a — iby 
valuate following: 2 2 
ev uate following: Lf = ae + ye coe tan 5) 
(a) []@-a,) ) []@-4,) te 
ra BI 1asnes. 
Ss i (Pama niena)' 
1+sin@ —icosa 


(c) []Gn-@,) @) []d+e,) 


nt nt 
cos| —- nee | +ésin| —— nee 
( 2 } ( 2 ) 


21, Simplify {£0832 —#sin30)" sin O-icosd)" 


(cos 20 +isin 20)" 25. If 2cos@ =x + l/r, 2casd =v + ly, show that one of 
the values of 
22. Prove (cis m0)" = (cis nO)" = cis mn@ = (cis By" and (a) xy" + 1/7" is 2cos (0 + ng) 
hence simplify the expression (b) x"/y" + y'/e"is 2cos (m0 — nd) 


(cos 36 + isin 36)' (cos 46 — isin 40)° 


- = 26. If cas @ = a and sin 6 = 4, then evaluate cos 3@ and 
(cos40 + isin 40)*(cos 50 + sin 50) * 


sin 3@ using De-moivre’s theorem. 


Answer Key 
1. (a) 3 + 2i,- 3-27 (bt) 3) i, -347 () 41/2 (5 -3/) 


(DIN2 + IN2,- Na + x2) (©) N2 - N23, -1N2 +3N2E © a 


3 
(g) Ha +i) 2. + (2 +3i) 3. ac 4.24 10e+43=0 5, x7 2x +49=0 
6. + Voi 7. (a) 4, 4a, 407 (b) -3, 30, -3@? 14, 0? 15. -8 16. 0,07 
ia 
17.e 3 where k 0, 1,2,3,4, 5 fork 0, 2,4 itis cube root of unity 
ake ne i 
19. (a) e "3k Olm-1) be "sk O16 20. (ayn (b) 2-1 @™ 
m— 
Gl ee ee 21. sin250 + icos250 221 26. 4a? — 3a, 3b — 4b* 
-l if nisodd 
TEXTUAL EXERCISE 8: (OBJECTIVE) 
1. Square roots of 7 — 24; are: (a) 0.1 (b) 1,0 
(a) (44-3) (b) +3 - 41) () L1 (dy -1,1 
@+G+4) fd) None of these 4. If @ is an imaginary cube root of unity, then the value 
2. If « and gp “ imaginary cube roots of unity, of sin [or +0? e-2| is 
then @' + 81+—= 4 
live of ae (a) —v3/2 (b) -1J2 
a) 3 b 
() 1 (a) 2 (©) V2 @) 3/2 


3. If o (1) is a cube root of unity and (1+ @) =A+]| 5. If@ is an imaginary cube root of unity, (1+ 07! 
Be, then A and B are respectively, the numbers equals 


(a) 1280 (b) -1280 
(c) 128@7 (c) —12807 
6. If @ is a complex root of the equation 2 = 1, then 
rr 
2a lin le 
wta? § ® 8 “sis equal to 
(a) -1 {b) 0 
(c) 9 (dy i 
7, The value of (1 + 20 + 7)” (1 + @ + 207)” is 
equal to 
(a) 0 (b) 1 
(c) @ 0 
8. If @ is a non-real cube root of unity, then (a + 5) 
(a + ba) (a+ be?) is 
(a) a + BF bya B 
(c) +B Qa & 
9. If @ is a complex cube root of unity, then 225 + 


10. 


1. 


12. 


13. 


1. 


15. 


Bo + 80°Y + Bm? + 8a)? is equal to 

(a) 72 (b) 192 

(c) 200 (d) 248 

If 1, @, @? are the cube root of unity, then (1 - 20 + 
@’)' is equal to 
(a) 729 

(c) 243 


(b) 246 
(a) 81 

If @ is a complex cube root of unity, then the value of 
0” + G+ oll is 
(a) 1 

(c) 3 


(b) -1 

(d) 0 

If @ is a complex cube root of unity, then the value of 
atbatca? 


+ ba +e? 
+c + a0" 
(by 0 
(da) -1 
If @ is imaginary cube root of unity. then Arg(?@) + 
Are (70?) = 
(a) 0 
() a 


(b) a/2 

(d) None of these 

If o and f are the roots of the equationsx® x +1=0, 
then 029 + p00 = 
(a) 2 

(c) -1 

Sum of common roots of the equations 2° + 222+ 2z + 
1 =O and 2! +2°+1=0iscqual to 

(a) 0 (b) -1 

(co) 1 (d} None of these 


(b) -2 
@iil 
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16. If 1,@,07,......0" ! are #n® roots of unity, then (2 — m) 
(2-07). 2-0" ») cquals 
(a) 2" 1 
(b) FC, + 1G, FIC + IC 
(co) 2"+1 
@ iC, + °C, +. 4°C, 
17, If @, @ are imaginary cube roots of unity and 
! ! = 2° and 
at+@ btm cto 
l >+ ! ole ay then 
atm b+a@ c+a 
1 1 1 
+——+—— cquals 
atl b+] e+] 
(a) 1 (b) -1 
(c) 3 (d) 2 
18, Let z be a complex number satisfying 2+ z+1=0. If 
nis nota multiple of 3, then the value of 2" +z” is 
(a) 1 (b) -2 
() 0 (a) -1 
19. If w@ (#1) is a cube root of unity, then 
1 ltit+@? — @? 
Wi -1 o@* —1| equals 
-i -it@-l -l 
(a) 0 (b) =f 
i (ad) o 
20. If @,@7 are the cube roots of unity, then the valuc of 
(1+0?-0)(1-@? + ois 
(a) 1280 (b) -1280 
(c) -128@? (d) 1280? 
21. If i =yC-b. then 4 + 5 
aM 365 
1 in3 1 iv3 
--+—]| +3)--+——] = 
2 2 2 2 
(a) 1-#3 (by -1+ V3 
©) iv3 (a) -iv3 
22, Let z,andz,be nth roots of unity which subtend aright 
angle at origin. Then » must be of the form 
(a) 44 +1 (b) 4k +2 
(c) 44 +3 (d) 4k 
23. If o is an imaginary cube root of unity, then 1(2 @) 
2 #426 0G @)+..+.40 D@ e) 
(1 @)= 
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(a) —[a(a 1)] (b) Seon 


() ern an (a) None of these 


24. Leta 5 +i = > Then the value of the determinant 
1 1 1 
Hl -l-w* @°lis: 
1 «a 
(i 3e (b) 30(o - 1) 
(c) 30° (d) 30 (1—@) 


25. If @ is a cube root of unity (@ #1), then the least value 
of n, where 1 is positive integer such that (1 + @?)" 
(+o4Pis 
(a) 2 (b) 3 
(c) 5 (d) 6 


26, If @ is a cube root of unity, (# 1), then the minimum 
value of ja + bo + col; (a,b,c are integers not all 
equal) is 

(a) 0 (by ¥3/2 

(c) 1 (a) 2 


27. Product of the distinct (2#)" roots of 1+ iv3 is 
(a) -1+iv3 (b) -1-iv3 
(c) 1+i¥3 (ad) 1 


28. Ift2+1=0,2€C, then (=+4 


sly ely. 
tap) back) etapa 
(P+) ++[+4 


(a) 18 (b) 54 
(©) 6 (d) 12 
Answer Key 


1.) 2. (b) 3. (©) 4, (©) 5. (a) 
w@ 12@ 13d 14@ IS.) 
2. (ce) 22%) =. 23.) 24, () 2S. () 
31.) 32) 33.) 4. (acd) 


m LOGARITHM OF COMPLEX NUMBERS 


Consider z = x + iv, {converting ‘x + 5" into Euler's form, 
such that 6 = principal value of argument of z} 


29, What are the four values of (5+ a ) 


31. If @ is non-r 


34 
? 


(a) typo (b) (+5): 


© Hts @) +1433 
30, Let z = cos@ + isind. ‘Then the value of Smee ) 
ad 2is - 
1 1 
© ae ®) Sar 
> Fain Crrrg 


Land a = 1, then the value of 2|1 + a 
+a2+a-*+a-'| is cqual to 


(a) 4 (b) 2 
(c) 1 (d) None of these 
32. The number of roots of cquations z'*= 1 and |arg 2| 
<a/2is 
(a) 6 (b) 7 
(c) 8 (d) None of these 


33. If z,, z,, z,, z,are the roots of the equation 2= 1, 


then 5 z? is equal to 


(a) 4 (b) 0 
() +i (dy -l i 
34, Letz Ve; then 
Zz 
1 
(a) toga! (b) Pagel 
(©) P4e=0 (d) 2 eal 


6. (a) 7. (a) 8%) %d) 10 @ 
16. (a.b,d) 17.) 18d) 1K (a), HY 
26. (c) 27.0) «2 @) WM) 30 @ 


then, we get log, (x + iv) = log, ((zle*) 
=> log, + iv) = log, |z| + loge” 
=> log, @ H)=log, | +76 
In general log (x + iy) = log,|z| + i@ + 2); neZ 


TEXTUAL EXERCISE 9: (SUBJECTIVE) 


Prove that an at = )) Sadeb 


6 


atib}) @-b 


2. Find the principal and general value of in(-1 +0). 


3. If i" =A+iB, (principal values only being 
considered), prove that 


(a) tan sadae (b) 27+ B =e * 


4. Express én |/n(cos8 + / sin 8)| in the form 4 + iB. 
5, Find the imaginary part of following complex numbers 


@ log, Gi) Gi) log, 
Gii) log, 1 +A). Gv) log, 4 +3) 
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6. Prove thal i" e*(cosy+isiny) wherex = Jaf, 


y % Gn +1) max Also deduce that em a+ip, 


then a + fR etm DP 
7. If sin log @) a + ib, find a and b. Hence find 
cos (In #). 


b 
2tan |= 
a 


o y. 
8. If (a+ ib =m **®, then prove that “= 
(ati m , then prove that . ine? +55 
when only principal value is considered, 


9. Show thal (1 + )"-9is purely real 
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Answer Key 
3a 3a a ‘ oe 
2 vi vi5t, (E+ 2x jen 4 tog, 0+{ 20 +5) 5. @ (dn Dal2 Gi) @n Dal4 
2 3 
Gil) (@n + Lad Gv) In + tan! > 7. -1,0 
TEXTUAL EXERCISE 9: (OBJECTIVE) 
1. If In(] + tan a) = A + #B, then A = (Consider only as as 
prineipal values) (a) e* (b) 268 


(a) sec o (b) dn seca 
(c) % (d) None of these 
2. The principal value of m(-1 +i) InGCl Ais 
3a a. 
(ay z! (b) Zz! 
(c) -1i (d) None of these 
3. The complex number sin | #/n dreams 608 0.7; 


1+ sin? + icosO0 
(a) Real 
(b) purcly imaginary 
(c) neither real nor imaginary 
(d) real or purely imaginary depending on value 
of 6 
4. The value of i is 
(a) Real 
(b) purely imaginary 
(c) neither real nor imaginary 
(d) nothing can be said 
5. The real part of #9 is (Consider only principal 
values) 


Answer Key 
L. (b) 2. (a) 3. (a) 4, (a) 5. @ 


m GEOMETRY OF COMPLEX NUMBERS 


Line Segment in Argand’s Plane 


Any line segment joining the complex numbers z, and z, 
(directed towards z,) represents a complex number given 


ov (d) J2e * 


6. The value of i~/is (Consider only principal values) 


(a) 1/2 (b) o>? 
(c) e? (d) None of these 
7. The valuc of (1+~V3i)' is (Consider only principal 
valucs) 
(a) 2e-™ (b) 2e-=9 
(c) 2'e® (d) None of these 


8. If2 Qin (v3 ~1), then the value of cosz is (Consider 
only principal values) 
@ ae (b) nes 


(©) 10-3V3 (d) None of these 
9, The imaginary part of 47 + is (Consider only 
principal values) 


(a) In2 (b) Fin 2 


(c) 4 In2 (d) None of these 


6. () 7. () 8 (a) 9% () 


by z, z, Since every complex number has magnitude and 
direction therefore z, z, also. 

lz, — Z| represents the length of line segment AB i.e, 
distance between 2, and 2, and arg(z, — z,) represents the 
angle which line scgment AB (on producing) makes with 
positive dircetion of real axis 


FIGURE 5.22 


m ANGLE BETWEEN TWO LINE SEGMENTS 
(ROTATION THEOREM OR CONI’S 
THEOREM) 


Consider three complex numbers z,, z, and z, such that angle 
between line segments joining z, lo z, and z, to z, 1s cqual to 0. 
Then 0 =a — fp arg(z, — 2,) — arg(z, - 2,) 
( 23-2, } im [ Post rotation sett) 
= arg = arg] ————_——_ 


2,72, "(Pre rotation vector 


FIGURE 5.23 


> we( B22 | = = arg (pe) 
2% 


> G 4)=G, 2) pe*, where p= | 
am 
=> z, = pz, e'*, arg(z,/z,) is an angle through which 

z, is to be rotated to coincide it with z,. 

‘That means if a complex number (z,_z,) is multiplied 
by another complex number re”, then the complex number. 
z, 2, gets rotated by the argument (@) of multiplying 
complex number in anti-clockwise direction (It is called 
Rotation Theorem or Coni’s Theorem) 


m APPLICATION OF ROTATION THEOREM 


A(1) To find the conditions for perpendicularity of two 
straight lines: 

Condition that 2 A of A ABC where A(z.) BE) C&,) is 
tight angle and can be obtained by applying Rotation 
‘Theorem at 4 
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Complex Numbers 


fi) 


=> |z,-2,P=|z,-z,P + lz,-z,)° 


C(z,) 


FIGURE 5.24 


If ABC is right angled isosceles triangle with 
AB=AC. > p=1 > 2123} 
2-2, 
A(2): Conditions for AABC to be an equilateral triangle: 
Let the A4BC where A(z,) B@,) C(z,) be an equilateral triangle 


Az.) 


f\ 
B(z,) Iz-z,] 
FIGURE 5.25 
The following conditions hold 


Q) b,-2,.)=,-2,1= 2-21) 


ii) ~( as =) zs and |z, 2, =z, — 2) 


(Aplying rotation theorem at.4 and knowing C4 = BA) 


ii) are 2 =) = arg af =‘) =2 
2-7 aa) 3 


(Aplying rotation theorem at.4 and 3B) 


(iv) zp 47g +27 = 2,2, 4 2.244252, 


23541 
Proof: «° AB BC CA: both [_— 


22 


are unimodular and have same argument 
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=> 242, 2,2, + 242, = 2, —- 2-7 $+ ZZy 


eee 
= pt 23 425 = 242_ + 242, +242, 


A@): Conditions for four points to be concyclic: 
If points A@,), BG, Cl), D],) are con-eyelic, then 
following two cases may occur 

Case: If z, and z, lic on same segment with respect to 
chord joining z, and z,. 


=> an(# ii )-are 
2-2, 2,-% 


2,-2, 2-2, 
> Ag( = 4. 
2734 2,33 


| =0 (refer figure 5.30) 
=> wis real and positive or /,() =0 
Casell: Ifz, and z, lie on opposite segment of circle. 
> are{ 2 = tre 2) =" 
2-2 2,-2Z, 
=> Arg(lhv)=n => ArgQw)= © 


So the principle argument of w = 1 
Dz, Casel 


DEA 


Woz 


Case Il P 
Pe Bz, 


FIGURE 5.26 


Conclusion! Four complex numbers z,, 2, 2), 2, 0 be 


(, ~ 2,2, ~ 24) 


concyclic Arg =O0orz 


=> wispurely realie.,JOv)=0> wow 


m LOCIIN ARGAND PLANE 
A(1): Straight line in Argand plane: 


Line through z, making angle a with positive real axis. 


Are@—z,) aor-zta 


© The above cquation excludes the point z, 


© Arg@—2z,) wrepr 
e Are 2)= 


ts rightwards of z, ray 
a+ a represents leftwards of z, ray. 


Imaginary 
axis 


FIGURE 5.27 


A(2): Line through points AG,) and B(,): 
Consider a straight line passing through A(z,) and B(z,) 
taking a variable point Pz) on it. 
for cach position of P, AP is collincar with AB 


=> AP=2AB > AP =Az,-2,) 
OP =OA+AP = 2 2,+4,-2) 
=> z=2(1 Ajtaz, 
Conclusion: 
1. Wfz x, +yz,,x+y landxandyeR, then z, z,, 2, 


are collinear. 
2, Equation represents line segment AB if We [0,1] 
3. Rightward ray through # if Ae (1, «) 
4. Lcftward ray through 4 if he (re, 0) 


Imaginary 
axis z 


Right-ward 
ray 


left-ward 
ray 


FIGURE 5.28 


A(3): Line segment 42: 


The equation of the linc segment AB is given by 


are 2 } =a 
Z-Zy 


A(4): Equation of two rays excluding the line 
segment AB: 
ara = } =0 
Z-Z, 
Imaginary Zz 
axis z Right-ward 
ray 


FIGURE 5.29 


AG): Complete line except z, and z,: 


‘The equation is given by 
ae =] onie,1{Z4]-0 
Z-2, z-2Z, 


= 


zZ-Z, 
> @-Fyr-27+27, 
= 2 -7,2-2,7+2,7, 
> @-%)z+@,-4)F+2%-2% =0 
@-%) 
Dis Rk 


=> az+az+bh=0, where 


G47, 1(2%,)=0 


= where a= 


Notes 


1. The equation of line PQ isz-z,=w (Z—Z,); Clearly |w|= 


Complex Numbers 5.57 


m THEOREM 


Perpendicular distance of P{c) (where cc, + ic,) from the 


|ae+act+b| 
straight line is given by p = ori PiNes 


P (c,,c,) 


(atax+(a—ajiy+b=0 
FIGURE 5.30 
Proof: Tiqualion of linc 4 +az +b=0 
=> (at+@)x+@-a)iy+b=0 
_|(ataye, +(a-a)ic, +b| 
© fara +wa-ay 
| ae, ic.) + (c, + ic, a+b] 
_ jact+ac+b|_|ac+actb| 


V4aa 2\a| 


m COMPLEX SLOPE OF THE LINE 


=> PM=p 


If z, and z, are two unequal complex numbers represented 
24-% 
by points P and Q, then —— is called the complex slope 


1 22 


of the line joining z, and z, 


(ic., line PQ) and is denoted by w; Thus w 


2. The two lines having complex slopes w, and w,are parallel ifand only if w, = w, 


m CIRCLEINARGAND PLANE 


A(1): Centre radius form: 
The equation of circle with z, as contre and a positive real 
number kas radius is given by jz—z,) & 


=> 2-2 & 
= (2-24 )E-Z)a" 
=> @-2,7-%2+|z,[ -k 


Ifz,=0,then 2] & 
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Imaginary 
axis 


Real 
axis 


FIGURE 5.31 


A(2): General Equation of Circle: 
Refering to equation (1), thus we can say 
wtaztazt+bh=0 ee 
where a is complex constant and be R represents a general 
cirele, 
Compairing (2) with (1), we note that centre = -a and 


radius 


A(3): Diametric form of circle: 


As we know that diameter of any circle subtends right 
angle at any point on the circumference. Equation of 
circle with A(z,) and B(z,) as end points of diameter. 


nar > Casel 
an 2) =? (See the figure 5.36) 
ai -% Case 1 
2 
=> =tki where k= 
2-Z, 
> == 
z-2Z 
=> bk zt zP= PF 
Z-Z 
<< z 
i) 


t Case ‘il 


FIGURE 5.32 


m APOLLONIUS CIRCLE 


Ir =k ic. |e — z,| = & ke — z,- Then cquation 


represents apploloneous circle of A @,) B@,) with respect 


to ratio When k 
is straight line ic., perpendicular biscetor of line s 
joining z, oz, 


1, this gives zz = 


Plz) 


FIGURE 5.33 


m EQUATION OF CIRCULAR ARC 


As per the figure: equation of circular are at which chord 
AB, (where A(z,) and B(z,)) subtends angle « is given as 


An{ <2) <a 
z-z 


Case f: 


WO<a<al2or—a2<a<0 
(major arc of circle) 


Casell: a 


af (semicircular arc) 


Case ll: we (-«. =) fF. n) (Minor are of circle) 


B(z,) 
FIGURE 5.34 
Case fv: « 0 (Major arc of radius) 


CaseV: « = 2 (Minor are of ~ radius) 


m EQUATION OF PARABOLA 


T-quation of parabola with directrix az +@z+5=0 and 
focus z, is given as 
SP PM 

|aztaz+b| 
|2-2,|=——— 
2la| 


=> 4|2-2,flaP=|az+a+ae 


=> 4aa(z- 22-2) =| +a + Of 


FIGURE 5.35 


= 4uq( - zi, - 4% +2,%) =|az + az +b" 


m EQUATION OF ELLIPSE 


Ellipse is locus of point P{z) such that sum of its distances 
from two fixed points A(z.) and B(z,) (Loci of ellipse) 
remains constant (2a) 
=> PA+PB 2a 
=> 2-2) + ke - 2] = 2@ where 2a is length of 
major axis 


Casel: If2a>|z, z,| = AB (locus is ellipse) 
2a 


2a<|z,  z,| (No locus) 


Case if: 
Case If: 


|z, —z,| (locus is segment AB) 


imaginary axis 
A 
P(z) 
Real axis 
A(z,) 
<1 


<a 


FIGURE 5.36 
Case lv: If |z—z,|+|z—z,|> 2a: 2a> |z,—z,) 
(exterior of ellipse) 


Case Vv: If |z—z,| +|z—z,| < 2a: 2a> |z,—z,) 
(interior of ellipse) 


m EQUATION OF HYPERBOLA 


Llyperbola is locus of point P(z) such that difference of its 
distances from two fixed points A(,) and B(z,} (foci of hy- 
perbola) remains constant (2a). 

=> PA PB=2a 

=> |z z|-\z z|=2e where 2a is length of major axis. 


Casel: If 2a<|z,-z] AB (locus is branch of hyperola). 
Case fi: 2a =|z, z,| (locus is union of two rays) 


Case Hf: 2a > |z, — z,| (No locus). 
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Imaginary 
axis 


Real axis 


FIGURE 5.37 
Case IV: If \|z — 2, — |z —2,| > 2a: 2a <z, — z,| (exterior 
of hyperbola) 


Case V: If ||z 
of hyperbola). 


z|- z|<2a:2a<|z, 2 (interior 


m@ SOMEIMPORTANT FACTS 


A (1): If A, B, C arc the vertices of a triangle represented 
by complex numbers z,, z,, z,respectively in anti-clockwise 


7 2372) ia 
sense and ZBAC a, then —— 
lz- 2, 
Cz) 
A(z.) Biz,) 
FIGURE 5.38 


A(2): If 2, and z, are two complex numbers representing the 
points 4 and , then the point on AB which divides line seg- 


7 A nz, + mz, 
ment 2 in ratio m: n is given by “1-2, 


m+n 
min 


AZ,) P Bz.) 


2 


FIGURE 5.39 


A(3): If a.6.¢ are three real numbers not all simultaneously 
zero such that az, + 6z, + ez,= Oanda+b+e¢ = 0, then 
2. Z,,z, Will be collinear. 
A(4): If z,, z,, z,represent the vertices A,B,C of AABC, then 
+2,+ 
() Centroid of A4BC 2722773 


Gi) Incentre of aage = 24% +65 
atbht+e 
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(ii) Orthocentre of AABC 
_ (asec A)z, + (bsce B)z, + (cseeC)z, 
(asec.A) + (bsec.B) + (esecC) 


_ @ tan A+ z, tan B+ z, tanC) 
S tan A +tan B+ tanC 
Gv) Circumcentre of 
z,sin2A +z, sin2B+z,sin2C 
sin2A+sin28+sinC 


AABC 


A(5): amp(z) = 0 represents a ray cmanating from origin and 
inclined at an angle @ with the positive direction of x-axis 


Plz) Plz) 


Ae 
Az,) 


0 ° >X 


° >x 
FIGURE 5.40 


Also arg(z z,) = represents the ray originating from A(z,) 
inclined at an angle @ with positive direction of x-axis as 
shown in the above diagram. 


A(6): \z— |c-z,| represents perpendicular bisector of line 
segment joining the points A@,) and B(z,) as shown below: 


FIGURE 5.41 


A(7): The cquation of a line passing through the points 


A(z,) and B@,) can be expressed in determinant form as 


=0, it is also the condition for three points 


2,,Z, 2, (when z is replaced by z,) to be collinear. 


A(8): |x — z,| = @ represents circle of radius a and having 
centre at z, 
ke—z,| < a represents interior of above circle. 


|z—z, > @ represents exterior of above circle. 


A(9): a < |z| < B repress 
annulus bounded by circl 


{ts points lying inside the circular 


having radii a and and having 
shown below 


their centres al origin a 


FIGURE 5.42 


A(10): |x + z,|= |z| + |z,| represents the ray originating from 
origin and passing through the pointd (z,) as shown below: 


“P(2,) 
FIGURE 5.43 


le+z| PP’! PO+OP'=[:|+O4 [e+ || 
(OP OA) 

A(1I): | — 2,| = lz] — |z,| represents a ray originating 

from A(z,) but not passing through the origin as shown 

below 


FIGURE 5.44 
k-z| OP-OA fl-E|| 
A(12):  Re(z) > a represents the half plane to the right of 


straight line x = a including the line itself as shown below: 


¥ 


FIGURE 5.45 


Re(z) < a represents the half plane to the left of straight 
line x = a including the line itself as shown below: 


FIGURE 5.46 


Im(2) < @ represents the half plane below the straight 
line y = a including the line itself as shown below: 


Y 
y=a 


lO 


FIGURE 5.47 


Remark 
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Im@) = a represents the half plane above the straight 
line v = a including the line itself as shown below: 


ad 


FIGURE 5.48, 
A(13): Inverse points. w.r.t. a circle 


‘Two points A and B are said to be inverse w.r./ a circle with 
centre ‘O” and radius a, if: 


(i) The points O, A, B are collinear and on the same side 
of O and 
Gi) O4.OB = @ 


FIGURE 5.49 


Two points z, and z, will be the inverse points w.r.t the circle zz + Bz+ PZ+r=0, ifandonly ifz,Z, + Bz, + BZ, +r=0. 


If A is a positive real constant, and z satisfies 


A , then the point z decribes a circle of which 4, 


Bare inver: ss 1, in which case z describes 
the perpendicular bisector of AB: 


P(z) 


e°4 B(z,) 


FIGURE 5.50 


A(15):_ To convert an cquation from cartesian to complex 


Zz+z z-Z 
form put x = 5 and y = and to convert an equa- 


tion in complex form to cartesian form put z 
F=x—iy. 


xt ipand 
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ILLUSTRATION 66: 


SOLUTION: 


ILLUSTRATION 67: 


SOLUTION: 


ILLUSTRATION 68: 


SOLUTION: 


: ; |z-1|44 
Di it f th ition | EET tate 
iscuss locus 0} l¢ inequation oh ea 
[2-1] 44 [z-1]44 01 
G ty is | ——_——— ls SS 4 a oe 
paiesninieng lM Ne cleat A 


=> 2z-1|+4)<32-1l|-2>10< [2-1] > [z-1|> 10> (-1) +> 100 
‘This represents the outside region of the circle (& 1)? + y? = 100. 
If |z| <1. he] <1 show that |z — wi? <((2| — ||?) + (arg z — arg w 
Let, z= r, (cos a +i sin a) and w = r, (Cos § +7 sin B). Given, |z| <1 and |w| <1 
>r7rS1,7,51 
Now, LHS |z—w/? 
=|, (cosa +isina)—r, (cos B+isin f) 


=| (7, cos a — rcosf) +i (r, sin a—r, sin ) ? 


x (le cosa —r, cos fy + (7, sina —r, sin By y 


= rf cos’ @ +r; cos” B- 277, cosacos B +7? sin® @ +r; sin? B - 2x7, sina sin B 


= ni +m — 2nn, cas(ar — B) 


: > 
(rn) + ana sia( 54) <G)-n) 42.11 2(2-4) 


=> [z—wP <(lz| —|wl)* + (a— Py = |z—w)? < Cle] — bol)? + (arg z — arg wy? 


z-Z 


Let z, = 10 + 67 and z, = 4 + 67. If z is any complex number such thal amplitude of 1s 


z-2, 


5, then prove that |z 7 - 9i| =3y2. 


7 where z, = (10 + 61), z, = (4 + 67) represent a major arc of circle with chord 


ano 


joining z, and z, subtending angle 7 on it. So al centre of the arc angle subtended by chord 


AB is 
2 


Clearly §M (mid point of chord AB) is (7, 6) 


imaginary axis 


Real axis 


FIGURE 5.51 
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ILLUSTRATION 69: 


SOLUTION: 


ILLUSTRATION 70: 


SOLUTION: 


Now in ACM, ZACM =4 => AM=CM=3 
=> Co-ordinate of centre C (7, 9) and radius AC = ¥3? +3? =3V2 
=> Equation of circular arc in centre radius form is |z — 7 — 9i| = 3y2 
Aliter: z=x + iy 
z72, x+y 10-61 _ (x10) +i(y-6) , x= 4-1-6) 
z-2, xtiy-4—6i © (x—4)+i(y-6)  x-4-i(y-6) 
_ (x=10)(x-4) + = 6)" +1 4-6) - 107-8) 
7 (4) +(y-6 
L@&-10)\&—4) + - 6)" + 1607-9) 
(x-4)° + (y-6)* 
x 6(y-6) z 
“4? (100-4) +0-6F 


=> -l4x +40 +? +36-12y=6y 36x71 y- l4e 18y+ 112=0 
L.HS.=|2-7-9i=J@—7' +9 = yet +y?—14x—18y +130 
= f(x? + y? -14x-18y +112418 (from equation (i) 
= vi8 =3V2 =RILS. 

Find all non-zero complex numbers z salisfying 7 = iz* 


Let z =x +iy. Given 7 = iz’ 
=> x-ty i@etpP i-y+ity)>x-iy -Bwti-y) 
Equating real and imaginary parts, we gelx — 2xp 


1 
> x=Oory=—> « iii) 


From equaiton (ii), x? 7 +y =0; When,x=0,y y?=0 
> yy )=0>y=0orl 
z= (0,0) and (0, 1) and when pacteses? 
2 2 
v3 1 


Thus non-zero complex number are z = fanaa at 


If a@,f are complex numbers, then find the complex numbers z, and z, so that the points z,, z, 


and ot, § be the comers of the diagonals of a square. 


Here, a—2,=(B-z)e*? i(B—z,) 
>a if=z0 ) > z= 278 _@-ib+) 
l-i 2 
4 GPa 2-2, (2-f) 
of (=f) 
2 


Similarly, 6 z,=(@ zJe?> z,= 


_@ 
and-y x°-y iil) 


~ 
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im 
FIGURE 5.52 


ILLUSTRATION 71: Lect |z| = 1, then find the locus of points 2 + 4 z. 
SOLUTION: The points z which satisfy the condition |z| = 1 lie on a circle of radius ] with centre at the origin. 
All points 4z, where |z| = 1, are located on a circle of radius 4 with centre at the origin. The point 
4z + 2 is obtained from point 4z by a rightward shift of 2 unit. And so the points 2 + 4z, where 
|z| = 1, are located on the circle of radius 4 with centre at the point (2,0) as shown below: 


os 


FIGURE 5.53 


ILLUSTRATION 72: Locate the complex numbers z x + iy for which 
i) log,,,!2- 41> log, 7-21 (2) log,, | - 4] < log, 2-2 
(ui) log,,|z—-4] log, z — 2] 
SOLUTION: For the validity of above inequalities and third equation z # 2,4. 
Now logy,lz~ 4] > log yz ~ 2| = le ~ 4i< lz ~ 2) 
Now |z— 4| = |z— 2| represents the perpendicular biscctor of linc segment joining the point z 2 
andz 4ic,x 3. Now we want to locate the pomts on complex plane which are nearcr to z 
4ascomparedtoz 2. This will be the region of half plane to the right of straight lincx 3 
excluding the line itself and point z 4 as shown in the diagram given below. For the inequality 
Jog, |z—4| <log,,,|z—2\, the pomts on complex planc will be those nearest toz 2 as compared 
toz 4, this will be the region of half plane to the left of straight hne x 3 excluding the line 
itself and the point z 2 as shown in the given below diagram. 


FIGURE 5.54 


ComplexNumbers 5.65 


~ 


: Seas 3 =2: 
ILLUSTRATION 73: Find the locus of z satisfying the equation arg (2) = . 
zt 


SOLUTION: Letz =x +iy 
z-2_ (x-2)tiy_ (ty? -4+i4y) 


z+2 (x+2)+y (x+2P +y? 
2 4 
Thus, we have tan we 2) ee 
z+2 x +y*?—4 


4y a 
Ate 2 Sealey 
x+y —4 ( ) 


=> x?+y?—4y 4=0 which represents a circle having its centre at (0, 2) and radius = 2¥2 
geometrically it would be the arc of circle above the x-axis as shown below 


22 


(-2,0) 


Bnld 2t2 
FIGURE 5.55 


ILLUSTRATION 74: Find the locus of complex numbers satisfying the inequality |z— 1| + |z + 1) <4 


SOLUTION: |z—1|+|z+1|=4 
As |z,—z, = |1-(C))| =2 <4 => |z—1|+ |z + 1| <4 represents ellipse and its interior region 
with foci at (-1, 0) and (1, 0) and with length of major axis = 2 
Aliter: |z—1|+|z+1|=4 
=> k-1lt+py|thet+1+i=4 


> y(x-1) +y° Geri) +y? =4 
> (e—1P+y2= Oe + It yt 8 fer) 4 y? 416 
=> xt4=2 far +y 


=> + 8x+16=4 624+) 42x41) FIGURE 5.56 


imaginary 


x yt 
> Bet4y=12>5 tye 1. It is an ellipse. 


Hence the points z satisfying |z— 1| + |z + 1| <4 lic in Argand plane on the boundary and in the 
> 2 


inicrior of the ellipse at a =1 


ILLUSTRATION 75: Show that the equation |z z+ |z z,?=& 


(where & is a real number) will represent a circle if k > 
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TEXTUAL EXERCISE 10: (SUBJECTIVE) 


1. Let z,, z, 2,, z, represent the vertices A, B, C, D re- 
spectively of a square on the Argand diagram taken in 
anti-clockwise direction, then prove that 

1+)2,4(1-d2, 

1-2, +(1+iz,. 


2. (a) Write cquation of straight line which makes angle 
60° and passing through point z, = 2 + i. 
(b) Write equation of linc passing through z, (-2 — #) 
and z, (3 + 4). 


3, 


(a) Ifz,,z,, z, be vertices of an isosceles A right angled 
al z,, then prove thal 2) + 2z7 + 2] = 22, (z, +2). 
(b) If in above case right angle is al z,, then show thal 
(2,-2,)? = 2(z, -2,) (@,-2,). 
4. If'z,, z,, 2, be three distinct complex numbers satisly- 
ing |z, - 1|= 2, — 1] = [z,— 1]. Let 4, B and C be the 
points represented in the Argand plane corresponding 
to z,, z, and z, respectively. Prove thal z,+ 2, +2, =3if 
and only if A4AC is an equilateral triangle. 


5. (a) If z,, z,, 2, represents vertices of an equilateral 
triangle, then prove that z? +2,>+z2=z,z,+z,z, 
+22, 

(b) Let the complex numbers z,. z,, z, represents 
vertices of an equilateral triangle. If z, be the 
circumcentre of the triangle. then prove that 
gitz2tz2= 322. 


6. Prove that the triangle whose vertices are the points 
z,,z, on the Argand plane is an equilateral triangle 


fendenly fp 4 


Et a aes tet 


=0 


7. 


Ifz,(r = 1, 2,...6) are the vertices of a regular hexagon, 
then prove that Se = 62; , where z, is the circum- 
centre. " 

8. Find the number of complex numbers z for which 


3z-6- a 
ae a5 3+: [=3. 
ae eae ) and | 2z-3 +4 |=3. 


9. Let z, and z, be roots of the equation z? + pz + 
q 0, where the coefficients p and g may be complex 
numbers. Let 4 and B represent z, and z, in the complex 
plane. If ZAOB a #0andOA OB, where Ois the 
origin, prove that |p|? = 4/g| cos*a/2. 


10. Find the area bounded by the curves Arg z = 2/3, Arg 


z 2nf3and Arg (z — 2 - 2v3i) won the complex 
plane. 


11. If the area of the triangle formed by z, iz and z + iz is 


8 sq. units, then find | 2 | 


12. Let z, and z, be two complex numbers represented by 


points on the circle | z, |= 1 and | z,| = 2 respectively, 
then prove that 


(a) max, [2z, + 
(b) min. [z, +2, 
(c) ky + Wz) <3 


13. (a) Find the centre and radius of circle given by equa- 
tion, 27+ (3+4)F+G—4/z+24=0 

(b) Find the equation of circle whose end poinis of 
diameter are given by (2-1) and 3 +8) 

(c) Trace the locus represented by following relation; 


4 a } Qn 
> Sarg) —— |< — 
3 zti 3 
14, If|z| = 2, then locate, 
(a) z+2 (b) 2 +2, 
(e)z lt 
15. Obtain the complex numbers z satisfying |z 257 | < 
15 and having: 
(a) Icast positive arg (b)_ grealest positive arg 
(c) least modulus (d) greatest modulus 
16. If z is any complex number satisfying | z & | = 4, 
where & is + ve real number, then which of the follow- 
ing is correct? 
(a) 2arngz =arg(z &) (b) arg(z &) = arg(z +k) 
(©) 12 Inge = 2K @ 12 | = 0 
(©) (APS 2) qe DIZ (D1 2-F lng Rt VAP +1 
(8) FF ln = VEE ET =e 
17. Determine locus of z given by the following 
equations: 
Answer Key 
2. (a)aretz 2 i) = 23,-208 (b) 272-272 
z-Z, F-Z 
2-3-, 


z- 


13. a) C-G+4),R-1 — (b) ae( 


Complex Numbers 


@ 1<|z+2|<3 
(b) Re(z) > 3 and | Imz| <2 


oy Zs ats = 


(d) m4 < Arg(e) < a3 


©) logaras 


(f) log,,|2 2] > log, lel 


[zP-[z|41 
2+|2| 


(g) log, >-2 


10. 4¥3 1 4 


izy=3 05 2 


tr 


() 


5.67 


i] 


(a) argz © and lal <5 
() |z-1P-|z+1P=4 
fh) iz i= Land arg = 
(g) |z+él=|2-2 
th) |z—1)=|z-3]=|z-i] 
@ z|-4=k i/=|e+5i] 
@ |x argz|<x/4 
ky |z fl+]z+i]=2,]z2 if+lzt+F|>2,]z 
+|zti|<2 
18. Interpret the following cquations geometrically on the 
Argand plane. 
@|z It+|z+1]/=4 
(b) Arg (z+i) Arg(z i= 2/2 
() 1<|z 2-3i|<4 
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(a) 12+16F —) -12+ 16% ==) 108 (a) 40 


16. (a) True (b) False (c) True (d) True (e) True (f) True (g) True 


17. (a) 


@) 


x#1=0 


thy 


@) 


i) 


(d) 
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Y 
(All points towards the right of x 1 except the point (2,0) x 
x=1 


(g) All points inside the circle |z| = 5 


TEXTUAL EXERCISE 10: (OBJECTIVE) 


1 


2. 


. The cquation 77 +az + F2+b 


. The cquation 42 +62 


If z,,z, are two complex numbers such that 
+2, 
= | and iz, = kz,, where k €(R —{0}), then the angle 
between z,— 2, and 2, +2, 18 


2k 2k 
(a) wa-'( 75) (b) va) 


1 1 
©) -2tan™ | — d) 2tan™ (7) 
(c) ( i] (d) k 
The points z,, z,. z,, zy in the complex plane are the 
vertices of a parallelogram taken in order, if and only if 
(a) z,+2z,=2, +2, (b) z, +2, =z, +2, 
(c) z,+2z, =z, +z, (d) None of these 
0b e R, repre- 
sents a circle if 
(a) ah = 4 
(c) lal’ <b 


(b) la’ >b 
(d) None of these 


. Let the complex numbers z,, z, and z, be the vertices 


of an equilatcral triangle. Let z, be the circumeentre of 
the triangle, then 2,7 + z,? + 2,2 is equal to 

(a) 22 (b) -z,2 

(c) 322 (d) 322 

c, where b is a non-zero 
complex constant and ¢ is real, represents 

(a) A circle (b) A straight line 

(c) A parabola (a) None of these 


6. 


10. 


» If the vertices of a quadrilateral be a = 


If a and 4 are real numbers between 0 and | such that 
the points z, = a +i, z,= 1 + bi and z,= 0 form an 
equilateral triangle, then 

(a) a=6=24+ V3 
a b 2-8 
()a 2- V3.b 
(d) None of these 


2+ V3 


. If |z| = 2, then the points representing the complex 


numbers — 1 + 5z will lic ona 

{a) Cirele (b) Straight line 

{c) Parabola (d) None of these 

1 + 2%, 
b6=-3+i,¢ =-2-3i and d = 2 — 2), then the 
quadrilateral is a 
(a) Parallclogram (b) Rectangle 


(c) Square (d) Rhombus 


. POO is a straight line through the origin O, P and 


OQ represent the complex numbers @ + ib and ¢ + id 
respectively and OP = OQ, then 

(a) |a + ib| = |e + id| 

(b)ate b+d 
(©) arg (a+ ib) 
(d) None of these 


arg(c + id) 


The vertices B and D of a parallelogram are 1 — 2i and 
4 + 2%. If the diagonals are al right angles and 
AC 2BD, the complex number representing 4 is 
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5 3 
ay 2 b) 37 = 
@) 3 (b) 5 
(c) 31 4 (a) 38+4 
11. The rectangle is constructed in the complex plane with 


12. 


13. 


14. 


15. 


16. 


17. 


18, 


its sides parallel to the axes and its centre is situated 
at the origin. If one of the vertices of the rectangle is 
atib B , then the area of the rectangle is 


(a) aby} (b) 2ab V3 
(c) 3ab V3 (a) dab V3 


If z+ 1|= V2 dz +1], then the locus described by the 
point z in the Argand plane is a 

(a) Straight line (b) Circle 

(c) Parabola (@) None of these 
The region of the complex plane for which - =o 
=1[R (a) #0] is 
(a) x-axis 

(c) Straight line x 


(b) y-axis 
a@ (d) None of these 


<2, then the locus of z is 


If log 5 [ 


2+ z| 
(a) [l= 5 (b) [el <5 
(c) |el>5 (d) None of these 
Ifz x +éis a complex number salislying |z + 


, then the locus of z is 


(a) 2p ox 
(c) y-axis 


(by y x 
(d) x-axis 
Which of the following cquations can represent a 
circumcentre of triangle? 

(a) 2-1|=2-2| (b) 2-1=2-2|=2-4 
(c) ke-1|-lk-2|=2a (d) e-1P + e- 2 


The number of solutions for the equations 
lz lj=ke =z fis 

(a) One (b) Three 

(©) Two (d) zero 


The roots of the cubic equation (z + af)? = a (a #0), 
represent the vertices of a triangle of sides of length. 


@) wad ) 3 a 
1 
©) BIBI @ lel 


B 


19. 


20. 


21. 


22. 


24. 


22,2, are three points lying on the circle | = 1 
Maximum value of fz, —2,°+ lz, - 2, + z,—z,P is 
(a) 6 (b) 9 

(c) 12 (a) None of these 


If *z' lics on thecirele |z — 2i] = 2-V2, then the value of 


aul 2 2) is equal to 

z+2 

(a) 7/3 (b) 2/4 
(©) 6 (a) a/2 


AG), Bz), C,) arc the vertices of an cquilat- 


cral triangle ABC, value of arg eee 
2-2 

equal to 

(a) w/4 (b) af? 

(©) 3 (d) ni 


If a) <3, 1 <<», then all the complex numbers 
z satisfying the cquation 1 + az + ag?+ .. + 
az” 0. 

(a) lie outside the circle |z| = 1/4 

(b) lie inside the circle |z| = 1/4 

(c) lie on the circle |z| = 1/4 

(d) lie in 1/3 <|z| < 1/2 


. Let 2, and z, be two complex numbers such that 


yy 
(a) z,, z,and origin are collinear 

(b) z,, z,and origin form a right angled triangle 
(c) z,, z,and origin form an cquilateral triangle 
(d) None of these 


z, and z, are the roots of z+ az +b 
non-zero complex numbers. It is known that the linc 
joining the point A(z,) and B(z,) passes, through the 
origin, then a/b is 
(a) Real 

(c) arg(a’/b) = n/4 


0, where a,b are 


(b) Purely imaginary 
(d) None of these 

The points z of the complex plane satisfying 2 + || 
=0, lic on 

(a) the x-axis, x <0 


(c) the y-axis 


(b) the x-axis, x > 0 

(d) None of these 

Consider a square OABC, where *O” is the origin 
A(z,) and vertices are given in anti-clockwise order. 
The equation of the circle that can be inseribed in the 
square is: 


27, 


28. 


29. 


30. 


31. 


(a) 2-2, + D1 =I2,) 


® 2h Zy(1 +i) 


@) 2% 2,0 +d/=b 


If z, and % represent adjacent vertices of a regular 


T 
polygon of n sides and if me) = ¥2-1, then nis 


(Zz) 
equal to 
{a) 8 (b) 16 
(c) 18 (d) 24 
Let z,, 2,.....z,be in G.P with first term as unity such 


thal z,+z,+...+z, 0. Now if z,, z,.....,z, represent 
vertices of a polygon, then distance belween the 
incentre and circumcentre of the poly gon is: 

(a) 2 (b) 1 

(c) 0 (d) None of these 


A regular hexagon is drawn with two of its vertices 
forming a shorter diagonal atz=—2andz=1 i V3. 
‘The other four vertices are: 

(a) £2¥%, ti 

(b) + V3, 4i 

(c) WV +i,-1-1 

(d) None of these 


Tfone vertex of the triangle having maximum area that 
can be inscribed in the cirele |z — i] = 5 is 3 — 34, then 
another vertex of the triangle can be: 


1 : 
(a) ait ay3+ G3 +6): | 


(b) 513+ 48 -@V8 -29 


@) SB-45 +5 +407 


1 
(@) 73+ 4V3 - V5 +291 


Let A, B and C represent the complex numbers 
2, Z,, Z, respectively on the complex plane. If the 
circumcentre of the triangle ABC lies at the origin, 
then the orthocentre is represented by the complex 
number. 

(a) 2,42, 2 (b) 2,42, 2, 
(@) z,+z,+2, 


- 
() z,+2, z, 


32. 


35. 


37. 


39. 
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A rectangle of maximum ares is inscribed in the circle 
|z—3—4i]= 1. Ione vertex of the rectangle is 4 + 4i, 
then another adjacent vertex of this rectangle can be 
(a) 3+4¢ord—3) — (b) 34+ S0r3 +34 

(c) 3-Sior3 +3) (a) 3-4F ord +3¥ 


. If tangents drawn to circle |z| = 2 at A(z,) and Biz,) 


meet at PG) then: 


«@) z,-(242) ) z, 


_ 22,2 


(©) z,= 


_ +7) 


(d) 2 


22, 
+2, 


. If A and B represent the complex numbers z, and z, 


such that z,+z,| =z, z,|, then the circumcentre of 
the AOAB, where O is the origin is 


Zt25 Zea 

a) AT t 

(a) 7 {b) 7 

(ce) 44% (d) None of these 


3 


Let z be such that is equidistant from three distinct 
points z,, Z,, z,in the Argand plane. If zz, and z, are 
collinar, then arg (2, — 2,/(z, —2,)) will be (2,,z,.2, are 
in anti-clockwise sence): 

(a) a/2 (b) 2/4 

(c) 22/3 (d) None of these 


. I the imaginary part of (22 + 1W(iz + 1) is —2, then the 


locus of the point representing z in the complex plane is 
(a) A cirele (b) A straight line 
(c) A parabola (d) None of these 


If z,.z,, 2, are vertices of an cquilatcral triangle 
inscribed in the cirele |z| = 2 and if z, = 1 + vBi, then 


(d) None of these 


Let OA (¢,), Bz) be an isosceles right angled triangle 
with right angle at O. Then (z, —z,= 

(a) -2z,z, (b) 22,2, 

(c) @, +2,F (d) None of these 


The complex 


1-iv3 


=-—™ are the vertices of a triangle which is 


number 2,2, and 2, satislying 
4-2 
(a) of arca vero (b) right angled isosceles 


() cquilateral (d) obtuse angled isosceles 
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40. Complex cquation of all circles which are orthogonal 


to [|= 1 and z-1|=4 is 


(a) k+7 ail= VA8+e? @eR 
(b) kp -7+ ail= V48+a* ,aeR 
() kz 7 ail=V48+a7_.a@eR 


(d) None of these 


41. If |z-1| 
(a) a circle 
(c) the real axis 


42. Ifo= 


(a) circle 
(c) parabola 


43. If one of the vertices of the square circumscribing 
the cirele |z — 1] = V2 is 2 + VBi, then centroid of the 


as2=s 
2-(3)i 


|z? + 1, then z lies on 
(b) the imaginary axis 


(d) an ellipse 


and |c| = 1, then z lies on 


(b) ellipse 
(d) straight line 


triangle formed by other vertices is: 


(a) 1-3i 
we 


cares 


44, PO and PR are two infinite rays. QAR is an are. 
Any point lying in the shaded region excluding the 


2 dg 
&) 37" 


(d) None of these 


boundary satisfies 


(-1+V2+y2i) 


(a) |2— 1] > 2: |Arg(e — Dis ald 
(b) | z= 1] > 2: |Arg(e — Ds a/2 


Answer Key 


Lbed) 2) 
1. @) 12.) 
21. (b) 22. a) 
31.(@) 32.) 
41.) 42. @) 


(-1+2-2i) 


FIGURE 5.57 


3.) 
13. (b) 
23. (c) 
33. (c) 
43. (b) 


4. (©) 
14. (b) 
24. (2) 
34. (2) 
44. (©) 


5. (b) 
15. () 
25. (2) 
35. (2) 
45. (©).(d) 


47. If the vertice: 


3 
48. IfzeC, then the cquation 


49. ct z be variable complex number and z,,z. 


(©) [z+ I> 2: |Arg@ + I< 2/4 
(a) [z+ 1] > 2: |Arg@ + Dic 2/2 


45, Let A =2-2i, B =-6 + 23 be two complex numbers. 


D4 
Pisa variable point such that a 
PB 


= 3(P isnot on AB) 


Then locus of P is: 

(a) acirele with centre (7,5) 
(b) circle with radius 2v5 

(©) cirele with centre (-7,5/2) 


aV5 


(€) Civele with radius “> 


z,be three complex numbers such that |Z, = 
lz, = |z,| = 1 and 2, + 2,+2,= 0. If'z,, z,, 2,denote the 
vertices of a AABC, then 
(a) origin is orthocentre 


= 41 4 


(©) Zt 2g + 2F = 2,2) t 292 + 242, 


(d) arca of AABC 


of an cquilateral triangle are z 0, 
Z 2,2 2,then 


(b) zi +z) =2,2, 


2% 


(©) 2,-2,]=2,|=lz,| (d) argz,~argz, 2/3 


a AeR represents a 
circle when 

(ay A=1 (b) A=3 

(c) A=2 (d) A=5 


re fixed 


complex numbers (which may or may not be distinct) 
in the Argand plane. If z—z|+|z-z,| kk © R.Then 
locus of z may be 

(a) ellipse (b) linc segment 

(c) circle (d) point 


6 (ab) 7. @) 8 (ab.cd) 9. (ac) 10. (b) 
16. (bt) 17. (@)— 18.) 19.) 20. () 
26. (6) 27. (a) BC) 29. 30. (a) 
36. (6) 37. (a) 3B (a) 39.) 40. (a) 
46. (2.0.4) 47. (a.b,c.d)48. (acd) 49. (abcd) 
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MULTIPLE CHOICE QUESTIONS 


SECTION-I 


SUBJECTIVE SOLVED EXAMPLES asin 
sin | co: 
1. Show that a unimodular complex number, not purely = 2sin~| sin~+cos~ |+ 
a reer ee) cosx 
real can always be expressed as <*" for some real e. 
e-i 
x 36 7% 
Solution: Tcl z be a unimodular complex number. > sin > +cos— |cos x + cos 
Let O+ 0 2 2 2 
utz — cosd + isin 
eq => nw/2=O=>%/2 une wn 0, 
If possible let cos + isind "| where ¢ is real 
aa ahs lene ober = 
then, cos@ + isind = or ain teas osx +eos=0 
Equating real and imaginary parts, we get cos@ = —— => sin (1 ~2sin? 2) + cos’ 2cos? ~-1)] + 
c+ 2 2 2 2 
and sinO PA (sind) —2e + sind =0 cos =0 
=> (sin@)c? - 2¢ + sind = 0 
. > 2sin?~—2cos'~-sin==0 
= on2t 4—d4sin'@ _1+cos0 2 2 2 
/ 2sinOQ sind 
on = => 2tan? ~—2-tan~ sce? 
1l+cosO0 1-cos0 ot 2. tea 2 2 9 
= = cot —, tan— 
i 2 2 
e [Diving by cos’ | 
From above common value of ¢ = cot oy 2 
where 0 # 2nz [’. zis not purely real] => tan? £-2-tm2(14 tan? | 0 
ti 0 
‘Thus z = oo where ¢ = = cot—, 0 # 2am 
e-i 2 5x x 
> tan ae =0 
x x 
sin=+cos——ilanx “ 
2. If the expression —_2__2______ jg real, then => wW—u-2=0, where u tan a) 
x 
142ési 
sai | Let, flu) —u—2 
find the set of all possible values of x (3) 4>0 
Solution: Let the given expression be z, then Heol between 
(sin Bere : —itlan :) (: —2isin ‘jl Let, & be a value of x which satisfies equation (i), 
z= a 
then, # = tan— 
(14-2sin= (1-2isin= Set A 
2 2 
S real, F, (2) = 0 ~ tan® = an = Zone 
Since z is real, F, (2) 7 ; Fo 5 
x x 
=> -2in {sn + 00 or x 2nn+ ce where tan? 2 —tan=-2 =0 
2 2 2 2 
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Thus x = 2nz, Ina + a, n € Z, where ©. From Gi), incase of greatest valuc of +r, 


tan? Stan 2-2 =0 


3. if Ey = a, where z is a complex number and or af rot> 0 anda > o| 
a> 0, find the greatest value of [2| or P—ar—-1=0 
Solution: Let |z| = r and arg z = @, a, 42 +4 atl Hay gy 
then z =r(cos@ isin) 2 2 
(cos@—isin@) -. greatest value of r = atVa+d 


2 


‘Thus r= 1 andr <1 are rejected for greatest value. 
Given |z+ ig a[llere z #097 40] Note: For greatest value |z|, cos?@ = 0 or cos@ = 0 
1 1 z=r(cos@ + isin@) =i r sin@ = a purely imaginary 
(r+Loososi(r—+}sing a number 


2 a Second method: a= 
1 2 TeV an % 

=> |rt+—] cos’ @+|r——| sin’ @=a° 
r F, 
1 


1 1 
z+—|= a2|z|-— 
z lz] 


Le, +212 k,|—|z,| and |z, + z,lz\| here we have 


+ 2(cas? @—sin? @) =a? Taken [| — a since we have to find the greatest value 
z 


of |2| and hence we have taken the case when |z| > 1] 
From (i), |z)?- az] - 1 <0 


= a-va+4 atva'+4 
2 


2 
> r-1) =a" —4evs"6 Gi) 2 slals 


But |z| cann't be negative ». 0 <|z|< eee 
> O and asr 2 


Let r>1 In this case I <lar 
7 


ae 1 

F 1 1 [. here | z| #0 otherwise z 0 and hence — 

increases, — deercases and r—— increase \z| 
r r 


will not be defined) 


1 
si r-— isg 
r 


will be gre + 
Pee Greatest value of |z| = = 
is greatest 
1 1 
Now, r-— =O>r=l>r=1[vr>0] 4, If |z+—| = a, where z is a complex number and 
r z 
Therefore, we will consider three as (i) n> 1 a> 0, find the least value of || 


(ir 1ie<1 


Since we have to find the greatest value of r (i.e., le), . 1) Pedro 6) 
therefore. first of all we will consider the case r> 1. If 
no solution is obtained in this case, then we will con- 
sider the case r = 1. If no solution is obtained in this —4cos? 0 qi) 
case also then we will lastly consider the case r < 1 

2 Since we have to find the least value of r, therefore we 
But from (ii). (- as ) will be greatest when consider the case when r < 1 

- 


, iit 1 
oe. In this case — increases, |——r | increases as r 
cos) =O 1.¢., 0 == or — ry ee 


decreases 


Solution: 


1 ioe), 
r will be least <> | ——+ | is grealest = | ——r 
r 6 


is greatest. 


wf 1 se 
From (ii) (: @ — 4c0s"6 . ii) 
r 


For least value of r, (2 *) should be great- 
= 


est which is possible only when cos 0 
3 
ic, 0= or 
a) 


‘ a) 
From (iii) in case of least value of , — - 9 @ 


1203 p-ocaeve +4 
-a+Ve+4 


2 
Note: For least valuc of |z|, z = ¢ (cos + isind) = 
rsin0 [’" cos0 = 0] 


or? + ar 


Icast valuc of r 


4, , be the » roots of unity, show 
HIM ere (loa, =n 


Let x be a n™ root of unity, then x” 1 
orx—1=0 


that (1 


But according to the problem 1, @,, @,.....,0,_, are the 
n roots of unily 
6 IE YG a) a, ) 
Cael 

or (ea) A) Oa, = 1 
= (k-a@) (wu a) 

bad tee Sa oo rere 

Putting x 1 in the above expression, we gel 

Q a)Q aud a, Jeltlti tin. 


+1 (times) = n 


. If zis any non-sero complex number, then show that 


z 
(a) ial Slargz| (b) |z—1| $|lz|—1|+|2/ larg 2| 
Solution: (a)Let|z| randargz 0 


Given |2| #0 > 7 20 


Zz 
Now z = r (cos@ + i sin@) > — = (cos@+ i sin@) 


12] 


=|(cos# 1)+isin@l=y(cosO-1)° + sin? 0 
= f2€1—cos0) = 2yfsin?(0/2) = 2| sint0/2)| 


l2| 
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Now asin 2} <al? =|O| since | sinO| <| 0| 
2 2 
thus | 2-1] <|argz| 
lz] 
Aliter: Geometrically: of? 
imaginary 
axis 4 P(z) 


Now consider unit circle with centre origin and point 
P@). Such that OP makes angle 6 with real axis and 
OP = |z| referring to diagram. 


OB OA =1 => A denotes a and B is real 
z 
number |. 


AB=|4-1|<4B => a <|0| 
z 
=> ies <|argz| 
[2] 
(b) from the diagram BQ = ||z|- 1) and BP |z—1| 
PQ=(z- all 
Imaginary 
axis 4 
z P(z) 
AN 
Ya\i \\izl , peat 
q B Q axis 
By triangle inequality BO - PQ > BP 
lel- 1+ k-lal= ze 1] von @ 
from part (a) we know that | 4-1] <|arg 2| 
Zz 
=> z-[2| < larga (i) 


Combining the inequality (i) and (ji) using transi- 
tion property |[z|— 1] + |2| largz > |z-1] 
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7. Prove that Solution: Lctz,-z, @2,-2, fiand 
(a) |2, +2,°+|2,-z,P=2|z,2°+2| 2, and interpret 1 ; 
the result geometrically and deduce that Boh WS a7 a ® (Given) 
cea nine gaa eee re 
where ot and # are complex numbers a by Py 
Solution: Part HES @) 
olution: (a) and @ = Py = BF (ii) 


Consider |z, + 2,2 = @, — 2) (@% +2:) i) 
=|2,P+lz,P+2% +22, 
=|z,P +|z, P+ 2Re (2%) 


multiplying (i) and (ii), we get (a) = PR yy 
= lal=|PPlyP = lal=lePl APlyP 


: he. 3 By symmet 
Similarly, | z,-z,[7=|z, P +12, —2Re (2%) ....Gi) Ja|*=| ple => lal=|Al=ly! 

Adding (i) and (ii), we gel the result (a) > AB = BC = 

Geomertical interpretation. = triangle ABC is an equilateral triangle 

Let AG@,) and B(,) be two complex numbers. Con- Conversely, let triangle A(z,), B,) and C(,) be 
struct a parallelogram OARB. Then an equilateral triangle. ° 

| OA| = kz, |OB| = lz.) “. i-2,1=14,-2,1=14,-2,1  @ 

JOR |=|z,+z,| and|4B|=|z, z,| 

From part (a), we have consider, 


OR? + AB? = 2(O4? + OB?) i.c., the sum of the squares 
of the diagonals of the parallelogram is equal to the 
sum of the squares of its sides. 


For part (6) 
; 1 — 
Consider fees fe 6" 7 spate’ =P 2 


that py+(a-f)+2 (a+ Ba P| 9. If the vertices of a square ABCD are z,, z,, 2, and 
2 z, taken in anti-clockwise order, prove that z, 2, - 
1 (z,-2, 
aller 8 + ao 7 ®) 
2472; 
1 2 x Solution: — 
qWer8 + V@-AY Co lel=leP 47% 
: la-2| 
Similarly, la le =3| fas P- ka-py| = Tee (cos x/2 +i sinz/2) 
fas fea? BF + fee fa BF | zs rs =i (: AB=BC) 


4 aiPs fa=By + => @-2)=@-2)/ 


= iz,-z)=-2,+z,andz, 2,-i(,-z) 


4 fat P-fa- Py) 10. Find a complex number satisfying | z — 5i | = 4 and 
2 having least argument 
= |\Ya+B) +|\f@—B)] Using part (ay) Solution: Let z =x + iv 
=la+Bltla pl Cl2l=Iz< o lz Sil=4 ve) 
8 Prove that the triangle ABC whose verti the a eee Sys 4 
. Prove that the triangle ABC whose vertices are the = aL gweyeié _& 


point z,,z, and z, on the Argand diagram is an cquilat- 


: . ; which is the cquation of a circle, having centre 


at (0, 5) and radius 4. Therefore, all points on this circle 
salisly the cquation (i). But we want a complex num- 


cral triangle iff 


ber having least argument. Let us observe the problem 
graphically. OP is tangent to the circle and point 
P represents the required complex number 


A 


G3 
@ 


fe) 


=> ZPCO 0,tan0 3/4 
> 2,=\ze 


3 
= 3 {e080 +i sind) = 3 (4/5 +1 3/5) = 54 + 3) 


H. Let Ay, Ayn, be the vertices of an m sided 


regular polygon such that ——_= 


Find the value of n. 


Solution: Tcl O be the origin and complex number 
representing A, be z,, A, be z,, A, be z, and A, be z, 
z,-0 OA, ?* 

Now, — =e * 

low. 20 OF e 

or 

or, z,=z,e" | =OAJ 

om “a on 
Similarly, z,=z,e " andz,=z, 9°" 


now /, 


-3,/=121 


2a 2a 
cos — + ésin —— ] 
a n 


Similarly, AA, = 2 |z, | sin ca and 
a 


. 34 
A 4,=2|z,| sin ~~ 


From given condition 
i 1 1 


= + 
a 2n _ 3a 
Qlalsin™ 2[2,| sin 2\z,| sin 
" a a 
aN i i 1 
aq . on 3x 
sin sin sin 
a a n 
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£9, 
=> 2sin 
n 


a. 3a Ea 
cos—sin—= sin—| sin 
n n n 


. 4m Wn. nt 3 

> sin— +sin— = sin — + sin— 
” n n n 

3a 4a 

=> sin—=sin— 
n a 


4n 
ot, 3% = ma + Clyy  ,m = 0, 41,42)... 
n n 


3. 4, 4 
when m = 0, wae. => 3 =4 (not possible) 
non 


3a 4a 


when m1, =a 
n n 


Ta 
> —=2% > 
n 
12, Prove that 1 + R cas@ + R? cos 20 + R? cas3@ +... 
_ __l-Roosé 
1-2Reosd+ R? 
Let S 1 +R cos0 + R* cos 20 + R§ cos30 + 
and PR sinO + R sin 20 + R* sin30 + ......, 
S Real of (S + iP) 
Consider $+ iP = 1 +8 (cos@ + i sing) + R(cos26 + 
i sin2) + R(cos36 +7 sin3@) +... = 1+ Re? + Re?+ 


na 


s where |R| <1 


Solution: 


Roe +, 


1 Ze cat 
——; (tis infinite G.P. 
Tore? ° He 


1 
Ros + isin 0) 


7 (l-Reos@)-iksing 
(=Reos0)+iRsinO— _ 
(= Reos0)? + (Rsin dy 
1-Rcosé 
1+8?—2Reos 


1 yd aReosd) + iksind 
(l-Reoos@)+iksing 

_ (l-Reos@)+iksing 
1+R?-2RcosO 


‘Therefore, S = 


13, Inthe equation z + 2Az + 1=0, A is parameter which 
can take any real value. Show that if 1<A< 1 the 
roots of this equation lie on a certain circle in the 
Argand diagram, but if 4 >1, one root lies inside the 
unit circle and one outside. Prove that for every large 

1 


24. 


value of /. the roots are approximately 7A 


Solution: z+ 24z + 1 =0 (given) 


ahd @ 


=z 


5.78 — Algebralll 
CaseT. -1<Aa<1 
> 2 -Atip(u Vi-2) 
> ztA=+ip ii) 
> pisatvereal 
> rtAatip=tin --dii) 
=> multiplying (ii) and (iii), we gel (z+ A)(z+ A=? 
= l2+APew = |ztAl=z 
this means that z lies on the circle having centre 
at A and radius yb 
Case: 2>1 
z -h4V¥2-1 (from (i) 
>z= A+B (2-1 = B (say)) 


Let z, and z, be roots of (i) 
=> z=-a-Va-1 
P-I=1 

> If|z || <I then [Z| >1 
ie., one root lies inside the unit circle and the 
other outside for = A>l 


= - 2 -¥2?=1. Now if 2 is very large 
ra =A. Soz,= 


andz,= 4+ ¥A?-1 = ———>—= 
% 


> |z,|1zZ,/=1 


os (lor large a) = ->> 


; Si 
14. Let z, = r, (cos@, + ising,), & = 1, 2, 3 and Dy 


412 


x 
= 0. Show that ¥icos2 Oo, =0 
mn 


ie 
Solution: Given, 


(i) 
#1 25 

. i 
> Loa Dee 

i cos, + isin 8, 
= ¥(cosd, isin d,)=0 

ra 

=0 


3 A 
> Ycos, =O and Ysing, 
fl 


fl 


= SY (cos, +isind,)=0 
ro 


=> 32] =0 fii) 


ma 


Now, (a@tbt+e)? +B +e2+2ab+ be + ca) 


@ +b +62 + 2abe(I/a + Vb + We) 
Applying this we get 


. Xe ia . 2 ‘ 2 2 23 : i 
} =2(*) ASEH E 
(iii) 
=0 (given) and 3(#]-0 
A 


te 


(From (i))) 
:. From (iii), 3(2) =0 
% 


nm 
. 
> ¥ (os 6, +i sin 6)°=0 


ra 


Applying De Moivre's ‘'heorem| 

> ¥c0526, =0 and Yan 20, =0 (Fquating real 
ro 
and imaginary parts) 


15, Ifz is any point on the circle | z+ 1|=3, then find the 
locus of w = |[4+i z| ! 


Solution: w= =>z=(4+)- ee 
w 


A4ti-z 
gay! 
zt1=5+i-— 
Taking modules on both sides, we get | 5+ /—L/n| 
=|2+1|=3 
[S+dw IP=9|wP 
(thw WLS Pw-l=9wH 
Bwe-S )F-Gt)wtl=9w # 
S-Ow _ G+)w 1 
17 717 


5-i\f_ 5+i\ 2 1 
-= || ¥-—|-a7 t+ =0 
17 17 17° 17 


Uo YUUY 


=0 


u 


: 3-i 
So locus of w is « circle having eentre at “and 


3 
radius — 
17 


16. Find the greatest and the Icast values of the moduli of 
complex numbers z satisfying the equation | 2 — 4/2| 
= 2. Find also the corresponding complex numbers 


Solution: We have||z|—|4/z||<|z 42|/=2 


= -2<|z2|-4 <2 
ral 


17. 


Solution: 


18. 


=> |zP+2|z|-420and|zP-2|z|-4<0 
=> (j2|+1%-520 and (jz|-Ip <5 
=> (z| +14) dz) +1-)20and (jz|-1+ 
v5) ((z|-1- v5) <0 
> (\z|<--lor|z|>%—-1and -1<|2| 
<¥+1 
5] 
> 
4 
|zjJ=v+1>— =%-1 
lz] 
4 47 4 2 
Now, —=—> = — lying in the dircetion of 7 
z |z{ Zz 
e-4/z| PR 2 (given) 
Wehave OP ¥5+1andOR W-1 
OP? + OR? ~ PR* 
> ¢os20 = —__—_____. 
20P.OR 
_ WS +P +5 -D*=4 _ 
25-1 
=> 20 0,252 +(+1) 
Similarly for|z|= v¥5—1, we getz + (¥5—1) 
t iat | 
Ifa= Paa|* Show that when z lies above the real 


axis, @ will lic within the unit circle which has centre 
al the origin. Find the locus of @ as z travels on the 
real axis from — 9 to + 00 


From given condition, it is clear that|z i] < 


| z+ ij (as z lies above the real axis) 


|a| 
zti 


et lies within the unit circle which has centre at the 
origin 

Now if'z is travelling on the real axis, then Jar(z) = 
0 and Re(z)varies [rom —o tot aelctz x+i0 


x-i 


il=|xtilFxeR 


=> a moves on the unil circle which has centre al the 
origin. 
Two different non — parallel lines cut the cirele |z| = r 


at points represented by complex number a. 6, ¢ and d 
respectively. Prove that these lines meet in the point z 
a'th'-c!-d! 


abt 


given by z = 


Solution: 


19. 


ztl 2: 
Solution: Let us take arg | —— ]=—— 
Zz 
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z7F 1 
Since P, Q, R are collinear,}c @ 1)=0 
dd 
=> 2(@-d)-Fle-d)+(ed-M)=0 nan ) 
Similarly. z@—-—b)-Z(a—b)+ (ab —ab) =0. ......(ii) 
From { (i) * (a— 4) } — (ai) x €- a} 
= A@-da-b)-@-bye-d)] 
= (ab - bay(e—d)- (cd -@d(a—b) wo Giii) 


now aa =r° 


Similarly 5 = 


as " ia ee ee ee 
strom 2 |( Ia b) ( b 


ar? by? cr rd 
-(F-E)e-9-(F-Pe-m 
= - ete Boece 
cd ab 
_ (ab Yc~d) _{c’ -d?Xa-b) 
a ab cd 
ny {-5+3);-2 
cd ab| ab od 


C! a.b,, dare dillerent > a-b 40,c-d#0) 
at 4bt—et-d4 
> z= yt Vd 
a'b'—c'd 


z+1 


2a 
Pecile 
}s5 


Clearly z lies 


a 
Plot the region represented by -S ar( 1 
3 2- 


in the Argand plane 


= 
on the minor arc of circle passing through (1,0) and 
ciel i 
(-1. 0). Similarly. arg (4)-4 means that z is 
ze 3 
lying on the major are of the circle passing through 
(1, 0) and (1, 0). 
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Now if we take any point say P(z), in the region 
included in between the two ares, we get, 

Re one 244 <2 

3 Zz 

z+l 
z-| 


region (excluding the points (1, 0) and (-1, 0)). 


Thus = san( |< represents the shaded 


20. Construct an equation whose roots are + i, sce(2n/5), 
sec (42/5) 


Solution: Tet 50  2nn, ne Z => 30 = 2nn- 20 
= cos30  cos20 
= 4 cos'0 — 2cos0- 3cos0 + 1 = 0 
Put cos0 x, here note that 0 may be 0 or 22/5 


or 4a/5 fora 0,1, 2 and also if we lake a 3, 
4, then the value of cosé will start repeating 
> 47-27-3xt1=0>@ I 4e+2x lN=0 
=> 4x°+2x 1=0 where x = cos(27/5), cas(4/S) 
Ilence required equation is (4/7 + 2/e 1) G?+1)=0 
=> (x? 2v—4) (+ 1)=0 
=> xt-23-3-2r-4=0 


21. If a is complex number such that | @ | = 1. find the 
values of @, so that equation az? + z + 1 = 0 has one 
purely imaginary root. 

Solution: az? +z+1=0 (i) 


Where z is purely imaginary 
Taking conjugate of both sides, az? +z+1=0 
= a@y+7+1=0 
=> a(z)?-z+l=0 (since Z = -7 as z is purcly 
ii) 
Tliminaling z using the cquations, (i) and (ii) 
=> @-al+Wataj=0 
Let a = cos@ +7 sin@ (since | a | = 1) 
So (-27 sin@P + 2(2cosé) =0 
=> -—4sin’@+4eos6=0 = cos’6 + cos? 


imaginary) 


1=0 


-ltvl+4 
2 


=> cos? 


Only feasible value of cosé is 
=> 0=2nz te0s ) 


lence a = cos¢ + ising, 


where $= 2nat wo ( eZ 


22. Wit 2—zti 


Solution: zt+i=0 
By substituting z = / in the equation, we get 0 = 0 


0, then show that | z| = 1 


P+? 


Iencez isa factor of izi+z* z+i 
> i@ A-I@ N=0>(7-NE D=0 
=> Either iz?-1=Oo0rz i=0 

whenz #=0,z=i 

J=[O+41[= VOFP =1 

when iz! O2= Mi -i 


|2/=|0-Lij= Yo+-D? =1 
[2|=lor|z|=1 
In any case we have | z | = 1 
23, ABCD is a rhombus. Its diagonals AC and BD intersect 
at the point 44 and satisfy BD = 2AC. Its points D and 
M represent the complex numbers 1 + i and 2 repec- 
tively. Find the complex number represented by 4. 
Solution: [ct 4 bez 
., point (x, v) 
Ttis given that BD 24C 
=>MD 24M (1-4) 
=> (1-2 +¢14+ 1 A Cc 
=4[e-2P +t] ..@ 
y+l ltl 
x-2 1-2 
> wt+hax 2 
@ gives (y+ 1P = 14> y 
=> x 3,1 =A represents z 
24, Find z such that|z 2+2i|<1 andzhas 
(i) least absolute value 
Gi) numerically least amplitude 
Solution: (1) Given cquation represents a circular disc 
with centre (2, — 2) and radius | 


x-iy 
D (tsi 


B 


— 1/2, - 3/2 
3 -#/2 or | - 34/2 


Distance of 2 from origin will be minimum if » is 
along the line which is normal to circle passing 
through origin, so it will pass through centre also. 
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If A lies inside the equilateral triangles having BC 

as base, then|B a|< V3) ylor(B af <3P 

OP = (2¥2 - 1) and Od = OP cos 45° or P+ a?-37-20B<0 

And OB -OP sin 45° From (1), D <0 and hence roots of equation 
(2¥2-1) (2V2-1)_ 2V2-1 f'(e) = 0 are imaginary if A lies between P and Q 

v2 -( 2 )- “wt on the line segment PQ 

(ii) We have to find the complex number z | 26, For complex numbers z, and z,, prove that | z,? z,- 

represented by Q |z,[?z,=2, 2, if and only ifz, =z, 0rz,7,=1 


NowOQ  fOC?-CQ* = y/2-2i1P -P Solution: | 7,/)2,-|2,|72, 2, 


= (242) -1=W7 =|z|-7 = 4 (1+ 12) 


Soz= 


1-2, 
2, (1+ |z,?) 


1 Sf etal = + is purely real 
Now, ZQOX =| ZCOX-ZCOQ|= -fE-s | z  I+lz,P go. DPuely tea 
es yp z a_l > => 2,7,= 7,2, 
= |-—-~sin =-|—-—sin Ved tates 
E [2-28 (§ 22 , 
‘S 12,172, =2, 2 
=> amp (2) -(E-si sr) = 2,2,2,-2, 72, %4-% 
2 > Bee i= 2,(72,-1)=0 
=> 2 |x| { cos (amp(z)) + ¢ sin (amp(z))} = %,-2)2,F,-1=0 ( of @) 
=> 2, 2,0rz,7,=1 


= feos\-(%—sin \, 
4 22 J Conversely, 


22,=1> 42, ee 
2 fl coe Zein | an| Zagat 
Bg Sa a oe 


@ 2)@,7,-)= 
2Z@,7,-1) z,@,7 equ 
2(7,2,- )-2,@, 7,-1)=0 
25. A cubic cqualion fix) = 0 has onc real root o and two 
complex roots i + iy. Points 
a, fi + ty and  — iy respectively on the Argand plane. | 2 | = 1.Show that | 2 = 1] is a rational number for 
Show thal the roots of the derived cquation f (x) = 0 every ne N. 
are complex, il'A falls inside one of the two cquilateral 
triangles described on base BC. 


ifz, =z, or 2, z,-1=0 


ad eee 


|, B,C represents roots | 27. Ifz x + iy is a complex number with x, y €Q and 


Solution: |[z|=1—>z=e%=xt+iy 
> x=cos@.y=sind > cos@and sin@ € O 


Solution: Let fx) = Mx — &) (x— B- i) (B+ now, | 2" Ni V 
= kx — at) [(e- PP + ¥] & ZyM—2— 741=2- "4+ 7% 
FO) =k [Le PP + PE + 2 ah — p)] =2— (e+ e-?) = 2 (1 —cos2nO) = 4 sin?nd 
Discriminant of equation f'(x) = 0 is given by => [2-1] = sin nd} 
D=4 (a+ 2B) — 3B + ? + 208) Now, sina? "C, cos"='0 sind = °C, cos"-30 
=4 (e+ P-3P -2ap)] sit'@ +... Which is a rational number {as sin0, 


Now, PL = ¥3| 7| cos0 are rationals) 
=> | 1/is a rational number. 


5.82 Algebrall 

28, Find the cquation of the circle which touches the line 
iz+ Z+1+i Oandhasthe lines (1-)2 (1 +9 
F and (1 +)z+— IF = 4/as its normals 


Solution: Clearly, point of intersection of normals would 
be the centre of the the required circle. 
= = 21st 
dad jz=(+A)z >F=T Uz i) 
= _ 4-42 Y 
d+ie+@ DF ati F=— 


x ; edt 4i-(+iz 
rom (i) and (ii), we get i? GAY 

(-)G-le 460 4+)-C49%z 

2fa+e-C-)] =410 +) 

2(4i)= 41 +2) =z 

of cirele 

Now equation of tangent can be rewritten as 


wud 


(1 +8), which is the centre 


| 
Tet FtI=0 


1 jet jAy+2=0 

G+ Iz+(l-)7F+2=0 

Now distance of z (1 + 4) from this line 

_ [d+Ad+)+d-nd-)+2] 1 

- 2|1+i| “Ya 

‘Thus the equation of required circle is,|z (1 +#)| 
1 


“Fi 


29, Kind a € R if atleast one complex number z is to 


UY 


satisfy |z +3 |=a?-2a+6and|z 3Vi|<a@ 
simultaneously 
Solution: |z+3|=0?-2a+6 


=> z lies on a circle whose centre is (-3 + i.0) 
and radius is a? — 2a + 6. Here a® - 2a + 6 > 0, 
# a & R (as the roots of the corresponding 
equation are imaginary) 
and |z—3¥3i| <a? __(ii) 
=> 2 lics in the interior of a circle whose centre is (0 
+3 Vi) and radius is a? 
Clearly atleast one complex number would satisfy 
both the equations if the two circles cut in two real 
and distinct points or first circle lies entirely inside 
the second circle 
We know that two circles with centres at 
C, and C, and radii being r, and r, respectively, 
will never intersect and are outside each other if 
C\C,2r, +7, 


=> |-3-3¥i |2a+a?-2at6 

=> 622¢-2at+6>a-a<d 

=> ae [0,1] Gi) 
Now condition for second circle lies entirely in 
the first circle is 

rJ2C,C,>@-2at6 #&26>5a<0 

see dV) 

From (iii) and (iv) @ € (-x%, 1] which is not 

required. 

Hence desired values of a € R— (- 1] =(1, 0) 


} . Let P() be any point on 


I, 


2 
30. Consider a triangle formed by the points A + 


(Jee ez 


it's in-circle. Prove that AP? + BP? + CP?= 5. 


Solution: Let z,= 


Clearly the points lic on the cirele | z | = act 
If Tbe the length of side of the AABC, ADT sin 60° 


5 (radius) 


1 
=> Equation of incirele is | z | = B 
3 


Let P() be any point on the incircle, 


Now, (4P)?=|z-z,P=|zP+k,P-@ 7, + Fz) 

similarly, (BP) =|2/?+|z,?-@ 7+ 7 z,) 

and (CPP=|2[?+|z,P-@ 7, +72) 
Py + PY + P=3|zP+lz,P+]z, P+ lel? 
zz, + Zz, + Zz) - Z@, +z, +z) = 1+ 3. 
4/3 2(0)- Z(0)=5 


31. Ifa=e? 


20 
and f(x) = a, + ¥.a,.x*. Then prove that 
m1 


the valuc of fix) + flccx) +... + ax) is independent 


of c. 
Solution: f(r) + flax) + ...... + flax) 
= Ta, t+ a, (x + et + ax) + a0? + ax? + 


Fatty oF ay XP + OTE Coe 
=Ta,+xa, (lt a+ 
Fi Faye? (1 + a? + 


20420) 
t+a)+a,x? (1+ or+.. 
8) 


: a" 
= Ta, + ax.[ X% raf! id Je oy 
l-a@ . . 


i) Be 
( ua Jase e w= 


—a@ 


+a?) 


=> a= | and soon 
> SH Tay t a, x0 + FART) F cesses yy Foose 
= Ta, tax + a,x" 

32. I! a, fare the roots of cquation f — 2¢ + 2 = 0 and 
(x tar)" —(x+ By" _ sinnd, 


, Gr € R) then prove that 


(a-f) sin” 0, 
x =coté, 1 
Solution: =f -— 22+ 2=0 
2+V4—8 2425 ; 
ae a 


let, ao=1+i,B=1 ima B=2i 
Now,xta=x+1l+ix+B=x+1 7 
Let,z=x+a@=(¢+1)+7=Re? 
(@&+I)-i xt+p 


where X? = (+ 17 + 1, tan@ = 


=> 7 Re-* 


(x+]l) 
> x=cot? 1 
Now, (x + ay" = R27 e”, (xe + Pp =R.e 
(etary (rt fy" _ RM eM eM) 
(a-By ey 
sinnO. (cof0 + 1)" (asx +1 


cotd) 


_ sinnO — sinné, 


sin”@ sin” 8, (iven) 
>o 


Ox cot0,-1 
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33. If the complex number z lies on a cirele with centre at 


32-4 
1 + and unit radius, then find the locus of 
Solution: Wehave|z 1 j4=1 
32-4 ie 
Tea: ES eigicss gpg 
Si 
Sio+4 
-l-i=2-1-i 
3 
Sia +4-3 
3 
=> (S@-3i+1]=3>|||50 3+14|=3 
343 
> |Se 3 f=3> - 


So locus of w is a circle with centre at (3/5, 1/5) 
and radius 3/5 


# 


Let AG,), B(z,) and C(z,) be the vertices of an equilat- 
cral triangle and z, be the circumeentre of the triangle, 
Prove 

(@) Atte 22,422,422, 


2 tg ota 9y? 
(b) zi t+z; +2; =3z, 


Solution: (a) Li ey 


Z,—Z, 


ae 
*. From (i) and (ii), we have 
24- 


2-2; 


> 242;,42; =2,2,+22,+2,2, 


+z,+% 
©) 9° 3 
=> 9% = t2 +2) 


= at2z;+z5 + 2@,z, + z,2,+ 2,2;) 


=3 (2) +25 +2} ) fusing part (a)] 


> 3Q=RtBtZ 
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35. Locale the complex number z_ such _ thal 


rere ctl oy 
Bt 42-24 


Solution: Here log 


[z-2145 3 
2 4az-24 4 


Also for the logarithm to be defined, 
4)z-2-4>0ic,|2-2|>1 
[z-2145 3 
> alz-2[-4 4 Bes 
2 +5)>3. 42 2-D} 
2|+5>3|z 2-3 


When|z 2|>1 


(lz 
> lz 


= 8>2/z-2] |z-2) <4 

* xis such that 1 <|2z—2| <4 
Hence the region for x in the Argand plane is as 
shown below by the shaded area 


¥ 


‘This is the area shaded between two circles with a 
common centre z = 2 and radii 1 and 4 


SECTION-II 


SOLVED OBJECTIVE EXAMPLES 


1. Ifthe number (z= 1)/(2 + 1) is purely imaginary, then 


(a) |z[=1 (b) |z|>1 
(©) |z|<1 (d) |z|>2 
Solution: (a) Let (2 — 1+ 1) ai, where a is a real 


number. Applying componendo and dividendo, we get 
zt+l+z-1 _l+ai 
z+l-(z-l) l-ai 


_lt+ai 


> 25 =1 


|-ai 


3. Theequation|z i|+|z 
an ellipse if & is 


i| =k, a>, can represents 


(a) 1 (b) 2 
(c) 4 (d) None of these 
Solution: (c) For ellipse 4 > |i — (-)| 


(0 SP + S'P = 2a => 2a> SS) 


< 


=> k>2 
Ilence & = 4 
4. The number of solutions to the equation z? + 7 =O is 
f) 1 (d) 2 
3 (a) 4 
Solution: (c)Ictz x +iy. Then 2?+ F =Oiscquivalent 


to P-y +x) +i (Qxy—-y)=0 

[equating the real and imaginary parts, we get 
we ytx=Oand2y y=0 

Now, from 2x y = 0, we pety = Oorx = 12, 
Ify O,thenx*-y?+x 0 

=> P+rx 0 


> x=0 => z=0+0'=0 


Ifx=12, then y?+x=0 


Thus, the given problem has three solutions 


5. Ifz, z, z, z, are the roots of the equation z*= 1, then 


3 


4 
Mz is equal to 
nm 


(a) 4 
(©) 14i 


Solution: (b) Roots of the equation z* = Lic, (2-1) 
(2+1)=Oare 1,-é, 


1 
o Je = Pte +P +Gy=1-1 i+i=0 
ma 
8. The real valuc of @ for which the expression, 


I+icosd 


————_ is a real number is 
1-2icos@ 


(2) dnt ne Z ) dna = neZ 
(©) Inne ine z 


(d) None of these 


l+icos? _ (1+icos@\(1+2icos@) 


ition: :D,€. = 
Solution: (@b.°) 5; cos (1 2icosd)(I+ 2icosd) 
_ (1+ 2#c080) + 32cos0 
1+4cos°@ 
Thus (I + scosO)(1 — 2 icos@) is a real number if 
cos) 0 


4 F 
=> O=Intt ae where » is an integer. 


% Letz = 1 ¢+7 Ve?+¢+2, where / is a real 
parameter. ‘he locus of z in the Argand plane is 
(a) a hyperbola (b) an ellipse 
(c) a straight line (a) None of these 


Solution: (a) Let z = x + iv, then 


xtiy=l (tive tt+ 2 x=l-4, paver tet2 


Putting t 1 —x in the other relation, we get 


3Y 7 
2 2 =(1-v?+1- =[x-=] +— 
yo P+r+2=(1-x)?4+1-x+2 ( 3] rn 


2 3yY 7 
or¥ (:-3) =F which is « hyperbols 


10. If 1, @, @ 
Q-0)Q- 
(a) 2"=1 
(AC A a #0, 
(0) BEC FO +, 
(d) None of these 


,o"-? are the n™ roots of unily, then 
. (2-7) equals 


42m C ja] 


Solution: (a, b) Since z"— 1 
>¢z YE OE eo... 
>& of oO). oO" Y= 
Pulling z 2, we get 
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Q2 #2 0%...2 #8 )=—— 


Also, "C,#°C, +. FC, 2" 
Also 2"1C, +210, +... +2C, 
So (c) is wrong only option (a) and (0) are correct. 


1. If [z| = 1, then point representing the complex number 
2 + 3z will lie on; 
(a) a straight line 
(c) the real axis 


(b) a circle 
(d) on imaginary axis 
Solution: (b) Let z’ = — 2+ 3z 
=> v+2=32 => [e'+2)=3l| 
> b'+2=3 => 2z'lies ona circle. 
12. If the roots of 23+ az +bz+e 0, a,b,c € C acts as 
the vertices of an cquilateral triangle in the Argand 
plane, then 


@) @+b ec (b) @ b 
(c) @+b=0 (d) None of these 
Solution: (d) (z, + z, + z,) 2) 


=> @=3b 
13, Ifz =x + iy and z'* =a _ ib where a, 6 € R and 


46 #0, +1, then 2 ¢ =){a b*), where Ais equal to 
a 


(a) 2 (b) 3 
(c) 4 (d) 5 
Solution: (c)2"=a ib 


> xtiv=(a iby = a+ ib—3a°bi Bab? 


= (@ —3ab*) + i(b* — 30°) 


=>x a@-3abandpy b'-3ad 

= 2-2 mat-3y +30 
ab 

=4@ 8) > a4 


14. Fora, b and c € R, if ax’ + by +c is real for real 
valucs of x and imaginary for imaginary valucs 


of x, then 
(a) a>0 (b) a<0 
(©) a=0 (d)aeZ 
Solution: _(c) Clearly, ax? + bx + ¢ © R whenever x € R 


Va,bceR 

Let x =o + i; B #0, then ax? + bx 

= alc + ip)? + b(o + if) = afc? — B+ 2a] + ba + ibB 
= afo2 — 8?) + bo: + i|2aa8 + bB| 

Now ax? + dx € R if 2aaB + bB =0 

> BQax +4) =0. 
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&b 
gen 


> lat b=00 B40) = 
2a 


we bee eR Tore £O ond se-hsips 
a 


Be R,p#0 

‘Thus for this complex value of x, ax? + bx + ¢ is 
not imaginary 
a= (and in this case ax* + bx + c= by + e which 


fulfils the given condition 


15. If one root of equation z? + (p + ig)z + m + in = 0 be 
real where p, g, m,n € R, then? + mq? pgn will be 


equal to 
(a) 0 (b) -1 
(e) 1 (@) None of these 
Solution: (a) Given cquation is 
2+ (ptigyet+mtin=0 (1) 
Let a be real root of (1), then 
e+ (ptighatmt+in=0 
> (+patm) +igatny=0 
=> atpatm 0 Q) 
+3) 


: 
from (2) and 3), 2 —p.2 +m 0 
g "4 


=> wtmg pgn=0 


16. If z lies on the circle centred at origin. If area of the 
triangle whose vertices are z, az and z + wz. where w 
is the cube root of unity, is 4-¥3 sq. unit. Then radius 
of the circle is 
(a) 1 unit (b) 2 units 
(c) 3 units (d) 4 units 

Solution: (4) ZAOB 2n/3 


AOAB = AABC 
Arca of AABC 


Arca of AOAB 
4% 


=> |e|=4 = radius of the circle 


= erful dan 2 
g HI pez] sin 3 


17. Let OAOB | and let O, A, B be three collinear 
points. If O and B represent the complex numbers 0 
and z, then A represents 


1 1 
@ — (b) = 
z z 
() Z (d) 2 
Solution: (a) L.ct O be the origin and Bz re" and 
Az ne” 
OA.OB \ (given) => rye = 1 
— and @, =—0, = o (say) 
a 2 
1 
>z=—e *¥=— 
io : 


18, The point of intersection of the curves arg (z 37) 


3a a 
= ry and arg (2z7 + 1-2/)= 7 is 


3,9. 9 3. 
@ 343i ) S43 
@) 1+i (d) None of these 
3a 


Solution: (a) Given arg (z  3/) = ar 


3a 
> agiletiv 3J= va 


3a 
> = tan = => ytx=3 »(@) 
Ea 
Also arg [2x + 1 + i(2y— 2)] = ae 
> Wy w=3 
Solving (1) and (2) we get x = = 
3.9 
> z= 4+- 
44 


19. Let z be a complex number having the argument 0, 


a 
o<e< ry and satisfying the equation |z 34] = 3, 


then cot @ & is equal to 
Zz 
@@)1 (b) i 
() -1 dy 4 
Solution: _(b) |z — 3i] = 3 is the equation of a circle with 


centre C(O, 3) and radius. 3 
6 sin 0 (cos0 + é sin0) 
6 1 cosO—isinO _ 


—— = = col O-i 
z  sinP(cos@ + isin) sin@ 


a 


6 
=> ct O-— i 
Zz 


P(z) 


Xx 
20. Iz, = ¥3 +é¥3 andz,= J3 +i, then the complex 
50 
Ed : + 
number | —| lies in the 
zy 


(a) first quadrant 
(c) third quadrant 


Solution: (¢) [ 3 y fl [ cae y 


21) “eat 


335, 25 3 3 1 3\* 
-cap- (3) a] ; 


(b) second quadrant 
(d) fourth quadrant 


21. Ifa, b, ¢ are complex numbers such thata+b+e 0 


and |a| = |4| = |c|, then tedel will be equal to 
abe 
(a) 0 (b) 1 
(c) -1 (d) None of these 
Solution: (a) Let a= re“, b=re 
> Ll aye. : dL perks, Le Aye 
a b % 


Now,a+b+c=0 
= rel +e te) =0 
=> (cos a, + cos a, + cos a) + ifsin a, + sin at, + 
sin a) =0 
=> cos at, + cos a, + cos ot, = 0 and sin @, + sin a, + 
sin a, = 0 
Le My) 
=> —to+— 
abe 
= (cos a, + cos ex, + cos ot.) — Asincz, + sin @, + sin ot,)=0 
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23. Iz x + iy satisfies, arg @ — 1) 
the value of (x= 1): y is equal to 


arg (z + 34), then 


(@) 2:1 (b) 1:3 
© -1:3 (a) None of these 
Solution: (b) arg (x+iv 1) =arg & ++ 3A 


24. If the number = is purely imaginary, then 
Zz 


(a) e]=1 
@W<! 


(b) [e|>1 
(d) |l>2 


Solution: (a) Since a is purcly imaginary 
Zz 


z-1 La 
Sy (ZF 1) ag 
ws (3) 2 


= 2 lies on circle whose diameter has end points 
(1, 0) and C1, 0) 
=> z lies on unit circle with centre at the origin 
> e=1 
28. If \z? — 4] = 2\z|, then maximum valuc of |2| is 
@) 1+ 5 (b) JS -1 
(ce) 4 (d) None of these 
Solution: (a) |z?- 4 2 | e/?- 4] > 2Iz| =| 2)? - 4] 
=> — ze] <|eP-4< 22 
=> ||? —2lz|-4 <0 and [e/? + Ie] -4 20 
=> B-I<h/<1+¥ 
Thus maximum value of |z| is 1 + V5 


26. If one root of the equation 2 +(a+i)z+btic 0 
be real, where a, b,c € R then c? + b= ae 


(0 (b) -1 
©) 1 (a) None of these 
Solution: (a) Given equation is 27+ (a+ fz+b+ic =0 
Let & be a real root, then a? +(a+Dat+h+ic =0 
=> @+aath 0 qa) 
andat+e 0 
>a -c (2) 


Putting the value of cin (I), we gele?—ac+b 0 


27. If & is anon real complex number and x? + a x + 


~ =Qhasa real reot y, then 
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(b) y 2Za+ ZI 
(a) None of these 


(ay ata 
fy 1 
Solution: (c) + ay+ @ =0 
Y+ @yta 0 (Taking conjugatc of above cquation) 


1 
= aya! 
a-a y 


= 22 then z,. 2, z, will be 
z+2 es 


472; 


28. If |z| = 2 and 


25.725 


the vertices of 
(a) equilateral triangle 
(b) acute angled triangle 
(c) right angled triangle 
(@) None of these 
z-2 


Solution: (c) Clearly, arg (2 


> 2%), Zy Z, will be the vertices of a right angled tri- 


angle 
29. If |z+2-—é|=5, then maximum value of 
| 22 +7 -Gi | is; 
(a) 10 (b) 15 
(c) 20 (d) 25 
Solution: (b) | 22 +7 -6i| 


=> |2@4+2-+3-4i|<%et+2-s/+|3-49| 
=> 2(5)+5=15 


‘Thus maximum value of |z +2 i| is 15. 


30. It zis a complex number and a,. a, a, 6,, 6, 6, all are 


azthz azt+b,z az+b,z 
real, then ]az+0,z 6,z+a,z 5,z+a,z|is equalto 


bzta, bzta, bzta, 


a, + 6, 6,8) EP 


(d) None of these 


zz 1| |4 4 0 
Solution: ()A=|7 z 1] x la 4 0] =0 
loz zi |& & 0 


31. Triangle ABC, AG,), Blz,), C(@,) is inscribed in the 
: || = 2. If internal biscetor of the angle A meets 


it’s circumeirele again at D(z), then 


(a) z =2z, (b) z; =z, 
Ow 2 (d) None of these 
24 2, 
Solution: (a) > arg{Zt)=4 > arg| 2-24 
Zy z, 


2 = 
> 2,=2,2, 


LINKED COMPREHENSION PASSAGE 


Let z,. z,, z, be three non-zero complex numbers in har- 
tal 


are in arithmetic 


3) = x-p-m( 2) 
2 A 
oe] 2222 | 4 are! 2 
= ng) 2 | Fare] >) = 2 
322 , 


=> OABC isa cyclic quadrilateral 

=> ongin, 2,,2,, 2, lic on a cirele, 

‘Thus, if z,, z,,z, are non-zero complex numbers in 1 LP., 
then z,, z,, 2, lie on a circle passing through origin. 

Llowever the converse is not true, as for two non-zero 
complex numbers z, and z,, their 11.M. is unique and there 
are infinitely many z,’s such that z,, z,. z, lie on a circle 
passing through origin. ‘lfhus if z,, z,, z, lie on a circle pass- 
ing through origin, then they may not be in ILP. Now an- 
swer the following questions. 


36. If 2, =2+43i, z, & z,=2-V3i lic on a circle 
passing through origin, then a possible value of z, is 
(a) 2+ (N35 (b) 2-(1N3)F 
(c) 7/2 + 07 (d) None of these 


1 


Solution: (c) 24+, &2- 


a 


Z, where as F401 = 


i are collinear with z, and 


38% 2 4 0i,2, are in HP 
2,+2; 2 


=> 2,2, 2, lics on a circle passing through origin 
37. If the co-ordinate axes are rotated through an angle 
n/3 anticlockwise then, w.r.t. new co-ordinate system, 
z, (found in above question) becomes 
713 


ae 


(d) None of these 
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Solution: (b) When the co-ordinate axes are rotated 
through an angle 2/3 anticlockwise, z, can be consid- 
ered as rotated through an angle 2/3 clockwise. 


Thus new z, becomes €77°z, 


‘oG}eG)k LSE) 


7_ 13 


=2-S 


4 4 


24 i Fi 
38, If 4. pe +27),67 lies on a circle, then the radius of 


circle is, 

(a) Vi3 units (b) V15 units 

(©) 3 units (d) None of these 
Solution: (a) Lect z, = 4 


2, - 26+) 2, = 61 


22,2, _ 246i) 24 24h 2-38 


Now = x 
4+6i 243) 243) 2-31 


2, +2, 


> 2,2, 2, are in ILP. 
> 2, ZZ, lies on a circle passing through origin as 
shown below in diagram 


22,=(2+3i) , 
Radius of circle = [2 + 3i]= V13 units 
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TUTORIAL EXERCISE 


SECTION-III 


SINGLE CORRECT ANSWER 


. If z and @ are two non-zero complex numbers such 


that [zo| = 1 and Arg (2) — Arg (@) = mt then Ze is 


equal to 


(a) 1 (b) =I 

(i @ 4 

‘The value of (1 + 20 + @)™ (1 + @ + 207)” is 
equal to 

(a) 0 (b) 1 

(c) o (d) @? 


If @ is a complex cube root of unity, then 225 + 
(Be + oP + 307 + 8a) is equal to 

(a) 72 (b) 192 

(c) 200 (d) 248 


. If for complex numbers z, and z,, arg (2,/z,) = 0, then 


|z, z,| is equal to 


(a) | + lz, (b) | -|z,] 
(c) || - ll (dy 0 

5. If |z, + 2,| = |z,—z,| , then the difference in the ampli- 
tudes of z, and z, is 
@ 2 oo) = 

a 3 
La 
y= d) 0 
(c) 2 (d) 

6. If |z,| = |z,| and arg [2] =a, then z, +z, is 
(a) 0 (b) Purely imaginary 
(c) Purcly real (d) None of these 

7. If 0 <Amp (2) <x, then Amp (2) Amp (-2) = 
(a) 0 (b) 2 Amp (2) 

() x @ -« 


Tf the number (z — 1)z + 1) is purely imaginary, then 
(a) |z|=1 (b) |z|>1 
(ce) |z| <1 @ |z|>2 


. The region of the Argand’s plane defined by 


lz-A+|z+2/<4is 


10. 


12, 


13. 


16. 


. The equation 7 


(a) interior of an ellipse 

(b) interior of circle 

(c) boundary and interior of an ellipse 
(a) a line segment 


If fz| #1 and 7 ~41 | <1, then which of the following 
is true? ; 

(a) |z,|=0 (b) O<|z) <1 

(©) |z,|=1 (d) |z,|>1 

If z =1, lal #1, and w=zKa@-z)(z@-1), then 
(a) w21 (b) O<w<l 

() w<0 (d) w>0 

If a = |4| and @c#4e, then the equation 


az+6z+c=0 has 
(a) infinitely many solutions 

(b) finitely many solutions 

{c) no solution 

(d) exactly one solution 

If jal] = 6 #0 and ac=d, then azt+b7+c=0 
represents 
(a) a point 
{c) an cllipse 


(b) a straight line 
(d) acircle 


2 


) +——.r > 0 represents 


z-Z, 
(a) a parabola with focus z, 
(b) a 
(c) an cllipse with foci at z, & Z, 


ight linc through point 2, 


(a) acirele 


» A complex number z satisfies |z — 2| = 2|z - 1|, then 


3 2? — 4Refz) equals 
(2) 3 

@) 3 

If & > 0 and zz| + Az + 2k = 0, then the complex 
number z must be 

(a) a negative real number 

(b) 0 

(c) a positive real number 

(a) purely imaginary 


(b) 0 
(a) None of these 


17. 


18, 


1. 


20. 


21. 


22. 


23. 


24. 


The number of complex numbers satislying the 
equation z— 1|=3 and 2-4] =|z—Ilis 

f@) 1 
() 0 


(b) infinite 
(dy 2 

If the equation z? + az + 6 = 0 has all roots real, 
then which of the following represents the value of 
expression (m(b)Y + (m(a)) is 

(a) 4 (b) 4 

(©) 0 (d) 2i 

If complex number z, satisfies the inequality |z — S| 
<7 and z, lies on |z- 1| + |z + 2| = 5. Areal number 
kis such that lz, —z,], then 

(a) O<k<15 (b) O<k<17 

(c) OSKk<17 (d) O<k<15 


Ifa #0, then Re(z/a) = 1 represents 

(a) a straight line 

(b) rectangular hyperbola 

(c) a hyperbola with eccentricity ¥2. 
(d) part of circle with centre at a. 

The value of sin (£n(2)') + cos (fatiy) is 
(a) 1 (b) -1 

(ce) i @ a 

Roots of cquation 4x? — x7= 0 are 

(a) +0’ (b) @'and | 
(e) fn(i) and fa(i!} (d) None of these 


I fe|= 1 and 2 #4 1, then all the values of —*— ie on 


(a) a line not passing through the origin 
(b) [2] = v2 

(c) thes 
(d) the y-axis 


is. 


Let @ be a complex cube root unity with @ 4 1. 
A fair die is thrown three times. If r,, r, and r, are the 
numbers obtained on the die, then the probability that 


e+e" +0" =0is 

@ + o) 4 
18 9 
= 1 

aed: ob 

© 2 @ 


. The is an imaginary cube root of unity, then the value 


of sin {(e? +0" }x— 2/6} is 
@ -5 ) -V3/2 


(c) 4 (a) None of these 


27. 


29. 


31 


32. 
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a,b, are inicgers, not all simultancously equal and © 
is cube rool of unity (@ ¥ 1), then minimum value of 
Jacs'® +ha” +elis 
(ao 


&) - 


(b) 1 
1 
@ > 


If z, and z,be complex numbers such that z, #2, and 
\z,| =z, Iz, has positive real part and z, has negative 
(+22) 


imaginary part, then 


may be 
2, — 2, 


(a) Purely imaginary (b) Real and positive 
{c) Real and negative (d) None of these 


. If\z 1|+|z 3|<8, then the range of values of |z 4] 


1s 
(a) 0.8) (b) [0,8] 
(©) (1.9 (4) (0, 6) 


Ifz?+2z|z| + |z/? = 0, then the locus of z is 
(a) a straight line (b) pair of straight lines 
(c) pair of rays (@) acircle 


. A man walks a distance of 3 units form the origin 


towards the noth cast (N45°F) direction. From there, 
he walk a distance of 4 units towads the north-west 
(N 45° ) direction to reach a point ?. then the posi- 
tion of ? in the Argand plane is 

(a) 3°44 43 (b) (3 = 4a" 

(©) 4 + 3ie™ (d) G+ 4ie"™ 

A particle P starts from the point z,= 1 + 2/ where 
i= va It moves first horizontally away from origin 
by 5 units and then vertically away [rom origin by 3 
units to reach a point z, From z, the particle moves 


V2 units in the direction of the vector 7 + 7 and then it 


a dane 
moves through an angle a in anti-clockwise direction 


on acircle with centre at origin to reach a point z,. The 
point z, is given by 
(a) 647i 
(©) 7+6i 


(b) -7 + 67 
(d) 6+7i 


‘The complex number z satisfies the condition 


25 
go 
Zi 


= 24. Then the maximum distance from the origin to 
the point represented by z in the Argand plane is 

(a) 25 (by 24 

(©) 30 (a) 32 
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33. If z, and z, are two complex numbers such that 


34, 


35. 


L 


1, and i¥3 2, =z, .then the principal 


2-2, 
argument of is 
4,42, 

2a 2a 
a) inte 
(a) 3 (b) 3 

ca Ld 
(©) -> (dy) — 

6 6 


If z, and z, are two complex numbers such that 
iz, =kz,, where 0 <& <1, then the principal argument 


of 2-2 js 

2, +2, 
(a) -+ 2 tan-'k (b) w-2tan'k 
(c) 2tan-'k (d) —2tan-'k 


Ifz, =a + ib and z, = ¢ + id are two complex numbers 
lying on the circle x’ + y? = | in the Argand’s plane 
and Re (-2,22)=0, then the complex numbers 
w,= (atic) and w, b+ id are such that 

(a) only w, lics on the circle x* + y?= 1 

(b) only w, lies on the circle x* +5? = 1 


37. 


g 


€) Re Grrr.) =0 
(d) None of these 


. Let z be a complex number satisfying |z — Si] < | 


such that amp z is minimum. Then z is 
equal to 

2V6 24 24 2N6 
ge oy 

5 5 5s 5 

2V6 24, 
(ce) oe (d) None of these 


Let the affix of 2 — 4% be P. Then OP is rotated about 
O through an angle of 180° and is stretched 5/2 times, 
The complex number corresponding to the new 
position of P is 
(a) 5-107 

(c) 5 + 107 


(b) 5+ 10% 
(d) None of these 


‘The triangle with the vertices at the points. 
z,,2, and (1 —i) 2, +iz,i 
(a) night angled but not isos 
(b) isosceles but not right angled 
(c) right angled and isosceles 
(d) equilateral 


cles 


SECTION-IV 


OBJECTIVE TYPE (MORE THAN ONE CORRECT ANSWERS) 


‘The equation, whose roots are nth power of the roots 
of the equation x? - 2x cos@ + 1 = 0 is given by 

(a) (&@-cosn OY + sin?nO 0 

(b) (& +cos 1 OF + sien O 0 

(c) 2-2 cosn0+1=0 

(a) P-cosn 0+1=0 


. Let z,, z, be two complex numbers represented by 


points on the circle |z| = | and |z| = 2 respectively, then 
(a) max |22, +z, |= 


(b) min |2,-2,|= 


Zt <3 


zy 


() (d) None of these 


. Let P(x) and Q(x) be two polynomials. Suppose that 


Ax) = PQ) + x QO (®) is divisible by x? + x + 1. then 

(a) P(x)is divisible by @ 1) but Of) is not divisible 
byx 1 

(b) Q(x) is divisible by 
byx 1 


1) but PG) is not divisible 


(c) Both P(x) and Q(x) are divisible by x= 1 
(d) fix) is divisible by x — 1 

4, The equation not representing a circle (with r > 0) is 
given by 


(a) Re( #2} =0 (b) w+iz-7+1=0 
<2 
z-l) 7 z-1 
ai == @ Fo 
(c) are 1) 2 (dy eat 


5. If z, and z, are two complex numbers such that 


(@) |z,/=1 

(by |z,/=1 
(@)z,=e* GER 
(d) either z, = e” or z, 


*oER 
6. The complex number z salisfying the cqualions 


z-12i 2-4 


=land 1 is 
8F Zz 


eE 


tar 


10. 


lL. 


12. 


(a) 10+ 67 
(c) 6 = 10% 


(b) 10-6: 
(d) 6 + 10% 


If (=) =+ where a is a fixed number, then the 
zta 2 


locus of z is a subset of 

(a) a straight line 

(b) a circle with the centre at the origin 
(c) circle with the radius | a | 

(d) None of these 


= |z,| = |z,| = 4 and z, + z, = 0, then which of the 

following is true about A(,), B(z,) and C@,)? 

(a) AABC is obtuse angled 

(b) AABC is equilateral 

(c) 2, 2, 2, are the vertices of a right angled 
triangle 

(d) 2, and z, arc extremitics of the diameter of circum- 
circle of AABC 

If a complex number z has modulus | and argument 

n/3, then which of the following is truc? 

(a) 2 +z is purcly imaginary 

(b) [22 +2) = v3 

(c) 2? =z is purely real 

(d) None of these 

A complex number z satisfies the inequality 

lz — 1 = 2i| $ 1, then which of the following is true 

about 2? 

(a) max. (|z/)= V5 +1 

(b) min. f\z) = V5 -1 


(c) min. (arg (2) = wn(3} 
(d) max. (arg (zj) = x/2 
Which of the following represent the subset of set of 


complex number z satisfying log, , (log,,, (lz) +42 + 
3)) > 0, 


(a) [-L3] 
(c) {z:1(2) <2} 


(b) {z:Re(z) 21} 
(d) None of these 


If log ,-24 |l+ 


> log),-2i [4—3i] and ze ©, then 
z# 2i lies 

(a) outside the curve z = -2/ + 2e*, GER 

(b) inside the curve z= 27 +e", @ER 

(c) inside the circular dise |z — 2i| < 5 

(d) inside a circle passing through the origin 


13. 


14. 


y 


16, 


17. 


18. 
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Acomplex number zis such that z = 2, then which of 


Bea 


the following equals to 


Zz 

a) Zz b) = 
(a) {b) 4 

1 = 
©) — (d) 2-2 

Zz 
Given the —cquation. of —s two cir 
cles as Cy:@+azt+az+y=Oand 


C,: 2+ fz+ fpz+d5=0 wherea,PeC&ydeR 

(a) C, and C, 
la-fl=JlaP-y+¥ipr-38 

(b) C, and C, will intersect orthogonally iff 
apr apazyr+d 

(c) Radius of circle C, is yl@ P - 7 


{d) none of these 


will touch externally if 


If & is positive, then which of the following is true for 
the ellipse |z — Ail + |z + Ai] = 3k? 
{a) minor axis is the real axis 
(b) major axis is the imaginary axis 

g 
(c) Equation of directrix is Im(z) = + 
(d) eccentricity is 2/3 


ABC is an equilateral triangle whose circumcentre 
is at the origin. Let the point A be represented by 
-1+ v3i 

(a) length of side of AABC is 2V3 

(b) Centroid of AABC is -1 +7 

(c) Orthocenter of AABC is O. 

({d) inradius of AABC is 1 


Let z, and z, be two distinct complex numbers and 
let z = (1 — ) z, + tz, for some real number ¢ with 
0<r<1. IfArgw) denotes the principal argument of a 
non-cre complex number w, then 


(a) wa) +h-21= kz, -2 
(b) Arg (%-z,) =Arg (4 -z,) 
y frre FRI 

(©) ee |; 


(d) Arg (-z,) =Arg (,-2,) 


[sin( =) sem £) sn()| 
2 2 
HS Aa? ile Ee 


oa 


then possible values of x are 


The expression 
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(a) Intine Z 
(b) n+ tan ne Z 
(c) Qnt+ lmneZ 


(d) 2nnt tank n  Z and k is areal root of cquation 
P+1-2=0 


19. For complex number z, =x, +i y, andz, =x, tiv, we 


write 2, z,, ifx, <x, andy,<y,. ‘Then for all complex 


SECTI 


ASSERTION AND REASON TYPE 


The questions given below consist of an assertion (4) and 
the reason (R). Use the following key to choose the appro- 
priate answer. 


(a) If both assertion and reason are correct and reason is 
the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 
not correct explanation of the assertion. 


(c) If 
(d) If 
‘Now consider the following statements: 


crtion is correct bul reason is incorreet 


crtion is incorrect but reason is correct 


1. A: The product of the real part of the roots ofthe 


equation 2? +42+4i=0 is 2-242 
R: The roots of cquation is given as af 1+¥2e *) 


and then take the product of real part 
A: If z is a complex number (z # 1) then 


[zy 
Iz 


In a unit radius circle chord (4) < are (AP) 


<|arg z| 


R: 


Pa) 
18-= 


A: 
2 


If|z| = 2, then the least value of 


1 
Iz+—| 
2 
R: k, +z)< 21+) 
A: The minimum distance between the com- 


plex numbers of the sect A to that of set B; 
{2 > \z + 24 = 2; zeC} and 


a 
sW2-4 
2 


the two smooth, con- 
along the path which is 


where A = 


x 3a i 
B= A —3#)=—or-—;zeEC}is 
{ednnte-s0=For-2isee| 


R : Shortest distance betwee! 
alway 
normal to both the curves 


tinuous curve: 


numbers z with 1 z. (@, %, non real cube roots 
of unity) 


(a @az 


&) (E)r0 
l+z 


(b) anz 


(a) All of the above 


If|z 3+2| < 4, then the sum of least and great- 
est value of |z| is 8 

Illz,| - Iz,ll $e, + 2,1 $ le, + lz, 

6. Az Let z be a complex number satisfying z—3 |< 
Iz Ile 3)<\z Siz isle iandz is 
\z Sil. ‘hen the area of region in which z lies is 
12 sq unit. 


Area of trapezium = 5 x (Sum of parallel sides) 


=) 


2-2, 


R: 
x (Distance between parallel sides) 


7. A: z 


Ifz,=9+Siandz,=3+5i coitare 


then the value of |z—6—-8/|=3¥2, where 


i=l. 
If three points are non-collinear, then they must 
lie on a circle and the angle at centre by a 
chord is double the angle on circumference by 
that chord 


R: 
8. Az Cenire of circle F* 


R: Radius of circle |= 


9. A: Given fx) = Ma,x* be a polynomial with real 
rar 
coefficients and with non-cro leading coeffi- 
cients such that all the roots of fx) = 0 are of 
unit magnitude, then a, 
holds good 


a,,, for all cocflicients 


R: Il a be root of a polynomial f(x) = 0, then & is 
also rool, as cocfficients arc real and if «& is root, 
then 1/c is also root of f(x) = 0 means f(x) = 0 is 
self reciprocal equation. 


A. Letz 


2 
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SECTION-VI 


LINKED COMPREHENSION TYPE 
atib Jet 
Then = sla? +6") =|z| and @ =tan? (2)=anc) 
P= +B = (at iba 
2, = z,lz,llz,l..-z,1 


If |Az)| = 1, then f(z) is called unimodular. In this case 
A(z) can always be expressed as f(z) = e*, a € R 


re where a, b, 0 = Randi 


Now (| ib)= 2 


Zz 
—=—, and 2,22, 


fap 

Also e” +e =e ? eo 258) and 

(ors 
i gd a} | 

ee =e h 2! 9; sn[ =F ere BER. 
+ Ifz,, 2, Z, arc complex numbers such that |z,| = |z,| = 

|2,| =z, +2, +2,| = 1, then yt, ! 

2 2y 


3 
(b) less than 1 
(d) cqual to 3 


(a) equal to | 

(c) greater than 3 
If |,| = LJz] = 2, |z,| = 3 and fe, +z, +z,| = 1, then 
|9z,z, + 4z,z, + z,z,| is equal to 


(a) 6 (b) 36 
(c) 216 (d) 1296 
. The value of tan f n( 8 }} (where i Vi is 
a 
equal to 
2ab 2ab 

(a) Pea (b) are 
©) a ui 

a —b 


. Leta quadratic equation az* + bz + ¢ 


and arg (: 


(a) vero 
(c) at+ve real number (d) a purely imaginary 


(b) a rational number 


0 where a, b, 
c¢ € R and a 40. If onc rool of this equation is p + ig, 
then other must be the conjugate p — ig and vice-versa. 
(p,q Randi V-1). Butif'a, b,c are non real, 


. Th equation az? + bz +e 


then roots of az? + 4z +¢ = 0 are not conjugate to each 
other. i.e., if one root is real, then other may be non 
real. Now, combining both cases, we can say that 
az + bz +c =0 where a, b,c € C anda #0. 


. If one root of the quadratic cquation (1 + dx? — 


(7+ 3ix + 6 + 81) = 0, where #= VT is 4-34, then 
the other root must be 
(a) 443i 

(co) l+i 


(b) 1 i 
@Mi¢g Y 
Oand 27+ 2z7+3=Ohavea 
common root where a, b,c € R, then a: bc is 
(a) 2:3:1 (b) 1: 2:3 
(c) 3: 1:2 (@) 3:2: 1 


. If the quadratic cquation z? + (a+ ib) +e+id 0 


where a, b, c, d are non-zero real and 7 = v-1, has a 
real root, then 

(a) abd = Be + & 
(c) abd = be? + a? 


(b) abe = be? + 
(d) abe = be? + ad? 


» Letz, a, +ib, =(a,,b,)andz, a, + ib, =(a,, b,) 
where #= v-1 , be wo complex numbers: 
If ZPOQ = @, From rotation theorem 
270 | 2 25 _l2| 
7-0 |z| 2% 12 
ea lalee 22, = lel, e” 
lah 14] ‘ 
=> 2,7, =|2,||z, |(cos@+isind) 
Re 2,2, =|z, || z, |eos@ a) 
and /m (2,2,) =| 2, || 2, |sin0 i) 
Qqz,) 
of P(z,) 
The dot product of z, and z, is defined by z,.z, = |z,||z,] 
cos@? = Re{z,z,) [from ()] and cross product of 
z,andz,isdefined by z, xz, =| 2, || z, |sin@ = Im(@z,) 
[Irom Eq. Gi)] 
. If z, = 2 + Si, z,= 3 4% then the value of 


fa) 2 {b) 3 
(©) AB (d) 3N2 
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9. If z, = 3 + 4i and z,= 4 + 34, then the value of sind 
3a 
(« <G< %) is cqual lo 
7 
(by! <= 
©) 25 


1 
@ =iae 


1. If z, = 5 + 12: and z, = 3 + 4i, then (the projection 
of z, on z, + projection of z, on z,) is equal to 


4131 3411 
a) —— ib) 2 
(a) 7a (b) ra 
1134 1341 
co) —— dy) —— 
© 65 © 65 


11. Let P(z,) and (z,) be roots of the equation z° + z + 
1=0. If ZPOO = a #0 (0 < a < 2); where O is the 
origin, then & is equal to 
(a) a4 (b) o/2 
(c) a/3 (d) 2a/3 

D. Leta (2,), B (z,), C(z,) be the vertices of an equilateral 
triangle ABC such that |z,| = |z,| = |z,| = 2. A cire 
inscribed in the triangle ABC which touches the sides 
AB, BC and CA at PD (z,), F (z,) and F(@,) respectively 
P (z) be any point on ils incircle other than DEF. 


15. If 


E, 


17. 


14, The value of Re (4%; + 2%; + 25%) is equal to 


(a) 0 (b) 6 
(©) 6 (d) 3 


Z, =V3+i,i=v-1, then the 


is cqual to 


value of 


|z, 
(a) 0 


(b) 2 

(c) 4 (@) 6 

16, is equal to 

2, 

(a) 1-iv3 (b) 14+ iv3 
—l+ig3 1+iv3 
aaah Bd @ 

(c) 2 (dd) 2 


Let 1,B,C be three sets of complex numbers as defined 
below 

A= {z:Imz> 1) 

B={y-|2-2-i|=3} 


C= {z: Re ((l-)z) = v2} 

The number of elements in the set dA 1 BN C is 
(a) 9 (b) 1 
(©) 2 {d) % 


18, Let z be any point in AN BNC. Then |e + 1 P+ 


12. The value of (AB) + (BCY + (CAY is equal to jz—5~—il? lies between 
(a) 9 (b) 18 (a) 25 and 29 (b) 30 and 34 
(0) 27 (a) 36 (c) 35 and 39 (@) 40 and 44 
13. The value of (DEY + (BFP + (FD) is . : 
equal to 19, Let z be any point ind 1 BNC and let w be any point 
(a) 12 (b) 3 satisfying jw -2-i|<3. ‘Then, |z—w| +3 lies between 
(©) 3% @9 (a) -6 and 3 (b) -3 and6 
(c) -6 and 6 (d) -3 and 9 
SECTION-VII 
MATRIX MATCH TYPE QUESTIONS Cohan Th 
(a) A hyperbola with cecentricity ¥2 
1. Column i (b) A line segment or straight line 


(i)Locus of the point z satislying the equation 
Re (27)=(z+2) 

GijLocus of the point z satisfying the equation 
k alte z)=4,AeRtand2¢iz, z,| 

GiijLocus of the point z satisfying the equation 


: where = J—I and m € Rt 


(©) Ancllipse 
(d) A rectangular hyperbola 
(e) Acircle 
2. Column I: 
@Ilz,,z,.z, arc the vertices of an cquilatcral triangle 
with z, as its nine point centre, then z,? + 2,2 + 2,7 


is 


4. 


Giz, z, 2 
an isos 

at C, then 

(ii)If z,, z,, 2, are the vertices A, B, C respectively of 

cs triangle and the angle at B and € are 
cach equal to 7/6, then 

Column IE: 

(a) ke, 

(b) 322 

(c) \@,-2,)1 = Be, -2)e, -2,)I 

(d) 22, +22, + 2,2, 


re the vertices A, B, C respectively of 
s right angled triangle with right angle 


an 


zk, 2 


2472, 
(e) 27% = gi 


ay 2s 


» Column Tr 


Gi) If], @, @?,...., @"'arethen, nroots of unity, then 


(2-02 0°)... (2-07?) equals 
i) Iz, z,,...,4, le on a cirele |z| = 2, then the value 
Of ep 2a +2)afty ty +—| is 
% 2 Zi 


(ii) If P is a multiple of a, then the sum of the pth 
power of 2 roots of unily is 

Colunn TI: 

(a) 27-1 

(b) "C,-"C, +'°C,-"C, +... 

(Ce th Coens Oe rer 

(dC, 


e) fOr"Pe, + OPE +. 


+ OEY -1 


If a,BeR and o? - 48 > 0, the equation z* + az? + 
B =O has 
Column-T 
(i) four imaginary roots if 
Gi) four equal roots if 
(ii) four real roots if 
(iv) two real and two imaginary roots if 
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Column-IT 
f(a) a>0,B>0 
(b) @=0,B=0 
) a<0 
@a<0p<0 
5. Column I: 
@G 
wh 
Gi) G 
z salisfies | z — 5é| < 1, then 
Gii) G and L are the roots of # — 101+ 25 = 0, then 


and Z be the least value of |z = 2] 
slices | 2 +2 + 3i] <1, then 
the greatest and 7. is least value of 2], when 


(iv) G is the sum of infinite geometric series 
5424 pte andi, = G—10, then 
2 2? 2 


Column IT: 
(a) L+G=10 


(b) LG = 24 
() G-L=2 
G3) 
dy 2== 
(d) L 2 


6. Column I: 
(i) The set of points z satisfying |e = ij zl] =| 2+ 4 all 
is contained in or equal to 
(ii) The set of points z satisfying z+ 4] + [z— 4] = 10 
is contained in or equal to 
Gii) If pr] = 2, then the set of points z = w — lép is 
contained in or equal to 
(iv) If || = 1, then the set of points z= w + l/r is 
contained in or equal to 
Column II: 
(a) an cllipse with cecentricity 4/5 
(b) the set of points z 
(c) the s slying | Imz|<1 
(a) the sct of points z satisfying |Re (2)| <2 
(e) the set of points z satisfying | z | <3 


fying Imz=0 


ct of points z s 


SECTION-VIII 


INTEGER TYPE QUESTIONS 
If z—1|= 2-5] and Re(z) = & then evaluate 

. If z— 1] =|z—5| and k| = 13, then find [fm@)] 

. If fz — 2 = 34] = 1, then the st value of |2| is 


vk +m, then evaluate j(k+m)+2 


4, If |z + 1 + 3: = 1, then the least value of |z| is VA — m, 


then evaluate Vk —m 


5. If e-2+3i =2 and z+ 1 + 3i]/= 1, then evaluate 
k-4| 


6. If z and w are two complex numbers having 
non-negative imaginary parts such that 


5.98 


arg| ee =ar 
. z+2 


evaluate &. ([lere & is least upper bond) 
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= J=n02, then Jw - 2| < & 


z+2 


7. Find the least value of |4| for which <2 


+i 


z+2 
zti 


voan{de ey (say), a new locus is formed, 


then the greatest value of hel is 2 (Yn vn) then 


8. Ifz lies on the locus = 2 and by transformation 


evaluate m — n| 


hd 


If (4, A) is centre and r is radius of circle represented 


by Jm (=) = 2, then evaluate | | & 7]. 
zt+4i 


evaluate 


11. If 2-2 +i] <2 and £ and G are least and greatest 
value of |z|, then evaluate (G - 1) 


12, Find the value of square of semi-minor axis of ellipse 
represented by equation z-2|+|z+2|= 6 


13. If arca of 


14. If Re (44. then find the greatest value of 
Zz 


region repr 


i <4 isdn, then evaluate Ye+1 
7 


tcd by inequality 


lz, -z,|, where 2, z, satisfy the given inequality 


15. If 2’cos* 0 = cos8 0 + acos60 + beos40 + ¢ cos20 + d, 


then evaluate Ya+ b+e+d-2 


Answer Key 
SECTION III 
1. @) 2. (a) 3, dd) 4, (c) 5. (c) 6. (a) 7. (©) 8 (a) % (©) 10, (e) 
WG) 12) 13) SD) 16) @)— BG) (a) 20. a) 
21. (6) 22%) = 23.) 2) EL) — 2H) 27 (a) 28.) 29. (b) 30. (a) 
31.) 32a) 33.) 34 ft) 8K) 3H) 3) BK) 
SECTION IV 
4. (bd) 5. (abed) 6 (ac) 7% (be) 8 (ed) (a,b,c) 
13. (b,c) 14. (a,b) 15. (ab.e,d)16. (aed) 17. (acd) 18. (ab) 19. (ac) 
SECTION V 
1. (a) 2. (a) 3. (b) 4. (a) 5. (a) 6. (@) 7. (a) 8. (b) 9. (a) 
SECTION VI 
1. (a) 2. (a) 3, (b) 4.@ 5. (©) 6. (b) 7. (a) 8 (d) 9% (b) 10 (c) 
ud 2d B@ Wo 66 6W© 20) Be %2@) 
SECTION VII 
1. @>(ad)— Gi)>,2) iil) > (.e) 2 Mood)  Gi)-(ae) ili) (ce) 
3. Mace) Gib) Gd) 4.@0@ Gob) Giiobhed)  Gv)>o@) 
53 @ > @bed) Ga fbed) GI)>@ Oy) > fa) 
6Mbs) W-@ Grad WW bedo 
SECTION VIII 
2 3.4 4.3 5.5 6.3 7.0 8. 1 9. 6 10.1 


& 
Py 
w 
 § 
“s 
=e 

b 
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a 
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HINTS AND SOLUTIONS 


TEXTUAL EXERCISE 1: (SUBJECTIVE) 


1. (a) VaxVb=VJab iff at least one of @ and & is 
non-negative real number 
Now V-25 x J-49 =5ix7i=35F = -35 
(b) @ = GP - 1" 1 forall eZ 
Gi) #' Fa" L1 i forallne Z 
Gili) -1 for all € Z 
(iv) #8 #8 (a) (1) for all eZ 
2 (a) @t= =i 
Soi? - GC)? - CI #F#- CIM C)-7 
(by = ays 1). = 77 (@CD--1 
Co) 1h = ay — 1", F— (1) (1) @ -- 7 
Cd) i= Cayo — Cy” HB — C))CA-F 
3. GP 2 PC) C1)- 1 
ii) P= PPC D- E 
(ili) 20 = (HHH — 1 
(iy) 2 = FF 1H) =F 
a 
@W) Dt aieP ete tie” 
ft 
Using ? 17 1 m1 pms —O 
Weget LIS. -@ 2 PLA) @IE 7 ALLA 
(FRE | FEE | GMS pte | CGA GmEEL FG 
@ie M-#i PIP-i 1 G- 1 
1 asy? 
(vi) jes) } =(i-i7 =0 
i 
4 (a) (P= LB NY — ICD 2%YE 
wy (= ay" 
©) 1+ 2 
a ee ee 
(©) (1a DEL D2 21 ae 
a” 
2m aye 2 ye WD! @D? =F" 
d 1+2i = 1+2i _ i+? 
D 1-(-i? 1-@-1-2%) 142% 
a-i'_ {i-ja-s7 
© 1-1) 
(Q Letz— (1 +) {where n is an even integer} 
Put a — 2nr 
an 
=> 2-2 —2™ gn — Cap DEC? 
ep Po op pe 


—P iil? A-ra # 1 j-0 


6. 


1001 


@ Lr-Gie FP MIE F1F AI 
at 


P77 + 798 + [9 — joo 4 j1om 


~OF0=.. OFM FF 
(b) Se HP ae eh a titi 
oa 
DPF = CIE. CP 


Which is a GP. with first term — } and common ratio - 7 
=} GIA D 
l4+i 


0 


= G+ Bt — fy + (GS — fH 5 4 755) 


LGR 


799 + 38) 
P+i9+040-... 40 
~(A-i- 140-7 
a 5a 30. 
@ Yar" = FN" -2F @ntr... an 
rr a 
_ 2fl- (2) _ id 421-2 
1-24 5 
_ (44 2001-2" 
5 
To evaluate 1+4-P4+.....4 7°" =a) 
ad+)0-75_ 
7 2 
- aa te 
2 2 


(a) (= GEHL 


So remainder when (3)'"" is divided by 7 is 1 
(b) OB = GN". F= (AY. ~=1 

So remainder when (3)*"" is divided by 13 

Will be 12 (as - 13 - 12--1)- 12 


tw 
Dd tart? eit ea i) 
= 


(a) Number of real terms = 2 1 
(b) Number of imaginary terms — 2n 
(ec) Number of positive real terms = 1 


(a) Number of imaginary terms with pos 
parl—7 


imaginary 


an 
@ Yrs tet +. + 
= 


—14+¢14+D+C14+)+...+C14+)D=1 


2a ares 


5.100 Algebra ll 
aa : 
(b) Se ait tht 
mn 
-G POP PELL AY as ps 
jt prem | gyor9 pwnd oY —Q1O101 | 
0 G #1P}-@ 1 )- 1 
4a 
(c) PRSLHP +i 4.4789 
; 
+ Ane? 2 
yen ei 22 ey 
+i ti iti 
“ 
co) 
a 
ans : 
Observe that Sy =1+P +P 4... 47 +9 a7 
a 
iti ° sit? =i-land 
=i-l-f=-l 
jes ams ai 
Hence D+ DK + PF -2G 
mom om 
10. To evaluate M8 1 bm te pet 4p 
1 ine 
~ prt orays -P 2-2 i- 3i,i 
TEXTUAL EXERCISE 1; OBJECTIVE 
3. (a), (b), (©) 
(a) V—16 +3V-25 + V-36 - -625 
-4i St 6i 257-0, r1—RILS. (true) 
(bey dias MI R-Tie F P-1 1 1 1-2 
is a real number. (true) 
(c) #1 -F+ 2-7} —P 1 +7-1-1} -O-RHS. (truc) 
(d) 6#4— 587 — 6 = 6-1) i+ 6~6i #77. (truc) 
6. (a) Value of (97 = PF — 1A) 4 
7. (bv) (= = (2A 3— (2) 4, which is purely imaginary 
Bo) DM 2 nt 2 1 pe eC A 
PC Ly aeett pd 
Which is real when n is odd and it is purely imaginary 
when # is even 
1100 
9% (a) Malt? +P +7 +... 4" =1 (101 terms) 
Px! 
maim , 
10. (c) 2 =)" =(-2iy 4-287" +. + (20° 
at 


= 20-29%) _ WOMB G+ re yp 
1427 (1428) 5 


_ (a) (Apne — 008 2 — TE 1)— 1 


=> When (2 js divided by 51, then remainder is 50 
(as 31-30 - -1) 


12. 


14. 


16. 


6) oe 


So remainder obtained when (i) is divided by 8 is 
r-71€. 817-1) 
Henee 2” - 27 - 128 


ie ee a 
wey ee 
nals 
0) VHP Y=G4P) +@-7)-@ tr) +..-G- 79 
a 
~i+ M+ 2G +P 7-2) 
~F-1- 2h +R -—+ + GSH PK - AH 
GOFF PYF -1- 0) 7-1 
mt \Et 
© (E-}" 
at 
2 anc) Ge at act 
_ lay + y+ (-1)'+...... +(-1"" 
(i.c., 2n-+1 terms) 
1 
- l=)! =—=-1 
CO =CN =a 
et 
o) Yeti) 
= 
Observe that for k— 1, 
fie pig; PIP B-0 
®- 1 1 111-0 
M- G1 G11-0 
5 B—4 
Similarly upto 4 m for k = 4, 8, 12, ...... Ant 
We get4 4 4 ...... 14 (m times) - dm 
fami 
=D He P Hi) = dm 
= 


TEXTUAL EXERCISE 2: SUBJECTIVE 


A 
(a) Let nb 433; — (cos® +isin® )-o"" 
23 3 3 
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ar 10x 10z Ceti? eet 6x? -2. 
=6e? =6)cos—+isin— z= - -SE seis i 
Ce ee {os 3a Sah © FG) Gt al et Hd 
6x°-2 
[3-% — 33 In veetor from 2 =0+2*—"; 
2 2 x 


In Polar form z= 


(ute _ faery 20Y" pe 
3. @ (44) -{a2} (3) =CNP=1 


In voctor form z~ 1 + 07 
In polar form z~ 1 (cos) ~ # sin 0} 
In Euler formz~ 1 {e% 


Jn Euler form z= 


TEXTUAL EXERCISE 2: (OBJECTIVE) 


Ty ayy : = 
Me -(4) -(3) ~ a} pr Fag 1 &) sof-(<#] =e? 
= -1 
In vootor fom = = 52+ 2 (©) 27 1—cos® + isin 8; whore @ € [x, 3x] 
In polar form 2=—4 feos +isin x} z= 20087242000 Pein es - 2eo {os sisi 
an z 2 z 2 2 2. 
1 
In Euler form 2=—;{e"} =l2cos2| =-2e082 as 2e| 23% 
5 . = |:\=f2e0s4) = 20004 as Se =,% 
(@) = ~(va+3V-20 + 4-320) 


w 


(b) Lot 2 =sinIn(i)" +cosin(i’y” 
Observe that 4+3.2.y-5 =(3+V—5)? 


1 
=> ¥4-+3V-20 = 43+ V5) - ue } fsa ra) ‘| ~ sin e087 =1 
and 4-3.5¥-5 = 3-35)? 


=> y4-3¥-20 = 43-51 4.) zee “(my 


i= 
So 2=[3+iv5i+3-y5il'=6" = 


ot G-4+V5i-34V5i}" = 25 - leo ako) incom) ( 
“. Z-6'- 64(cos 0-7 sin 0) = 6* 2.” : 
or £7 25~ 25 (cos 0~ isin 0)~ 25e" - _ i (m= | «| 
(Bi (B+) (B+ (B+ Om +17 
@) 2° "aap = (2 “Ey oF = e! [e980 — ising] =e" eH —1 
_ ay feo sisin@ 5. (c) Let z—r(cos0 sind) 
6 6 


‘Then = =cos@ +isin® 


Fl 


= |(cos@-1) + isin 6 


-2sin? 2+ 2isinZcos9| 
2 2 2 


asin? 
2 


Zi | 
lcos— +ésin—| = 
z. 2 


ei 8 é 
= |2sin —i||cos— +i sin] 
2 2 
yy sy (2 
In Euler form z=-re ? or ae? Then the maximum value of 7 


5.102 Algebrall 


7, (6) 2,7 [3—4i Je" Sand z,— 4-31). |e" —5 


217 24) 


z= tanfien( <3) 
atib 


= tan inl 2 eh 
Vath va +b? 


=> z= lan{ifn(cos0 +isin0)*} = tan Qifne} = tan{-20} 
-2tan@ __2b'a_—_— Dab 


I-tan’@ 1-8? 8 


Pa 
Ss 


TEXTUAL EXERCISE 3: (SUBJECTIVE) 


1 (i) 2-@G1WG W-9 4-13. 802-131 OF 


Gi) z-@ 2-1 4 4-3 4F 
am 2-1 _ 2 -iK4- 3) 5-10 1 OF 
Gil) z= a ee 
44371649 255 5 
iy pe LE H3P 1421 


1-21+37 1-2 


1108 


+i? 


1 2-1 
(wii) rama "Oy ‘ = 25 
_ OK) 8, 
3B 5 
ati’ (a-iP _ (a+i)'-(a-1° 
_ 2Ga* =i 
(a+) 


by: 

OF irae 
co 
oo 


LE 
' 


l+sina = 


1427)" 
(ce) z= cere for # — 11, —2, 13, 
i 


“Blasi 


= --(3) conn (=| sinnd 
2. 2. 


3 1 
Where cos@ = Yo and sin@= Yo 


wap Gl 


3 27-1 - 0 Qa (C29 (2+ C2)" 


Case 1: When nis odd, 2-0 
Case 2: When nis even, then 
27 (yy 22H 

om 
~ BMAP? (asmiseven) > x= 7a 


ltt 


4. 


Given a =——. To find the value of — a'+ a1 + a? 1 
v2 


1-1424_ 


Observe that a? = 


2 
1S val WEl 0: 


Sr-PIP Gt 


ey” 0” (2 100 
sg z=(—*| =(4] -{—] =1 
fe) Ga) a) 


2s)? 1) 
6. } > z-[ri} (-i-f? = 47 =-4 
i 
., hes 
1+i] |2-4F 
oo 3 serine rio 
3 2 20 
(22st) (scican) 
10 20 
3 aw) (tesae) _ AT-1K-142) _ 19, 
lo J\ 20 20 44 
a ze 2 2a 
B-V2 -23 23-V2 
20(V3+ v2!) 30{-2v3-3V2 ap 34 van 
= + - 
’ G+2) (12 +18) (12 +2) 


=> 43 4+4V21- 23 -3V2i - 2V3 - V2 =0 


9. Given Bx iy) (21 F-10107 
LIIS.- Gx 2iy) (3 4i}-(@x 8p) (12x Gy) 
Gives 9x | 8y—10and 12x 6y- 10 

(Sand x 14/15 


=> yr 


10. ('-2x)- GY —-y’)- B-5)-1 4B) 
=> x37 450 (8-37) 4 -0 
So (x*— 4) G2 — 1) ~ @ hence x +2 
Also 2xi —y#— -3 — 2yi: So 3p — (3 + 207 
‘When x ~ 2, ~ 3 and for x~ -2, y ~ 1/3 Ans 


. Given 


3 
|. Given a+b = ———__—____— 
(2+cos9)}+fsin@ 
3 
-pe_—__ > 
7+ e080 ~ isin 
> @t+h= 7 e ~ - 2 
44cos’O+sin°O+4cos0 = 5+4cosf 
Now a +ih = 248080) 3isind 
5+4eos0 
‘ 2080) - : 
So a? +h? =_—_2__ - 432 +e080) - 35 + 4080) 
5+4c0s0 5+4cas0 
-a Boda 3 
(a) 7=3+2i > mre 2 22 
z 
(oy 22273! = 34-51) _ 815201 _ -7= 221 
445i 16 +25 41 41 
oo THAN) _ -7 +22 
=> Multiplicative inverse egg = 3 
(2-51 : 
zZ=——: M. 
(c) Go) ML of zis 
1_ 3-2) G=2(2+5i)" _ -23+102F 
z (2-5) 29x29 841 
(x =p | ig 
=> Py =p igor(y ix'-q=ip 
‘Taking conjugate (y ix)’ - | ip 


F 
pos 
Eye 


Squaring we get, 

ca oy 

“2 widest 

Loa O25 

ay < ve mi az 
(y-2Xe- x) (—xX¥-y) Or 2Kx-y) 
—z)+zx(z-x) 
(x~ yy ~ 2Xz-3) 


a) ASS INS ENS) AG 


Observe that 


eves ii) 


Using (i) and (ii), we got) 


O-2y 


. Given 2x S— YB 


Squaring 4x21 25 20x- 3 
4c 20x- 28orx? Sx- 7 
Hence x' x} 128 23x 12 
-(5x TP x(5x 7) 1265" 
=20%? 100x 145-20 7) 


7) 23x 12 
145-5 


16. fix) — x Bx + 4x? + de — 39 


When x ~ 3 — 2 then (r- 3)? — i? 
iv, 2+ 9-6x-—4 
Hence x*— 85+ 4x2+ dx — 39 
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~ (6x — 13) 86x — 13) — 4 (6x -13) + 4x — 39 
Gives LHS. ~-12x?- 24x + 156 ~ (-12) (-13) — 156 - 96x 
~ 312 - 96(3 — 2) — 24-192 a + #8 

a 24 


b 192 


TEXTUAL EXERCISE 3; (OBJECTIVE) 


. (d) p — ig =r +7 is meaningful only when both sides are 


purely real, i.c., ¢ ~ 0 and - 0 
(b,c) If the multiplicative inverse of a number is the 


. 1 
number itself, then 2=— = 2*—1s07-L1 
z 


. (d) z, — (4, 5) and 2, -( 3,2) 


4 _ 445i _ (445i(-3-2s)_ -2-257 


Set 1B B 
So 2= 
4. (b) z= 
§ (ce) z-1 f22- 2 
Multiplicative inverse of zis = 7 
6. (c) a—cos0 | isind 


. (b) Let a+ib = 


. (b) Given: 


_lta _1+cos@ +isind 


z= eee 
l-a 1-cos?-isind 


2oos? 2 4 2¢sin 2 cos? 
a 


1-cos@-isin? 


© L¥e0s*9—2c0s6+sin'@ 


1-cos6 isin? 1 
-_—— Os ae 
2-2cos@ 2-2c0s8 2 
() & BM lig-@ yy 
=> xp yq-Oandxg ype ye 
Observe that when x ~ q and y ~ p, then both equations 
are satisfied 


_ O4Dx=21 | (2-3y +i 
347 3-7 
_te+Or-29 B-H+2y 40-39) B+H 

10 


LHS. 


5.104 


10. 


u. 


13. 


17. 


. (d) Cl 


Algebra Il 


(4x-2)+Q2x- 6) +Oy-D+GB-7y¥ 
10 
and 2x—7y-3-10 


La Se. 


Gives 4x + 9y-3-0 
=> y- 1x3 


1+i\" (27V_,, 
w () 3) 
Ifz-1 then, a — 4,8, 12 
So minimum value of 2 — 4 
(c) (A (1-1) where n € N 
=> (iy — diy or (i"— (AaY gives n — 2 


oo “sh 


zwill be a real number when n ~ 2 

(c) Givens 2-Séandx? 14 4x— 25 

Now, x5 5x71 33% 19-*(? 4x) 33x 19 x? 
Gives LIDS — 29x 4x 129 1 33x 19-10 


L@) S@)=@-9. g(a4 tt i) 


oS Gi) 


Operate (21) () (i) Ci), we get 2 fz) - (2711) 
{2,@) g2}'G vi 2) 


So,f@)-(@ VD tele) gO} 


Also f(z)=(2 +2) g,(2)+ 


d=2i 2 
2 27 


NDA gH sll- 2423 


Hence remainder — 3a +2i-2z) 


. (d) 2? = (p + ig)z — (r — is) — 0 has real roots where (p. g. r. 


sare non-sero real numbers) 


=> 2 pz r—Oand gz | s-0,hence z=-~ 
q 
So putting in? + pz — 1-0, we get 


s =s 
; +=) +r =0 gives s+ rg? — pgs 
a q 


ya 
Observe that (11 20-2" 
2°2( ip? — 2" Only possibility is x- 0 


Alternatively: 
(o-2 => ( 29-2 
This will hold only for x - 0 


(A) Let z= 4" +01)" +048" 40-7)" 
Observe that (1+/)" +0-" = (J }{ aout}, 


always real Vn, € N 
Similarly (1+/)* +(1-#)" is always real Vn, EN 


=> n,n, may be any posilive integers 


: - ab 
For easy working put “ =, 
a} 


ee oe | 
Thenx—y+z-1+iand —+—+—=0 
xy 2 
Now Lely. BHzt2" 9 
xy 2 Xz 
Sox lyz ze-0 
Se po 2a y pedi 
6i 3) 1] \(4+67) 0 0 
19. @) A=|4 3 -=| 4 3 1] 
20 3 i 20 a 


-(4 6) BF 3}-Osox-0,y-0 


TEXTUAL EXERCISE 4: (SUBJECTIVE) 


1 ()2-@GB 2WGI2WA H-131 138 
So F=13-13i and |z|=13¥2 


22, 


z,— real and z, z,— real 
=> Imtz,) Im(z,) -— 0.and Re(z,) Im (z,) | Re(z,) Im(z,) - 0 


3. fel-1 


=> z-cosd sind 


risin’, cos 2 + isin 
z-1_ (cosP—1)+isin? e 2 2 2 


zt1 (1+cos@)+isin® 2eose 0 s) 


cos—+isin— 


2 


~ #. tan 8; which is purely imaginary 


Aliter: z ~ 1, then Arg (4 


eat 2 
Y 
A 
z 
XG io 7X 
¥ 
% 
{Observe that [z| — 1, represents the circle x2 | y?- 1} 
z-1 
lence is purely imagina 
aE purely aay 


_3426sin@ — 3—4sin’ 0 +8isind 
PS T-2isind «d+ asin 
(i z will be purely real when sin® - 0 
ic,8-nn;nvEZ 
i) Similarly z will be purely imaginary, when 3 — 4 


sin? 0-0 
ie, sin?O=3 of sino 43 
4 2 
=> O-nmntw3,nEZ 
(c) To solve Refz?)— OQ and z — av2 
Letz~re® 
=> 2 -r-a V2 (where a > 0) and then 2* — 2a? e%” 


Now Refz*) ~ 2a? cos20 0 gives 26 = wate, neZz 


nek, 


In one revolution it gives, 8 = 


Hence four solutions 


. ‘ te te 
V2ae'4,/2ae *, f2ae*V2ae + 


4 solutions 


are possible namely 


TEXTUAL EXERCISE 4: (OBJECTIVE) 


1. (d) Given z, ~ sinx + i cos? x and z,~ cos x—/ sin 2x 
If 2%, =2,, thon siny — cosy and cos*x — -2 sin cosy. 
But both these conditions are never satisfied simultancously. 
2 (a) Letz,—3 + xy and z,~G@2—y) + di 
Wz 
Which is possible when x°-4 and y- lorx?- 1,y-4 
=> (x, y)=( 2, er (2, 1); G4); (1,4) 


z,,thenx? | y-3and xp- 4 


3 (a) pcos @ +i sind 
1 i) 


—=——_—_= cos -isinO 
y cosOtisind 


1 
lence » +—=2cos@ 
¥ 


V3ay3-4 _V34i 


Pa 2 


a 


Gd) x? -3x41=0 gives ¥= 


Bil ae 
- cos— +i sin— 
6 6 


(3-1) i{3-1-2V3i} 


Or ha? a 


w 


x x 
cos— +isin— 
6 6 
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wen(eonl 


saws (8 <r) (2) 


6 


( 2*) ( 2) 
— ¢os| ——— | +? sin} -— 
3 3 


(2) lies in Hird quadrant 


(©) Letz-a_ ibthen F=a-1b 
So z+Z=2a and 2 =a’ +b?. We observe that both 


are real numbers. 


. (ce) (24+a)\F+a=Zta+alz+z) 


— 2? +a? +2aRe(z)= fetal 


Afternatively: 
letz-x ly => pax iy 
Sozla-( aly => zla?-(elaply? 
=x 1a? 2ax y?- 27 a | 2aRe(z) 
8 (b) Given that a= is purely imaginary so Ar} z 
re ati pore naeinary: aTti 2 
=> zlies on the circle x* + y°— 1 
> e| 
9. (a) Given = atid = a-ib=2— 
Tac ett 
Henec a?- 6-1 
10. (c) Given: (& HC 2-1 F 
Sot Wl@ wel i 
Gives x — 3/5 and y — 1/5 
i 1+i 
Further x-iy = ——_ 
urther = iy = 
be @ te = 228. Br40e-1 
3 10 
13 +93 = 3 (2) 
So z=——— _ Hlence 7=—+|— |i 
10 10 (10 
2-3) _ (22-3448) 11-10 
M2 (0) Lt ey 7 17 
go FH 
it Cab: 
13. (d) False statement is Argz = —Arg(Z) 
14. (a) Given z,-1 | 2fandz,-3 Si, then 
Re 22, ake 4298-37] r( 4) .2 
PA 34 34 17 
15. (a) Given AC WiC 2B 4-1 Fi 
=> (1 (7) GB 4)(iz)-1 Te 314 F 2 


Gives (5) @ 1 4-107 


5.106 Algebralll 


2K-1) _ 2-1-f) _ 
1+? 2 
=> 2+%+27=-2+2=0 


-l-i 


Gives z= 


16. (b) Let z, =7e"" , z, =e: 2, =e 


“748i, ~8,) 


= ImG@uz,)= 
Hence Z,Im (22,)=".nne" sin(8,-8,) 
=> Lz Im%z.) = 44% 
~ fe" sin(@, - 8) &® sin(@, -,) + e* sin(@, —6,)} =0 
17. (b) 2,-@ | thyz,-¢ | id 


Since |z, -[z, - 1 => GIB #-1 
Re(2,Z,)-Re (ae bd | ibe iad)- ac | bd-0 
b 
Hence ae — bd = S27 ek Gay 0 
aoe 
Now Re(wi7,) — Re {{a | ie)(b id} ab cd 


(say) => a - dk and b- ck 


5 a_-b 
Vrom > =—= 
¢ 


d 
a Bk (etl #)- 1 bute? | &-1 
Lonel => k-11 
Case tz k-J,thena-dandb- ¢ 
Soab cd- ed\cd-0 
Case 2: &- 1,thena— dandb-e, 
then, ab cd- ed cd-O 


Hence Re(w,i#,) = 0 


TEXTUAL EXERCISE 5: (SUBJECTIVE) 


| sonclipee en 
~ f2+2f VB V2 


3x 
202-1 tana where ae are 
We know that in I[Ird quadrant tan@ > 0 and scc@ < -1 


= |-|=(Vivtan*a) = 


3. (cosd 
=> (cost + isin8)? — x+y 
=> x +37 (cos’8 + sin"BY 1 


secu| =—seea 


isinOY-x iy 


a t+ib 
etid 


4. Given xtiv= 


=> (x+pY= ou 
ctid 


So (¢ +y?)? = ——— 


4 


bd 


Given(e | Ne N-a id Whence R 
co -1+2c% & 2c 
——_=atib = —=— 

«-) 


+l a 
F 2p (+i) (-#) 
Now ib) - a? +6? = 
low (a + 1b) (a 1b) — a + (a) (en) 


> B-1 


Zz 
=2, where z—x— iy 


z+3] 
=> (-3)-%) ~2@-3) +H) 
> @-3P ty 4-3-4" 

Gives 3y? + 3x? + 30x + 27 — 0 or x?-y? + 10x +9-0 


— 4 which is circle of radius 
0) 


Rewriting (* — SY + 
~ 4 units and centre at 


. [etl]=v2|2-1| > @t D+ y- 2G —P- yy 


6x11-0 


Zz -0 => x -y +2yityx?+y? =0 
—y =-yx? +y* and 2xy - 0 


x— 0, — 0, both cquations are satisfied 


=>yr 


= yoy 
1 => z--i 


2 


> xs 


Case 3: 
Which is possible only if x — 0, so no solution. 
Thus z- 0, +7 


4#0,y-0 


Given [zi] <1. Now 
fe 12 6i- @ 12 Sf#<z 4112 Sé<1113-14 
Thus z 12 6 <14 
Aliter: Gives interior of a circle having radius 1 unit and 


centre at (0, 1) as shown below 


(-12,6) Y 


je 12-6i|- @-)- 2-38 
Distance of (-12, 6) from (0, 1) is 13 units 
So [13-1 <|2+12-6< 1341 
Hone fz — 12 - 6i] < 14 


Fora>0,z| az! 1-0 
Gives z(z |a)— 1 
Since a > 0 and |z| 20 so (2 | a) > 0 


= zis a negative real number 


2 gives Hae? 
E 


22 4<0 
2] 4-Ohas roots 7|- 1 — V5 however |7| > 0 
can have a maximum value of 1 | v5 


12. Given|z 14 <3 
zi ij-z14 3/sk141|3<6 
Nowe! 1-214 3 

-B 142 [5] 
Ilence 0 <|z 11 <6 
1-0 
1-6 


z 423 3|/-0 


The minimum z 
The maximum z 


13. [2] |e - 2] 2 2; we know that |z — z - 2/2 z-(z-2)] 
So, e| - 2-2 2 |z-(@-2) -2 

14. Leta-aliband-c¢ id 
Then a3] B|-at ict 
Now, (eB)? a BE 
-(al ei dF (a 
-2@i ble # 
Hence Jo? m-5 {al Blo BP 


ce (hb dy 


TEXTUAL EXERCISE 5; (OBJECTIVE) 


lcos 0 +ésind| 


Va) 1 
Nau) V2 


=> 


pss 
re) I=" Ga=afeesa sind] 


=> pp =i 


la-a| _ eral | 
| \ala-2| 


2. (c) Given  —1 


5. (a) Given |z 
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Roots of | 


Ie] - 1 ~ 0 are 


1tv5 
1 an “0 


(otherwise for z ~ 0, 1/2 is not defined) 
¥541 


; which is the maximum value. 


Hence |2|= 


2 
agile 
FI 
2+2V2 
= 22-2] — 1 <0; roots are |= 2822 ara but 


v2+1 


Hence maximum distance of z from origin V2 +1 


z>0s0 | 


=> 27-22-4<0 
Roots of equation are |z|=14-V5 , but z > 0 
So maximum value of [2] — YS 11 


bad 


(b) Given that z,| 2, | 
Now, |4z, +252)| 


le, ~ Sand 2, 12-3 


nF2, +22.4| 


~ |222]Q{2, + Zp} = 2XSVG) = 30 


9. (c) Given fz, 2,2- 2,7 ,? 
ie, [al +/z[' +2Re(zz) 


So Re(z,z,)=0 


10. (4) Given [zw| — 1 and Arg(2)~ Argo == 


Using Arg(Z)=—Arg(z) {for Arg(z) #7} 


we get Arg(Z) = Argo 


2 


= Zz. = 
SoArg Z+ Argo =— ie, Argv)= 


zw 


lz 


11. (b) Given: |z, -2z,| =|2-2,7,| and (fz, #1) 
=> (4,-22,X%-2%,) = (2-47, 2-H.) 


=> [al +4|z,|-24%, +52) 


- 4-222, +%2,) + 


or (z,P-4) (zf- 1) -0 
Since |z,?# 1 s0 z,2~4 or 2-2 
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-1 
getti.z  _b#_fz1)_, 
zt+1 1 l+z z+l 
z 
G=-0 => @ is purely imaginary 
=> Refo)-0 
13. (c) Given: o — a | iB (where B #0 and 2 #1) 


O77 ii, purely real — k (say) 


and 


a-Oz=k-ke 


4. 


Fz, <(or2)|zP 


Gives 1 - |z,7|z,* - | 
(l= z)}) <0 or > 0 
Sinee |z,, |z, 1 

(= 2) (-[,%) <0 or: 
Sineo |z, — 1» Q and |z, — 
= (-b, 0-2, P) <0 


17S 0 or = 0 or (1 - [z,7) 


1-22, 


<1 
2 


15. (b) Using z, 2, S|z, | [z,, we get 


EXAN ut 
ol pd 2 


Fae 


16. (ce) 2 2-2=> |e 2) pH) -2 
> @w-2P yr-4 ~ Gy 
and 2(1-i) +70 +4) =4 
=> (2+2)-2-Z)=4 > 2-7 QH)—4 
x y-2 


L 


ii) 
12, e- 22 
‘These are two points of intersection 


(2-V2,N2)& (24+ V2.V2) 


Aliter: z—2 ~2 gives the boundary of a circle with 
radius 2 units centered at (2. 0). 

The equation - 20-1) +2014) =4 

Represents the line x | y - 2 which happens to be 
passing through (2, 0) (ie., the centre the circle), 


Krom (i) and (ii), we get y —— 


2 poinis of intersection 


17. (b) Given ae 


ier) 


fey ={Re(z)}’ or 227-3 {Re (}?=3 


Hence maximum value of |z| — \3 


19. (c) Given, 2,-[2, 2) 


Squaring both sides, we get |z| +22, +22, 


- laf +z, 


20. 


wi) 


+2, eee 
=> is purely imaginary 
4-7 
21. ©) siete +2 F23|+| +2, -2V%,4]} 


| 


~ ZINe Vel + We ve 
- selva +2|vzy] ‘| 


22, (b) Given z,-2, ~ fz, +z, 
= zPl zP12Re @Z)-kF bk? 22, 

cos(, 0,)— [2,71 P12 2 by 

cos 0, 0,)-1 

0, 0,-2nn;neZ 


=> 
=> 


23. 


24. 


26. 


27. 


28. 


29. 


30. 


Aliter: |z, — 2 ~ distance of the resultant of z, — z, 
from origin z, + |z, ~ sum of individual distances 
4747 41+ 2 


=> 2, ~ pz, where p is a positive real number 


z 
=> + isarcal number => Im =0 
z. 2 


(d) Let 2 — x — i then |z —7 Ro(z)| — 2 -Im(2)| 
=> xt+Q-xy?- @-y+H? 

=> Pt y-xP py 
=> xo 

(b) az, b2,? be, 


B2,?1 al 


=> Re(z)|— Imi) 


az, 


az [2,2 2abRe(zz,) 
2abRe(z,Z,)- (6? | a) (z,2! z,P| 


. d) #2 +3445 iz + [3-49 — 2-5 5445-9 


ai 


(b) Given nt, 


> 2)-( } sp real 
a) \z 


(c) Given z-(3- 24) -4 

=> 2-3-2i)s z-@-2|-4 

=> 4sb| Vi3s4 = 4-Vi3s|2|s44+V3 
=4+413 and minimum, -Vi3 
=> Maximum |z| + minimum z ~ 8 


Maximum, 


(b) Given: z,| ~ |z, — lz, -2,] 


z 
Observe that z, —z, is a solution, so Im (2) =0 
: z, 


. EH 
2, 


is purely real 


Aliter: |z, —l, ~ lz 


2 > 


4 
z, 


2 


4 


Z, 
=> — and 1 are collincar => 


Z, zy 


@ kk, 2k, 2 

>: 4 Ik GB 42% 413) 2 3 49 
- 72 

(b) z~1forz € Cand 2,82, iff Arg z,-Arez, — 22.3 

©n checking we find that 2,22, gives 

lArgz, Argz,|-022"/3 

So relation is not reflective 


Relation is symmetric as shown below 


Since z,Rz, gives |Arg 2, Arg z,— 2x/3 
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Also z,Rz,as (Argz, Arg z,) - = 

Now, if 2,22, gives Arg z,-Arg z, ~ 2n/3 and 

2,Rz, gives |Argz, Argz, — 2n/3: 

Clearly Arz z,—Arz,| ~ 2/3 is not necessarily true 
Relation is symmetric. 


TEXTUAL EXERCISE 6: (SUBJECTIVE) 


i) i 1 1 
1. Let z= ose 
a-y G+ 2 w 
So z= > Amplz)= = and 2-1 
2 @) 2=-~W3-i { 
Henee Amp(:) 
‘ ee v3) 4(V3 41) 
© TB 4 
341 
So Arg(z) = tan ‘2 
(-v3 +1} 
— -tan'(2 +43) - Ses 
14+) +31)" + 2 
3. Ot) 0+" sy p= bl p+) =4 
es) i= 
and Anpas = 22422) L 2% 
See 4g 3 aye 6 
4 Wz- => Principal Arg (2) = 
3 
Gi) naieviina{ 148} 
Qn 
yaad 
= Arges 
& 2-342- 175 ie Argz, - Argz, 
~ 2-(-2) sane - 38 
2 (4 4 
8 Given|z, 2) -k, 


Squaring gives 2° | z,? 
2lz,2, cos (0, 0.) 


Azz, cos, 0) 


-afl ze 
x 
= ¢05 (0, -8,)~ 080 = 0,25 


ie. Amp (z,) — Amp (z,) ~- w/2 
=> Amp @,-Amp (z,)|— 22 
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9. Given 2+V2|z+1|+/=0 


Letz—x iy then xt+p4V2 (14x) +5)|47=0 
or x+ V2 (x41? ty? +69 4D = 0407 
Gives y- Land V2 (rt) +y* =-x 


(So x <0) squaring, we get 
22+ 1-2x+ 1) - 4-4-0 
iv,,x~-2, Honee z~--2 =i 


1 
Principal Arg(z) =-a + ww(3) 


Roo 
~ 2 ~tan(2)= 
F—tan“2) 


E+unay} 


TEXTUAL EXERCISE 6; (OBJECTIVE) 


1. (b) Given Arg(z) ~ 8, then Arg(z)=-@ 


2. (b) Let the other number be w and Amp (z)~ @ 
Then Amp (2) +Amp(w)—= => Ampw-x-6 


Ifz~ rje® then w=)jJe"" — 7] (cos isind) 
~ -[n|{(cos(—0) + isin(-0)} = -Z 
Cait 
B.C) 2p yZyreeee TWS) = olt?? =| 
4. (a) Given a — cose | isine — e% and b-cosB i sinB - e¥ 


=> ab=e' Nence ifaw +4) =cos(a +f) 
2 ab 


rm {rt 
8. Gi C =cos| — |-+isin| —|=e" 
vite el) 


fz ,de se te) 


> CO, C,C, = et 707107" = owt 
So Arg (2) ~ m; whore 2 C,.C,.C, C, 


6. (c) L.HLS. — (cose + isinc) (cos2a + isiv2a) ..... (cos na + 
isin 70.) 


= cost + 20 + 3cu —....c ma) + isin (a + 20 — 30 + 
sess ave ue HO) 
< con {OD SD ee =1 (given) 
2 2 
t 
me = 2mm , where m € integer set 
Ama 
So, @= 
nn +1) 
VB ti oe a) 
7. ©) en rs elisa =r le « \ 
CailsB +) { 
4 
> argon 5 for nO; Area) =7 
Kor # =I; Arg(z)= 2 


i. 


12 


14. 


. (b) Given |2,2,|= 


. (ce) Let z= 


For 1 =2; Arg(z) = “= 
fae Hep Aste eee 
ae 2 


(@) |e! 1-|2 listhelinex-0 
z-l)_z 

Now 4rg|2—]=2 

chs (253) 4 


Gives the part of the cirele with radius V2 units contered at 
@,lsoz-01 0 2y 


. (d) Given a ~ e% eY ~ band ¢ ~ 0% 


bieva 7) ya T y 
Also +7 +7 =I ic, FD 4 gl 4 ote P=] 


So, cos(B - 7) — cos (y - @) + cos(ee— fb) — 1 


cos - 2isin =| 
4 q 


So |x, =|v2- V2i| =2 


Also are 
2, 


x 
== or Arg] 
) 3 


i 
2) =z," 


S of t6Bilacrs v3i) 


(c) Letz~x-a, thon z —z- 1 + 27 gives 


142r. Soy- 2 
Ve44 =x+1gives x - 3/2 


3 
Hence z=—-2/ 
lence 3 


(b) 2 ~ sine — i(1 — cosa) — asin {eon isin 
aoa <2 


a 
A =f 
imp(z) = > 


3+i 


Ilence Arg z — 0 


(a) Given z ~ 2,2, 2, ....2, 


Arez—Arg(z,)—2m,n + Artz, — mat. 
i 2mm 


« ~Arget,) 


So arguments will differ by a multiple of 2x 


(©) | — 4 and Arg () ~ —1/4 


i{e»(~2) +isin (-2}} gives 


wale B 


16. (d) Givon that z, +z, — 
=> 2,2, are collinear 


4 
> is real 
2, 


=> Arg @,) —Arg(z,.) — 0 


TEXTUAL EXERCISE 7: (SUBJECTIVE) 


1. Letz-x-ay 
Given |z/? - 2iz - 2c + 2c? — O and e >0 
Le., 24+ 32 + 2p — 2c + (2c Bey - 0 
Equating real and imaginary parts, we get 
2c — 2x or x — c (where c > 0) and x*- y? — 2y + 2e-0 
Gives c?- 2c +7 +2y—0 
y-2yt1-1-c2-2c => G+1P-1-c-2e 
=> ps-ltyl-c?-2¢ ,1 2 2¢20,c20 
=> ce /0,v2-l] 


zti(-ltyl—c? = 2c), ¢ €|0,V2 -1] 


2. Lotz-x-ay 
Then 2|z? + 2’ 


iN3 gives 


~ vB 


3 oF 
Ci D: z=-\Jo += 
ase.) 2° 2 

13 
Case (iii): pei 
‘ase (iii) = RE 
Case (iv) gail g-3%, 
‘ase (iv): — 

v6 V2 


3. Givenz z | az i-Owherea>O 


= 2(2 a)- means zis purely imaginary 
(as 2 | a> 0) with negative imaginary part 
So let 2 — iy (for y <0), then 

bl a— Tgives yay 1 


atva't+4 
2 


Soy?—ay-1-Ogives v= 5 buty <0 


so y= 


4. Gi) Letz-ret Then Z=(e” and 2 - re* 


=> Pe ( new 
Clearly ¢ 0, 1. When x — 0, then 2-0 
For r— 1, we get ®—-( De® = ef — 


ss 
Now 2 =-Z 


4 


. Let z— | ay, then z 
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So 40 = x, 31, Sx, 7m, ie, @= 
Honeez—0, e*,e4 .¢4 .e4 
Aliter: Let z~ x + iy, then 2 ~ G8 — 3x37) + Gp — yi 
So 2°=-F gives xi? 3y7)— xand Gx? y})—y 
Clearly one solution is x — 0 ,y —O fe 270+ 07 


Other possibilities: 

(i) ¥ #0, y — 0, gives x* ~-1 so no solution 
Gi) y #0, ¥— 0, gives y? = -1 so no solution 
Git) x #0, y #0 thon x - 3)? — -1 and 3x7 


Gives x* and 


x, 5x, 


=> zaet.et le 


Gi) 2 
Vet 2 — ye then z?- re and 7 =re '* 
So 2? =7 gives? e™- re* 
r—0,1 when r ~ 0, then z— 0+ 03 
When r ~ 1, then e?!—¢ ® => e/—1 
Qe 4: 
= 30-0,2x,dric, 0=0,—=,—= 
A aA 
ay, 
So z=e°.e* ,e5 respectively 


Finally 2 =0, if- 


2-221 
> & Wiyt-4te iy ay 


Ae 
‘Thus 3% 3 4y-0 => vty ase 
4 
3 nF apesdate=9 = 27-12 
(a 5) 
> a th-(e py-xt Py Ze "TO? 5) 
=> a th-(2) 3x2y81 Gxt? pi 


at. 
2 aoa gy JB, 
Letx~re®, s0 re opty oir 
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gives r- land 40-72 =75° 


TEXTUAL EXERCISE 7: (OBJECTIVE) 

1. (a) Given: 12? 214-0 
=> 2(P 11 G1N-0 
So,(2 Diz! 1)-0 


Vither 22 for z—i (so z -1) 


2. Given: 2+ 1 - 2-2-2 
> @&-1ItHl-@-D+iG+2 
=> @&— Ly — 2k +P + Wt B+ 2) 
=> etl+arty 
~ x= 4 + dy—y?—4 dy — 27-2) 429-0 
=> 2y?-4y—2x-1-O and (+2) +2)-0 


Forx ayrt+dy-S-0 
Disc. — 16-40 «0 

x#—-2 > y-2 
8-8-2r+1-0 => x-12 


27 W2-2'- 21 -4)) 


Now |z - 4| ~ |z - 8] 
On squaring, we get (x — 4)* +? — (@— 8) +5? 


u 


— 6 puttin; faa 2 ves Mel ad 
=O puting in | ai] 3728 [eacy—ey| 3 


On squaring, we get 
9 (36 — y*) — 25 {(36) — y*+ 64 — 16y} 
=> 16)?—400 y — (16) (136) - 0 ory*— 25y — 136 - 0 gives 
(-17) ( - 8) — 0, so» — 8, 17 
325 = 513 


2-6 | 8ior6 17: gives |z,|=10.|z 


4, (a) 2-2-0 gives xz -1)-0,s07-0,1 
Number of solutions ~ 2 


wn 


=0 gives ila? —y" + 2yy1) — xy 
2 ~-y and -2xy — x or x*-yQr— 1-0 
and x(2y - 1) - 0 


()x-0,~-0 
Gi) x 0,» ~ -12 from 2y— 1-0 
Then x? -y2~ —y is not satisfied 
21/3 
i)x#0,y— 1/2 then x +—|—]=0 
eee ree 
B fee 
$6 5a ge Ee 
Fj a 2 2 


tad 


10, 


. (d) Letz—x 


(ix) ¥- 0,971 


Solution are 0.1, ~-4,—"-£ 52 -0,1 
a” 2 2 2 

© | 2 

©) fe = 

2 


g 19 - 19 
2 —S gives, x=—.y+,{— : Hone z= 444 
2 2 2 


3-h 6 > x= 


iy.now 2-181 %-1 

3 3 3f@rt2)-»} 

242 Get2)+y x +4xt44y? 
3 _ 3i(r+2)-5} 


and || = vfa-3 gives pw?~ fa —3, 2-1 


ie, 3¢ x42 -3-—* 

24 S+4x. S+4x 
(426 3 etd) 
S+4x 0 Stdx 0 S44x 


So w= 


So w=a+ib= 


- Hones €- 4 


l-ix x? -2xi 


1+x 


(c) Given a-ib= 


l+ix 
(l=?) 


2x 
d+) 


=> atth= + 


Tt 
l-ix 
tix 
(= x") = 4x" 
(4x77 


lt+é 
Clearly, (a — ib)(a — ib) ~ a? + BP = Lali 


Now, a -(a h(a b)— 


# (only possible when x — 0) 


F-2x 
#1 
—xi 42x 


a-b 
— _=!|@nly owl 4 
3 (2 16 \e Only possible when x — 0) 


(or b—O and a #0) 


. (b) Given [52-1 - 5 \z- 15 5 2-2), Givosx— 1.1 


(a) lk -2] gives x1 
Now z+ 1|+ 27-3 =6 


=> lal! 2H-6 > 44? 4+V4ty? =6 


TEXTUAL EXERCISE 8: (SUBJECTIVE) 


. (a) Letz— a+ ib 3 123, soz ~ 13 and z'?- + (ey), 


+a fl34+5 2] @ 
Then x= ==" =3and = Sj 
2 2 ve 2 


Ilence z'* - 1 (3 1 24) 


(b) 2-867, Snes pate 


Ete |-a 
=3 and y= 


Hence : R B 


(©) 2-8 15,80 z eee Oand 6 <0) 


23 
h 
so, += f= ona y= POL 
2 2 v2 
=> 2? = thas 
ha 
(e) 2- 2-5 {ash<0} 
_fB. lz|-@ 


“5 and y=— 
Henee 2? = tat 31} - - 


[2 E 


3 


() z-2y Py), 80 |e] 1 yxy 


Let z!- (a ib) 


ety +2xy _ (ety) 
Sogn a 
oa 5 a 


Zp 
pe [eer eae fe A. _(@-y) 


x>y 
5 ap ttee 
a 1 
Henee 2"? = Sietcnan 
(@) z~(a?-1)- 2ai- (a+ i? 
So z!?--(a-a) 
Aliter; Lot 2 — x + fy and = z|7- a + 1, 80 


lz|+(a? -1) 
xe 


2 
2a? 
2 


io, = 


ja|=aasa>0 and 


2. Letz-a—ib--3 - 121 
So |z| ~ 13 {here a= 0 and b> O} 


Henee z!*- + (2 +3: 


Hence 2- + (a +) 


S412 +VS—12F — (S+12/) + -12/) +2169 
5 +12) —J5—123 (54128-3412; 
104+26 3 bead 3 
fe => - =0-= 
24F 2F 2 2 
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4. 2=7-30V2i = |2|= 1849 = 43 (here a» 0 and 6 <0) 


Pe Sa saa 6 
= Sandy ss bs 8r 
2 v2 


Case @): Now a quadratic equation with one root as 
53ND will be x* — (5 -3V2/ +5 +3V2i) +(2549x2)=0 
that is? 10x | 43-0 

Case fii): One root as 5 | 3V2i and otheras 5 3V2F 
willbex? 10x 43-0 

Henee the required quadratic equation will be 
2+ 10x + 43-0 


v 


Proceeding similarly as in above question 2" —_ (1 1 4/\3/) 
‘The quadratic equation is either x7 2x 1 49-0 or x? | 
2x 49-0 


6. 2=Vi-V. We know that (19? - 27 


1 
So vi eet) and similarly V-i= 


=> 2=tiV2,4V% 


7. (a) 2° — 64, then z ~ (648 => z—- 4, 4m, 4a? 
(b) z--27 => 27 -3,-30, 307 


1 
oi -) 


B (a) 7-1 @ @ 2of'=%-( 26a"? 64 

(b) Rearrangement gives 2, ~ ( 202)’ and 2, - ( 2)" 
Soz,-( 23 @*- Sandz,-( 2 o'- 8 
Hence (Il @ @)'-(1 olay- 8 

(©) let z,-(2 1 Sa 208 - 2 1 2@ | 20? 3a)! 
~ 3 729 
Similarly z,-(2 Sa? | 20) = (2 20? 120 30%! 
= (3«*)6— 34!?— 729 
Hence (2 Sm 2m%)—(2 | So? 2m)*— 729 


(@) Letz-C oY 1 @f-C a! ( w= af 1 oo 
- 1 1-0 
() letz-@G 30 507 (2 4a 2-3 1 3a | 


30? 20) (2120 | 20? 2m)! 
=o)? (a) - 80% 8a7-8 8-0 

( leatz-Z@ o)(2 o}2 o(2 o@)- (2 o) 
@Q @}-411 20 207! 
-(7 2 2@ 2-49 

9, Lot fix) — r+ 1Y'-G"- 1) 
Observe that 0) ~ 1*-1- 0 
Similarly fo) ~ (1 - @)" = (@" = 1) — (037-1 — @" -- 1 


-of- 0%} 
Sinee w is odd but not a multiple of 3 

Sofl@)- 0 

Similarly fo?) ~ (oY - (@*+ 1)- - {1-0-0} 
Sola?) — 0 


It shows that x, (@ — @), & — @) arc the factors of 
@tly-(+b 
= xx—@) (r- 0) — 8 +8 — x divides (e+ 1)"-G"+ 1) 
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2» 
-1+43 
10. To prove z= Gs) (* 


Obs 


erve that and 


1+ V3 
2 


-14+ V3 


2. 


+ -l 


11. Let a — @ and B ~ @’ then (1 - a) (1 — BX1 -07) (1- B*) 
~~ a 1 BY {+ @) (1 + BY} — d- ey of 
{1 1 o)0 1} 
-( a of Ca >( @)- {1 @X1 F311) 
-flla? om o7}-(l 1 1P-9 
12. (a) w= (ey) fF +P tay} — ey) Lor (@ + 07) 
@y) +33 — @—y) {((@ x -y¥) (@*x-y)} 
(b) a? + BF + ct — Babe — (a + bc) fa? — B+ c*) - 
(ab + be — cay} 
—(atb-c) {aa B? +03? + (@ + ©) (ab — be —ca)} 
—(a-b +c) {a + ba + co?) (a — bo? — co} 
13. (a) Given x ~ a — by yp — aw — bo@* and z ~ aw? - bo 
> +e - 2 (a — bY + @ fa? — Ba? - 2abo} + 
w? {a’oy?— 5? + 2abo} 
— @ — B— 2ab — (w? — ) @? + 5) + 4abos— 
(a? + B*) — (a? +?) + Gab — Gab 
(b) yz ~ (@ + 8) {aw — bo”) (aw* + bw)}— (a + 4) 
{ao} + Bw + ab (@? — 0} 
—(a— b) fa? + B= aby — a + BS 
14. Given o, B, y are the cube roots of pOwhere p <0), so with- 


16. 


out 
We 


then 


loss of generality 
take & — p!, 8 — po and 7 — pw, 
aatyAtzy pl ixtyotzo"} 1 


75 ee 
xht+yyt+za  pPatxetyatzo*} ao 


Similarly we can put other values for a, B, y bul the result 


will 


> 


be the same. 


. Given: x*- 3x? -3x+7-0 


x— 3x? +3x-17--8 

So (x - 1)'~ 2)" {gives x --1, 1-20. 1-20} 
Or Let x~ 0: , B, y be its roots, 

then (@ - 1) (B- 1) &- 1) 2" --8 


P-1+22@+1)-0 
So(z-1) {-1-z+22}-0 

Gives z--1,7- 0, 0? 

Observe that z ~ -1 does not satisfy 2 2 + 1-0, fas 
Cy + (1-13 

Now z ~ @ gives oP + @™-1-@?+@-1-0 
Similarly z~ @? gives @ °° + ©” +1-@+@?-1-0 
Hence z ~ @, «? satisfy both the cquations 


17. Let 2-1 


> 


ae, 45 


Observe that e* and ¢? are also cube roots of unity 


Letz!?-1,then z=¢"" 


2ke 


Where & 0, 1, 2,....9 (also 2! ~ 1) 


We 


observe that the roots are in G.P., with common 


ratio r=e* 


=> 


> 


(b) 


> 


& De, @ Ds, 


zy%=e€ * ¢ 5 -e 3 
Now,0<p,.q<9 => OSp q<I8 
2<piq 2516 

(0-0 


Now, ifp q 2 [0, 9], thene is a root of 


unity, So, Let p — g-2 € [10, 16] 


p-~q-27- 10-n, where 0 Sn $6, 


Or, fee eae 
thne 9 -e* % -e*e5 - e* sne[0,6] 
Which is a tenth roots of unity. 
If p +q-2 € [-2, 0] then p + q- 2-10 ~n, where 
n€ {8,9, 10} 


mr, 


-e. 
Tenth roots of unity 


© 2 Lele 8,9, 10} 


tes 
Let z= 1, then e where k-0, 1,2, 3... 1) 
Z,5 Zyuny Z, the roots respectively when k — 0, 
@-l) 


eed 
tee +... 


Which is a G.P. with C.R. -e ” 


lew" iT 
sum = a, sa) ~o? 
l-e* 


P is not a multiple w, If p is a multiple of » the 


f= 2 — (ey (1) 


Let z- (1 


Soz=e 7 wherek~ 0, 1,2,3,4, 5,6... (and z*~ 1) 
a as 

let z,-1, 2, =¢7 ,2,=67 

When these roots are raised to power then 


Atztz;t...+Z7 
aa, 


-éte 


l-e 
Which shows that the sum will be zero when » ~ 7m, 
then 2? = 25 =z 


z=7 


=z 


zptzhazg+ 


20. 


21. 


22. 


23. 


24. 


(a) Given 1, 0, 5c, 4 
2 Lor2-02+ 072 


arcthe n , n*roots of unity, thon 
02+ 1} -@-@-a) 


(2-04) wn Z—, )- 0 
So (2 — 0) (@ — Gy) @— 0) PH PH zd 
pulling» -I,weget(] a( a( a). a,)-n 


(b) Pulz-2in@ a) aj@ a)te a,)-1 z 
tet i 
3 2 a)QalQ a). aJ-1i212 wut 
aa 
wt _1@"-1 
so [[@- es 
So Il &,) a5 
re ar 
() Pfr) =D ay 
I} m =] 
(d) Observe that 1 a@)C 1 aC 1 a@).€1 a) 
EG 1) 2G IF ECA: cy 
ity M(-)"- 3 _ "= 
or )" T]a+a) - 2-4 
rn (-1) Ie %) =D 2 
mt =0if mis even 
> flor siete 
Lot 2 = {60880 isin 30)%¢sind ~re0s0)” 
° (cos 20 +isin 209° 
Cal Ce er 
=O XE) 


e 
— Hfcos 250 - i sin 250} — sin 250 | # cos 250 


By Demoiver’s Theorem: 
(cis m9)" — (cos mO + i sin mB)" — (e"° 7 — ef — cisGnnd) 
— (visndy" — (cisOY™ Now let 
__ (60836 +1 sin3@)'(cos4@ -7 sin40)* _ 
© (cos40 + isin 40)'(cos50 +isin50) * 


(eye) 


eye) | 


Observe that 1 cos0 | # sind — 2cos*0/2 | 2isinO/2 .cos0/2 


a 
— 2cos—e? 
2 


{ Ons + 
— 2cos—jcos— +isin— 
2 2 2 


o4% 
Similarly 1 + cos ~ sin ~ 2eos.e 


Hence (1 — cos + i sin)" (1 + cos — 7 sind’ 


~ rre0n* 2 200s") 
2 2 


(a) Let z=a+ib=re® sor=Va°+8° and o-ua"(2) 
a 


mm ome, 


Hence (a — iby" — (a — iby" — ve the F 


min v=" [acos™} ar +b )™ * coo” 5) 
a a a 


26. 


Complex Numbers 5.115 


: 
sinsimay *oS-enl 
(b) 
l+sina —icosa a 
l+cos ae —fsin 2% 


=a 
i a aE] 
73) 


2cos* ~iasin( 2 - S)oos{ -£ 
2 4 2 
‘x ay |" 
G3 5 


(Ts (= } (= } 
’— cos] —-a@ |+%sin] —-a@ 
2 2 


(a) Given x +1 20086 
x 
=> 2 2cos0 x | sin? 0 1 cos? 0 — 9 or (x cos — 
(Ci sind? 
=> x-eore”™ 
Similarly » - e¥or e *, ‘Taking x - e® and y — e* 
wy, dt dt 1 
We have, xy" + - eM e™ + 
xy’ ene 
ma, t 
So x%y" +L — qmennt rtm 2 cos (m0 | ng) 
Sang 
(b) Similarly = gf = ht ge Oni = yt 
— 2cos(v8 — 1) 
Given cos0 — a and sin0 — 6 
=> @ B-1 
=> z-a_ ib-e*or(a  ib)’—e*— c0s30 +4 sin30 
=> cos30-a' 3h7-a) 3a(l a@)-4a* 3a 
Similarly sin30-— 30° '-3(1 YH bS— 3b 4b5 


TEXTUAL EXERCISE 8: (SUBJECTIVE) 


L (c) Sin {(we? 


. (b) Letz- 7 24¢and2"@-_(a iby 
=> @ &- Tand2ah- 24 
Hencea-3,b- 42-10 4) 
(b) Given «, B are the imaginary cube roots of unity so let 
1 
@—o and B ~ @, then a* + * +— 
ap 
1 
— @ +@84+—=l+wte?=0 
@ 
. (c) Given: @ #landA Ba-(1 oy 


= A-Bo~(1+@+0'-0'!-(1¥ 0"--0! 
SoA —Bo-1+;HeneeA-1,B-1 
wr md} 


= sinfow+yx 4} ~ sin (- 


5.116 Algebrall 


aw 


dw — wy? — (1 = sw 22 — Cy — 1280? 


9 27 


6. — 
(s) 32" 128 


nes 
stot 
Ae 


“Oey 


=@+@ =-1 


=> Given- @+@ 


7) (12@ oo) ( o1207"-C 
a)” (lola?! a }*-o* ("1 


ela? 
1-0 


8. (a) (a8) (a@— bo) (a 
— Be) (a-b) a? - 


0°) (a—b) {a2 +ab(@- 0) 
ab) a - 8 


Soy — 225 | @2 {318 


9 (d) 225 | Be 
oy! Be | 8Fy 
=225 {73 


8 oF | Bot 


Ba? Ba 23m} —225 | 23-248 


10. (a) (lw? ww) =¢ 3) w*— 729 
1. (d) ©” +a +a ™-1-@+0?-0 


atbo+ca* 
b+ew+aa* 


atbo +c 
et+am+ba* 


12. (d) 
latbat+co’ 1 atbor+ca® _ 

= Ft 5 - (18 

@ co’ +atbo a botartco 


@(1)—- 1 


13. (d) Arg Gio) —Arg (9) | Arg @ = ; He 
Similarly Argo?) = 24% 


=> Arg (i) Arg (iw*)— | 2n— 3x 


14. (d) Let B are the roots of x? -x + 1-0 


So lot « — -w and B ~ -w? 


Henoe 0 — B29 — (a) + Ca? = —w?— @ — 1 
15. (b) (11) 22( 1)-0 
Gives(2 If 1 zl 2}-@ DN 1 y-0 


and the roots are z— 1, @, «9? 
12% 22 1-3 


5? 1 T=@° at 


Observe that for z— 
Kor z-@, 2 1-0 and similarly 
oll-0 


Hence z — @ and @? are the common roots. 


for z- ?, 2! 2 1 1 - @? 


=> @l@- 1 


16. (d) Given 1, @, ©, 0, ..., ©”! are the n, n® roots of unity 
So 2*— 1-0 and @—0) @- 0) (z- 0)... (2-0) 


mahi eZ] 
Hence (2 - @) (2-09) 2-@').... 2-a@™)- 142+ 
242-42" 
Blow Veneta 
G+ 
1 1 1 Par 
17. (d) Given; ——+ + — 2@7=5 and 
at+@ b+o eto o 
uz ne eee 
ater? e+e a 


20. 


21. 


22. 


24. 


26. 


. (d) Given? oz 


1 1 2 
4g Ze 
bt+x 


+ 


1 

From the equation = 
atx CVS. =x: 

We get, x*— Ox? - (Zab)x — 2abe — 0 and ©, a? are its roots 

let the third root be « soa + @ — @*-0 

1 1 1 2 


1+5 


= a-l1 


lta 


1-0>2-0,07 


Asn#3mson-3m lor3m 2 
Hence 2* 2%-o" @*-@ 1 @?- 1 
1 1+i+e? @? 
. (a) Let [Al=fl-F 1 @? =] 
a ate-1 -l 


Observe that R, R,- R80 A —0(By using =o? — 1) 


(b) Letz~ (1 + @'-@) (1 - @?- w)* 
Soz~ (2a) (207) - €2)' @ ~ - 1280 


a 36 
13 1 vB 

c) Let z=4+5| -—+—i 3] -~=+— 7 

@iasearf tS) tel 

—4 50 +30@?~ 4 -4@ — do? + @ - @~ @ - @ ~ iN3 

(d) z, and z, are the n* roots of unity. 

Since 2, and z, subtend a right angle at origin 


fe) 
D o c 


(b) Let 2= 3(F-IME- a F-@) — PLP = 1 
A 


zy 


| a 2 
— =H (atl? -n 
em 


i; «see 41 
(b) Let |AJ=1 -1-0?  @? 


1 a o 


operate RoR OR, | RY 


Bb 0 d+e+a) 
then |4|=|1 -1-a* ao 

1 o& ® 
-3f@ 
-3f1 © 


o}-3fo 1 o} 


1a? o}-3{? @} -30{@ 1} 


(b) Given 1-0 - + oY 
So (- 0)" - (- @¥ or a - @* 

Which is truc when 7 ~ 3k, so minimum positive value ~ 3. 
(e) Consider|a be | cw??—(a | bo | cw?) (a + BO +00") 
—@+ 8 +2-(@— 0) (ab + be — ca) 


ah 


28. 


29. 


30. 


31. 


~ @ 82 +c —(ab— be + ca) 
ad Fe -by +(b-c) +(e -a)} 


Since a, b, c arc integers not all cqual 


Fila -5y tbe) He ay 425 


(Note: all equal means two numbers may be cqual but not 
all the three arc equal) 


Honec ja + bo + co? > 1 


=> Minimum value of ja + bo + co 1 

ace eee 

2 2 

., be the roots, then (2 — «,) (2 — «,) 


-2"-2) 18, =0 
22 


> CD), Oy ee OL, ~ -a(t+8 


(2 a) 


So product of roots =—1- v3 


(d) Given? 1211-0 
So 2-0, @, Now for z- @ 


1 1 > 
=> 2+-=0+—=0+0' =-1 
z o 


Similarly 2° + 


(d) Let z—cos0 | é sinO — 6% 
ws 


Now >°Im(z°*") = sind | sin30 1 sin5O 1... sin290 
r= 
2sin@ 
— SERS fsind sin30sinSO...1 sin 290} 
2sin® 
1-c0s300 1- 1 
oh OO line 02) we wel 
2sin8 2sin2°  4sin2° 


(d) Given 29-1 


ah 2 yeaa 
= lta to? tat te _ 20) 4 
Ta] lel 


32. 


34. 


Complex Numbers 5.117 


(a) Given 248-1 


ae 
Now z=e") whore k-0, 1.2, ..14 
2 
Since Argz <= and = =24° 
2 1s 


a3, 


° 
We get z=e.e 8 e 


wat, 487, 


| Seven possibilities 


. (b) z,, Zn 2, z, are the roots of 27-1 > 2-- 1,4 


1 es 
(aed) Given z-==i az e% e° 
z 
xe 1 98 
For z=e* we get Pye eos eal 


1007 | 


Similarly 2" +L, = 200s 
2 


1 99x 


a 
and 2” + =2cos—— - 2cos—=0 
6 2 


TEXTUAL EXERCISE 9: (SUBJECTIVE) 


1 


n 


wv 


Let z= tan{imo( 54h 
atib 

{os @=tan" (2)} 
a 


2nd _ 2bia)__2ab 
ne | PB 
a 


} 3 [ee] 


= an {f fne* 


So 2 =tan(+20)= 


Let z- I (-1-f)- w{ vaes 


- Sin2{% +2ne inez 
2 4 


Letz— #-"— A — iB, then 2 -(« 
So #? {cosa-risinZ a} =A+iB 
2 2 


B 
Henee tan =A ==: Similarly 471 B?- e* 
2° A 


. Letz tn in (e®)} -In0-mO0O 9 


- {ioe} -In 0 +(§ +208] 


J 
’ : 1) fiz : 
(@ Let 2=Logd-i) =Log,| @ | — j-F + 2am yi 


= Ime} = n-ne, 


5.118 Algebralll 


Gi) Let 2=1og,-3) =1o 


~1Log,2 + (ane -Z hin eZ 
2 4 
So Im@)—(8n 1) x4 


(ii) Let z= Log. +)= toe, {8 Be } 


ip 2 ae 2m jin eZ 
2 4 
So Im (2) -2nm | w/4—(8n nid 
(iv) Let 2 =Log,(4+3i) = Log, f(¢+3)] 
3 3 )f 
~ Log, 5 ~ iQnm + 8) {where 8 ~ tan 3/4} 


3 
Henee Imz = 2nz +1lan ‘(3) 


a 


Given jt = gt too tsi 


aftsaie} taft-tes) 
(: Ye‘? / =e"(cosy tisiny) 


> x= ~5an +1)apsy = $(an 41m 


Also it °°? = ce! 4) 
2 — Br es — etme 


=> a’ — e*cos yp; B’— e* sin» 


z 


eke 
7. We know that -(#) =e 


=> Art) — Ine?) ~ -wi2 
Hence sin In (') — sin (-x/2) —-1 ~ a — ib (given) 
=> a~-1,b-0 


Also cos(ini’) = Ji—sin*(éni*) = +J1—) =0 


Given (a — iby — m*-* => p Ina — i) — (x + fy) me 


wet 
Now @+ib=Va? +b" ( "| 


wo 


P dina? +67) +itan * a \ a Ge ke aaae 
2 a)f 
P tape =f 
— sini = ini@ +6) and ylnm = ptan| — 
a 


2tan' (2) 
a 


Hence ~=—.~* 
In(a? +8*) 


9 Letz-(1 + Amene 
Solnz-In(l-Alnd-A 


Which is purely real hence z is purely real 


TEXTUAL EXERCISE 9: (OBJECTIVE) 


1. (b) Letz-In (1 tance) - In (sec @) e%} 
=> z-In(seea) (a | 2nnyi 


Hence real z — In (sec a) 


2. (a) Letz—In(-1 - )-In-1 -) 


- (1nJ3-+221)-(1nv3-38)) =, 32, 


ia 
4 2 


w 


@x =i P82 —e088) 


1+sin@ +icos? 


( 0 oy ( 1O., 2) 
cos—+sin—] —?] cos’ —-sin — 
-iln poe: Saba? Se A SS 2 id es 


( 0. OY ff 30 4) 
cos—+sin—| +/| cos’—-sin — 
paar} 2 2 
( 0 2) ( 0 2) 
cos—+sin— |-7| cos——sin— 
= fal 2 2) 
( a, 0),| 0 
cos +sin= | +i] cosS— sine 
Clear} re} 

(8 =) Ce 

sin] —+— |—feos}|] —+— 

274 274 

=iln| 42 "2 _\4 47 


* e a (2 ‘| 
sin] 7+ |+reos| 7 + 
24 24 


whieh is purely real 


S 
= 
oO 
g 
im 
u 
u 
—s~ 
Sas 


w 


a 


“4 


wo 


. @) G2) 7 Hz, - 


cota scare 


a 


So Inz = {ina +9 {2s} 
2 
4 x, x ca 
: (in va-+4,) 41) ~ Skins 


=> z=e let > 


Re(z) = ¥2e 7 


(c) Let 2= 


(b) Let z~ (1 + ¥3%y, then In z — i In (1 + N34) 


- i{ina+Zih ~ ~24i1n2 
b | a 


5 Qk? at” 
Hence z=e *e"" =2'e > 


(a) Given z ~ 2 In(v3 


ete 
COsz = rt 
2 
So cosz = OB =D" #3 =D" _ (3 +" +463 -0* 
2 (4x2) 
_ G+142¥3)+4G 41-2V3) _ 20-6V3 _ 10-33 
8 8 4 


eye) 
(b) Let z= ino) -(-") 


=> inzeZilinzeiZ) - 2 4/ZIn2 
2 3f 6 2 


Henee Im{lnz) = Sin 2 


TEXTUAL EXERCISE 10: (SUBJECTIVE) 


Also 2. 


-1)7iz,-2, 
_O+Az, -A+Aiz, 
1-F 2 

or 2z,-(1 liz, 1 de, 


Gi) Similarly z, z,- i, 
=> 2(i I)- &, z,gives2z,-(1 fz, 1 Cl dz, 
ca 2x 
~ (a) teal apr oo 
x 2a 
¢, Arg(z-2-)=— or —— 
ic, Arg¢ ) 3 or 3 
(b) Given z,-( 2, 1) and 2,-@, 1) 
3+it2+i 5 
> soe eae 


i 


sy 


4. 


w 


~ 


Complex Numbers 5.119 


3 
and @=1454; Nowd =Im(zZ,}—Im{6_ 11 213i} -i 


Ilence the equation of line through z, and z, is 


(-di}re(ege)e-i 
2 2 


(a) Given z, -z, 


Oo 


i(z, —z,) squaring both sides, we got 
af +2] - 222, =-(z} +2} -22,2,) 
So 2) +22; +z; =2z,(z, +z,) 


(b) When right angle is at z,thenz, 2,- iz, z,) 


So, 2)- @, z)Pandz, @ 2) ( 2) 
Squaring both sides, we gel (2, 2,)°-(2, 2? (2, 2? 
22, 2)@ 25) 

- (@, zF'1@, zP'12@, 2@, 2) 

So(z, 2)'-2@, 2)(2, 2). 


Sinee z,-1 —|z,-1 ~|z,-1 ~7 (say) 
=> AG,), BG), Clz, lie on a circle with centre at (1, 0) 
with radius r. 
=> (1,0) is the Cireumcentre of ABC 
2 t2,+ 
The centroid G of MaC = 142745, 
‘The centroid and Circumcentre will coincide only 
if MMBC is equilateral in that case z, 2, 24-3 


(a) AABC is equilateral so 2)-2,=(2,-2,8" and 


(2-4)e* =(2,-4) 

Multiplication gives (2, 2,-(2, 2), 2) 

ie, @2 2) 1222,-22 22,122, 2,2, 

So 2,7, 
(b) MMBC is an equilateral triangle. So circumeentre 2, is 

the same as centroid 


zz zz .— 


z 


2,42, +42, 
e, oe 


= 2,; as proved in part (a) 


tee 422-Ase -20,- 
rz +z,) 422-222, —27,-2,2,) 


2 3¢2—22—-2)- 922 
ie. 3-22-29 - 92 
iyietg gaeaee 

Sozit+22+22- 32, 


Given 


= a i 2? iy 2p— 22, 1 ZZ, 1 22, 
As proved in question 5. part (a) this is the condition for 
an equilateral triangle 


Clearly, A ACE and ABDF are equilateral A’s with same 
centroid Z,, 


a+ +2; =327, qd) 


and 23 +z, +2; =32z9 ai) 


5.120 Algebra 
E(,) be, 
F@)€ ce, 
A(z,) Bz,) 
u 2 2 
(i) and (ii) gives }2r* = 625. 
S 
32-6-31 
8. Arg{ 98) sepresens the major are of circles 


with centre at C4, 1) and C,(@2, 3), respectively, and o} 
radius 2 units as shown below: 


Also [22 3 i —3or 


ata) 


3 
with centre at 4 3 3) and radius — 3/2 


2 
3_,/ (1) _ fi,9_ vio 3 
MA=,\|=-2] +{-=-1] - J-+2-*=>= 
Now, (= ) +4 ) p 520,23 


The cirele |2z - 3 — 7 — 3 will cut the lower cirele possibly 
twice and will not cut the upper circle 


3 5 
Now MC, = (+-3) (143) - P59 N34 


3 ‘ 
= 5 represents a circle 


2 4.4 2 
3 
nin ast2as 


nie 


=> ‘Two circles one with centre at Af and other with centre 
at C, will cut each other. 


Clearly two complex number are possible. 


9 2-prtq-(e-z)(@-2)-0 


YX Be) 


A(z,) 


=> 4,-2,-—pandzz,—¢ 
Let C be the mid - point of AB 


iy 
ate Vl opcas® OB eos 
2 = 2 2 


=> (OCP=0A OBeos 


So OC = 


ie, Vel oa zleos*@ or [pl =4la| 


4 
cos’ — 
2 


10 An equilateral triangle with height of 2v3 units is formed 
with each side of the MMBC — 4 units as shown below 


Y 


B AK =ON3 


t 
Area of the MBC = ate 23 =4V3 square units. 


1 
11 Arca of the AdBC — MBC =a area of square OABC 


1 
=s labels > 2-15 > 7-4 


Biztiz) 
(iz) 


12 (a) Given |z, — 1 and |z, -2 


Now [2z, 2, $22]! z|-4 
=> Max. 22, 12-4 
(by lz, 14) Sk balsa 2 


Sols, 2,$3) = Minz,!z|-1 


1 
©) 4t—=2,+%, as|z,-1 
x 


1 = Zs 
=> lat - 247 /Slz,|+ 4 
ea "i 
1 
=> |2.44$3 
a 


13 (a) 2+G+4i)F +G-4i)z+24=0 
= ty tz4+7)+4Z—-2)+24=0 


So x'+y* + 6x + 8y — 24 — 0 which gives a cirele with 
centre at (-3, 4) ~ -3 — 4 and radius 1 units. 

(b) Using the distance method z- 2-3? +|z-3-if° 
apo 
So 227 -5S(z+Z)+10=0 


z-@Gti) a 
excepting points (3, 1) and (2. -1). 


ve 
Aliter: are 92) 2 gives the required circle 


2 
(©) $s Arg(z-i)- Arg(z +i) < a : Using rotation theo- 


rom we get that the locus will represent the region 
cnelosed between two circular ares formed on the chord 
joining i and -¥. The figure is shown in answer ke 


. (a) 272 

=> z+ 2 lies on the circle of radius 2 units centered at 
(2, 0), The figure is shown in answer key. 
ie. [2-2 —2 

(b) 27-2 

=> 2 +z, lios on the cirele with centre z, and radius 2 units. 
The figure is shown in answer key. 

(c) z-(1-#)~ zZ-(-1 + 4) represents a circle of radius 
2 units centered at (-1, 1). The figure is shown in 
answer key. 


‘The figure is shown in answer key 
(a) 2 with least positive argument OA - 20 units as 
0+ 6-90" 
So point A — (20 cosd + 207 sin ) 


~ 20sind +20/cos6 -20(3) +202) - 121 16% 
3 3 


(b) z with greatest positive argument by symmetry 
(about y-axis) is point B — (-12 — 161) 

(c) The point with smallest modulus in (0. 10) — 107 

(d) The point with greatest modulus — 40i 


Given: kis a real positive number 


(a) 2 &|—kgives a circle of radius k unil centered at A(k, 
0) observe that 24rg(z)— Argtz ®) 

=> Tne 

(b) Observe that Arg(z 

=> False 

(c) z,,,—2kis tue and holds where 7 — (2k, 0) 

=> Tne 


Hearne 


(a) 
> 
() 


oO 
(@) 
(a) 


(b) 


(hy 


(i 
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Zyq, ~ Ois true at (0, 0) ie. origin. 
Truc 

(Arg 2),,,, 9 2 is truc as (0, 0) is onc end of the diam- 
cter OAB. This is the limiting valuc. 

fi.c., approaching to) as z + origine from upwards 


side = Tre 
Je-# Rk +VRP 410 = True 

le 

1<|z | 2% $3 locus is the shaded portion between the 


cireles |(z - 2%) — 1 and z - (2) — 3 boundary of 
larger cireles is included but the boundary of smaller 
cirele is excluded. 

The figure is shown in answer key. 
Re(z) = 3 given RHS. of the line x 
gives the area between the lines» ~ 2, 
The figure is shown in answer key. 


3and Im 2] =2 
2 


Es Ampis) <= is represented by the shaded area, 


The figure is shown in answer key. 


Arg(2)= and i 


5 gives the linc segment of y-axis 


where y € (0, 5) 

The figure is shown in answer key. 
Given |jz—1?-|z+1?-4 
Letz—x- 4 
(x= 1) = @e- 1-y*- 4 gives ¥--1orx+1-0 
The figure is shown in answer key. 

z—i ~— 1 and Arg(z) ~ 2/4 gives two points (0, 0) 
{which we can not include} and (1-1) 

The figure is shown in answer key. 

z+i— z-2 gives the right biscctor of the line seg- 
ment passing through (0, -1) and (2, 0) 

Locus of the straight line is 2y - x - 2 — 0. The figure is 
shown in answer key 
zr l-2z 3\-2 
passing through these three points 

Now x ~2 {right bisector of (1, 0) and (3, 0) line segment} 


il locus is the centre of the circle 


Sol? y?-1 y?-4 ( 1)'gives p-2 
z-2 2 

‘The figure is shown in answer key 

Givenz 4-[ J-2z 54 


Observe that |z iJ—|z 5i givens y— 2 
Now z 420 gives the exterior of a circle centered at 
(0, 0) and radius 4 units. Consider a point 

P(z)on the line »— 2 

Now [:| 4 — PA (as shown) and [z | 54 — PB whieh 
can never be equal 


Hence no solution is pes shown in 


answer key 


ble. The figure i 


x 3a sx 
Given #-Argz|< a gives re <Argz< a The 


figure is shown in answer key 
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(i) 2-7 — 2-7 —2 gives the line scgment joining 4(0, 1) 
and B(0, -1) 
2-1) + z— 3] > 2 gives an cllipse with focus at (0, 1) 
and (0, -1). This will cover the whole argand plane 
except the line segment AB and [zi | |e 7 <2 gives 
no solution as distance between 

A(O, 1) and BO. 

So no locus 


1) is 2 units (the minimum required) 


18 (a) z-1-z-1 
and (-1, 0) 
The figure is shown in answer key. 
(b) Arg(z — ) —Arg(z - i) ~ 7/2 


4 gives as ellipse having focus at (1, 0) 


zti cig Y 
Means Arg) —— => aives the somi-cirele on the 
z-i 


RHS of y-axis. 
The figure is shown in answer key, 

(c) 1 = fe -(2 — 3/) = 4 gives (interior) the area between 
the circle of radius 1 and 4 both centered at (2, 3) both 
boundaries excluded. 

The figure is shown in answer key. 


() a< Avge <4 area between the line y— x and y - V3. 


(both boundary lines excluded) 
The figure is shown in answer key. 


(©) log {ease eda 
cou Biz 2 aS 
= oc ler 21 
3[2-1|-2 2 
Since le I] 4>0903|2 1 >2inorderto get 32 
yo 2>0 
=> 2 1>2/3 


Further22 1] 8<3Jz 1] 2fforz 
z 1>ie,(e 1P1y?> 100 
ie,, exterior (excluding boundary) of a cirele of radius 
10 units centered at (1, 0) 
‘The figure is shown in answer key 

(D) log, 2 > log, 2 :2#(2.0) 

> z>( 2 


1 > 2/3} gives 


Consider z —|z 2) which gives the line x — 1 
So |e|>|z  2| gives the RILS. of the line x — 1 (exclud- 
ing the line x ~ 1) 

i.c., (@ — 1) > 0 except for the point (2, 0). The figure is 
shown in answer key. 


Since z +2=0 
> 2? z +1>0 (which is always true) 
He 3kz| +6, ic. ke? -4z — 3 <0 gives 
«el 


leP- 2-1 


y(z—1<0 


=z <Salso Pe — 1 = 0 is always true 
So 0 < z <3 which is the interior of a circle of radius 
3 units contered at (0. 0) 


The figure is shown in answer key. 


TEXTUAL EXERCISE 10: (OBJECTIVE) 


1. (b,e,d) Given z, 2, —ki(k € It, k #0) 


@ 
From the figure observe that ars 


(so 0/2 — tan" (17k) 
2 


= |tang| =| 


a 


2. (b) Observe that mid point of diagonals is O 
_aty ath 


3. (b) FtaF+az+b=0. gives Y+ 5° - 2ax + b- O 
P-b= 0 
=> @>boral>b 


or (eta)? +) 
4 i, 21-2, 4-1, 2) 


— es 
Alsoz, 2,-e7°(2, 2,) 


Inequilateral triangle circumcentre C 


c(z,) 


AlzZ,) LEX BZ,) 


D> tz +2, 42gz, +2925 +242,) =9z4 


e. 
We know 2,2, 


2 Pet tz3)= 927 


Bias Ste 
Hence 2) +2; +2; =325 


. (b) bE +hz-0 =0 
Represents a straight line (for 6 #0).c © R 


aw 


When 6 is a non-zero complex number 
6. (a, b) According to the given 0 =a, <1 
z,~atiz,— 1+ bi,z,-0 
So 1+ 8?~a?-1-(@-1% + (1 -8y 


Givea~b => @+1-2(@+1-2a) 
+ Viena 
ica? dal l-0 ao tet a8 
Hence a — 6 — (2 | ¥3)or(2 V3) 
YY (a+biy 
(ati) 
Z, ‘ 


V..4a) 2 
So 5z — 1 will give a circle of radius 10 units centered at 
(1,0) 


8. (a, b,c, d) Verlices of a quadrilateral are a@—1 1 2ib- 3 
2 Bid-2 2 
jandb d- 1 


hes 


Observe thata |e - 1 fand 


AB*- BC? — CD? — AD* — 17 (as 4 1:17) 
D(2, -2) C(-2, -3) 
A(1, 2) B(-3, 1) 
Now 48 =-4-i and 7 ~4i 


Observe that AB{-i) =1-47 = AD 


il. 


13. 
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Honee sides arc cqual and at right angle to cach other so the 
quadrilateral is a square. Sine a square is also a rectangle 
as well as a rhombus as well as |jgm 


. (a, ¢) Given OP - OG 


Where p~a—ib and O-e +d 
Soa+c-b-d-0;Also|at ib ~ c+ id) 
Arg (a + ib) — 2 + Arg (c~id) 


Y Platib) 


{e} 


Q(ctib) 


. (b) AC — 28D. We know that AC and 8) biseet each other. 


5 
ie. at E]—.0]. 

ie. 2(5.0) 
Hence Ed = 2 ED(i) = 3 +4i)i gives EA = -4 43% 
A 


3 3 
=> 442437; A=-—43i or 3i-— 
2 2 2 


D(4+2i) Cc 


> 


A B(1-2i) 


(d) Sinee the centre is at origin and sides are parallel 
to axes 

The vertices are as shown so the sides are 2a and 2V3b 
=> Area—4 V3 ab square units 


v2 


(by |2+1|= ET 


(z #-1) 


=> z+1?—y2orz+1 — 2": which represents a cirele 


(b) Given |2 +4] 


| {where (real part) R(a) #0} 
Let z- x—iy and a- m+ in 

So (a + my'+ @ ny @&— mY OP 

=> dmx — 0; since m ~ Real (a) #0 sox- 0 

(ie. z~ O— iy where y € R) ic. y — axis is the locus of z 


2 -|z|41 jz|41 
(b) log ..| ~~ | <2. Gives 0< ~~ << 
8 |g +2 Je|+2 
Since |z|-2 > 0 
z?—|z —1=0 (which is always truc) 
Gives |z?— |e] -1 <3 z +6 


or z7-4z— O.s00<z <5 
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iP 
15. z+e 
3. (¢) 3 
So the locus is x ~ 0 i.c. y — axis 
16. (b) Observe that |z -1|=|z-2|=|z-3 


17. 


20. 


21. 


22. 


24. 


Represents the circum centre of triangle. 


(a) 2-1 ~\e-2|- 2-3 
Given the circum-centre of the triangle (as these points are 
not collinear) 

Only one solution. 


. (bd) @— aya => z-a-af, a0 — af, ao? of 
Z represents vertices of a triangle of side V3|a. 


. (b) 2 — Land z,, 2, 2,ate lying on this circle and [z, 2, 
lz, zJand z, 2, represent the sides of the triangle which 
gives a maximum sum when sides are equal 


> Dh 
(b) Given: 2 21] - 22 

Observe that the angle formed by the chord joining ( 2, 0) 
and (2, 0) subtends a right angle al the centre (0, 2) 


(b) Let MBC be as shown where z, and z, are along x-axis, 


thenArg 2, -2, = 28-120 and argz, +2, -2z, = 3 =30° 


So are{ 


If °C? is considered then Arg will be 2/2 
@)azlaz lat 1 

alle] a,lef t.. 
T<3¢z2 I izth.. 


a||2"- 1 = But a, < 
ht) <3] P 


ml for <1 => 


=> 


z lies outside the circle z — 1/4 even when z 21 


% 


fay 2k 


Given =1 then 2) +z) =42, 


This will be possible when z,, z, and origin are forming 
an cquilateral triangle as proved z, — 0 ~ (z, - Oye** 


io 


Given z, ~ z, are the roots of z*- az + 6-0 
z,+z,7—a and z,2,~ 5 


a 


Since line joining A(z,) and BG,) passes though origin 
z,~ kz, eR; k #0) 


{Ifk—0 then z,- 0 > 5-0} 


So z,-z,~z,(1+k)—-a gives 2, (for  #-1) 


2 
ee Led 
(=) 

a _ (e+ 


lence which is real, when kK 1, 


a 


then z, | 2,-0 => —=0 bis real 
st b 


25. (a) Given z|— 2 
Since |z| > 0 is purely real 
z must be a purely real non-positive number i.e.,.x <0 
and y=0 


26. (c) Let D the centre of the square then radius of circle 


- led 


‘The equation of circle is 


. _ 2149) 
2 


. (a) According to the given condition 
tan? = HED 
2 Retz) 


2 


so tan® =n 3630-7 
2" 4 


n78 


28. (c) Given z, - landz,,z,.2,.......,are in GP. 


Also z, 12, 2, | | z,—0 (where 2,= 1) 
‘The regular polygon will have ‘n” sides. [lence Incentre and 
circum centre will coincide 


=> Distance is zero 


30. (a) 2,-F=(3-4ie 8 


se, Se, 


29. (d) As shown (x-1) +i€y +3) =2e © e 6-2, 


sox- landy— x3 


>< 


>X 


(-1/2,-V3/2) 


Hence B -( 1, ¥3) 2. (Cireum) centre of the hexagon (0, 0) 
he other points (vertices) will be €2, 0, ( 1, V3), 1X3) 


os 2 


and 2,-i=G-die * 


-3+4V3+3(03 +2)/} and 
~E)faravi-a( 8-2) 


Aliter: The triangle with maximum area will be an cqui- 
lateral triangle 


2av3_a 


We know R = — = a 


32. 
VB(-344i)e“ = 2, 343%, 


Where z, is either 2, or z, respectively 


V3 units 


So @= 


3. 


32. 


34, 


35. 


36. 
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(3 +41) +3 - 3% 
Gives z{3 +4V3 +3( 3 +2}: 
or (2) +4¥3 +3(V3-2);| 


(d) From (Rule ONGC’ we know that G divides OC’ in the 
ratio 2: 1 {C’ is the cireumeentre at (0, 0)} 

" 4 4t24+2, 
Now C’~(0, 0) and G@==-=—, 
so orthocenter O ~ z, + 2,-2, 


(b) Given rectangle with maximum area will be a square 
and the vertex is (3, 3) or (3, 5) 


. (¢) Here |DB — |OA| and |PA — |PB 


(©, 2)i-(@ 2) k where &| - cot 0/2 
©, aC )-@ 2)k 

~ 24% 

_ 2, +2, 


(a) lz, —2, — k,-z,] > 2,7 tiz, 
And as a result the cireumcentre of AOAB is the mid 
2,42, 


point of AB, i 
(a) Given z, z,,z, are collinear also jz, -z ~|z,—2| ~ 2, -2| 


A) 


Z BE, 


= are 
2 

(by tet 2241 

1+. 


= p—2i (where p © R) 


iz 


Soll2z-p 22 2% pa = pz-2 (p li 


2 1 
ie, 2=xty 241 -4) (for p # 0), 
# B 
1 
Eliminating p, 2p —x and —=1—y gives 2-2y-x 
Pp 


ie.x 2y 2~-0which isa straight line 
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37. (b) From the given condition, we conclude z,~ (-2, 0) and 


38. 


40. 


41. 


2,7 1-3i 


>< 


2,(1,13) 


2,(1,-V3) 


(a) 2, = iz, 
(72 = 270-7" 

~ A{l-1-2i} -( 2) Xz) - 22,2, 
(c) 4 ~ 2s 


2-2, 


> &, z)isal60to(z, 2,) 


i 
a he a 
As je *|=l,solz, 2-2, 2, 


A ABC is cquilateral 


(a) Let 2, be the point where a circle of radius ¢ which is 
orthogonal to both given circles, then (2, 0)? — 7? 11 and 
lz, 17/1 16 gives real (z,)- Tas shown 


>< 


2,2, =r +1 and 2,2, +1-2Re(z,) =r? +16 


Pulling 2,Z, 


then z,= 7 


7? +1, gives 2Re (z,) — 14, so Re(z,) = 7 
cst (say) 

=> agers 

=> (1% ta?-1=484a" 


=> |2+7-ail=Va8torweR 


@) 2 | lah 
= yop 4ey-@ 
Solving we get, — 0 


Qixy 2111 


erly 


= 2 lies on imaginary axes 


42. 


43. 


44. 


45, 


46. 


47. 


@ Given w= 


z 


and [wr] —1 


1 

I aes 

=> Im(z) 7 
This gives the straight line y ~ 1/6 ic., Im (2) ~ 146 


(b) As shown the centre of the square is (1, 0) 
Let A(2, V3), then C(O, V3). 


Now CH is the median of side BD is ABCD 
A(2,N3) Y 
® \z-tJ=v2 
B ’ 
co, 


(©) We observe that area is represented by z 1] > 2 and 


|Arg (1.1) <W/4. 


PA 
, —— =3#1 gives acirelc. 
(c, d) BE-6, 2), PB gives a cirele. 


Let C and D be the two positions of point P where line AB 
(extended) will be a linc of symmetry (or Diameter) 
2-2+6r-18 — -16+4F 


=-4+i and 


-10+4¢ 


So the circle will be having its centre at the mid point 


si 5 
of Cand D=-7+% andit radius r= ae 


2, +2, +2, 


(a, ¢, d) z,| 


= 2) Vand 


=> G-(0,0)- circum centre. Hence the AAC is equilateral 
= Originis orthocenter also z +2} +2; = 42, and area 


of the AABC = ~~ square units. 
(a, b, c d) 0, 2,, z, form an equilateral triangle then 
qtatz —27, 22, 22, 


Pulling z,- 0, we get 3 +2} 
Argtz,) —Arg(z,) — 23 also |z, 


Further usin; = we gel Z)— 2, = 
Furth 2 = 7, Az) -Z,=2,¢ 


ae 5 
weld oe ee 


48. 


49. 


(a,¢,d) [32 # —%z | 2| will represent a circle when Sel 
Hence 2 — 1, 2, 5 will given circles 


(a,b, ¢,d) 2-2,|—z-z, —& where k € R when k= [z, — 
then the locus is an ellipse 

When & ~ |z, - 2,, then it the line segment AB {joining 
2, and z,) 

When k= z, -z,, thon it gives no locus. 

If z,—z, then 22, -2 —& 

If k~ 0, then we get a point z ~ z, 

If k > O then fz —z, ~ k'2 which gives a cirele. 


SECTION III: (ONLY ONE CORRECT) 


. (d) Given Arg(e)— Aneto) => and z@ -1 


Using Arg(Z)=—Arg(z) we get ~Arg(Z)- Argo =5 


> Argti) =~ => Fo=-i 
{Since z@|—1,s0 7a |=1} 
. (a) Letz-(1 1201 @)" (i @ 202)" 
Soz-(o' ("= 1" "0 


3. (d) 225 - 3a + 8 7¥ + (30? + 80)? — 225 — 9m? + 64@ + 
48 — 9@ — 64? — 48 
— 273 — 73@ + 73@*+ 48 — 248 + 73 (1 -—@ + @*)— 248 
4. (¢) Given wa(2)-0 = © is purcly real 
ie.,2,—ke, where k>0;80 2, 2,-[, iz, 
5. (c) Given z,-z, ~|z,-2, => we()- af 


2 
. (a) Given || — z,| and on(]- 
z 


= 2,- 2,802, 2-0 


(©) Given 0 = Amp (2) = 7 


=> Amp (-2) ~ -m — Amp(z) > Amp (@)—Amp(z) - x 
z-1 _ (z-I(E4+l)_ -14(z-7) 


8. (a) Let == — - W— "2 - = 
z+] (+DE+) (@+he+) 
Since z, is purely imaginary so 27—1=0 ie, 2-1 
9. (d) Given 2-2 +[z+2 <4 


. (©) Given z £1 and 


For kz — 2 — |z — 2 ~ 4 wo ect the line segment joining 
(-2, 0) and (2, 0) 
We get no solution for z—2 +|z+2 <4 


= (2-2 )E-%)=0-2)0-&) 
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gives 22 +22, 


= 2Pd-2)-d-kP) 


14.2227, or 32(1-2z)=(1-22) 


Since |z| 7 > 2/71 
11. (4) Given @ =>. where 2 - Land |a £1) 
(a—2zz -1) 
z |e 
® =———_—_— = 
(a@-zX@27-F) (a 2a 
1 il 
~ (a-2@-7) |a-z? 
Since ja #1 andz-1>a>0 
12 (¢) azt+bF+e=0 vei) 
=> art+he+7=0 wee di) 
Multiplying (i) by Zand (ii) by B and subtracting, 
we get a2 - bbz = be - ae 
=> (a*- by 7- be -ae vee iii) 
a —|bland Ge #bE (given) 
=> LHS—0 + RHS 
Equation (iii) is satisfied by no complex number z 
= There is no solution 
13. (b) From above question (al? |b[)2 - be - He 4G) 


Now, @ -|b| # Oand ae = 42 (given) 
=> LHS.-RHS.~0 Wz lying onaz+bF+e= (ii) 
Now multiplying (ii) by @ we get aaz + a@b7 + ae =0 
= bbz +abE +h =0 


(1 aa@=|a['= 6 ?= bb and ae = 2) 


=> b2+47+7=0 (h #0 >b #0) . iii) 
Now (ii) — (iii) gives, (a +5)z+(@ +b) +(c +2) =0 
or &z+a7%+fh=0;, where @=a+b and B=c+e 


Which represents a straight line. 


(@ Given 7= 


ee 2 
=> @-i,=27,-2%, +r 


ie, 2—2,2— 7, 80 z —z —r (as rv 0), the equation 
represents a circle with contre at z, and radius — 7 

(bh) z 2-221 

=> (2-2XE-2)=4 (2-1KF-1) 

=> 27-22-27 +4=427-42-47 +4 

= 3|:[ -22+z)=0 


=> 322 dRe(z)—0 


(a) Givenzz | kz 2k-0 (where & > 0) 
=> Akl - 2k 

Since k > 0 (st k2k>0) 
=> 7<0ie.,z isa negative real number. 
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17. (d) Given |z — 1| ~ |z -3] which is the right biscetor of line 
sogment joining (1, 0) and (0, 1) and [z — 1 ~ 3 will given 
two points on the right bisector. 

18. (©) Given: 2? + az— &~ 0 has real roots z, and z, (say), thon 
2,72,~-aandzz,—5 

So —a, b arc purely real 
=> Im(b)-Im(a)-0 => (im 4y?-dma)-0 


19. (a) 2, lies inside the circle z 
1-5 


5 - 7 and z, lies on 
eI2ie 


Observe that k~ 2, - 2, 

Is maximum when z,(12, 0) and z, ~ (-3, 0). 

Minimum value of & ~ 0, as part of the ellipse lies in the 
cirele 

=> Osk« 


5 


20. (a) Given a ¢ 0 and Re(zia) — 1, which represent a straight 
line 


21. (b) sintln G9 | cos (In Gi) - sin) +cos{-) -1 


22. () Givendé 7-05 x= a5- tin 
So roots are In(jtand In(-) 


23. (d) z -Landz# +1 


is purely 


imaginary (here x # +1.» 0) 
z dy 
I= |l-2°F 


excluding the origin) 


ropresents a straight linc y-axis (but 


So —~~ will lies on y-axis 
i=? 


24. (©) We know that 11 @ | @*-0 
When a (air die is thrown three times then n(S) — 216 
Letr, — 1, 4, r,-2, 5,7, — 3, 6 where r,, rr, can be 
permutated in 3! ways 
Number of favourable ease n(#!) — 2 x 3! — 48 
482 


Henee P(E} === 
216 9 


28. © sinfo® oq 2/6} - sn(-r-2) 


x) 1 
— -sin| x+— | =— 
( *) 2 


26. (b) a, 6, ¢ are integers not simultaneously equal (but any 
two may be cqual) 
So aw — bo? | el? (aa | bo? 
BY c2—(ae — be ~ cal) 


c) (am? boc) - a? | 


= ste by +(b-cy +(e- ay} 
So jaw — bo + ¢? > 1 hones jaw — bo? + ¢ > 1 
or ao bo 21 


27. (a) Given |z, ~ z,| but z, tz, 
Let z,—x, | fy, and z,— x, | iy, where x, > O and y, <0; 


Which is purely imaginary 


28. @) |e 1 
ellipse. 


Jz 3)<8 gives the boundary and interior of the 


he point ( 2, 0) is at max distance from (4, 0) 
=> 7-4 € [0,6] 


(-2,0) 


20), (49) 
(3.0) 


2%. © F ze 


Lot z-x + iy, then 


ey lay l (x H) ( x+y? +@-9))= a) 
Gives ax ale ry 4(2ey tye ey) =0 
Gives (x +yi{ax +P} =0 
Hither 2 =0,9=0or (2 +yety ) =0 


kP-0 


=> x <0; squaring we get x? | y? — 4x? 


So y — — V3x for x < 0 gives two says starting from 
(0,0) as shown below. 


(3/N2, 3/N2) 
A 


pono 
v2 V2 
sae Peres as4o( z+ 


v2 V2 2 
31. (a) z,-1 +21 


So OP =-2y2 +i2V2 + 


A~6+23 
2,76 + Si 
B-7+6i 
2(7,.6) 
@e65) 
(1,2) 
(2) 6,2) 


Vector OB moves about O by 2/2 in anti-clockwise 
direction 
=> 2,-(7 6I- GIT 
|z*- 


25 
32, (a) Given: = 24 observe that [| ~ 25 satstcs 
z 


33. (b) z, 2, —(z, | zlandz,— sane = 2 6 
2 p 


2 
> 0]~60°. Ilence the required angle is ~2|6|=—* . 


35. 
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x 


= |tand|= 1 £>jo}=tan (2) >2 


ue 
k 
aft 
So |26|=2tan’ 'G) (where 20 > 1/2) 
We observe that anticlockwise direction means the required 


angle ~ -2|6|=-2tan' (3) 


Now tan” =F tan' (as0<k <1) 


po 


=> -2tan ‘(z) =-m+2tan “k) 


(©) Given z,— a+ ib and z,—¢— id 
= @-B-e+ Po 1 
Now Re{-2,7,)=-ae—bd =0 


=k (say) 


i 
=> BU-F)-a'+B-1, 350 = z 


ae 
Similarly (1 —#2)- 1 
fe BOE 
Case): b-c,thena-—d 
Case fii): b- c,thena-d 
Using this result @, —a@ | ie 


PHI 
Similarly @,- 5 td 
> o,!- land Re(@o,)=ab+ed =0 


> o@f-@ic-a 
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36. (a) 2-5: <1 minimum amplitude is given by the tangent 


: J 
fom origin in the 1* quadrant observe that sind =~ and 


OP = 24 =2V6 ; using 0 | 6 — 2/2 we get 


P =2¥6 {cos +isind} 


_ 2v6  2V6X2V6)1 _ 2V6 | 24 
5 5 


37. () The required complex number - Se-48 = 54101 


38. (©) letz,=(1 Oz, tz 


=> 2,52, iz, WB, 


z 
=> 2, 2,-H(2, 2) 


=> 2,-2, ~|z,-2,| and Are{ =i 


=> 4,2, 2, are vertices of a right angled isosceles A 


SECTION IV: (OBJECTIVE TYPE) 


1. (a), (©) x? 2y cos? | 1 - 0 has 


p= 20089 EV4c0s" 0-4 
2 


~~ 


roots 


x =cos@ tisin@ =e”. When the roots are x” - e 
2x cos nd | 1-0 


cos 20) | sin’n — 0 


then the equation will be x? 
= Which can also be written as (x 


2. (a), (b),(e)z, ~ Land zJ-2 
2z, +z, S2ke, —|z, — 4.80 max 22, +2)—4 
Minimum z,—z, -k|-1L 

1 1 
similarly |2, +—|<|2, +——=2+1=3 
1 al 


3. (c, d) Given fix) ~ P(x) — x Ole) 
Now Ax) is divisible by ¥ —x + 1- @- 0) (02) 
=> lo)— PC) + @ QC) — 0 also fo?) — PU) + @? Q(1)- 0 
Which is possible only if P(1)— 0 and GQ) — 0 
ic., both P(x) and Q(x) are divisible by (x — 1), then as a 
result f(x) is also divisible by (x — 1) 

4. (b, d) Observe that option (b) gives x* yy iQ2yi) | 1-0 
which gives a point cirele at (0, 1) 

( = i) z . F 
Option (c) arg] —|=— gives a circle at (0, 0) with 
zt+l} 2 

radius r— 1 unit, 


represents y-axis 


tion (dy [24 
Option (4) z+] 
‘i l4z 1-2 4+(2-%) 

Ref ——|=0 yes. ————_— = 
Option (a) (#2) gives diz 
z?- lie. z -1 whichis acircle 
(@). (b). (©), (@) Given [4-21 
(,-4X%-%) = -F.1-42,) 


P _ 2Re(2,z,) 1+ z, Plz, ?-2Re(z,z,) 


-2,2,| gives 


” 


= [al + 
gives 2,21, fz,2-1 

Sinee z,| — fz, — 1, so these can be represented as e% 

where 6 € R. 


a 


(a), (¢) Complex number satisfying z- 12i ~ 2-81 will be 
z~x+ 10 and the complex number satisfying |z—4 ~ |z—8] 
will be z- 6-37 
So z~ 6 + 10 will satisfy both the equations. 


z-a 


x 


. (b), ©) are(# =e 


origin with radius a. 


x 
)-2, which is a circle centered at 


8. (©), (d) Given z|~ z)—2,|— 4 and z, + 2,- 0 
Biz.) 


yy 


= AC is the diameter (as z, ~-z,) 
Hence the points will form a right angled triangle. 


z — \3i which is purely imaginary 


2 


2 2|—\B3also zt z- 1 which purely real 


10. (a). (0). (©), (@) Max 2] — VS — 1 and Min [z| — YS -1 
for zat B and z at A respectively 


1 
Max. Arg(z) ~ 2°2 at (0, 2). Observe that sind = 


tl 


+ (2), 0), (©) log, ,f10R,4 (2? 


12. 


13. 


1 
1 


tang =4 => tan2é= 
2 = 

4 
-20 .s0 wes asin 3) 
4 4 


az 
O<log (lee 142 13)<1 
z? dl] 32/2 

AeP 18215 
All (a), (b), (©) represent subsels of set of complex 
numbers set. 


3} >0 


0, which is always true 


(b), (c) Given log, , 1-34 = Log, ,, [4-31] 

Observe that |z— 27 #0, 1 

Case @: 0 jz -2i|~ m= 1, then log,2 > log,5 

Which is true and meaningful. Obviously when 

|z—21 — n> 1, then log, 2» log, 5 is false 
0 = |2 - 23] < 1 is the solution 
ic, (z - 21) lies inside the curve e® where 8 € R except 
272i 
Since z-2i «5 forms a larger circle so the solution sct 
of z also lies inside this curve. 


142 
(b), (¢) Given |z| — 2, then = 


147 1 


wze+z 


. (a), (b), (eC, B+Fetar+y=0 isle (a)*-la? x 


-(ve Tp) =? whore (la? > 0 


Similarly C, roprosents |z -(-B)|" = (V6? Sy = 73 
=> C, and C, will touch externally 
je Bl=via*-y +i fh? -6 


Also C, and C, will be orthogonal if 
a PP=lo? yt lpr & 
ie, laf+ B?-af-apsal+ Br-y~-6 
=> opt+apayr+s 


when 


. (a), (b), (¢), (d) Given for & = 0 |z — ki] — lz — ki — 3k 


Which represents an ellipse with focus at (0, &) and (0, —&) 
and contre at (0, 0) 

So major axis is along imaginary axis and minor axis is 
along real axis 


¢ 3 
Now for @= ae and b= ree . the cecentricity e — 23 


a 


22k 
e 4 


So the directrix is Im(z) = + 


. (a), (¢), () A a{A +3] and cireumcentre is at origin. 


Thus circum radius of AABC — R — 2 units. 


Incase of equilateral triangle. In-centre, centroid, orthocenter 
and cireumcentre all are at the same point 
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¥, 
at 
(0, rx 
B 
Also in equilateral A, So lunits further 


3B 


2N3 units 


a= 2Rsin~ =2(2) 


2 


17. (a). (©), (d)z~ 1 — Az, + iz, represent the line segment join- 
ing z, and z, for t € (0, 1) 
=> 2 2|lz 2]-4 zJandAnmz—Agzia 
Observe thatz 2, and 2, z, are collinear and are in the 
same direction. 


Now =0 gives 


Iz, - 2 


%,-% 


z-%, 


27% 


Which is complex slope of the line and it is true 
sin (=) + =e +7 tan(x) 


1+2hsin( 2) 
2 


18. (a), (b) Given z= be real 


= {-2sin2) {sin +e0s2} 480% =o 
© 2) 2° 2) cosx 
cos] 

> (253) sin + e055 — 2\9 


cos. 


a F ‘ 
Now any = 0 gives x — 2nn (where n € integer) 


x z 
Solving the other part sin som 2{ 


x aX x 
so cos{ =}{-2sin*= | (sin Joos 
2 2 2 


given sin — cose or tany — 1 


=> x-nm+m4orna | tar'!jne Z 


19. (@). (2,07, 
= x,<x, andy, <y, forz,—x,—W, and z,—x, +5, 
LIctz-a-ibandl az > 1<aand0<b 


-1 
Now 7 


3 
4 4, .clearly 1:2 <1<a 


B 


3 
12 <a and 3 oes =>- 
2 2 


2 


<b 
w? Az holds good = (a) is true 


1 
Now w=-2+7 
low 5 


2 
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3 

Here — 1/2 = @ but Kes is not sure 
=> wevz does not hold good 

1- 1l- ib 

Further ( 2) _( IC +iby 
l+z (+(a+sb) 
[d-a)- i] [a +4) -1] 


(+ay +B? 


~ (3 ss) -a?-b*) +i(-b-ab-b + ab)] 


< ee eee: 
aT pa med peek i 8 
l+z) (lta +h? (+ay+s? 


wi to(!=) 
l+z) (+a 


l-z 
—|no Be c 
( ==), holds good .. (¢) is also true 


<0 asb20 


SECTION V: (ASSERTION AND REASON TYPE) 


1. (a) R: Roots of equation 22 | 4z 
@ 2-4 4-40 9 


= (2-(2)}'=4vze" 


4i — 0 is given by 


4 
=> 2=-242(2!"Je “and product of real parts is 


(2 -2N2) which shows that the reason is true. 
A: Statement is true as the product of real parts of roots 


= (-2 { = Views’ =} 


- i{-a(Sey aa, 


So Assertion is derived from reason. 


2. (a) Reason is obviously true as straight line segment is the 
shortest distance between the end points of curve. 


PT 


=> AP<AP(minor) > 20P sin < (OP) 


= dpsin2<e],| 
Ps 


8 
2 


=> asin”? <0 
2 


8 
= jsinas 


Zz 
Let —=cos@ +isin@ , then 


Fl 


ps) —1+ésin | — 2sing <|0| = fare] 


arg) 


= Assertion is true and supported by Reason 


3. (b) RR: z, 2, <i, kz, istrue 
1|_3 
A Assertion is true as | +5]=— when 2— 2and itis the 
1 
least value of Jz +> 


But it is not supported by |z, | 2,|< 2] 2,) 


4. (a) R: Statcment is truc. Now set A — {z: z + 2i] — 2; 
zeC} 
=> zlies on circle of radius 2 and with centre at (0, 2) 


(0,-4) 
Set B= (2: Arg (2 3) ~ nid or ~3n/4} 
Shortest distance (from the centre) — $ 


Shortest distance between the curves 
7 9_5v2-4 
V2 2 


Which is true and it follows from the reason. 


5. (a) R: The statement is true 
A: As z1 (31 20|<4 (given) 


8. 


So from z,|- z,| $|2,—z,, we get 
lel - -3+2% <p-(3-28 <4 


312i] <4or |2|-Vi3 <4 Jie, |2|<4+V13 


> £ 


=> Maximum value of |2|=4+¥i3 
Similarly from |z, +z < |— 
Jz +(-3 +28] < 
24-3 
Minimum value of |z| = 4-13 


Sum of minimum and maximum valuc ~ 8 
So assertion (A) is true and it follows from R. 


z,, Wo get 


VI3 or 4<|2|+-VI3 


. (d) Clearly the reason is true. 


‘The region represented by inequalities 


kke-3)<|z-1| 10} 
23s 5 Gi) 
z isk dj Gi) 
And|z i] z 54 Gy) 


is as shown below 


p|(2,3) 


C(4,3) 


Thus the area of solution region solution is 6 square units 
as (2, 0), (4, 0), (2, 3) and (4, 3) are the vertices of the 
quadrilateral so formed. Hence “A” is false. 


. (a) Clearly, the reason is true. ‘The centre of the circle will 


be at (6, 8) 
al4 
Y. 
‘ 
(z,)(3,5) (z,)(9,5) 
So z 6 8i—3V2—radius of the circle 


=> Assertion is true and it follows from R- 


(b) R: Clearly, reason is true. 
Given: z—1 —2|z-1| obser 
is at (-3/3, 0) and radius is 4. 
z+]|_ 
j=l” 
=> Assertion is truc, Reason is true but Reason is not the 
correct explanation. 


that contre of the circle 


2 contre is at (5/3, 0) and radius is 4°3. 
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9. (a) R: The statoment is truc for the given conditions and 
requirements. 
‘A: The statement is truc and the polynomial will have the 


form (x 1)* (where p €N) 
It is supported by Reason 


SECTION VI: (LINKED COMPREHENSION) 


Comprehension A: 


2 (a) Given [z, - 1, z)-2, 2|-3and z, 2,1 z,[-1, then 


[9z,z, + 42g, + 2,2) —| 257,122 + 2) 


+5720 | 
~ 62,2) (+2 +3) - alk, a) fare) 
— 0) (2)G)0)- 6 


3. (b) Leta th ~ re (where tanO ~ bia) 
a-ih (a-iby re™ 


r 
peas In(e 2”) = -201 
atib 
a-ib 2tand 2ab 
So tan] flan =tan20 — ——__=— 
( <) \-tan?@ a? -b 
4M, 4-k 4 
=> 2,,Q.z, are forming a right angle at origin O 
=> 2,z, is a purely imaginary number. 


Comprehension B: 
& () (Ae 


743i . 
Sum of the roots ~~ where one root is (43%) ~ 0 then 
i 


(713Ne1(6 8-0 
the other root is 1 
6. (b) Since the coefficients are real 


q@and @ aretherools => — 


Soa: b:¢7-1:2:3. 


7. (a) Given 2 + (a—ib)z + (¢ + id) ~ O has one real root (say 
27 p) let the other root be 
Sop+q--a—ihand pg-c—id 


=> ¢g7Ca-p)-iband g= 
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E c da -d 
liquating, we get -@- p =— and -b=—_ so p=— 
P P 6 
d_-ch 
Purting in the other cquation we get —a+7-=— 
=> &-abd-- ch or abd- Be- & 
Comprehension C: 
8 (d) Givenz,-2 1 Srandz,-3 
=> Dot product 4.2, =Re(z,Z,) -Re[G 92 SHJ-1 


and cross produet 2, x z, = Im(z,Z,) 
-Im(2 5) (31 )-17 


Hence 2,2, +2, xz, = V8 =3y2. 


9. (b) 2, ~3 + diand z,~ 4 +3i, 80 2 ~ 21-5 
Now Im(2,%,) 2, z,~(z, |z, sin® 
Im[(4+ 


=> sind= 


10. (c) 2, 5+ 12 and z, 


Projection of z, on 2, 


_ Re(3-44i(5 - 12 
5 
Similarly projection of z,on z, 
22, _ Re(zz) _ Re(S+129G-41) _ 63 
lz oB 3 “B 


=> Re uired sum — $3 _G3218 134 
5 1 65 (OS 


11. (d) z, and z, are the roots of z7—z- 1-0 
P(o) 


2n/3, 


Q(o*) 


Letz=@=e* , 


thon 2,=07=e* and ZPOQ-a #0 


Comprehension D: 


a 


12. (d) Given R= = AB ~|BC|- CA) ~ 283 


So AB? 1 AC?) BC? - 36 


A(z,) 


ciz,) 


13. (d) Nowr-1 5 DE - 3 
=> (DEP I (EKE (KDY-3 313-9 
a te 


= (2,0) then 2,=2e?° and 2,=2e°" 
~-2-2-2--6 


14. (©) Lotz, 


=> Re(2z, 42,7, 42,5) 


sr 
15. (c) If 2,=V3 +i thon 2,=2e%,2,=2e% and 2, =2e* 


= ya-al+ lat al) - vB +4 =4 


16. 


Comprehension E: 
17. (b) A= (2: Imz= 1} = area above y - 1 
B- (|. 2 i|—3} >eircle 
Cc ={2Reql -Az= v2} = xty= v2 
=> Straight Line 


AQBOCis value of given by x | y—V2and(e 2% 
'@ 1P-9 fory = 1 we will get one value. 


18. (c) Observe that z— A A By C lies on the part of circle 
above the line » — 1 


z,- 1liandz,-5 are the ends of the diameter 
= 2 (118? 2 (1? (Wiameter?— 6 - 36 
which lies between 35 and 39 


19. (d) Under the given conditions @ lies inside the circle and 
k @ €@.6) 
Also zal <i 
> 6<b| lol<6 > 


o <6 


SECTION VII: (MATRIX MATCHING) 


1. G) > fa, dy Gi) > 
@) letz-x lp 
Re(z*)=z+7 gives? y2-2xor(x 1% y-1 
Which is a rectangular hyperbola of eccentricity ¢ — V2 


); Gil) — (b, &) 


(ii) Locus of a point z such that jz -2, + |z—z, ~ ®, where 
2 € R' and % £ z, —z, gives linc segment joining 
z, and z, for 4. ~ |z, —z, and it will give an ellipse when 


id) ———- = where m € R' for m — 2 it will give a 
e+) 
straight line (the right bisector) and for m ¥ 2 it will 
form a circle. 


2 (1) > (b, a); Gl) > (a, ©) 5 Gil) > (©) 
(i) We know that in cquilateral triangle orthocenter, Nine 
point centre, centroid and Circumeentre are all at the same 
point (z,) So 27 +2) +2} =3z) — 2,2, +22, +22, 

2s 


He 
Gi) 2— 
AH 


(Z,) 


PaaS 


A(z,) Biz,) 


(As it is right angled isoscales) 


Also lz, 2,2-|ACP BC, But AC - [BC] 
=> 2, 2,2-2@, z)P-22, 42, 4 

As AC] = |BC 
(ily CD = 2 


Biz.) D cwz,) 


=> © 2)-@ 2) 2 


, 2-3, Zen 


1 i 
-3@, 2)@, z)e™- erate nayf to 
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1 <3 
~acnsenf-t A 
-3@, 2)@, ze 
- 3@, 2)&, ze a3 3, Z(2, z) 
-3@, 2)@, 2) 


3. Wc. ¢); Gi) > @); Gil) = @ 
@ Lot 1, 0, 0%........,0 "7 are n, roots of unity 
So @&-1) @&-@)(@-@?)... @-O")—a"-1 
or (8-0) @-@)}0- 0)... 0") 

melee tet 
Hence (2 - @) (2-@°) (2-0)... 2-0") 


444 4 
Gi) [4 +2. 4+2,4+-+2,|-|-+—4+—4+-. 4S 
z 


1 


Since |z| — 2 = 


So zy +24 +25 Fone 


As(l 1y'-"C, *C, °C, °C, : 
(iii) When p is a multiple of n then p — nin (where m, 1 € N) 
(VM = (0 = OP ce (OUI 
=> Sum of the p® power of roots 

FTID Vi Dont, 


4. 


(i) > (a): (ii) > (b); (iii) > (b, ¢, d); Giv) > (@) 
Gi) a. Be Rand o?-48 20 


> i 


-2-az*-p-0 


which is real. Now if a > 0 and B> 0, then o2 4b < a? 
D so we will get all the four roots imaginary 


>: 

(ii) When « — B - 0, then 2? 0 s0 all the roots are real and 
equal to zero. 

(ii) When @ ~ B ~ 0, then roots are real and qual to zero. 
When & <0 (3 may be positive or negative) then again 
roots will be real 

(iv) When a <0 and B <0, then o?- 4B = o2 


= Yo? -4f >|al=-a; $0 2 =-a + fa? -4f >Oand 
Zz =-a- Jo? -48 <0. we will get two real and two 
imaginary roots 
5. (i) > (a,b. c,d); Gi) > (a, b, &, d); Git) > (a); (iv) > (@) 


@ b-C2-3)/ <1; C C2, -3); 
CP — 5 units, soG—6,L—-4 


G 3 
We get, G-10,4G-24.G Boras 
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(ii) 2-5i] $1 > G— 6, L~ 4 so same as (i) 
€.G-|z, ~6 and L- z, 

(i) F-107-25-0 > I-55 

> G-L-5 

> G-L~10,;GL-25,G-L-0,GiL-1. 


55 
Gs) G=54 545 +..=52) $10, L-G—10-0 


=> G £-10,G L-10,GL-0, Gf. not defined. 


6. (i) — (b,c); Gil) > (a); Gili) — (a, d, &); (iv) > (b, ¢, d,e) 
(i) letz- x i, then ze i 2] - 2 | f | gives 


[sting ey? xtiytiyx ty? 
ie, Veto ey - Je ror ie yy 
> (v-V¥ 4") =2(0 VP +") 

When y-yx?+y? =ytyx? +9? we got x* 


sox-0, 9-0 


When y-yx? ty? =-y-yx" +)? theny 0, which 
gives X-axis 

This solution is contained in Imz~ 0, Imz <1 

z-4| + |z-4 — 10 is an cllipse with cecentricity 
e 4/5 


0 cl ed (6,0) 


(0-3) 


(ii) 


(iii) Given w ~ 2, now z 


By = 
Letw~x+iythen 7= 5x4 9, Lotz-X—F 


Now, x7 + 32-1 putting (3/4)x —_¥ and (S/4)y — F. 
2 2 
we get (3) Die (3) F=4 ie, — + 
3 3 () 


Which gives an ellipse with major axis — 5 and minor 
axis —3 


‘The eccentricity work oul to be e - 4/5 


‘The solution set (ellipse) lies in [Re z <2 and also in % $3 
1 zs 
(iv) Given Jw 1, Now z=w+— - wtLeweie 
w wir 
Let w—x | gy, then 2=w+=2x=X +iy 
= X-2n,¥-057%-2x, 1s xs lasxlyt-1 
gives the line segment joining ( 2, 0) and (2, 0) 


uubset of set represented by (a) (with major 
axis always x-axis.) 


SECTION VIII: (INTEGER TYPE) 


1, z-1|- z-5|givesx—3,ic.,Re@)-3-k 
=> k-3 


2 |e I-|z 5 and 2-13 then Re(y) - 3, so Im (2) - 4 V4 
> |Im@|-2 


3. e-2-37 — 1; Max. |z|= VI341= Vie +m 
Sok-13,m-1 


= \k+m+2=4 


5 = 
0 X 
4 [e-(1-3i))-1 
Y 
sx 
Vi0 -1= Ve —m 


5S. \z-(2—3i)|~ Zand [z-(-1-34) -1 
The eireles will touch oxternally at (0, -3), i.c. z~ 31 
=> 2-4-|-4-34-5 


6. 


gives semi cirele with radius r — 2 


zx 
2 


z-2 
Arg 
re( = =2) 


yl) ox 
Arg{~ = gives semi circle with radius r— 1 
wtl} 2 


Consider 2=2° +07 andw- 1! 1 04 


AY 
w 
Z 
0) x 
=> z-w <3 so k- 3 (as |z- w| « & and & is least upper 
bound) 


Let.A — (2, 0) and B ~ (0, -1). Observe that jz — 2 <2 |z 
— i is satisfied by (0, 0, 0) and |z| — 0 (minimum possible) 
{le+2 —2 2-i will forma cirelo} 


ae ae Boe 
=> x ty'-Sxt3y=0, which passes through origin 


=> Least value of [2] - 0. 


4 z+2 
. v lies on 


2-4 
Which is represents a circle with at ==) and radius 


a 


< * 


4,05 


Now » transformation wz {} 


=> Thus new locus will be 


10 


12. 
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25 


2 25 


which is a cirele with centre at E 28) and radius ~~ 


‘The maximum value of | 


. Given Im| —_]=2 
z+4i 


(xty}()-G +4 ]_ 
+t DRO +48 | 
=> 2{x'+ (@—4)}} — xy — 29 — 4x, which gives 

2txt+ 1+ 2x} + 2G +4P-2 
ic, tly +@-4f¥-1SAn--1k-4,r71 
So|aA+k-r -|-1-4-1|-6 


Letz—x | fy, then i 


Given z=e? = 277- 1 


nee Bae fall 
Let S=(z+2' +2 ye(ies 


“(ot erayled 


{ a 3x ‘e} 
— 24 cos— +cos— +cos— 
7 7 7 


Usingeos0—cos(2n 0), weget S = cos eos + cos 


13a lle on Tx 
cos—— +cos—— + cos—— 0-cos—=1 
Te 7 7 7 


. [2 2 i <2, observe that G— V5 1 2 and L=V5-2 


SoG-L-4 
k 2 z 2|-6 


ay 


(-2,0) 


Semi-major axes a ~ 3, semi-minor axis b — V5, so 6? — 5 


5.138 Algebra ll 
~|-|+8 
13. Givon, log | FE" | <4 
le|+1 
= zr zis<(zi lake Sk 4<0 
So(z 4)(z 1)<0 
ie, l<2z<4 
‘This gives the area 16x — 15x 


Ve+1=4 


14, Given, Re(1/2) = V4. Letz—x ip 


So, &— 15 > 


=> 4v2x vie 4x14 yg 
So,(x 2¥ | y?< 2 represents a circular dise with centre 
at (2,0) and with radius r - 2 


Now, let 7 -4 and z -0 


=> max. z, 2, -4 


15. Given 2 cos*8 — cos80 + a cos68 — b cos40 + ¢ cos28 -d 
Put 6-0, so that cos n8 ~ 1 
= P-lta-b-c-d 
= a-b-e+d-127 


Hence Vatb+e+d—2 - ¥i25=5 


[mm INTRODUCTION 


Iuman life is full of uncertainities, in our daily routine we 
make discussions about possibility of rain on a particular 
day, selection of a student in IIT-JEE, possibility of a party 
winning the election etc. Don't you think all the above are 
governed by chances? 

Let us talk about one of hitechnological products “The 
‘felephone’ wihout which mankind would have been crip- 
pled, While making a call to somebody a question always 
haunts one’s mind whether the call will get through? Wheth- 
cr he will get the right person across the linc? Similarily 
when telephone bell rings onc always wonders about the 
possibility of onc of his acquaintances on the linc. So, the 
entire world is [raught with such instances where one can 
only weigh his chances. Sometimes finding one’s chances 
is casicr. On the other hand there are numerous 
finding one’s chances is pretly complicated. 

The branch of mathematics which deals with such type 
of problems is known as Probability which defin 
probable an cvent may be Probability is measured on a 
scale of 0 to 1. Zero stands for an event with no chance of 
occurrance (impossible) while 1 stands for an event which 
is bound to occur (i.e., certain event) 

While going long back into history one finds that Gali- 
leo (an italian mathematician) was the first man to attempt 
a quantitative measurement of probability, while dealing 
with some problem related with theory of dice in gam- 
bling. But the mathematical theory of probability was laid 
by two french mathematicians B.Pascal and P.Fermat and 
later enriched by “‘lreatise on probability: by J. Bernauli, 
N. Bernauli “Doctorine of chances” by De-moivre, “Inverse 
probability” by ‘1. Bayes and “theoric analytique desprob- 
ability” by $.Laplace. In Present chapicr we shall study the 
methodologics to compute the probability of an cvent (be it 


s where 


how 


Probability 


simple or complex). Human inquisitiveness had generated 
many tools to find out probability of complex events and by 
studying them we can prepare ourselves to handle with any 
problem based on probability (chances). 


“wm EXPERIMENTS 


An experiment is a set of processes, which are carried 
out under stipulated conditions to study the phenomenon 
associated with it. It is defined as below: 

“A mathematical operation which results in some well 
defined outcomes is known as experiment”. Broadly there 
can be two types of experiments as given below: 


Random Experiments 


Random experiments are the experiments for which all 
possible outcomes are known in advance but prediction of 
any specific of them can not be done with certainty before 
the completion of the experiment. ¢.g., tossing of a coin 
rolling a die, drawing a card from a well shuffled pack of 
cards ete. 


Non-Random Experiments 


Non-random experiments are the experiments which are not 
random. ie.. the prediction of some of the outcomes can be 
done with certainty. e.g., Throwing a stone. tossing a two 
headed coin etc. 


‘mt SAMPLE SPACE 


The set of all possible outcomes of a random experiment 
is called ‘Sample space’denoted by S. Fach clement of S 
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denotes an outcome of the experiment and any performance 
of the experiment results in an outcome thal corresponds to 
exactly one clement of S 


Example: 


() When a coin is tossed, then sample space $= {#, T} 
=> nS)=2 

When two coins are tossed, then sample space (S)) 
will be defined as cartesian product S x S= {(H, 1), 
(7, 1), (HT), T, HY} = nS) = 4 

When a dic is rolled, sample space S = {1, 2, 3, 4, 5, 
6} => lS) =6 

When two dice are rolled, sample space S, = S x S= 
£1, 1, CL, Doren, OF => n(S,) = 36 

Sample spaces are classified as a finite or an infinite 
sample spaces as mentioned below: 


(i) 


(iii) 
(iy) 


Finite Sample Space 


Sample space which has finite number of discrete clements 
arc known as discrete sample spaces or finite sample spaces. 


c.g. Sample spaces in the experiments: rolling a dic, 
tossing a coin are finite sample spaces 


Infinite Sample Space 


Sample spaces having infinite number of clements. These 
are of two types: 


i) Diserete sample space: Whose elements can be put 
into a one-to-one correspondence with the set of 
positive integers (i.e., countable sets). e.g., Suppose 
a coin is tossed till the first head appears. The sample 
space associated with the random experiment is 
UL TH, 1TH, 1TTH, 1TTTH, .....} 

Continuous Sample space: Which has infinite 
number of clements distributed continuously. T.g., a 
computer hard disk manufactured by HCT. is chosen 
randomly and its life is measured in hours, then the 
sample space in this case will be a continuous interval 
[0, x). To understand the concept of continuous 
sample space, Ict us take following examples. 


(a) 


NOTE 


The problems related with continuous sample space are generally solved using geometrical equivalent of sample space 
and event space and they will be dealt in our final article under the heading of geometrical probability. 
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m EVENTS AND THEIR CLASSIFICATION 


The occurrence or non occurrence of a phenomenon is 
known as an event or outcome. IL is defined as an outcome 
ora scl of outcomes of the experiment. Therefore “an event 
ubsct of sample space”. We say that an event £(S) has 
occurred provided the outcome @ of the experiment is an 
clement of FE. ¢.g., if'a dic is tossed the outcomes are the 
occurrence of any one of the numbers 1, 2...., 6, then any 
subset of sample space can be called as an ‘Event’, c.g, FE, 
5} cle 


Simple Events and Mixed/Compound Events 


If an event is a set containing only one element of the sample 
space, then it is called a simple event (sample point). 

A compound event is a set of sample points (sam- 
ple point is an individual element of sample space). 


NOTE 


ie. It is subset of S containing two or more than two 
elements. 

e.g., occurrence of {1,3, 5} while rolling a die is a com- 
pound event. 

‘fhe classification of an event as simple/compound 
events depends upon how we consider the sample space 
e.g. the event of drawing a heart # = {heart} from a deck 
of card is the subset of sample space S = {heart, spade, 
club, diamond}. Therefore A is a simple event while the 
event B of drawing a red card is a compound event since 
B= theart U diamond} = {heart, diamond} 


Possible and Impossible Events 


If event set lies out side of sample space or it is null set (¢), 
then event is known as impossible event. e.g., occurrence of 
7 while rolling a die. 

‘Therefore, If #, CS = #, is possible event. If #4. = 
¢, then #, is impossible event 


If P(E,) is the probability of occurrence of possible event E,, then (P(E,)) € (0, 1) while the probability of occurrence of 


impossible event E, is zero. 


Certain Events 


If the event set becomes equal to sample space (# = S), 
then the event is known as certain event. i.e., since Sis also 
a subset of itself so it is also an event. S is known as sure 
event or certain event and therefore P(S) = 1 

e.g., £ = (occurrence of [lead or tail while tossing a 
coin) is a certain event 


Mutually Exclusive Events 


A sot of events is said to be mutually exclusive if occur- 
rence of onc of them precludes the occurrence of any of the 


remaining events. Ifa set of events £,. .,..., #,are mutually 
exclusive events. ie., £0 #, = ¢ for all i,7 =1, 2,..., n and 
i#j.then PE, UE, UE) = PB) + PU) + PU) 
+ oie PE) 


Example: 
1. In rolling a dic, cvent A is described as appearance of 
an cven number and event Bis described as appearance 
of an odd number. 4 {2, 4,6} and BB {1, 3, 5} 
Clearly if one says that 4 has occured, then it instantly 
concludes that B cannot occur Se,dAM Bb 
When we throw a pair of dice, the events “a sum of 5 
occurs”. “a sum of 7 occurs” and “a sum of 9 occurs” 
are mutually exclusive. 


2 
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Exhaustive Events 


A set of cvents is said to be exhaustive if the performance 
of the experiment results in the occurrence of al least one of 


them. Therefore if a set of events FE, E,.. F, are exhaus- 


tive events, then PH, U BU win UB = 1 UB = 8) 


eg. In rolling a dice three events are described as: 
A: Appearance of the Even number 

A: Appearance of number less than 4 and 

A: Appearance of number greater than 4. 

Ilence Ay: (2, 4, 6}, 4,: (1, 2, 3}and A, = (5, 6}. 
Clearly 4, U A,U A, = {1, 2, 3, 4, 5.6} which is the sample 
space for the experiment. So A, A, and A, are exhaustive 
events. 


Equally Likely Events 


‘The given events say #,, £ £, are said to be equally 
likely, if taking into consideration all the factors, we have 
no reason lo believe thal anyone of these has better chances 
of occurrence than the other. 
ie, P(E,) = PUR) =... = PE,) 
eg, 
1. When an unbiased coin is tossed, then ocurrance of 


head or tail are equally likely cases and there is no 
reason to expect a head or a tail in preference to other 


NOTE 
EVE =SandEnk=¢ 


Independent and Dependent Events 


‘Iwo events are said to be dependent if the occurence or non 
occurrence of one event decides and disturbs the occur- 
rence or non-occurrence of the other. e.g., in the withdrawl 
of cards from a deck of cards without replacement. the out- 
comes will be dependent events but if the withdrawl is done 
with replacement the outcomes will be independent. If a set 
of events £,, £,...., #, are independent events, then P’,0 
BE, AE, A. OE) = PE). PE). PED 


Mutually Exclusive and Exhaustive Events 


A set of cvents is said to be mutually exclusive as well as 
exhaustive if the conditions given below are satisficd. 


EOE, $¥ijsuchthati#jand Fy Bu. Ss. 


2. In rolling a dic cvent A is described as number 
showing less than 4 and cvent B is described as 
number appearing greater than 3.4 {1, 2, 3} and 
B= {4.5.6} 

Clearly 4 and B have cqual number of points in the 
sample space and hence are cqually likely 


Disjoint Events 


Events F, and F, arc said to be disjoint when they have no 
common clemenis 


of multiple of 4, when a dic is rolled, then 
F, are disjoint events. 


Complementary Events 


Let S be the sample space and # be the event. [hen event 
complementary to # is a set of all those elements of the 
sample space which are not present in set #. Therefore 
the non-occurrence of £ ensures the accurrence of H’ It is 
denoted by F # and £*. e.g., in the experiment of throwing 
adie, S = {1, 2, 3. 4, 5, 6}. 

If # = {1, 3, 5, 6}, then 2” = (2, 4} 


For mutually exclusive and exhaustive cven| 

probability of occurrence of atleast one of them 

= PE, UE, U ... UB) = PB) ~ PR) +... - PU) = | 
cg. In rolling of a dic, cvents F, and F, are 

described as below 


3 


= occurrence of the number less than 2, 
", = oceurrence of the odd number greater than | 

F,, occurrence of the number 2, F,: occurrence of the 
even number greater than 2 


Hence E, = {1}, B, = (3, 3}. E, = {2} and 


‘ 
= (4, 6} Clearly, Je, = (1. 2. 3, 4, 5, 6} = S and 
= 
E,OE, EAE, EAE, EB, B, By o B,= 
E,nE=¢ 


1c. FO B= 9.¥ ij such that i4j 
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being made and cach of the experiment is known as trial 
The number of times the experiment is repeated is known 
as number of trials. c.g, When a coin is tossed 6 times, 
then cach toss of a coin is a trial and we say 6 trials are 
made 


[mw TRIALS 


When an experiment is repeated under similar conditions 
but docs not provide same re 


of several possible outcomes, then we 


say that trials are 


NOTE 


Generally the trials are made to check whether the possible outcomes they are equally likely or not and with the results 
of large number of trials performed the weight of different events in the sample space are decided. 


TEXTUAL EXERCISE 1: (SUBJECTIVE) 


1. (1) Which of the following statements are truc? (c) choosing a point on or within a given circle of 
(a) mathematically experiment is defined as an radius r, (7 # 0). 
operation which have well defined outcomes. | 3. wryieh of the following events is/are possible? 


(b) Stochastic (random/statistical) experiments 
are those whose oulcomes depend on chances. 

(c) In random experiment all possible outcomes 
are known in advance. 


(a) occurrence of sum 13 when two dice are rolled 
(b) occurrence of 54 Sundays in a leap year 

(c) occurrence of 7 days in a randomly chosen week 
(d) occurrence of 5 aces in a well shuffled pack of 


(d) weights of sample points are determined 
by experimental evidences performing large 52 cards. 
number of trials. 4, Which of the following events is/are certain? 

(c) Concept of mutually exclusive events is set (a) occurrence of a leap year in any four randomly 
theoretic in nature but concept of independent chosen conscculive years, no year being a century 
events is probablistic in nature. year. 

(f) When two coins are tossed, let £, be occur- (b) occurrence of a real number when a number is 
rence of head on Ist coin and #, be occurrence chosen [rom a set of complex numbers. 
of tail on 2nd coin, then F, and £, are mutually (c) occurrence of a complex number when a number 
exclusive, therefore they are dependent events. is chosen from a set of real numbers 


Gi) Which of the [following is an example of random 
experiment? defined 
(a) tossing a fair coin cae ’ 
F, : occurrence of 2 or 4 


(b) rolling a fair die 1 
F, : occurrence of an cven number. 


§. A dic is rolled and following four events are 


(©) throwing a stone 2 ; 
(d) drawing a card from a well shuffled pack of F, : occurrence of an odd digit 
52 cards. £,: occurrence of 3 or 5 
(©) opinion of voters regarding a new sale tax Which pair(s) of the pair of events is/are mutually 
exclusive? 
2. State which of the following represeni(s) 
problems of finite sample space? 6. A card is drawn [rom a well shullled pack of 52 


(a) Lossing of two coins playing cards, then state which of the following events 

(b) rolling of three dice are mulually exclusive? 

(c) choosing a real number from an interval (a, 5). : occurrence of a king. 
abe Rath 

(d) choosing a point (x, y) such thal x € (4, 4) and 


ve, 4) 


: occurrence of a queen. 
occurrence of a club card. 
: occurrence of a court card. 
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7. Classify the pair of events A and B as mutually 
exclusive, non-exclusive dependent or independent 
events. 


(i) ‘lwo coins are tossed. Let.d be the event that the 
first coin shows head and 8B be the event that the 
second coin shows a tail 


Gi) A card is drawn from a pack of 52 cards. If A 
cardisofdiamond, B  cardisan ace andA AB 
card is ace of diamond. 


Answer Key 


L@abede ijabd Bab Re 
5. F, and F,, F, and f,, E, and F,, F, and F 
(ii) non-mutually exclusive and independent 


4 


[im PROBABILITY OF OCCURRENCE 
OF AN EVENT 


If an event can happen in x ways and fail to happen in y 
ways, and cach of these ways is equally likely, then the 


x 
probability or the chance, of its occurrence will be & 


fs ¥ 
and that of ils non-occurrence will be Pry. 


So we can also assert that the chance of its occurrence 
is lo the chance of its non-occurrence is x to y. Thus if the 
chance of its occurrence is represented by kx, where k is an 
undetermined constant, then the chance of its non-occur- 
rence will be ky, 


y 


*, chance of occurrence | chance of non-occurrence = k 
@& y) 


chance ofaccurence _ x 
chance of non-occuren: 


Since the event is certain to occur or not to 
occur; therefore the sum of the chances of occurrence 
and represent certainty 
therefore we agree to take cerlainty as our unit, we get 
ka t+y)=1 


non-occurrence must and 


ork= : therefore the probability of the occurrence 


x+y 


of event is and the probability that the event will not 
aty 


occur is 
x+y 


6. F, and F, 
(iii) independent and non-mutually exclusive 


(i) Two fair dice are lossed. Let A be the event that 
the first die shows an even number and 8 be the 
event that the second die shows an odd number. 

& IfA and B be mutually exclusive events of same sample 
space, then prove that 4 and B arc dependent events 

Also show that Aand B are dependent. 


9. If A and B are two independent events, then prove that 


Aand B, A and B, A and Bare independent. 


4 ae 
7. (i) non-mutually exclusive but independent 
10. a,b 


; m@ MATHEMATICAL OR CLASSICAL 
DEFINITION 


For an experiment with continuous finite sample space 8, 
the probability of occurrence of an event F is denoted by 
P(E) and defined as P(E) = E) 
nS) 
— number of elements in 
number of clementsin space S 


number of outcomes favourable to # in sample space 


total number of outcomes (elements) in.S 
c¢.g., In the experiment of throwing a dic, the probabil- 
ity of getting 2 as outcome is 1/6 


Properties 


1. Theorem: The probability P(E) of occurrence of any 
event F lies between 0 and | 

Proof: Since 0 < n(F) < n(S), dividing both sides by 

n({E) 

m(S). we gel OS (9) 

2. Theorem: Complementary event of £ is denoted as 


F¥ or F' or E which literally means non-occurrence 


<130<PH)<1 


of F. Thus F occurs only when F does not occur. 
‘Therefore P(E) P(E) =1 
Proof: Since n(F) + nF) = ny "2 


+ a1 
nS) n(S) 


3. If F is impossible cvent, then P(E) =0 
4, If His a possible event, then 0 = PE) <1 
5. If Fis a certain event, then P(E) = 1 
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NOTES 


1. A die is a solid cube which has six faces and numbers 1, 2, 3, 4, 5 and 6 are marked on the faces respectively. 
In throwing or rolling a die, any one of the above numbers can appear on the uppermost face. 


. A pack of cards consists of 52 cards in 4 suits i.e., (a) spades @ (b) Clubs #, (c) Hearts ¥ (d) diamonds ¢. Each 
suit consists of 13 cards. Out of these spades and clubs are black faced cards, while hearts and diamonds are 
red-faced cards. The aces, kings, queens, jacks are called honour cards. Kings, queens and jacks are known as 
court cards or face cards. 

3. Game of Bridge: It is played by 4 players, each player is given 13 cards 
4. Game of whist: It is played by two pairs of persons. 
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ig 
When a random experiment is repeated n times under 
similar conditions i.e., (nm trials are made) and » is very 


large and an event #' occurs r times out of the » trials. then 
the probability of occurrence of the event # is defined as 


STATISTICAL DEFINITION OF 
PROBABILITY 


| ™@ ODDS IN FAVOUR AND ODDS AGAINST 
AN EVENT 


If in an experiment, the number of outcomes favourable to 
an cvent £ is x and number of outcomes not favourable to 
event £ is y, then 


NOTE 


(a) Odds in favour of 


number of outcomes favourable (ME) 


k= = 
number of outcomes unfavourable (n@)) 
PRY xe 
PUR) oy 


(b) Odds against 
number of unfavourable outcomes ((E)) is 
number of favourable outcomes (n(£)) 
PUY oy 
P(E) x 


eg., Odds in favour of getting a spade when a 
card is drawn [rom a well shullled pack of 52 cards are 
"er 13:1 

Kaas NO 


®C 393 


If odds in favour of an event are m:n, then the probability of the occurence of that event is rn, and the probabil- 


n 
m+n 


ity of non occurence of that event is 


TEXTUAL EXCERISE 2: (SUBJECTIVE) 


L 


nS 


6. 


7 


10. 


If two coins are tossed, find the probability that at least 
one head accurs, 


If three coins are tossed, then find the number of ele- 
ments in sample space and the event space of getting 
at least two heads. 


. Ifa pair of fair dice is rolled, then find the probability 


of getting the sum exactly 5. 


Find the probability of getting the product a perfect 
square (square of a natural number). when two dice 
are thrown together. 


. Find the probability of getting the sum as a pnme 


number when two dice are thrown together. 


Hind the probability that a leap year selected at 
random will contain $3 Sundays. 


A four digit number is formed using the digits 1. 2, 
3. 5 with no repetitions. Find the probability that the 
number is divisible by 5. 


. A five digit number is formed using the digits 1, 2, 


3, 4, 5 without repetition. Find the probability that 
number is 
(i) even 
(ii) divisible by 3. 
(¥) divisible by 12. 


Gi) divisible by 4. 
(iv) divisible by 6. 
(vi) divisible by 24. 


. A card is drawn from a well shuffled ordinary pack of 


52 cards, then find the probability that it 1s 
Gi) an honour card (ii) a court card 
Gii) king or queen (iv) heart 


A fair dic is thrown until a score of less than 5 points 
is obtained. Find the probability of obtaining not less 
than 2 points on the last throw 


il. 


14. 


15. 


16. 


17. 


18. 


19. 
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From a pack of 52 cards two cards are drawn at 
random. Find the probability of the following events: 
(i) both cards are of spade 

(i) One card is of spade and of diamond. 


Fifteen coupons are numbered 1, 2, 3.....,15. Seven 
coupons are selected at random one at a time with 
replacement. Find the probability that the largest 
number appearing on the selected coupon is 9. 


. Seven while balls and three black balls are randomly 


placed in a row. Find the probability that no two black 
balls are placed adjacently. 


Six different balls are put in three different boxes, no 
box being empty. Find the probability of putting balls 
in the boxes in equal numbers. 


‘There are # persons sitting in a row, two of them are 
selected at random. Find the probability that the two 
selected persons were not sitting together. 
A party of ten take their scat at a round table. Find 
the odds against two specilicd persons (4, B) silling 
together. 
5 boys and 5 girls are sitting together randomly in a 
row, find the probability that 

() all 5 girls sit together 

Gi) no two girls sit together 
Gii) neither two girls ner two boys sil together 
(iv) b, b, are together but g, g, are not together 
A die is made in such a way that even faces are twice 
as likely to occur as the odd faces. Find the probabili- 
lty of getting a prime number when dic is thrown. 
Only three students 4, B and C appear at a competitive 
examination. ‘he probability that A tops is 3 times 
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that of B and the probability that B tops three times | 20. Seven accidents occured in a week. Find 


that of C. Find the probability that 4 or B tops in the the proabability that they occured on the 
examination. same day 
Answer Key 


1.3/4 284 319 429 5.512 627 714 8& G25 Gi) 1S Gil) 1 
@v) 7S WS Wi V2 9% @ 4/13 Gi) 3/13 Gi) 213 Gv) 14 1003/4 IT 


Gi) 13/102 122 7-8 13715 1k eS "em on @ a Gi) Mon Gy, 
15 ™ 42 42 126 
ay) z 18. 4/9 19. 12/13 20. 1/76 
45 
TEXTUAL EXCERISE 1: (OBJECTIVE) 
1, A determinants is chosen al random from the sct of a (a) 1/3 (b) 2/3 
determinants of order 2 with clements 0 or -1 only. The () 5/3 (d) 4/3 
probability that the chosen determinant has value vcro 1s. 6. If the papers of 3 students can be checked by any 
(a) 3/16 (b) 5/8 one of the 6 professors, then probability that all the 3 
(c) 1/4 @ 1/8 papers are checked by exactly 2 professors is. 
2. A fair coin is tossed 100 times. The probability of getting (a) 5/12 (by 72, 
tails an even number of times is ©) V2 (d) None of these 
(a) 143 (b) 1/2 7. If m is an integer such that -4 < m < 10, then the 
(c) V/s (d) 1/16 probability that the roots of the quadratic equation x? 
+2m+3= 
3. Ten identical balls are numbered 1, 2,.....9, 10 are put ea ce hs are aiis 
in a bag. A draws a ball and gets the number a. The (a) 6) 3 
ball is put back in the bag. Next B draws a ball and (©) 4/15 (a) None of these 
gets the number b. The probability that a and b satis- | 8, Two letters are randomly picked from the word 
fics the inequality a — 3b + 122 0 is ‘ABSCOND’, The probability that they are consecu- 
13 17 tive in dictionary order is. 
(a) > (b) 
20 20 (a) 2/21 (b) 4/21 
() i (a) None of these (c) 5/21 (d) None of these 
20 9. Ten white balls and five black balls are randomly 
4, A and B pick two numbers (sey) a and b respectively placed in a row. The probability that no two black 
one after another without replacement from a bag balls are placed adjacently cquals 
containing numbers 10 to 15, the probability that the (a) 2/13 (b) 1/13 
numbers satisfy the inequality 2a 6 > 10 is (c) 3/13 (d) None of these 
qa Ut ) 22 10. There are 12 machines and it is known exactly three of 
30 30 them are faully. They are tested one al a lime and 3 in 
19 a day, ull all the faulty machines are identified. Then 
©) 35 (a) None of these the probability that only one day is needed day is 
S. An unbiased die with faces marked 1. 2, 3. 4. 5 and 6 fa) SG th), S289 
is rolled.‘The probability that the minimum face value (©) 1/1320 (d) None of these 
is not less than 2 and the maximum face value is not | 11. A group of 27 boys, 27 girls and 2n teachers randomly 
greater than 5 is, divided into two cqual groups. The probability that 


12. 


13. 


14. 


15, 


16. 


17. 


cach group contains the same number of boys, girls 
and teachers is 


“oy wey 
otal fg 
("c,) ; 
©) “ae (4) None of these 


Four distinct numbers are selected from first 40 
natural multiples of 5. The probability that all the four 
numbers are divisible by 3 as well as 


(a) u (b) Es 
a) —— By ee 
1406 1406 
3 
©) Tog (d) None of these 


A natural number x is chosen at random from the first 
one hundred natural numbers. The probability that 
(x-10)(x- 20) 


>O is 
x-40 
69 31 
nae bye 
® 100 © 5 
(c) a (d) None of these 
100 


A person writes 5 letters and 5 addresses on 5 
envelopes. If the letters are placed in the envelopes at 
random, the probability that not all letters are placed 
in correct envelopes is 


ul 
Ace, ih); 
® 29 ©) t20 
13 119 
© ® 0 


Three integers are chosen at random without replace- 
ment from the first 30 integers. ‘he probability that 
their product is even is 


101 105 
a) — (b) — 
@ Te ®) we 

111 103 
» UL a) 103 
© 16 © Te 


One of the two exclusive events must occur. If the 
chances of one 1s 2/3 of the other, then odds in favour 
of the other are: 
(a) 1:3 
(ec) 2:3 


(b) 321 
(d) 3:2 
For a post three persons 4, B and C appear in the 
interview. The probability of A being selected is twice 
that of B and the probability of B being selected is 


18. 


19. 


20. 


21. 


22. 


. Let x 
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thrice that of C. Then the odds in favour of B to be 
selected is: 
(a) 3:7 
(1:4 
A mapping is selected al random from set of all the 
mappings of the set A ={1,2....2} into itself. The prob- 
ability that the mapping selected is an injection is 


(b) 7:3 
(d) 4:1 


(a) Vn" (b) Va! 
—l)}! ! 

ed @ 
7 - 


Twelve coupons are numbered [rem the | to 12. Six cou- 
pons are selected at random one at a time with replace- 
ment. ‘lhe probability that the largest number appearing, 
‘on a selected coupon is less than or equal to 8, is 

(a) 2/3) (b) (7/12)° 

(c) 1/33 (d) None of these 


Three children are selected at random from a group 
of 6 boys and 4 girls. It is known that in this group 
exactly one girl and one boy belong to same parents, 
The probability that the selected group of chlidren 
have no blood relations, is equal to. 

(a) 1/15 (b) 13/15 

(c) 14/15 (d) 2/15 


Let_Y be a universal set such that n(4) = &. ‘The prob- 
ability of selecting two subsets A and B of the set X 
such that B= A is: 
(a) 1/2 
(©) 1/2 


(b) 142-1) 
(@) 1/3 


‘The probability that the 13day of a randomly chosen 
month is Friday is: 
(a) 1/2 

(c) 1/84 


(b) 1/7 
(d) None of these 


.. The probability of three persons having the same date 


and month for the birthday in a non-leap year is 
(a) 1/365 (b) 1/365 
(c) 1/365) (d) None of these 


. A fair coin is tossed repeatedly until the outcomes of 


both types have been oblaincd. The probability that 
the coin will be tossed exactly 5 times, is equal to 

(a) 1/16 (b) 1/32 

(©) V2 (a) 4 

33". The index w is given a positive integer 
value at random. The probability that the value of x 
will have 3 in the units place is 
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(a) 1/4 (b) 1/2 
(c) 18 (a) None of these 

26. If n positive integers are taken at random and multi- 


27. 


28. 


29. 


30. 


31. 


plied together, then the probability that the last digit of 
product is 2, 4, 6 or 8 is 


(3) 

@ AS 

@ ** 
>) 


3h 9H 


% 


(a) None of these 


A box contains 2 fifty paise coins, 5 twenty five paise 
coins and 15 ten paise coins. Five coins are taken out 
of the box al random. Probability that the value of these 
five coins is less than one rupee and fifty paise is 


70 
@ 4 >) 1-422 
Cy 
(c) ae (d) None of these 


A 


Acar is parked among NV cars standing in a row, but not 
at either end.On his return, the owner finds that exactly 
r of the NV places are still occupied. ‘’he probability that 


both the places neighbouring his car are empty is. 
930 s 


C 
@) we ) 336 
a 


A person while dialing a tclephone number, for; 
three digits of the number but remembers that 
xactly two of them are same. He dials the number 
randomly. The probability that he dialed the correet 
number, is qual to 
(a) 135 

(c) 1/54 


(b) 127 

(a) 1/270 

A bag contains # tickels marked 1,2.3,.....2, If two 

tickets are drawn, then chance that the difference of 

the numbers on the tickets execed m < (n= 1) is: 

(mom)n= met) 4 (am) (n= mt) 
n(n-1) a(n-1) 


(a) 


(c) (nom) (nm) (d) None of these 

n(n-1) 
‘Two numbers, x and ). are chosen at random (with 
replacement) from amongst the numbers 1, 2, 3,...3n. 
The probability that x3 + y*is divisible by 3 is 
(a) 18 (b) 23 
(©) 181 (d) aBn—1 


32. 


33. 


35. 


. Each coefficient of the equation ax? | hx 


Numbers 1, 2, 3, ....... 100 are written down on each 
of the cards 4, 8 and C. One number is selected at 
random from each of the cards. ‘lhe probability that 
the numbers so selected can be the measured (in cm) 
of three sides of a right-angled is 


(a) eae (b) a 
100 50 
9 

3! aan 

© Toor 2660) 


If the probability of choosing an integer ‘n’ out of 
2m integers {1,2,3,....2m —1, 2m} is inversely propor- 
tional to 7 (1 <n < 2m}, then the probability of the 
chosen number being odd is 

(a) 1/2 (b) < 1/2 

(c) > 1/2 (d) None of these 


. ‘Iwo numbers 6 and c¢ are chosen at random (with 


replacement from the numbers 1,2,3,4,5,6,7,8 and 9, 
The probability that x* 6x | ¢ > 0 for all x € R, is 


given by 
(a) 32/81 (b) 49/81 
(c) 16/81 (d) None of these 


Five different balls are distributed in 10 different 
boxes, one each in a box. The probability that they 
will fill the 5 adjacent boxes is equal to: 


27 9 
ay by) 
© 1350 ) 1350 
3 
(c) 500 (@) None of these 


. If the integers m and n are chosen at random between 


1 and 100, then the probability that a number of the 
form 7"+ 7” is divisible by 5 equals 

(a) 1/4 (b) 1/7 

() 8 (a) 1/49 


ce =Ois 
determined by throwing an ordinary die. ‘Then the 
probability that the equation has non-real complex 
roots is given by. 
(a) 173/216 
(c) 173/432 


(b) 43/216 
(a) None of these 


. A man takes a step forward with probability 0.4 and 


backward with probability 0.6. The probability that at 
the end of eleven steps he is one step away from the 
starting point is: 
fay MCCAY LOY 
(©) "C¢24y 


tb) PCC.6)C4)° 
(d) None of these 


39. Three of the six vertices of a regular hexgon are 
chosen at random. The probability that the triangle 
formed with these vertices is equilateral. is equal to 
(a) 1/2 (b) 1/5 
(©) 1/10 (d) 1/20 

40. Let @ be a complex cube root of unity wilh @ # 1. 
A fair die is thrown three times. If r,, r, and r, are the 


numbers obtained on the die, then the probability that 
a +0" +a" =O0is 


Answer Key 
1. (b) 2. (b) 3. (c) 4. (c) 5. (b) 
I. (b) 12 @) 13. @) AS) 
2.) 226) 23) (@)— 28. 
31. (a) 32.) 338.) 4 a). Cd) 


Al. (a, b, c) 


m PROBABILITY OF COMPOUND EVENTS 


If two or more events occur together, then their joint 
occurrence is called a compound event. We can combine 
#, and #, to form other new events which are called as 
compound events. Some typical cases are mentioned below: 


FIGURE 6.3 
1. £, 0 #, is the event which occurs if both #, and 2, 


nH, OF) 
nS) 

2. EW Ey is the event which oceurs if cither F, or F, or 
both occur. 
In other words, £, U F, occurs if at least one of F, and 


occur => PUB, 0 E,) = 


E, occurs 
> PE UE, = Mt 
Z n(S) 
_ nC) + ny) — ni, Oy) 
= n(S) 


= PE, ED= PE) + PED - PE, OE) 
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(b) 1/9 
(a) 1/36 


f) V/18 
&) 29 

41. A fair coin is tossed 5 times. If & is the sum of 
probabilities of the events (a) at least 3 heads in 
succession and (b) at least three head, then 16 k is 
divisible by 


(a) 4 (b) 3 
(©) 6 (d) 9 
6) 72@ &0) %@ 0) 
16. (@) 17@ BOC %2a@ MO 
26.) 27) 2B) 2H A)-—-3O. (e) 
36. (2) 37. @) BO) IO) — MH) 


FIGURE 6.4 


m SET THEORETIC PRINCIPLE: 


IEE, 


|, #, #, and £, are four events, then 


(a) E,u E, stands for occurrence of at least one of 
E, and F, 

(b) EO #, stands for simultaneous occurrence of 
£, and £,. 

(c) £ or F or E° stands for non occurrence of event £. 

@) (Z.08) = 


both #, and #, i.., the occurence of neither #, nor £, 


stands for non occurrence of 


Ene, 


FIGURE 6.5 
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(©) F, — F, or #, A E,denotes the occurence of event 
F, but not of F, 


FIGURE 6.7 


() FU E, v0 F, denotes the occurence of at least one of 
the events F or F, or Fy 


E. 


3 


m E,UE,UE, 


FIGURE 6.6 


(g) (E, NE,) UE, O£,) denotes the occurence of exactly 
one of #, and #.,, It is denoted by £, AE. 
Where A represents the symmetric differeence 
It is represented by shaded region in the above Venn 
diagram. 

(h) £0 BE, 0 F, denotes the occurence of all the three 

Fyand FE, 

i) (EB, 9B, 08) U(E, OB, NEUE, OE, OE) 
denotes the occurence of exactly two of #,, # and £,, 

s 


TIE, nE,nE, EI En En &, 
EE] E,n E,nE, 


FIGURE 6.3 


These concepts can be applied in different cases 
mentioned as below: 

O Probability of non 
PCR) =1-P,) 
As, Bu Fi, 
events 
=> PE, VE) = PE) + PE) = P(S)=1 


=> P(é,)=1-PE,) 


FIGURE 6.9 


occurence of event F= 


= Sand #, and F,, are mutually exclusive 


U PE, OE) = PE.) - PE, NE) 
As #, OK, and Fo EF, are mutually exclusive events 
and (£, NE,)U(E, NEs) = 


E 


4 


FE,nE, 


FIGURE 6.10 
> PE, OE,)+ P(E, OE,) = P(E) 
> P(E, OE,)= P(E,)-P(E, 0 E,) 
Similarly, PG, 0 E,)= PUL,)— PU, OF) 
U Probability of simultaneous non-occurence of events 
F, and F,= P(E, 0 Fi) =1- PU, E,) 
As P(R,UE,)+PQ, OF) =1 
> P(E, VE,)+ P(E, OE) =1 
> P(E, UE,)=1-P(E,OE,) 
=> PUR 0 F)=1-P (EUR) 


s 


FIGURE 6.11 


U Probability of occurence of exactly one of the events 
£, and 
=P(E, NE,)+ P(E, NE) = PE) +P 
= PRU F,)- PE, B,) = PE VE )- PE, OE) 


oy 


FIGURE 6.72 


m TYPES OF COMPOUND EVENTS 


Independent Events 


‘Iwo events are said to be independent if the occurence 
or non occurrence of one does not affect the occurrence 


REMARKS 


1 IFP(A) = 0 = forany event B, 0<P (Ar B)< P(A) 
= P(A B)=0, thus P(A B) = 0= P(A). P(B). 


Probability 6.15. 


or non-oceurrence of the other. For independent events 
Aand B, PCAN B)= P(A).PCBY 

e.g., Consider the experiment of drawing a card from a 
pack of 52 cards. 

P (é: card drawn is a diamond) = 13/52 = 1/4. PU: card 
drawn is a king) = 4/52 = 1/13 

P (Ea F card drawn is the King of Diamond) = 1/52 

P(EF) = 152. = 1/4 x 1/13 = P(A). P(P). So and F are 
independent. 


Hence “An impossible event would be independent of any other event’. 

Q Distinction between independent and mutually exclusive events must be carefully made, since independence 
is a property of probability whereas the mutual exclusion is a set theoretic concept. If A and B are two mutually 
exclusive and possible events of sample space S, then P(A) > 0, P(B) > Oand P(A B) = 0# P(A). P(B) so the event 
Aand B can't be independent. In fact P(A/B) =0 similarly P(B/A) = 0 and consequently, “mutually exclusive events 


are strongly dependent’. 


( Whenever there are two independent events there must be atleast one element common between them. 


Proof: Let and B be the sets of the sample space corre- 
sponding to the events £ and F, which are such that P(AF) 
= P(E.) with PE) 4 0, PH) 4 0. If Am B = ¢, then 
P(E F) = P(p) = 0. So either PL) or PEF) is zero. 
This contradicts the hypothesis that neither of P(E). 
P(F) is zero. Hence A 4 B # 6. 
U Two events A and 8 are independent if and only if A 
and B are independent or A and B are independent or 
A and B are independent. 


We have P(4 mB) = P(A). P(B) 


Now P(A a B)= P(A)— P(A 9 BY = P(A) - P(A) PCB) 
= P(A) (1 P(B)) = P(A). PCB) 

‘Thus A and B are independent 

Similarly P(A 9 B)= P(B)— P(A WB) = P(B) P(A) 
Finally P( 9 B)=1-P VB) 

=1-P)- PB) | P(A B)=1- PU) - PC) 
P(A). PB) 


1 =P) — PB) 1 — PM) = (1 — PA)  - PD) 
. P(BY 


Thus 4 and B; A and B are also independent 
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Now the chance that A, happens and A, fails is p,(1 — p,) and the chance that A, fails and 
A, happens is p, (1 — p,). The probability that one and only one of them happens is 
P, (1—p,) +P, P,) = P, + P,— 2P, Ps 

(ii) The probability that both of them fail to happen = (1 — p,) (1~ p,). Probability that atleast 
one of the event happens = 1 - (1 —p,)(1 —p,) =p, + P,- PP» 


independent 


Q Three events 


OK ¢ 2 
independent i PE, AE) 


PU, OE) = PE) PE): and P(E, 7 E,) = PE,) PCE) 


ind P(E, AE, AE) = PE) Thus mutually independent event 
PCE,) PU, independent but the converse may not be true. 
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Dependent Events 


If the cvents are not independent, they are said to be 
dependent. Probabiity of dependent events are studied 
under the next article (conditional Probability). e.g., 
Consider the experiment of throwing two dice. Let # 
be the event of throwing the sum 10. ‘lherfore the event 


will be FE = (4, 6), (5, 5), (6, 4)} and so has the probability 
3/36 = 1/12. Let F be the event thal no dic shows 5. The 
subset of the sample space corresponding to this event 
are {(x, yy, x # 5, y # 5}. The probability of this event is 
1 — 11/36 = 25/36. The simultancous event EF Ey Fis 
{(4, 6), (6, 4)} has probability 2/36 = 1/18. Clearly PUSF) # 
P(E) P(F). So F and F are dependent events. 


TEXTUAL EXERCISE 3: (SUBJECTIVE) 


1. In a single throw of three dice, find the probability of 
gelling a Lotal of atleast 5. 


2. Find the probability of drawing a card which is a 
spade or a king from a well shuffled pack of cards. 


3. ‘Iwo dice are thrown together. Find the probability that 
the sum of the numbers on the two faces is neither 9 


nor 11 


From a set of 17 cards numbered 1, 2, 3.....16, 17, one 
is drawn at random. Find the probability of appearing 
a number divisible by 3 or 7. 


4 


5. A number is chosen al random from first two hundred 
naturals numbers. Find the probability that the number 
chosen is divisible by 6 or 8. 


6. A bag contains 6 red and 4 black balls. ‘Three balls are 
taken out randomly. Find the probability that 
Gi) All are red 
(ii) ‘wo are red and one is black 
(ii) All are of same colour. 
(iv) Al least one is red. 
(¥) Al most lwo are red. 


7. Bag A contains 4 red and 6 white balls, bag 2 contains 
5 red and 7 white balls. Onc ball from cach bag is 
taken out. Find the probability that this group contains 

(i) both red balls 
(ii) both balls of same colour 
(iii) both balls of different colours. 


8. A drawer contains 50 bolts and 150 nuts. Half of the 
bolts and half of the nuts are rusted. If one item is 
chosen at random, find 
(i) the probability that it is cither rusted or is a bolt. 
(ii) the probability that it is a rusted bolt 


9. If two dice are rolled 
(a) Find the probability that the sum is cither odd or 
divisible by 3 
(b) Find the probability that the sum is neither 
divisible by 3 nor is odd. 


10. A can hit a target 3 times out of 7, B can 4 times out 
of 5. C can 2 times out of 3. They all fire together. 
What is the probability that at least two shots hit 
the target? 
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11. A policc-man fires six bulleis on a terrorist. The laugh at Icast once. 
probability thal the terrorist will be killed by one bullet 18. A five 7 3 tw bas d2 
is 0.6. Find the probability that terrorist is still alive. i A Eve fipce Soins twhomiper coins dd.2 One TEpGe 
i ‘ ys coins are stacked together in a column at random. 
12. The probability of a student getting 1. II and III Find the probability that the coins of the same 
division in an examination is respectively 1/10, 3/5 denomination are consecutive. 
and 1/4. Find the probability that the student fails in 
ihe exaraination 19. There are 8 coloured balls and correspondingly 
2 8 coloured (same as the balls) bags. ‘The balls are 
13. Six married couples are standing in a room. If2 persons : : 
e placed in the bags, each one in one bag. Find the 
are chosen at random, then [ind the probability that sas 3 
cs probability that 5 of the balls are placed in the 
(i) they are a married couple Stearn area 
(ii) one is male and other is female P Bs. 
: 20. A Ive 75% of the problems in a book ath- 
14, Six married couples are standing in a room. If 4 per- inp capil ah ahopates a plems nota ba aa 
Pr nd B can solve 70%. What is the probability 
sons are chosen at random, find the probability that: 7 if 3 3 
. that A or B can solve the problem chosen al random? 
(i) 2 married couples are chosen. 
(ii) exactly one married couple is among the 4 21. LetA be the set of four elements. From the set of all func- 
(iii) no maried couple is among the 4 tions from A to A, a function is chosen at random. Find 
: the chance that the selected function is an onto function, 
15. In a single cast of two fair dice, find the probabil- S ; 2 een: 
ity that digits appearing on them are two 4’s, are a 22. If A and B are two independent events, such that 
doublet, has sum 7, has same reading, sum = 10, Pin py-& and pop = 3, then find P(A) 
sum > 10, sum > 10, sum < 10, both odd, both even. 25 75 
16. A has 3 shares in a lottery containing 3 prizes and | 23. Let £ and F be two independent events. The probability 
6 blanks. B has one share in a lottery containing one that both £ and F happen is 1/12 and the probability that 
prize and 2 blanks, Compare their chances of success. neither F nor F happens is 1/2, then find PU) and PCF). 
17. Anumber is chosen al random from the numbers 10 to | 24. 4, B, C are three mutually exclusive and exhaustive 
99. By secing the number a man will laugh if product events associated with a random experiment. If P(B)= 
of the digits is 12. If he choose three numbers with 3 pay and P(C)= spy . then find P(A). 
replacement, then find the probability that he will 2 2 
Answer Key 
53 
l= es 3. 5/6 4. 5. 1/4 6 @) 16 (ii) 1/2 iii) WS iv) 29/30 (v) 5/6 
54 13 17 
7. (i) 1% Gi) 31/60 ii) 29/60 8. (i) S/S Gi) 1/8 9. (a) 2/3 (b) 1/3 
1 
10, 74/105 11, 0.004096 12. 0 13. @) 11 Gi) 6/11 
14. Gi) 1/33 ii) 16/33 iii): 16/33 15. 1/36, 1/6, 1/6, 1/6, 1/12, 1/12, 1/6, 5/6, 1/4, 1/4 
3 
43 
16. 16/7 17. 1-| — 18. an 19. 1/360 
45 10 
20. 37/40 21 a 22. 2 
m, * 32 3t 
23. P(E) : and PF f P(E) d and P(F) ! 24. - 
: == or =— =— eae 
3 4 4 3 B 
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TEXTUAL EXERCISE 2: (OBJECTIVE) 


1. There are 8 blue and 2 red balls in a bag. Each time 
one ball is drawn and replaced by a blue one. ‘The 
probability of drawing the last red ball on the fourth 
draw is 
(a) 0.0142 
(c) 0.0148 


(b) 0.0434 
(d) None of these 
2. There are » persons, 3 of them are selected at random. 


The probability that the 3 selected persons were not 
together is 


6 1 
©) Tal) OG 
(c) je S (@) None of these 
n(n-1) 


3. Two squares are chosen al random from upper hal! of 
a cheshboard. The probability that they have a side in 
common 1s, 
(a) 724 
(c) 11/62 


4, A bag contains x white, y black balls. Two players, 4 
and B alternatcly draw a ball [rom the bag, replacing 
the ball cach time after the draw till one of them draws 
a white ball and wins the game. A begins the game. Ifthe 
probability of winning the game by A is four times thal by 
B, then ratiox : y is 
(a) 1:1 
(c) 3:1 


(b) 13/124 
(d) None of these 


(b) 1:3 
(d) None of these 


§. A fair coin is tossed 200 times. The probability of 
getling head an even number of times is. 
(a) 1/12 (b) 1/8 
(c) 8 (a) 1/2 


6. For the three events 4, B and C. P(exactly one of the 

events A or B occurs) = P(exactly one of the events 
urs) = P(exactly one of the events C or A 
(all the three events occur simultancously) 
0 < p<1/2. Then the probability of occur 


= pt, whe 
ing at Icast one of three events A, B and C is 


Sis 
(a) 2 
(ce) 2 @ 


(b) p? 
2 


7. A letter is taken at random from the letters of the word 
‘STATISTICS’ and another [rom *MATHEMATICS’. 
The probability that the sclected letters are same is. 


10. 


ll. 


12. 


1 3 
<2 bynes 
(a) 35 (b) 5 
(c) = (d) None of these 


. A pair of unbiased dice is rolled together till a sum of 


either 4 or 6 is obtained. The probability that the sum 
of the sum of 4 comes before 6 is 


$ 
7 by) 2 
(a) {b) 3 


(c) (a) None of these 


ol — alu 


20% bulbs in a set of 100 bulbs are defective, 5 bulbs 
are selected randomly [rom this set. The probability 
that the selected set has at lcast two and almost 
4 defective bulbs, is equal to 

OC, 4C,."C, 


FCC, 


09 
“5 


(d) None of these 


‘The probability that the persons /”, and /?, will die in 
a year are p and q respectively. The probability that at 
the end of the year only one of them will be alive, is 
equal to: 

(a) p+ q-pq () p+q-p-@ 

(©) p +4 -2pq (d) pq (p — 4-9) 

The numbers 1, 2, 3.....7 are arranged in a random 
order. ‘he probability that the digits 1, 2, 3... (7 > A) 
occur together is: 


(b) pokes 


It has been found that if A and B play a game 
12 times. A wins 6 times, B wins 4 times and they 
draw twice. A and 8 take part in a series of 3 games. 
The probability that they will win alternately is 

(a) 5/36 (b) SAS 

(c) 19/27 (d) None of these 


13. A commilice consists of 9 experts taken from three insti- 
tution 4, B and C, of which 2 are from A, 3 from B and 4 
from C. If three experts resign [rom the commitee, then 
the probability of cxactly two of the resigned experts 
being from the same institution, is equal to 
(a) 47 (b) 25/84 
(c) 55/84 (a) 37/84 


14, In anon-lcap year, probabiliy of getting 53 sundays or 
53 Tuesdays or 53 Thursdays is 
(a) 1/7 (b) 2/7 
(c) 3/7 (d) 4/7 


15. The probability of winning a test match by India- 
against Westindies is 1/2. Assuming independence 
from match to match the probability that in a match 
series India’s sccond win occurs at the third test is 
(a) 18 (b) 1/4 

(c) 12 (d) 23 


16. A and B are two independent events. The probability 
that both 4 and B occur is 1/6 and the probability that 
neither of them occurs is 1/3. The probability of the 
occurrence of 4 is 
(a) 172 
(c) (a) or (b) 


17. Three houses are available in a locality. Three persons 
apply for the houses. Each applies for onc house with- 
out consulting others. The probability that all the three 
apply lor the same house is 


(b) 13 
(d) None of these 


(a) 19 (b) 2/9 
(e) 719 (d) 9/9 
Answer Key 
1. &) 2. (c) 3. (b) 4. (©) @ 
IL. (6) 12. (ay 13.(c) 14. (0) 15. (b) 
20. (b,c) 21. &) 


m CONDITIONAL PROBABILITY 


Probability of occurrence of event F, given that event F, 
has alrcady occurred is known as conditional probability 


of F, wort. B, and is denoted as al : } Since, event F, 


has already occurred, then the sample space reduces to FE, 
i.c., outcomes favourable to F, become the total outeomes 


£, 
therefore the outcomes favourable to the event (2) 
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18. An experiment has 10 equally likely outcomes. Let A 
and 8 be two non-empty events of the experiment. If 
A consists of 4 outcomes, the number of outcomes that 
8 must have so that 4 and B are independent is : 
(a) 240r8 (b) 3,6 0r9 
&) 4or8 (a) Sor 10 
19, If.34 and N are two events, the probability that exactly 
one of them occurs is 
(@) PAD IP) 2wUIAN) 
(b) PAN + PAY-P Af ON) 


(©) P(A} + P(N)-2P(1 0X) 


(da) P(M aN)+ P(M aN) 
20. The Probabilities that a student passes in Mathematices, 
Physics and Chemistry are m, p and c respectively, 
The student has a 75% chance of passing in at least 
one, 50 % chance of passing in atleast two, and 
40% chance of passing in exactly two, Which of the 
following relations are true: 
(a) p 1m | c= 19/20 (b) pm ¢ =27/20 
(c) pme = 1/10 (d) pme = 1/4 


21. Anum contains $ red and 5 black balls. A ball is drawn, 
at random, its colour is noted and is retumed to the urn, 
Moreover, 2 additional balls of the colour drawn are put 
in the urn and then a ball is drawn at random. What is 
the probability that the second ball is red ? 


(a) 1/3 (b) 1/2 

(c) 1/4 (d) None of these 
6. @ 7. (c) 8. (a) 9% (b) 1. () 
16. (c) 17. (a) 18) 19% (aed) 


are actually the outcomes which are common to both 
£,and E, 


= P(F, given F, has occured) 


Total number of favourable outcomes 


‘Total number of outcomes 
nF, OF) PUL OE,) 
a(F,) PCRS) 


PUR) #0 
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Similarly, P(E, given F, has occured) 


( } P(E,AE,) 
=P = PR) #0 
FL} P(R) 

Properties 


1. If F, and F, are independent events, 


; 


2. I F, By... &, ave independent events, then P/U 
BY. VEY = 1 - PB By. U EY = 1 
PUBS PS 0 POE) 

3. If F, and F, are two cvents such thal F, # ¢, then 


then of = PCR) 


4. If F, and F, are two events such that FE, # ¢, then 


: rap :| 


5. If £, and F, and F, are three cvents such that 


F, #6, Bo Fy # $, then PEO EAE) PAC). 


PE) P(E). P 


NOTE 


Generalized Form 

If #, #,....8, are n events such that 2 # ¢, E, 
Ot GO BOBO ES t be BO BO BLO. 
oO &,, # ¢ then PEA BLA By... OB) = PE) 


P ba PP By . E, 
£, E, NE, BONEN... 


“gm TOTAL PROBABILITY THEOREM (FOR 
DEPENDENT EVENTS) 


Let A be an event of S and A,, A,, A,,....4,, be » mutual- 
ly exclusive as well as exhaustive events and A depends 
upon them individually, then we can write A = (4,0 A) U 
(4,0 A)... (A, A) 
As 4,, A,,.4, are mutually exclusive, (4, 0 4), 
(A, OA), A, 0 A) would also be mutually exclu- 
sive. Therefore 
> PA)=P AAA) | PLA, AA) Fosnses + (A, A) 
= P{A,). P(AIA,) ~ P(A,) P(AIA,) +... +P,). PIA, 
~. The total Probability of event A 


Pdy= SPU) PLAIA,) 


1. We have already discussed that mutually exclusive set of events are strongly dependent because occurrence of 


one precludes the occurrence of the other. 


2. Concept of mutual exclusive is set theoretic in nature while the concept of dependence/independence is 


probablistic in nature. 


3. P(A/A\) represents the contribution of event A, in the probability of occurrence of A. 
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Fg ADDITION THEOREM (TOTAL 
| PROBABILITY THEOREM) 


(a) IfA and B are two events in S, then P(A U B) = P(A) 
P(B)- P (ADB) 
If and B are mutually exclusive, then 
P(A B)=Oand PAU B= PCA) PB) 

(b) If 4, B, © are any three events of the sample space, 
then 
P(A BUC) = P(A) - P(B) - P(C)- P(A B)- 
P(ANC)- BAC) - PAN BAC) 

(c) 4,4 


= FP4)-E T (M404) 


1a gen 


ELE (P94, 04) 


ISj ene nen 


yA, are n events, then P(A, UV ALU... A) 


(d) The probability that one of the several mutually 
exclusive events 4, A,,.....4,, will occur is sum of the 
probabilities of the occurrence of separate cvents.ic., 
PUA,VAV..U A) = PIA) + PA +. PA) 
Probability that exactly one of A, B, C occurs: 
= P(A) | PIB) PC) -2P(AN B)-2 PBAQ- 
2PANCH3PAARBAQ 
(1) Probability that cxactly two of A, B, C occurs: 

=P(ANB) + PBAC - PARC) -3PERBAO 


(e 


(g) Probability that at Icast two of A, B, C occurs: 
=P(AMB)- PBAC)+P(ANC)-2 PAN BOC) 
(h) IfA,, A,......A, are n events, then 
@ PA,VA,v...VA,) SPA) | PA) +..+ PA) 
Gi) PAU, NA, 9... A) 21 - PA) - PD - 
Pa) 
Proof: (i) Torn 
Fora 2 we have 
P(A, UV A,) = P,) + PLA,) - P(A, 0 A,) S$ PLA,) - 
PA) [Te P(A, 0 4,)2 0] 
Assume that the result is truc for nm, 
ie, PA,VA,V...UA,) SPA) PA) +..+ P,) 
We now show that the result is true for = m +1. 
Let A, VAW.....UA,, = B 
Then P(A, 4..VA, VAL) 
=PBUA,,,) SPB) + PA, ,) 

[- the result is true for 7 = 2] 
=P A, VAp..VA)V PA, ) <P) | PAD) ++ 
PU,)+ PG,,,.) |wsing the induction assumption] 
Ilence the result is true for all v € N. 

Gi) For m = 1, we have P (4) = 1-0 - PA) = 1- 
P(A‘) and for n = 2 

PU, NA 

PA)-1 5 

=1-P4')+1-P')-1=1- PA) - PA) 

Thus, the result is true for 2. Assume that the result 


1, the result is clearly true. 


istrucforr mic, 


PAA, Aas OAD 2 T= PA HPA 
PA) 
We shall now show that the resultis truc form at +1. 
Let @,a 4, 9... A) B. Then P 4,9 A, 
0.04, 04,2 1-PB)-PA', |) 
Now P(B) =P [(4,0.4, 0..9 A)'1= PI a, 
VAT] 
< PU!) + PUA.) +..4 POA’) (by (i) 
Thus PU, A, mA A.) 21 - Pt) - PD 
= PU) 
Ilence by the principle of mathematical induction the 
result is true for all n € N 

@) IfA,, A,.......4, are n events, then 
PA, A, 0 0 A) 2 PLA,) + PCA,) +...4 P,) 
—@-l) 

qj) If A and B are two events such that A c B, then 
P(A) < PCB) 
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Proof: WehaveB Av (A’ OB). Alsod and A’ 
Bare mutually exclusive 
=> P(B)= P(A) — P(A’ B) 2 P(A) 
“(P(A A B)20) 
(kK) Max [(P(4) | PB) - 1, P(A). PB) < PU vB) < 
P(A) | PB) 
IfACAUB=> P(A) SPU B) 
Similarly if B cCAUB 
=> P(B)< PAV B) 


=> P(AU B)> Max(PtA), P(BY) ety 
Also P(A U B) = P(A) — P(B) - P(A 0B) s PCA) 
+ P(B) cose il) 
and P(A) - P(B)— 1 < PAW BY 
(As 0.< PB) <1) cen Gil, 


“. from () and (iii), we have 
Max [(P(4) | PB) - 1, PE), PB) < PAL B)s 
PAY | PB) 
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TEXTUAL EXERCISE 4: (SUBJECTIVE) 


L 


ps) 


mn 


Bag A contains 4 red and 5 black balls and bag B 
contains 5 red and 6 black balls. One ball is taken 
randomly from bag / and placed into bag 8 and then 
one ball is taken out randomly from bag B. Find the 
probability that ball drawn is red. 


A, B,C, D are playing with a coin and the person who 
finds head first wins. A begins the game. Find the 
respective changes of winning. 


. A and B are playing with a pair of dice one after 


another. If A finds 6 before B finds 7, A wins. If B finds 
7 belore A [inds 6, then B wins. Find the probability of 
winining of 4 (given that 4 begins the game). 


. A tosses 2 fair coins and B tosses 3 fair coins. The 


game is won by the person who throws greater num- 
ber of heads. In case of a tie, the game is continued 
under identical rules until somcone wins the game. 
Find the probability of A winning the game 


We are given two ums as follows; Um A contains 
3 ved and 2 white marbles. Urn 8 contains 2 red and 5 
white marbles. An urn is selected at random; a marble 
is drawn and put into the other urn: then a marble is 
drawn [rom the second um. Find the probability that 
both the drawn marbles are of the same colour. 


10. 


. One of ten keys opens the door. If we try the keys 


one after another what are the chances that the door 
is opened on the (i) 1" attempt (ii) second attempt 
(ii) 10” attempt 

Consider a bag containing 10 balls of which a few are 
black. Probability that a bag contains exactly three 
black balls is 0.6 and probability that bag contains 
exactly one black ball is 0.4. Now balls drawn from 
the bag one at a time without replacement till all black 
balls have been drawn. Find the probability that this 
process would end at 6" draw. 


. A person draws a card from a pack of 52, replaces it 


and shullles it. He continues doing it until he draws a 
spade. Find the chance that he has to make 
(i) atleast 3 trials (ii) exactly three trials 


. A draws a card from a pack of » cards marked 1, 2,... 


n, the card is replaced in the pack and B draws a card. 
Find the probability that 4 draws 

(i) same card as B (ii) higher card than B. 
Indian Airforce has 250 aircrafts, 150 mig-21, 50 
Jaguar. $0 Sukhoi-31. The probability of aircrash 
for Jaguar is 1/3 while that of Mig-21 is 1/2 and 
Sukhoi-31 is 1/6 respectively. A pilot selects a plane 
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randomly and takes off. Find the chances that he will | 13. (2) A real estateman has cight masicr keys to open 
land safely. several new homes. If 25% of these homes are 
usually left unlocked. find the probability that 
the real estate man can get into a specific home 
if he selects three m al random before 


11. A box contains three coins; one coin is fair, onc is two- 
headed, and one is weighted so that the probability of 
appearin head is 1/3. A coin is selected at random and 


; : 3 leaving the office (if all keys open equal number 
tossed. Find the probability that heads appears. of locks) 
12. Find the least number of dice that must be thrown, so (b) A non-century ycar is chosen randomly. Find the 
that there is a better than even chance of obtaining a six. probability that it contains 53 sundays. 
Answer Key 
L an. 2. 8/15,4/15, 2/15, 1/15 3. a0) 4. 3/11 5. 201 
108 61 1680 
6. (i) 1/10 Gi) 1/10 iii) 1/10 7. 900 8. G@) 9/16 (ii) 9/64 
n-1 17 3 
9. i) 1A ii) —— 10. 3/5 WU. W812. 4 13. (a) = b) — 
@ Vn Gi) n @ 3 ©) 33 
TEXTUAL EXERCISE 3: (OBJECTIVE) 
1. If two events A and B are such that ?(4‘) = 0.34, P(B) succeeded 4 times, the conditional probability that the 
= 0.54 and P (4 9 B) = 0.32, then P[(4 VU BY is runner had suceeded in the first trial is 
41 39 3 4 
ah oe a) = By 
(a) 30 (by 50 (a) 7 {b) 7 
2 
33 16 @ = (d) None of these 
©) dy — ° 
(c) 50 @ 39 7 


5. Three numbers are chosen al random without 
replacement from the set {1. 3, 5, 7.....29}. Let BY be 
the event that minimum of the chosen numbers is 7 
and #’, be that when their maximum is 19, then 
(a) P(E.) = 44/91 (b) P(E) = 24/91 


2. A bag contains some white and some black balls, all 
combinations of balls being equally likely. The total 
number of balls in the bag is 10. If three balls are 
drawn at random, then the probability that all of them 
are black is 


: ga (©) PE, AED=113 @ PHS) = 7/24 

a} Os 6. A box contains N coins, m of which arc fair and rest 
aveck 4 1 are biased. The probability of getting a head when a 

©) 5 ) 4 fair coin is tosses is 1/2, while it is 2/3 when a biased 


coin is tossed. A coin is drawn from the box at random 
and is tossed twice. ‘The probability that it shows a 
head first time and second time is 


3. There are three balls in an um whose colours are not 
known (cach ball can be cither white or black). A 
black ball is put into the um. A ball is drawn [rom the 


The probability that it is black is @ 242 oo) 24 
urn. ic probability that i ; ack is 7 0° 36N 
(a) 8 {b) 3 (d) None of these 
@ 2 (4) None of these 7. Given that A, B and C are events such that P(A) = 
P(B) = PCC) = 1/10, PA 9 B) = P (BC) = 0 and 
4, Ina hurdle race, a runner has probability p of jumping P(A \ C)= 1/20. The probability that at least one of 


over a specific hurdle. Given that in 7 trials, the runner the events 4, 8 or C occurs is 
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1 
(a) (by 3 


#l— l= 


(c) (d) None of these 

8. Let A and B be two events such that PU 4 B’) = 0.30, 
P(4' 0 B) = 0.20, and P(A B) = 0.15, then 
(a) P(AIB) = 3/7 (b) P(A) =0.45 
(c) PAU B)=0.65 (a) P(BIA)= 1/3 

9, A pair of dice are thrown. One die has 2 faces marked 
with 3, 2 faces marked with 2 and 2 faces marked 
with 4. Another die has 3 faces marked with 1,2 faces 
marked with 2 and 1 face marked with 3, then 
(a) The most probable sum is 5 
(b) The probability of most probable sum is 1/3 
(c) The Icast probable sum is 7 
(d) The probability of least probable sum is 1/18 


10, A person has 4 digit pin code of A.1.M. card. Ile for- 
got his pin-code, but he knew that the sum of first two 
digits is same as that of last two digits. He tried a four 
digit number, then the probability that the tried code 


digits of the number of the selected ticket is 9 and 0 
respectively. ‘Ihe value of of £) 7 
(=) V9 
© 39 


(b) 2/19 
(a) None of these 


13. A factory A produces 10% defective valves and 


another factory B produces 20% defective. A bag 
contains 4 valves of factory A and $5 valves of factory 
8. If two valves are drawn at random from the bag, 
then the probability that atleast one valve is defective 


is equal to: 
1283 26 
Peta b) 2 
@ 1800 ®) 45 
{c) a (d) None of these 


14. A lot contains 20 articles. The probability that the 


lot contains exactly two defective articles is 0.4 and 
the probability that it contains exactly three defee- 
tive articles is 0.6 Articles are drawn [rom the lot 
at random one by one without replacement and are 


ie camactis tested till all the defective articles are found, The prob- 


3 1 ability that the testing procedure ends at the 12 testing 
(®) S590 (b) Tio)" is equal to 
i : (a) 99/1900 (b) 198/1900 
©) —> ® Sp (©) 99/3800 (d) None of these 
6 


2(10) 


Hor possible events A and 8, the expression 
P(A\(CA V B) is always equal to: 


P(AUB)-P(B) P(AUB)- P(A) 


15. 2 denotes the complement of an event F. Let F, 
be pairwise independent events with P(G) > 0 
and P(E A Fa G) = 0. Then PUM a FC) equals 


(a) PUR) + PUP) (by PES) - POF) 


UL 


(a) 


P(AUB) P(AUB) (c) P(E) - PUD @) PU) - Pe) 
P(B) 4 P(A) 16. If A and B be two events such that 4 © B and 
sc P(AUB) o P(AUB) P(B) #0, then which of the following is correct? 
P(B) 


(b) P(4 B) < P(A) 


12. One ticket is 
tickets number 


ted randomly from the set of 100 (a) P(AB) >) 
{00, 01, 02, 03, 04, 05,... 92,99}. ‘ 


F, and E,be the evevnt that the sum and product of the (©) P(A B)> P(A) (d) None of these 


Answer Key 
1. @) 2. () 3. () 4. (b) 5. (a b,c, d) 6. (a) 7. () 
8. (a,b, ¢, d) 9. (a, b, ¢, d) 10. (a) i. @) 12. &) 13.) 14. (@) 
15. (c) 16. (c) 


mutually exclusive as well as exhaustive. i., #7 gE = 
¢for alli#jandl<ijsnand kh Uk UV BU 
£=S 


m@ PARTITION OF SAMPLE SPACE 


A family of non cmply event sets Fy, Ey.E, is said 
to form a partition of scl § (Sample space) if they are 


m@ BAYE’S THEOREM 


Baye’s theorem revises (reassigns) the probabilitics of the 
events A,, A,,....4, related to a sample space, when there is 
an information about the outcome beforehand. ‘Ihe earlier 
probabilities of the events P(1), i = 1, 2,....2 are called a 
priori probabilites and the probabilities of events calculated 
after the information is received ie.. (4/4) is called 
posteriori probabilites. 

If zk), #,,..., £, be m mutually exclusive and exhaustive 
events and £ is an event which occurs together (in 
conjunction with) cither of F, i.c., events F,, F,,...6, form 
a partition of S and F be any event, 


NOTE 
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P(E) P(HIE,) 


E, 
then ? (2) ae 
“FY PED P(EIE,) 
a 
Proof: Let #,, #,,..#, be m mutually exclusive and 
exhaustive events and £ be any event in sample space, then 
E=ENEJVENEY.U ENE) 
> PE)=PEDE) | PENE) +... + ENE) 
= P(E). PIE.) | PCH) PIE) +... PE) PIE) 
E 
P(E,)P ( Z) 


Enon) 


Hence, of 


If in a problem some event has already happened and then the probability of another event is to be found, it is an 
application of Baye’s theorem 
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TEXTUAL EXERCISE 5: (SUBJECTIVE) 


Bag A contains 5 red and 6 white balls and bag B 
contains 6 red and 7 white balls. One bag is chosen at 
random and | ball is taken from it and it is found to be 
red. Find the probability that it cames from. 

(i) bag 4 (i) bag B 


4 and B are two factories producing 20% and 30% 
defective goods. From a sample one item is taken and 
it is found to be defective. Find the probability that it 
v ‘oduced by factory 2. 


3. A card from a pack of $2 cards is lost. From the 
remaining cards, two cards are drawn and are found 
to be spades. Find the probability that missing card is 
a spade. 


. In a test an examinee either guesses or copies or 
knows the answer to a multiple choice question 
with four choices out of which one is correct. ‘he 
probability that he makes guess is 1/3 and capies is 
1%. ‘The probability that answer is correct that he 


copicd is 1/8. Find the probability that he knows and 
the answer given thal he answered correctly 


5. A person is known to speak the truth 4 times out of 5. 
Ile throws a die and reports that it is a six. Find the 
probability that it is actually six. 


6. A person is known to speak the truth 4 times oul of 5. 
He draws a card from a pack of 52 playing cards and 
reports that it is an ace. Find the probability that it is 
actually an ace. 

7. I wrote a letter to my friend X and gave it to my son 
to post it, The probability that my son will forget to 
post the letter is 1/10 and the letter will be lost in post 
is 1/100. If my friend X did not receive the letter, then 
find the probability that 
(i) my son forgol to post the letter. 

(ii) the letter was lost in the post. 


8. 


In a test an examine either guesses or copies or knowns 
the answer to a multiple choice question with m choice 
out of which exactly one is correet. The probability that 
he makes a guess is 1/3 and the probability that he cop- 
ies the answer is 1/6, The probability that his answer is 
correct given that he copied it is 1/8. If the probability 
that he knew the answer to the question given that he 
correctly answered it is 120/141, find a 


Answer Key 
1. (i) 65/131 (i) 66/131 2. 06 3. 11/50 
7. G) 100/109 ii) 9/109 85 


TEXTUAL EXCERISE 4: (OBJECTIVE) 


1. Each of the » urns contains 4 white and 6 black balls. 
The (# + 1) th um contains 5 white and 5 black balls. 
Qut of (2+ 1) urns an urn is chosen al random and two 
balls are drawn from it without replacement. Both the 
balls are found to be black. If the probability that the 
(nm — 1) th urn was chosen to drawn the balls is 1/16, 
then value of 7 is 


(a) 10 (b) 11 
(c) 12 @ 13 
2. The chances of defective screws in three boxes 4, B, 


and C are 1/5, 1/6, 1/7 respectively. A box is sclected 
at random and a screw is drawn from it at random, 
is found to be defective. The probability that it came 
from the box A is: 


XxX @M>rnboG)9qGg,O7p. Mas 
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9. A prisoner escapes from a jail and is cqually likely 
to choose one of the four roads, I, II, TIT or TV to 
reach away from the hands of law. If he choose 

ful with probability 1/6 and for 

is 1/8, 1/10 and 1/12 respectively 

If the prisoner is successful, the probability that he 

choose read 


(1 (p) 12/57 
(b) (q) 15/57 
© WW (1) 20/57 
@ Iv (s) 10/57 


10. Shashi tosses a coin. If he gets a head he throws 


a fair cubical dic and the number on it is noted 
If he gets a tail he is asked to throw 5 coins 
and number of heads oblained is noted, If the 
number noted is 4. Find the probability that he 
threw a die 


A person goes to the office either by a car or by a 
scooter or by bus or by train, The probabilities of his 
using car, scooter, bus and train are respectively, 1/7, 
2/7, 3/7 and 1/7. The probabilities of his reaching late 
in office by using these modes of transport are 2/9, 
4/9, 1/9 and 1/9 respectively. If the person reach the 
office in ume, find the probability that he used car to 
reach the office. 


4. 24/29 5. 4/9 6. 1/4 


10. 16/31, 1/7 


(a) 16/29 
(c) 27/59 


(b) 1/15 
(d) 42/107 


3, In an entrance test there are multiple choice questions. 
There are four possible answers to each question, of 
which one is correct. ‘The probability that a student 
knows the answer to a question is 90%. If he gets the 
correct answer to question, then the probability that he 
was guessing is: 
(a) 37/40 
(c) 36/37 


(b) 1/37 
(a) 1/9 


4, The probability that an archer hits the target when it is 


breezy is equal to 2/5: when it is not breezy his prob- 
ability of hitting the target is 7/10. On any shot the 
probability of gust of wind is 3/10. ‘The probability 
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thal there is no gust of wind on the occasion when he 
missed the target, is equal to 

(a) 5/13 (by 19/39 

(ce) 113 (d) 23/29 

In four schools 8, 8,, B,, B, the percentage of girls 


students is 12,20.13,17 respectively. From a school 
ed at random, one student is picked up al radom 


and it is found that the student is a girl. The probability 
that the selected school is B, is 

(a) 631 (b) 10331 

(c) 13/62 (a) 17/62 


Three groups 4, B and C are competing for positions on 
the Board of Directors of a company. The probabilities of 
their winning are 0.5, 0.3. 0.2 respectively. If the Group 
A wins, the probability of introducing a new product is 
0.7 and the corresponding probabililics lor groups B and 
© are 06 and 05 respectively. The probability thal the 
new product will be introduced is given by 

(a) 0.63 (b) 0.37 

(c) 0.21 (d) None of these 


A signal which can be green or red with probability 
4/5 and 1/5 respectively, is reecived by station A and 
then transmited to station B. The probability of cach 
station receiving the singal correctly is 3/4. If the sig- 
nal received at station B is green, then the probability 
thal the original signal was green is: 

(a) 3/5 (b) 6/7 

(c) 20/23 (d) 9/20 


Of the students in a collage, it is known that 60% 
reside in hosicl and 40 % are day scholars (not resid- 
ing in hostel). Previous year results report that 30% 
of all students who reside in hostel attain A grade and 
20% of day scholars attain A grade in their annual 
examination. At the end of the 
chosen at random from the college and he has A grade, 
what is the probability that the student is a hostlicr? 
(a) 10/13 (by 8/13 

(c) 9/13 (d) None of these 


A laboratory blood test is 99% elective in detecting 
a certain discase when it is in fact, present. However, 
the test also yields a fal 
the healthy person 
tested, then with probability 0.005 the test will imply 
he has the discase). If 0.1 percent of the population 
actually has the d what is the probability that 
a person has the discase given that his test result is 
positive? 


‘ar, one student is 


10. 


12. 


13. 


14. 


ass w) 
» 2 

1197 1197 

197 22 

a 22 

© To7 © 153 


There are three coi 
ing head on both [2 
comes up heads 75% of the time and third 
ased coin. One of the thr 
and tossed. If it shows heads, what is the probability 
that it was the two headed coin? 

(a) 9 (b) 3/9 

(©) 4/9 (a) None of these 


s. One is a two headed coin (hav- 
another 


a biased coin that 


an unbi- 
hosen al random 


oins 


An insurance company insured 2000 scooter drivers, 
4000 car drives and 6000 truck drivers. The probabili- 
tics of an accident of respective vehicle drivers are 
0.01, 0.03 and 0.15. One of the insured persons meets 
with an accident. What is the probability thal he is a 
scooter driver? 
(a) 1/52 

(c) 3/52 


(b) 1/26 
(d) None of these 


A factory has two machines 4 and B. Past record 
shows that machine A produced 60 % of the items of 
output and machine B produced 40 % of the items. 
Further, 2% of the items produced by machine A and 
1% produced by machine B were defective. All the 
items are pul into one stockpile and then onc item 
is chosen at random from this and is found to be 
defective. What is the probability that it was produced 
by machine B? 
(a) 1/2 

(c) 1/4 


(b) 13 
(@) V/s 


Suppose a girl throws a dic. If she gets a 5 or 6, she 
tosses a coin three times and notes the number of 
heads. If she gets 1, 2, 3 or 4, she tosses a coin once 
and notes whether a head or tail obtained. If she 
obtained exactly one head, what is the probability that 
she threw |, 2, 3 or 4 with the dic? 

(a) 8/11 (by 9/11 

(c) 10/11 (d) None of these 


Probability that A speaks truth is 4/5. A coin is tossed. 
A reports that a head appears. The probability that 
actually there was head is 


1 
(a) (b) 3 


©) {d) — 


pe wpe 


Answer Key 
L@ 2@ 36) 40 5&0) 
M1. (a) 12 (c) 13. (a) 14. (a) 


RANDOM VARIABLES AND THEIR 
PROBABILITY DISTRIBUTIONS 


Definition 


A random variable is a real valued function whose domain 
is the sample space of a random experiment. For example, 
let us consider the experiment of tossing a coin two mes 
in succession. The sample space of the experiment is S 

{HH, HT, TH, TT}. Uf X denotes the number of heads ob- 
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6. (a) 7. (0) 8) 9 @ 10. &) 


tained, then Vis a random variable and for cach outcome, 
its value is as given below: 
AX GUD =2,.X (UT) = 1X (TH) = 1, XC) =0 


More than one random variables can be defined on the 
same sample space. For example, let F denotes the num- 
ber of heads minus the number of tails for cach outcome of 
the above sample space S. Then ¥(HH) = 2, ¥ (AT) = 0, 
(TH) = 0, ¥ (77) =-2. 

Thus X¥ and F are two different random variables 
defined on the same sample space S. 


rl PROBABILITY DISTRIBUTION OF A 
RANDOM VARIABLE 


Definition 


The probability distribution of a random variable X is the 
system of numbers 


random variable X and p,(i 
the random variable ¥ taking the value x, .¢., PY =x) =p, 


Xx: x, Xx, 

PX) Pro Py Py 

Where, p,>0, ¥5 p,=Li=1,2...0 
A 


The real numbers x,, x,,.....¥, are possible values of the 


) is the probability of 
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m MEAN OF A RANDOM VARIABLE 


Definition 


Let X¥ be a random variable whose possible values x,, 
x, occur with probabilities p, py PyP, 
The mean of X, denoted by ys is the number 


P, ic., the mean of X is the weighted average of 


the possible values of -Y. each value being weighted by its 
probability with which it occurs. 

‘Lhe mean of a random variable X is also called the ex- 
pectation of Y, denoted by EC). 


Thus £(x)= “= Dx, p,= 4p, + Prt. +%,P, 


In other words, the mean or expectation of a random 
variable Y is the sum of the products of all possible values 
of X by their repcetive probabilities. 
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lm VARIANCE OF A RANDOM VARIABLE 


Definition 


Let X be a random variable whose possible values x,, x,,....%, 


oceur with probabilities p(x,), p(x,),.....p(x,) respectively. 
Let p = #(X) be mean of.X. ‘The variance of Y, denoted by 


Var (X)or 6? isdefined as o? = Var(X) = ¥ (x, — w)' px) 
a 
The non negative number 


o, = {Vary = Dew" aes) is called the 


standard deviation of the random variable ¥. 


“m™) ANOTHER FORMULA TO FIND THE 
VARIANCE OF A RANDOM VARIABLE 


We know that, Vari) = 9G, - #Y p(x) 


FL 


(x) + W?— 2px,) pC) 


x 

= Ye pe r+ Yue py)- Y 24, po) 
Ye + wD p)-2HDx, pee) 
a ra i 


Since ¥ p(x) =land 
A 
H= Yx,P@) 


Al 


= Dip@y+ we -2u 
a 


= Spo) 


or Varts')= 3x2 ptx,)- (E. vex) 
OF Var (X)= B(X*)-[FCOY] 
where £42) = 3 2p) 


fl 
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|. ~BERNOULLI’S THEOREM OR BINOMIAL 
THEOREM OF PROBABILITY 
Consider a random experiment with sample space S and an 
event £ (a subset of S) associated with it. Then the event 
denoted by F signifies the non occurrence of F. Let P(E) 
pand P(E) = q, so thal p,g>Oandp+q_ 1. Ifthe 
experiment results in the event F, we say a success (denoted 
by s), has occurred. If on the other hand, the event F does not 
occur (i.¢., E occurs) the experiment is said to have resulted 
in a failure (denoted by f). The probability of a success is 
equal to p and that of afailurcisg 1 —p. 


to BINOMIAL THEOREM 


Suppose a binomial experiment having constant prob- 
abilily of success p and thal of failure q (such that p — 
q 1) in any of its performance, is repeated » times 
under similar conditions (i.e., a series of » independ- 


ent tnals), then probability of exactly r successes is 
given by 

P(=r)="C pq”, where r= 0, 1, 2, 3,.... 0 
Proof: Suppose the above experiment is carried out n 
times under identical conditions. If the success (occurrence 
of £) and failure (non-occurrence of #) are recorded suc- 
cessively as the experiment is repeated, we will get a result 
of the types ffs s ff... fsf 

There are 2” such outcomes, and they constitute the 
sample space of the combined experiment. Since the suc- 
cessive experiments are independent, the probability of the 
above outcome isp gg pp qu. GPG pg’, where r 
is the number of successes in the outcome. If X denotes the 
random variable “number of successes”, then the possible 
values of X are 0, 1, 2,....., a. 

‘We shall now calculate the probability of the event 
(XY. Out of the 2” outcomes, r suceesscs and (1 
— r) failures can occur in "C, ways. Also, the prob- 
ability of r success and (# — 7) [ailures is p ' q”*. Thus, 
PUL A= PC pg?’ 
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REMARKS 


(i) The probability of getting at least k successes is P(r>k)=5°"C,p'q”" 


(ii) The probability of getting at most k successes is p(g<r<k) 33 C,.p'.q” 
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Binomial Distribution 
Since (p | gy =Cyg" | Cigrip ... C.grpe i... | Cpt 


The probability distribution of the random variable X 
given below 

x ) 1 2 ee PE ett n 
PO) gt "Cpq" "C,p'qt? "Cig? p 


Mean (or expectation): The mean of the random variable 


X is defined as F(X) = >y PX) 
* 


Variance: The variance of X is defined as: 


”, 
Vvar(X)= ¥ p(x, - HOO 
‘a 
‘The mean, the variance and the standard deviation of 
binomial distribution are np, mpg, .jnpq 
Mode of Binomial Distribution: Mode of binomial 
distribution is the valuc of r when P(X r) is maximum 


(nt lp-l<rs<(nt+lyp 
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Application of Multinomial Theorem on the upper Laces is equal to ris given by the coefficient of 


fe ae aS 
Ifa dic has m faces marked 1, 2, 3, in (tat ta" ty 


are thrown. Then the probability that the sum of the numbers 


. mand if such # dices 


Expectations of success, the sum of money denoted by p37 is called his 
expectation. 


If p be the probability of success of a person in any venture 
and A/ be the sum of money which he will receive in case 
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m) GEOMETRICAL PROBABILITY definition of probability. In thi: we define the probability 
When the number of points in the sample space is infinite, it 
becomes difficult to apply classical definition of probability. i 
For instance, if we are interested to find the probabilit where measure stands for length, area or volume depending 
a point selected at random from the interval |1, 5] lies either | upon whether Sis an one-dimensional, two dimensional or 
in the interval [1, 2] or |4, 5], we cannot apply the classical _ three dimensional region. 


Measure of region A 
Measure of the sample space S 


as follows: ?{x € A} = 


NOTE 


The problems related to continuous (uncountable) uniform sample space is dealt geometrically as can be seen from 
following examples: 
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D (a,b+1) (a+1,b+1)C 
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TEXTUAL EXERCISE 6: (SUBJECTIVE) 
L 


A coin is tossed ‘a’ times. Find the probability of get- 
ting head 

(i) 5 number of times. 

(ii) odd number of times. 


. Acoin is tossed (2+ 1) umes. Find the probability of 


getting head al most # limes. 


A fair coin is tossed a fixed number of times. If the 
probability of getting 7 heads is equal to that of 
getting 9 heads, find the probability of getting 2 heads. 


. A dic is rolled # times. Find the probability that 


multiple of 3 will occur odd number of times. 


If it is known that 25% ships get lost when travel in a 
particular weather, what is the probability that exactly 
75 ships will return safely when 100 ships are sent to 
journcy? 


. In a rainy season there is 60% chance that it will rain 


on a particular day. Find the probability that there will 
be exactly 4 rainy days in a week. 


A fair dice is tossed cight times. Find the probability 
that on the cighth throw a third six is observed 


. Any real number is chosen randomly from the inter- 


val [1, 5]. Find the chance that number salisfies the 
inequality x? + 2x + 1> 0. 


9 


10. 


14. 


15. 


The variates a and b are uniformly distributed in 
the intervals 0 < a < 6 and 0 <b < 9. ind the prob- 


ability that the cquation x? — ax + b 0 has two 
real roots. 
A point is chosen from Ist quadrant randomly such 


that x. vy € |0, 4]. find the probability that it satisfies 
be] +b] = 3. 

A point is selected at random inside a circle, Find the 
probability that the point is farther from the centre of 
the circle than to it’s circumference. 


The random variable & is uniformly distributed over 
the interval (0, 5), find the probability that the roots of 
the equation 4x? + 4xk + k +2 =0 are real. 


Let S be the rectangle {(7, vy): O<x< 9,0 <y <1} 
and C be the circle {(, v): 7 +)? < 1}. Find the prob- 
ability that point ? € S also belongs to C. 


A natural number is selected al random from the set 
X = {x, 1 <x < 100}. Find the probability that the 
number satisfies the incqualion x*— 13x - 30 < 0. 


There are two circles in x - y plane whose equations 
are? — y?— 2y = 0, 2 + —3 = 0. A point (x, ») is 
picked up at random inside the larger circle, find the 
probability that the point has been taken from the 
smaller circle. 


16, Three points P, Q. R are selected at random from the 
circumference of a circle Find the probability that 
the points lic on a semicircle 


17. Two persons. and B agree to meet at a place between. 
11 to 12 noon. The first one to arrive will wait for 
20 minutes and then leave. If the time of their arrival 
be independent and at random. find the probability 
that 4 and 8 meet. 


18. Two points arc taken al random on the given line 


segment 18 of length ‘a’. Prove that the probability 
of their distance exceeding a given length ¢ (< @) is 


equal to (-<) 
a 


19. Two dice are thrown simultancously to get the 
co-ordinates of a point on x —y plane. Find the prob- 
ability that this point satisfies the incquality x| + 


20. ling are chosen at random, prove that they are 
just as likely as not to denote the sides of a possible 


triangle. 


21. The sides of a rectangle are chosen at random, each 
less than a given length ‘a’, all such lengths being 
equally likely. Show that the chance that the diagonal 


is less than a is 7/4. 


22. A point (x, y) is chosen randomly, 
4].y € [4.4] Qwhe 
ability that it sal 


such that x € [- 4, 
teal). Find the prob- 


23. 


A point is chosen such that [x] |] = 1, find the prob- 
ability that point lics below the line y x. 


24. A real number x is chosen from 0 < x < 10, such that 
it satisfies the relation fx) = (2. -—27)!"'V 2.>0 and ‘n” 


Probability 6.43 
being an odd natural number. Find the probability that 
x also satisfies the relation Af) = x. 


25. Any point is chosen randomly from the interval 
O<x<2and0<y<2. Find the probability that the 
point lies in the region enclosed by curve y? = 4x and 
x=1,y=0 in 1* quadrant. 


26. Find the probability distribution of 
(i) number of heads in two tosses of a coin 
(ii) number of tails in the simultaneous tosses of 
three coins 
ii) number of heads in four tosses of a coin 


27. Find the probability distribution of the number of 
sl in two tos of a dic, where a su 
defined as 
(a) number greater than 4 
(b) six appears on at least one die 


8s 


28. The random variable X has a probability distribution 
P(X) of the following form, where k is some number 


kif ¥=0 
2k, if X =1 
PO)=) a ig a2 


0, otherwise 


(a) Determine the value of k 
(b) Find ? (<2), P (Xs 2),P (¥ 2 2) 


29. Aclass has 15 students whose ages are 14, 17, 15, 14, 
21, 17, 19, 20, 16, 18, 20, 17, 16, 19 and 20 years. 
One student is selected in such a manner that cach has 
the same chance of being chosen and the age X of the 
selected student is recorded. What is the porobability 
distrbution of the random variable? Find mean, vari- 
ance and standard deviation of Y. 


Answer Key 
: * 15 1 cia 4536 
L@C,12" G) 12212 32 4 =1-0/3" s,m f3) (tL ; 
@"C,12" Gi) s stl-a/3y"} (3) (+) ae 
1 OS 8.1 9138 114 W394 1235/5 13. 14, 3/20 
15. jae 62 2 112 2212 DOB 
36x 4 9 
xo |1 [2 x Jo |1 2 [3 x jo |1 |2 ]3 |4 
1 fafa 113 4344 1}3 fifa 
~~) |Pe }— |= |= w|p@ |t 2 |2]+ ii) [PO |—]}— |= ]—]— 
2. @|PO|F 15 | 4 @/PO)s le lals @)PO lela lia) 
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x Oo "(pz x o |i 
4 ]4]1 25] 11 
27. (a)|P@) |— |= |= | ®] Pe |=] — 
(a)| P@&) a lala) S ) | P(x) 36 | 36 
x 14 [15 |16 17 [18 | 19 |20 | 21 
PO) 2}1]2]/3}1}2]3]1 
x 
29.10) 175 | 75 | 15 | 15| 15] 15 | 15| 15 


28. (a) haz (b) P(e<2)=5,P(e52)= I, P(x 2 2)= 


a 
2 


Mean 17.53, var (x) = 4.78 and $.D (x) = 2.19 


TEXTUAL EXERCISE 5: (OBJECTIVE) 


Ll 


- 90 identicial coi 


. If m is an integer such that m?— 25 < 


If the mean and variance of binomial variate X are 6 
and 2 respectively. then the probability that X takes a 
value al most 8 is 


19015 19171 

(a) (b) —_— 
19683 19683 
9 

(c) er (d) None of these 
19683 


s, cach with probability p of showing 
heads are tossed once. If 0 < p< 1 and the probability 
of heads showing on 45 coins is equal to that of heads 
showing on 46 coins, the value of p is, 


1 45 
(a) 2 (b) 7 
44 46 
© > (ay ry 


Suppose X follows a binomial distribution with 
ryP (X 


anand p, where 0 < p <1. IT PW 
n—r) is independent of » for every value of r, then 

(a) p= 1/4 (b) 3/4 

(c) p= 12 (@) q¢=12 


. The least number of times a fair coin must be tossed 


so thal the probability of getting at least one tail is al 
lcast 0.6 is. 
(a) 3 
(c) 4 


(b) 5 

(@) 2 

©, then the prob- 
ability that the quadratic equation 2x? + 2mx + m +1 
= 0 has real roots is 


2 3 
@ OT 

6 8 
{c) — OT 


.d 200 times. The probability of get- 
, 7....99 times is. 


ling tails 1, 


7. 


8, 


1 1 
(a) ry {b) 8 
1 1 
(c) 16 (d) ri 


Each of two persons A and 8, toss five fair coins. ‘lhe 
probability that both get the same number of heads is 


61 63 
a): Bb) 
© 356 ®) 356 
65 
(c) 356 (d) None of these 


‘The probability that a student is not a swimmer is 1/3, 
‘The probability that out of 10 students exactly 7 are 


swimmer is. 
ry 
b) 10] — 
(b) (3) 


oY 
(a) 3] 

oY 

(c) 10 (3) (d) None of these 


. ‘Two integers x and y are choosen with replacement 


10. 


out of the set {0, 1, 2, 3,........, 10}. Then the probabil- 
ity that x y > Sis 
81 30 
a) —— b) —— 
) 121 o 121 
25 20 
‘c) —— d) — 
€) 121 ® 121 


If the sum of the ordinate and abs 


ssa of 2 point 


Pty) is 2n, where x and y are natural num- 
bers, then probability that the point docs not lic 
ony xis 

nl 2n-2 
‘ay —— b 
Od ©) onal 
( 2ntl (d) None of these 

2n+3 


11. The mean of the numbers obtained on throwing a die 
having | on three faces, 2 on two faces and 5 on one 


face is 
(a) 1 (b) 2 
(ce) 5 (a) 83 


12. Suppose that two cards are drawn at random from a 
deck of cards. Let_Y be the number of aces obtained. 
‘Then the value of K(X) is 


37 5 

a by 

() 221 ®) 13 

1 a 2 

(c) a @ is 
; 1 ; 

13. In a binomial distribution a(np=t), if the 
probability of at Icast one success is greater than or 
cqual to 9/10, then the least posible value of x is 

1 9 
(@) Tog, 4+log,,3 © Tog, 4+l0g,,3 
1 
() logy) 4—log,, 3 @) 1og)) 4—log,. 3 
Answer Key 


Lo) 2@ 36d 4@ 5 
1. (b) 12) 13. @)— 1) AS.) 
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14, Four six-faced fair dice are thrown together. The prob- 


ability that the sum of the numbers appearing on the 
dice is k (4 <k <9) is 


ca) (E=1)(E=2)(F-3) 


6 
(b) (k-1)(k-2)(k-3) 
1296 
©) k(k-1)(k-2) 
= ess 


(d) None of these 


15. There are 30% chances that it rains on any particular 


day. If there is at Icast one rainy day in a week, the 
probability that there are at least two rainy days, 
equal to: 
(a) CD38" 
(b) 1-7 C73) 
(©) (79% 28 
1-(7)° x(2.8) 
1-(0.7)' 


(d) 


6@ 20) B&B) %6) 10) 
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SUBJECTIVE SOLVED EXAMPLES 


1. A determinant of the second order is made with the 
elements 0 and 1. What is the probability that the 
determinant made is non-negative ? 


Solution: The number of determinants of the second order 
that can be made with 0,1 
=2% 2x 2% 2=16(\" cach of the four places of 
clements can be filled in 2 ways ic., by 0 or 1) 


n(S)= 16 
Let # = the event of getting non-negative determi- 
nants. 


Then £ = the event of getting negative determinants. 
Clearly, negative determinants of the second order 
thal can be made with 0,1 are 


o 1] jo if jt ake 3 

: ; sPCRY= Ses 

1 ol’ fr ap fr of “> sy * 36 
i 313 
=> P(R)=1- P(E) = 1-—=—= 
(EY (Ee) ie ie 


Lence, the required probability = . 

6 

2. Ais a set containing ‘w’ element. A subset P of A is 

chosen at random, and the set A is reconstructed by 

replacing the elements of 2 Another subset O of 4 

is now chosen at random. Find the probability that 
PU Q contains exactly r elements. Qwith 1 <r <7) 


Solution: Let A fa, ay... 4} 
For cach a, € A (1 <i <n), we have the following 
four choices. 

Loo a,ePanda,eQ 2% a,ePandaeO 

3% a4@PandaeQ 4 a,¢Panda¢Q 
‘Therefore, for one element a, of A, total number of 
cases is 4. Let S be the sample space. 

a (S)= 4" and number of cases in which a, ¢ PU 
Qis3 since in case 4, a, ¢ PU Q and let F be the 
event of favourable cases, then » ( 
ways in which exactly r elements of A will belong 
to PU Q="C.B) 1) "= "C3 

mE) °C, 3" 

a(S) 4 


= number of 


Required Probability, P= 


Solution: Let n positive integers be x,, x. 


3. If ‘w positive integers taken at random are multiplied 
together, show that the probability that the last digit 


of the product is 5 is 


and that the probability 


10"-g"-5" 44" 


of the last digit being 0 is 10" 


Let a =X. XX, . 
Let S be the sample space. Since the last digit in each 
of the numbers x,, x,,......x, can be any one of the digits 
0, 1, 2, 3......, 9 (total 10) 
n(S) = 10" 
First Part: Let £, and F, be the events when the last 
digil in ais 1, 3, 5, 7 or 9 and 1, 3, 7 or 9 respectively 
n(F,) = 5" and n (F,) = 4" 
and let F be the event that the last digit in a is 5. 
n(E) =n (B,)—n (B) = 5" 4" 


5C 
aS) 10" 
Second part: Let #', be the event when the last digit in 
ais 1, 2,3, 4, 6,7, 8, or 9 and #;, is the event that last 
digit is‘O. Then a (E,) 2 (S)- 0 @,)— 7 (6) 

= 10"— 8” — (5"— 4") = 10" - 8 — 5" 4 4" 

ntEy) 

n(S) 


Hence required probability P(E) = 


Required probability P() = 


_ 10"-8"-5" 44" 
7 10" 

4, Two teams A and #8 play a tournament. ‘The first one 
to win (n 1) games win the series. ‘I'he probability 
that 4 wins a game is p and that 2 wins a game is ¢ 
(no ties). Find the probability of.A winning the series. 
Llence or otherwise prove that > CNC. = 

a] 


=1 


Solution: A wins the series say in | r | 1) games 


Ile wins the G@ = + 1)th game and n out of the 
first (7 | 1) games 


P(A) = (s alt. ra’) ps q=1). Similarly, 


“0 


15 {S (cles 


0 


Now P(A) - P(B)=1 


DC") wr gn tg pl=1 


0 


putp=12=9 2. ¥(""C,) 


=) 


nine 1 
(co. 
Lejos 
5. A die is rolled three times, find the probability of 
gelling every time a number larger than the previous 
number. 


Solution: Method 1: Let S be the sample space and # be 


the event space of getting a larger number larger than 
the previous number. 

n(S)=6 x6 x 6=216 
Now we count the number of favourable ways. Obvi- 
ously, the second number has to be greater than 1". 
Tf the second number is é > 1), then the number of 
favourable ways = (i = 1) x (6-1) 

n(B) = Total number of favourable ways 


2 Yw-yx@-9 
a 


=O0+1x4+2x34+3x2+4x14+5x0 
=44+6464+4=20 

‘Therefore, the required probability is, 

MEY 20 _ 5 

mS) 21654 

Method 2: Lt g, = number on first throw 

q, = number on second throw 

q, = number on third throw 

80,9, <9, <4 


PUD = 


Out of 6 available numbers we have to select 3, 
iB 205 

so n(K) = °C, => P(H)=—2 == 

mE POO Fe 216 54 


A bag contains ‘a’ number of white and ‘6’ number 
of black balls. Two players 4 and 2 alternately draw 
a ball from the bag. replacing the ball each time after 
the draw till one of them draws a whilte ball and wins 
the game If A begins the game and the probability of 
A winning the game is three times thal of B, show that 
a:b 2:1 


Solution: Let #, denotes the event of drawing a white ball 


at any draw and £, that for a black ball. and let # be 
the event of winning the game by 


oa PEy= = 
b “até 


PE) = 


at 
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B) = P(E, or EEE, or EEE E, ov.....) 
= PE) — PELEE,) — PEE EEE) + 
= P(E) + PEE) PE) PE) + PED PED) 
PUE,) PU) PE) +... 
(. #, and #, are independent) 
PR) 
= TPE (Sum of infinite G.P. | 
= atta b)_ = aa+h) = P(E) = ath 
1-( b ) a +2ab at2b 
atb 


Then P(E) is the probability of B winning the game 
ath ob 

at+2b>  a+2b 
According to the problem, P(#) = 3P(F) 


P(R)= 1 - P= 1 - 


atb 3b 
= => =3, = 
Geb atm" Base ae 
a_2 


SS > Sah 2211 

bod 
A lot contains 50 defective and 50 non-defective 
bulbs. Two bulbs are drawn at random one al a time 
with replacement. The event 4, B, C are defined as: 
A: the first bulb is defective 
B : the second bulb is non defective 
C : both the bulbs are defective or both are non-defective. 
Determine whether (i).A, B, C are pairwise independent? 
ii) A, B, C are mutually independent 


Solution: Let probability of defective bulb is denoted by 


P and non-defective bulb is denoted by ?, So, P, = 
P= 2 

Let D, : First bulb is defective, D, : Sccond bulb is 
defective 

N,: First bulb is non-defective N, : Second bulb is 
non defective 

Sample space = (D,D,, D,N,, ND, N,N, } 

Now event 4 is either (first bulb is defective and 
second bulb is defective) or (first bulb is defective and 
second bulb is non-defective) 

A {D,D, DN = P(A) = 24 = 12 

B {D.N,N|N,} = P(B)= 12 
and C = {D,D,, N\N,} => P(C)= 1/2 

Again An B= {D,N}, BAC = INN, }, 
Cnd={W,D,} 
PUNDB)=PBAQ=P(COA)= M4 
P(ANB) P(A) PIB) =P(BAC)= PB) PC) 


Similarl: 


6.48 


8. 


Algebra Il 


= P(COA)= P(C)P(A) =+ 


Above cquations show that 4, B, C are painwise 
independent 
ANBAC=6..PUNBOO=0418 
P(A). PB). PCC) 

So, A, B, C are not mutually independent events. 


A speaks truth 3 out of 4 times. He reported that 
Mohan Bagan has won the match. Find the probability 
that his report was correct. 


Solution: Tcl 7: A speaks the truth and B : Mohan Bagan 


won the match 


3 = Soar | 
Given, P(7) = —-. P@')=1-—=— 
siven, P (7) 4 @) 474 
A match can be won, drawn or lost 
P (BIT) = 7 P(BIT) == 
Using Baye’s theorem we get 
TERY ps 
Pap) = —__POneny __ 
PI)P(BIT)+ POL )P(BITY 
3 
4 
31 
Pepe 
4 3 


An unbaised coin is 
of unbiased dice is rolled and the number obtained by 
adding the numbers on the two dice is noted. If the 
resull is a tail, a card from a well-shullled pack of 
11 cards numbered 2, 3, 4,......, 12 is picked and the 
number on the card is noted. What is the chance that 
the number noted is 7 or 8. 


Solution: T.ct us define the events A, B, C as A : Head 


appears on the coin 

B- Tail appears on the coin 

C : number obtained in 7 or 8 

We have to find the probability of C ie, P(C). 

Probability of occurence of C depends on two mutually 

exclusive and exhaustive events A and 8. So by total 

theorem of probability. 

PIC) P(A) P (CIA) - PB). PIB) 

P(A) = probability of appearing head = 1/2 

P(CIA) = Probability that event C takes place i.e., 7 or 
ll 


8 being noted when head has already appeared = 5= 


Similarly, PB) = 1/2 


10. 


Soluti 


2 
P (BIC) = = (Iwo favourable cases 7 or 8 and total 


number of cases = 11) 

lout 
xt 
2 36 2 


193 


Hence, P (C) = — 


fe a 
1 

Four cards are drawn at random from a well-shuffied 
pack of 52 cards. Find the probability that there is 


exactly one pair. 


Let H, 
and spade 


7, D, S denotes heart, club, diamond 
lively. We have to draw 4 cards 
at random, so thal it consi aclly one pair. 
{A pair means two card me denomination} 
c.g., (SH, 5C)} or four-sclected cards should look like 
2H, 5D 

Now we will find in how many ways, we can do this, 
We have a pack of cards like this. 


sts of) 


of 


lif, 1C, 1D, 1S (Aces) 
2u, 2C, 2D, 2 
3H, 3C, 3D, 38) 
JH, JC, JD, IS 
OH, QC, QD, OS 
KU, K KD, KS 


We now select a pair. This can be done by firstly 
selecting a row and then from the selected row we 
select a pair out of it. 

‘There are 13 rows. and a row is selected in °C’, ways, 
Each row contain 4 elements and a pair from the 
selected row is selected in ‘C, ways. 

ted MC, x 1C, 
Remaining two cards has to be selected so that it docs 
not pair with any of other three cards. So the third 
card has to be selected from those cards which do not 
belong to the row we selected earlier, i.e., selection 
has to be made from remaining 48 cards Third card 
can be selected in “C, ways. 


Number of ways a pair i: 


For the fourth card we do not select that card 
which belongs to either the row we selected or the 
row to which third card belongs. So selection of 
fourth card is made from remaining 44 cards in 
“C, ways 


Number of ways of selecting four cards 
= BCC, BC HC 
Total number of ways = °C, 

BC x Cx 


required probability = 


Solution: Method 1: 


1. A has (2 + 1) and B has ‘nv’ fair coins, which they Mip, 


now show that the probability that A gets more head 
than Bis 1/2 


Suppose that A and B each toss n 
coins then the probability that4 gets 
‘FP heads and B gets ‘7° heads is 


ve;ye(*c,2]-e,4 = CoweD 


Let #, denotes the event that 4 gets more heads than B 
and #, denotes the event that 4 and B get the samenum- 
ber of heads then we have F, = U E, and F, = (JE, 


a 


PUB) = PUR, = So 


n= EM yee 


Wy =) 


Now, ('C, - 


=" tee 2 


0 ey 


But y cy 


0 


2" 


AC P= (22 = 2 


>, therefore, 


Yeowe)= 


iy 


‘Thus P(#,)= 


Let £ denote the cvent that A gets more heads than 
B when A tosses (” + 1) coins and B tosses » coins. 
If #, has already occurred, then the outcome of the 
(n+ 1)" toss is immaterial. If #’, has already occurred, 
then the outcome of the (7 + 1)" coin must be a head. 
‘Therefore, P/H/E) = P Uf or 2) = 1 

P(EIE,) = P (LD = 1/2 [Because when within n tosses 
A and # have same number of heads, A must have a 
head in (n + 1)*toss] 

P(e) = PB) PWIE,) | PUE,) (RIED 


Method 2; [lere A has (7 + 1) coins and B has » 
coins. n can be anything and there is no loss of gener- 
ality if we assume a is very large 

Therefore, we can say that if A {ip his » coins he will 
get nf? heads and nf2 tails. Case is exactly same with 


12. 
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B_ if he will flip his # coins he will get #/2 heads and 
nl? tails. 


Icft with 1 coin. He has to gel 1 head, so in 

head must appear Hence the probability of 
aring head = 1/2 

Probability of getting one more head = 1/2 


From an urn containing a white and 4 black balls, 
& (<a, b) balls are drawn and laid aside, their colours 
are noted. Then one more ball is drawn Find the prob- 
ability that it is white 


Solution: Let #, denotes the event that out of the first & 


13. 


balls drawn, 7 balls are white 

Let A denotes the event that the (A + 1)" ball drawn 
is also white. ‘hen occurrence of A depends on 
mutually exclusive and exhaustive events #, ¥ i = 


“Cyc 
= CONC) Deosigk) ond 


e{l, 2, 


a-?t 
p,)=|——"_Josis 
P(AIE,) (4) isk) 


By theorem of total probability, 


F 
P(A)= > PE, PCAIE,) 


er 


a-j 
“atb-k 


i fete DEC, 
ath G, 


D 
a lL Seige ye 
=—. GAC 
atb a2 x mo my) 
ee C'C, + °C, x-"C, 
Ox OC, + Cie +0 


a 


k 
Yee, EC, ,) = Coetlicient of x on the RHS 
yo 

of (1) 

= Coefficient of x *in (1 
lence, P(4) = ala 4). 


xyes hic, 


There are 4 T.V and 4 repairmen in a town. 4 1.V 
sets of that town get damaged. Find the probability 
that 

(i) Exactly | repairman is called 

Gii) Exactly 2 repairmen are called 
Gii) Exactly 3 repairmen are called 
(iv) Exactly 4 repairmen are called 


6.50 


Solution: Method 1: 


Algebra Il 


Suppose 4 repairmen are 1, 2. 3 
and 4 and four callers are A, B. C and D. First we will 
calculate the total number of ways. 

Since every repairman can be called in 4 ways hence 
4 = 256 ways 


total number of ways 
(i) Fxactly 1 repairman can be called in four ways 


71, D1 > ic., all caller call repairman 1. 
A2, B2, C2, D2 


Similarly 


AB, B: 
A4, B4, C4, D4 
Hence Probability = BE 
“256 64 


Gi) ‘here can be two cases in which exactly two 
repairmen can be called 

(a) ‘Three caller call same repairman (say 1) and one 
caller call different repairman. ¢.g. 
Al, B1,C1, D2 
Al, B1,C1, D3 
Al, B1,C1, D4 
‘There will be 3 such combination each, for three 
caller calling repairmen 2, 3 and 4 
‘Lotal number of combination = 4 x 3 = 12 
Each such combination (41, B1, Cl D2) can be 
arranged in 41/3! = 4 ways 
Ilence total ways = 4 x 12 = 48 

(b) Two callers call one repairman and two callers 
call other repairmen alike. ¢.g., Al B1 C2 D2 
There will be ‘©, such combinations and cach 

4 


combination can be arranged in aa =6 ways 


Ilence total ways = 6 x 6 = 36 
‘Therefore total number of ways of calling exactly 
two repairmen 


84 21 

=48 + 36=84 .. required probability = — =— 

6 required probability ca 
(ii)Exactly three repairmen can be called in such a 


way 
Al Bl C2 D3 

Al BIC2 D4 

Al BI C3 D4 

There will be 3 such combination cach for two 
caller calling repairmen 2, 3 and 4 

Total combination = 3 x 4 = 12 

Number of arrangement for each combination = 
4/2! = 12 

‘Total number of ways = 12 x 12 = 144 

449 

256-16 


Probability = 


14, Sixtcen players S,, S,, 


Gv)Probability of calling exactly 4 repairmen will 

therefore be -(S+3+3)- $23 
64 64 64 

Method 2: 

Let four persons whose T.V is out of order be 4, 

B,C and D 

Let ‘I. V repairmen be 1, 2, 3, 4 

( Exactly one of the repairmen can be called in 
4C, (4) = 4 ways 

Gi) For calling exactly two repairmen, we can 
select two repairmen from four in 4C,, ways. 
Let us suppose repairmen 2 and 4 are the only 
called for. 
Person A has two choices ie., he can call 
either the repairman 2 or repairman 4. 
Similarly B, C and D cach has two choices 

=> they can call one of these two repairmen in 
2 s. But these also include the ways in 
which all of them (i.c., 4, B, C and D) are 
calling the same repairman. 

=> Total number of ways of calling repairmen 2 
and 4 both is 2'— 2 ways 

=> Total number of ways of calling exactly two 
repairmen = 4C,CC, 24—°C, (14) = 84 

ii) Similarly exactly three of the repairmen can 
be called in 
34 -3C, (24— 2) -3C, = 34 9C, + 2, °C, -7C, 

CBC, 3 4-30, 24—3C, (1)*] = 144 

iv) Similarly, exactly four of them can be called 
in 4, MC, 44-'C, BY +'C, 24 - €,)'1 
= 24 
Thus total number of ways = 4 + 84 + 144 + 
24 = 256 
Hence the probability in four cases can be 
calculated very casily 
This method is used for finding number of 
onto functions from 4 to B. 


“64. 32 
Exelusion/Inclusion method 


, S\gplay in a tournament 

They are divided into cight pairs al random. From cach 

pair a winner is decided on the basis of a game played 

between the two players of the pair Assume that all the 

players are of equal strength (skill) 

(a) Find the probability that the player S, is among 
cight winners 

(b) Find the probability that exactly one of the two 
players S, and S, is among eight winners. 


Solution: (2) Among 16 players S,, S,, S, s 


x Es ees (il 
8 players will win, when they will play in knock 


Solution: ‘There are eight players ?,. P., P,,... 


out round forming cight pairs al random. Therefore 
among many combinations of cight winners one such 
combination may look like this 

6588, 8 Nek She 

It is clearly an analogy of the problems like this: 

(S,, S,.....+ S),) 16 persons and a committee is to be 
formed of 8 persons in which a particular person (S',) 
should always present. 

which can be solved by following manner: 


We will select S,, then we have to select 7 persons out 

of 15 persons, which we can do in 

= (SC. ,) ways. (This is the number of committees in 

which S, is always present) 

=O, 

(Total number of commitices with or without $,) 

Hence the probability that S, is always among 8 

BG? ol 

MGs 2 

(b) Similarly, the second case is analogy of the 
problem like 
Form a committee of 8 players, in which S, is pres- 
ent but S, should not and if S, is present S, should not 
present. 
Number of favourable ways can be calculated as, 
we will select S, in 1 way. 
Now we are left with 15 players but S, should 
not be among them hence effectively we have 14 
persons, out of which we have to select 7, which 
can be done in (“C,) ways. 
Similarly calculation [or the case 
“S, should be among them bul S; not” = (""C ,) 
Hence the probability 


Total number of ways 


winner = 


2G, 


= PUSS,)+ PSS.) = 


1S. Eight players ?,, /,......, 2, play a knock-out tourna- 


ment. It is known that whenever the players , and ?, 
play, the players P, will win if# <j Assuming that the 
players are paired at random in each round, what is the 
probability that the player ?, reaches to the final? 


re 

and they are going to play a knock out round in vihich 

any one can play with any-one. ‘The player ?, wins if 
<j and we have to find the probability of ?, entering 

in the final round. 

There will be 2 rounds before final. In the first round, 


4 players will get eliminated and in next round 


Probability 6.51 


2 players will get climinated, sending only two 
players to the final round 
First we will sce and calculaic in how many ways 
P, can cnicr into final. It is sure that it has to win first 
round and that is possible only when it plays with 
either of P,, P,, P,, P,, But finding the cases for the 
win in first round in isolation (.e. without taking sce- 
nario of 2™ round into consideration) won’t do, Sup- 
pose he faces a condition like this in second round, (P, 
P,P, P,), then P, can not win with cither of P,, P, 
So he won't be able to make into final. ‘herefore he 
had at least one less skilled player in 2nd round ie., ?, 
@ 2 5S). P, can play with p, (2 5) in 4 ways (P, 2,, 
P,,P,, P,P, and P, P,} and will climinate any one of 
say P, now only three less skilled players left 


them 
P., P., P, al least one has to win. The fact is only 
one out of these three can win which is possible only 
when out of these three, 2 players play with each 
other. Which can be done in 3 ways. (7, P,, PsP y 2, 
P.} by doing this out of these three, one will enter in 
second round say P, and one will get climinated say 
P, Now P, can play with any of P,, P,, P, in three 
ways {P, P,P, Py P, P,} without effecting the out- 
come. lence favourable ways for first round is 4 x 3 
x3=36. 

Now second round will look like this. ?, P,P ,/?)) 
and if ?, has to enter in final and if it has to win, then 
only way is to play with ?, 

So, total number of ways in which it can enter in 
final is (4) (3)(3) (1) = 36 

Calculation of total number of ways: In how many 
ways you can arrange knock out among four players. 
(say P,. P,, P, P,) probably 'C, ways? but the answer 
is definitely not becuase if you try to arrange 

P, P,, P,P, (1 Way) 

P,P, P, P, (1 Way) 

P,P, P,P, Way). 

You can see that only 3 ways are possible in 
which, you can arrange a knock out among 4 players. 

So, how we will calculate? ‘lry this any of the 4 
players say ?, can play with either of remaining three 
in 3 ways. 

When he played with any one, only 2 players left 
which can play in only one possible way. Hence the 
are 3x 1=3 


total no. of w 


Now, suppose we have 6 players (P, P,, P,P, 
3 Ways 

P,P, (P,P,P,P,) 3 Ways 

PLP, P,P, P,P) 3 Ways 


6.52 Algebra ll 

P, P.(P, P,P, P.) 3 Ways 

P, P.(P,P, P,P.) 3 Ways = 15 Ways 

Which can also be calculated as any of 6 players 
say P, can play with rest 5 in five ways, out of remain- 
ing 4, any onc can play with 

Ilence total ways are 5 x 3 x 1 = 15. So with the 8 
players 7 x 5 x 3 x 1 = 10S ways in first round. ‘There 
are 4 players in second round hence 3 x 1 =3 ways in 
2™ round. 

4x3x3_ 1 


Hence the probability P= xs= 
: 105335 


16. A player tosses a coin and scores one point for every 
head and two points for every tail that tums up. He 
plays on until his 
denotes the probability of getting a score of exactly 1, 
show that 


P= LLP, +P, g]¥m23 and hence show that 
> = orci fro net 
P= G|2ECD" pe | for 


Solution: The scores of » can be reached in the fol- 
lowing two mutually exclusive ways: 
(i) by throwing a head when the score is (7 — 1), and 
(i) by throwing a tail when the score is (# — 2). 
Since P(A) = P(7) = 1/2, we get 


1 1 1 
Bashi Pano Cu Ae 
= p.+ dpe py +t pp lp 
ite tg Ban ele ahs 
1 
Fo Pet oP, 


a score of 1 can be obtained by throwing a head 
al a single to 2 can be obtained by 
throwing cither a tail at single toss or a head at the 
first as well as the sceond toss. Thus, P, = 1/2 and 


ind a score of 


P= 1/2 + (1/2) (1/2) = 3/4, Therefore. P, + Pus 


ahead A collects one unit from B, whereas if the coin 
shows a tail, A pays one unit to B. They continue to 
do this until one of them runs out of money. If it is 


assumed that the successive tosses of the coin arc 
independent, what is the probability that 4 ends up 
with all the money if he starts with / units and 2 starts 
with (WV — #) units. 


Solution: [ct F denotes the cvent that 4 ends up with all 
the money. Let P, denote the probability that 4 onds 
with all the moncy when A has k units and B has (NV 
&) units. Note that P(t) = P, Let H denotes the event 
that the outcome of the first trial is a head. We have 
P(E) = P(H) PUBIH) + P(H®) P(RIH') = [P(BIH) + 
P(EIFE)| 
But PEI) = P,_, as A begins with / units and col- 
lects one unit from # after the first toss, Similarly, 
PEMD =P, 


Thus, P, = $0. Pe) 


Also, P, = 0 as it is impossible for 4 to end up with 
all the moncy when he has nothing to begin with, and 
P., 1 as A ends up with all the moncy when he has 
N units to begin with. 

Equation (1) show that 2, P,. Pyne. Py form an 
A.P., with P, = 0 and P,, = 1. Therefore, P, = i/N. 


18. There are two bags, cach containing § red and 3 black 
balls. Two persons, 4 and B, are given one bag cach 
Fach of them is to draw one ball at random from the 
bag till onc of them gets a black ball. The balls are to 
be replaced after cach draw. Find the probability that 
the maximum number of trials required is ». 


Solution: Let_¥ be the number of the trial in which 4 draws 
a black ball, and ¥ be the number of the trial in which 
B draws a black ball. 

ka 

Now, POY =PIY B= (3\3) 
(Since there must be failure at the first (F — 1) draws 
and a success al the Ath draw.) 
Let Z max (X, ¥). We are interested in P(Z = a) 
We have 


P(Z m=PZ<n)-P(Z<n-1) 
P [max (XY) < a] — P[maxtX,F) <n —1] 
PIX <sn)n ¥ <n) -PiX <n Wah <a-l) 
=P (Xen) PY en)-P(Xsn-)PY¥<n-l 
['. X and ¥ are independent] 


“tel Tg] 


TT 


19. Rachit and Rakshit make an appointment to meet on 


15th October at Appu Ghar, but without fixing the 
time further so that it is between 2 pm and 3 pm. They 
decided to wail not longer than 10 minutes for cach 
other. Assuming that cach is independently cqually 
likely to arrive al any time during the hour, find the 
probability that they mect 


B(60,60) 
(60,50) 


>X 
D(10,0) A(60,0) 


Solution: Suppose that Rachit (Rakshit) arrives at x6) 


minutes past 2 pm, where 0 < x, y < 60. Rachit and 
Rakshit will meet provided | x — y | < 10. Note that 
(x, y) lies on or inside the square with vertices O(0.0), 
A (60,0), BGO, 60) and C(O, 60). if P Rachit and 
Rakshit meet) __p, then p (they do not meet) = 1 — p, 
ie, (x -y > 10) 

The region thal lying inside the square OABC and 
salislying the inequality 


20. 
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| x —y | > 10 consisting of two triangles DAF and 
: 1 
G#C. Sum of areas of these two triangles is yom 
1 
+ — (G0 = 50? 
7 O% 


the 


of 


Probability 
so 
or 


required cvent = 1 - 


A printing machine can print a Ietlers say a, 4, 
a... &%, This oper : 


. cd by clectrical impu 
letter being produced by a different impulse. Assume 
that there exists a constant probability P of prinit- 
ing the correct letter and also assume independence, 
One of the » impulses chosen at random was fed in 
the machine twice and both times the letter a, was 
printed. Compute the probability that the impulses 
chosen was meant to be a, 


Solution: I.ct = cvent that both times «, was printed. 


21. 


A =cvent that impulse selected was meant to print o, 
PANE) _ PAPA) 
PIE) =~ poy” PCAPUEIA) + PCAYP(E/A) 
(I/n)P? 
1 P(e 1 3) 
n ajn-l 
An even number of cards are drawn [rom a pack of 52. 


Find the probability that half of these cards will be red 
and the other half black 


Solution: No. of ways of drawing an even number of cards is 


22. 


pals Sra sin OF tian OP res 
=28 4 

If half of them should be black and other half white, 
= OC) CH) +4 


+8C, = 21 80, 


then number of favourable way 
i nn. Oe om 
°C, - I(using }1("C,)° = *"C,) 


=) 


Required probability = 


Two integers x and y are chosen at random from 
the sct {x : 0 < x < 10, x is an integer} then [ind the 
probability for|x 5 | <5. 


Solution: There are 11 ways lo chose x and 11 ways lo 


choose y. If S be the 
clements in sample s 


mple space, then number of 
c 
n (S) = Total number of ways of choosing x and 


y ix=121 


6.54 


Algebra Il 


The number of different values of y for a given valuc 
of x can be determined as below 
whenx 0, we have |O-y| <5 
=> |p|<5 5 3<y<550<y<5 [bccause y> 0] 
gives six values of y, i.e., {0, 1, 2, 3. 4. 5} 
when x = 1, we have |l -—y|<5 


=> -S<l-y<S>521-y2>-S>6>y>-4 
0 <y <6 [because y > 0} 
gives seven values of y, ic., {0, 1,2, 3, 4, 5, 6} 
Whenx 2, wehave| 2-y|<5 
= -5<2-ys5>52 
=> 7>p2-3 - O< ps7 (since y>0) 


gives 8 values of v, Le., {0, 1, 2,3, 4, 5,6, 7} simi- 
larly we can show that when x equals 3, 4, 5, 6, 7, 
8, 9, 10 there are 9, 10, 11, 10, 9, 8,7, 6; values of 
y respectively. 

Let £ be the event of favourable cases, then 
nEV=6OF7+849+ 104+ 11+ 10494847 
+6=91 


ence requried probability is, PA) = 


23. Ifa € |-20, OJ, then find the probability that the graph 


Solution: Since the graph p 


24. 


of the function y = 16x7+8(a+5)x 7a —S is strictly 
above the x-axis, 
16x? + 8(a + 5x — Ta - Sis 
strictly above the x-axis, therefore, y > 0 for all x 
=> 16x? + 8a + 5v-Ta—5>0 Vx 

Discriminant < 0 
> 64a + 5P-4.16(Ta — 5) <0 > a + 17a +30 <0 


=> (a+ 15) (at+2)<0 5-15 <a<-2 
a d& 3 
required probability = =*— = —, 
quired p y "20 
-20 
or — Length of requaired interval _ 13 
Length of total interval 20 


Once upon a time there was a dictator. An astrolo- 
ger forecast something bad for him; so the dictator 
awarded a death penalty to the astrologer. ‘The latter 
pleaded for his life, so the dictator gave him a chance 
to save himself and decreed as follows: “I will allow 
you to put two white and two black balls in any man- 
ner you like in two urns without disclosing it to any- 
body”. My executioner will choose one of the urns, 
dip his hand into il and take out a ball. If the ball is 
black, he will cut olf your head. If the ball he picks is 
white, your life is saved. Try save yoursell if you can. 


What would you advise the astrolger to do, in order 
to give himself the maximum probability of saving 
his life? The different possibilities of distributions of 
into the two ums are pictorially depicted in 


Solution: In Alt-1, Probability (white ball) = Probability 


25. 


(white withdrawl from urn-l) — Probability (white 
withdrawl from 2nd urn) = (Probability of selection 
of urn 1) (Probability of white ball) + (Probability of 
selection urn II) x (Probability of white ball) 

= 1/2 x 1/2 + 1/2 « 1/2 = 1/2 
In Alt-2 = 1/2 x 1+ 1/2 x 1/3 = 2/3 
In Alt-3 = 1/2 x 0+ 1/2 x 1 = 1/2 
In Alt-4 = 1/2 x 0+ 1/2 x 2/3 = 1/3 
Thus in order to maximize his probability of 
saving his life, the astrologer should be advised to go 
with Alt-2 


5 girls and 10 boys sit at random in a row hav- 
ing 15 chairs numbered as 1 to 15. Find the prob- 
ability that cnd scats are occupied by the girls and 
between any two girls, there always lic odd number 
of boys. 


Solution: ‘here are four gaps in between the girls where 


the boys can sit. Let the number of boys in these gaps 
be 2a + 1,26 +1, 26 +1, 2d + 1, then 
2at+1+2b+1+2e+14+2d+1=10 
ora-b-c-d 3 

The number of solutions of the above equation 

= coefficient of x? in (1 — xy* = °C, = 20 

‘Thus boys and girls can sit in 20 x 10! x 5! ways 
Total ways = 15! 

20 x 10! x 5! 


Hence the required probability = rs 


» Two numbers x and y are chosen at random (with- 


out replacement) from amongst the numbers 1, 2, 
3. 3n. Then find the probability that x | 5° is 
divisible by 3. 


Solution: Total number of ways of choosing x and y is 


"C= nae) 
3nGn-1 
If S'be the sample space, then n(S)= ee 
Now arrange the given numbers as below, 
1, 4, Tyeevry 30-2 
2, Se Seervirey SRA 


3,6, 
We sce that x’ + y? will be divisible by 3 in the fol- 
lowing cases 

Case I: Onc of the two numbers belongs to the first 
row and the other one (of the two numbers) belongs 
to the second row 


»3n 


Case HT; Both numbers occur in third row. If FE be 


the event for favourable eases, then 
nB)= a(n) +°C, wee MED 2 Gn -1) 
L 
3 


27. A car is parked among N parking slots in a row, but 
not at either end. On his return, the owner finds that 
exactly r of the N’ places are still occupied. What 
is the probability that both the places neighbouring 
his car are empty? 


Solution: Finding r cars in NV places, ther 
other than his own in (NV — 1) places. 


re (* — 1) cars: 


rp! 
(rN)! 
Now the (7 — 1) cars must be parked in (4 - 3) places 
(because neightbouring slots are empty). 
¢ 
(r-l) 


total no. of ways = aa Sr = 


3)! 


«No, of favourable ways="?C,_ = -r-2)! 


Favourable ways 
~. Required probability = 


___W=-3! 
~ (=DIN =r 2)! * 
_ (W=nW=r-D 
~ (NIN -2) 


28. An artilery target may be either at point | with prob- 
52 8 abe al 
ability 5 or at point Il with probability Pye We have 


21 shells cach of which can be fired at point I and II. 


Probability 6.55 


Tach shell may hit the target independently of the 


other shell with proabability + Ilow many shells 


must be fired al point I to hit the target with maximum 
probability ? 


Solution: Let.A denotes the event that the target is hit when 
x shells are fired at point | Let #\#', denote the event 
denoting the targets being point I and 1] respectively. 

Ret all 
we have P(E.) = Pe PIE) = 5 


LY on 
=> PIE) =1- (3) and P(AIE,) = 1 - (3) 


Now Pit)= & b-@)] G b-G) ] 


Now we must have aPtAy 
dk 


=x 12, also 


@PA) oy 
dx 


Ilence (4) is maximum where x = 12. 


29. Of three independent events, the chance thal only the 
first occurs is a, the chance that only sccond occurs is 
b and the chance that only third occurs is e. Show that 


‘ a 
the chances of three events are respectively ——, 
atx 


b 
=, © where x is root of the equation (a | x) 
b+x° ctx 
& xy(elx=r. 
Solution: [ct 4, B, C be three independent events having 


probabilitics p, g and » respectively 
Then according to the question, we have 
P (only the first occurs) = PUL 9 Bac) 

[-. A, B, C are independent] 


= PA) (BPC) =p -g)-n=a aM 
Pconly the second occurs) = P(AR BAC) 
= P(A) PCB) PCC) = (1 - p) gl -r)=b (2) 


and (only the third oceurs)=P(A 4 BO C)=PCA) 
PBPO)=A-pid-gr=e @) 
Multiplying (1). (2) and (3), then pgr|(1 — p) (1 - ¢) 
(=P P = abe 


or =p -gd-nF eGy) 
mae 


d-p)d-gd-rn=x 6) 


6.56 


30. 


Algebra Il 


p 


Dividing (1) by (5), we get 3 = orpy aap 
ass ¥ 
a 
P* (atx) 
b c 
Simi. Gay ™P Coy 


Replacing the values of p, q and r in (4), 


> (estaba 
atx b+x etx f 
aN : oy —— 
(atx) (b+x) (e+ x)? 
=> a 


G@tmbener 
or(atxy(btxle-x x 

Hence x is a root of the equation (a + x) (b — x) 
(e+x)=x? 


eg 


Out of (2n + 1) tickets consecutively numbered, three 
are drawn at random. Find the chance that the num- 
bers on them are in A.P. 


Solution: [ct us consider first (22 + 1) natural numbers as 


(Qn +1) cor 
Let S'be the sample space and £ be the required event 
_ Qn+1)2nQn-1) _ n(4n?-1) 

- 123 as 

Let the three number drawn be a, b, e wherea <b <e. 


ecutive number: 


n(S) = 2" 


Common Triplets (a, b, c) Number of 

difference triplets 

i (1, 2,3), (2, 3, 4)... 2n-1 
2n—1, 2n, 2n+1) 

2 (1,3, 5), (2,4, ny 20-3 
(QQn-3,2n—1,2n+1) 

3 (1, 4, 7), (2, 5, 8)... 2n-5 
(Qn-5, 2n—2, 2n+ 1) 

n-1 (ln, 2n-1),Q.n+1, 3 
n), GB, n+2,2n+1) 

n (l,n+1,2n+1) Li 

WE) =14+3 +... +Qn-5)+ Qn-3)+ Qn-D 


n 
= 2 42n-1p=8 
5 } 


31 


Solution: Let a,, a, a. 


Required Probability 
n(Ey vw 
a(S) nn? 1) 
Aliter: Let S be the sample space and £ be the event 
containing favourable cases 

_ (n4+l)2n(2n-1)_ n(4n?=1) 
i. 123 3 

Let the three numbers a, b, ¢ arc drawn where a « b 
cand given a, b,c arc in AP. 


P(E) = 


n(S)=2"C, 


ate 
or 2b 


ate 


ay 


It is clear from (1) @ and ¢ are both odd or both even. 
Out of (2n + 1) tickets consecutively numbered either 
(2 +1) of them will be odd and » of them will be even 
(If the numbers begin with an odd number) or (7 + 1) 
of them will be even and » of them will be odd (I the 
number begin with an cven number). 


ary = (n+l)n | n{n-1) 
mEVaMC, N= Se 
Required probability 

n(E) vr 3n 
PU) = sy 7 nal) * a= 


3 


Seven digits from the numbers 1, 2,3, 4, 5, 6, 7, 8 and 
9 are written in random order. Find the probability that 
this seven-digit number is divisible by 9. 


> 4, a, a, a, be the seven 
nd the remaining two be a, and a,. 


gs 


Let a,- a,- a,tatan-ata,=9keZ 1) 

Also a,t+ a,- at at. ta,=1t 243444004 
s 

g= 2X @ 45 Q) 

Subtracting (1) from (2), then a, ~ a, = 45 — 9k ...3) 


Since a, + a, — a, +... + a, are divisible by 9 if and 
only if a, + a, is divisible by 9. Let S be the sample 
space and F be the event that the sum of the digits 
a, and a, is divisible by 9 

a, + a,=45-9k 
Maximum value of ¢, | a, = 17 and minimum value 
ofa, 4,=3 


3<45-9 < 17 


= “25-382 S eae 3 


Probability 6.57 


Llence k = 4 (" kis positive integer) 34. Suppose a sample consists of the integers 1, 2, 3, 
“. from (3) a, — a,= 45 - 94) => a, + a, =9 2n. The probability of choosing an integer & is propor- 
Now possible pair of (a,, a,) can be {(1, 8), tional to log &. Show that the conditional probability 
6. 6), (4, 3)} 7 of choosing the integer 2, given thal an even integer is 
log 2 
= {0, 8). 2.7), a 8, 4, 5)3 chosencis 2 


ae 4 and n(S)= ” [n log 2 + logGr!)] 


Required probability P(E) = 


1 | Solution: Let £, be the event that the integer 2/ is drawn 
369 and A be the event thal an even number is drawn, then 


32. L-write a letter to my friend and do not recieve a reply. Qyehete fT, 2S int) 
It is known that one out of m letters does not reach AW BO aa 
its destination, What is the probability that my friend Paya , vy. VE) 
recieved the letter? = PE) | PE) +... | PE) ay 
(it is certain that my friend would have replied, if he [vB By &, are mutually exclusive] 
did recieve my letter) But given P(E) log 27 


=> P(E) = log 2i, where c is a constant 


: : eas “ P(A) clog2-clog4+clog6+t....+ log 2a 
letter does not reach its destination from (1)} 


don't receive a reply. 


Solution: 4, = leticr written to [mend reaches its destination 


=c flog 2 — log 4 + log 6 +......+ log 2a] 


PU) = PA) PIA) | PA) PEMA) = . — my = clog (2.4. 6,.00,2n) ¢logt2" (1.2.3,...0)} 
lim + lm x1 = aml, > PUYE) = PANE) log (2". 7!) = c log 2" | ¢ log n! 
m P(E) =e(n log 2 | logn!) 
P(A)PURIA) _ (l= Vm)l/m _ m1 and let B be the event that integer 2 is chosen 
P(E) (Qm—Din? 2m—1 Also B st ANBH=E, CS E,CA} 


P(A B)= 
Required Swi 
P(ANB)  P(E,) 


clog 2 2 
33. Given that x | y = 2a where a is constant and that all 


values of x between 0 and 2a are equally likely, show 


that the chance that xy > : ais - PBIA) = ~ cay = PCA) 
= clog 2 log 2 
Solution: Let ?Q be a diameter of a circle with centre) 'O" ~ efn log2 + logn!} — (a log2 + logn!) 


and radius @. ‘lake a point A at random on PQ 
Let AP =x, AQ = y, thenx | y = 2a, and all values of | 35. Out of 32 conscctive integers, 
x between 0 to 2a equally likely. dom. Find the chance that their sum is divisible by 3 
Draw the ordinate AB, then AB? = AP.AQ = xy 

If P', Q' are the mid-points of OP and OQ represently 


three are selected at ran- 


Solution: Let 37 consecutive integers (start with the 
integer m) are m.m+ 1m! 2....,m+3n-1 


‘The ordinates at these points are equal to a & . Now we write these 3” numbers in 3 rows as 
4 follows: 
B mm+3,m+6,....m+3n-3 
m+imt+4. mt, mt3n-2 
m+2,m+5,mt+8,..mt3a-1 
The total number of ways of choosing 3 integers out 
Oe a of 3 is 
sng = 3n(3n=1G3n=2) __n(Bn-1)3n~2) 
Hence AB > if and only if, 4 lics in “ P'Q'™ 123 2 
0, The sum of the three numbers shall be divisible by 3 if 
Ilence the chance that x } > : @is oF and only if cither all the three numbers are from the same 


Tow or all the three numbers are [rom different rows. 


658 — Algebrall 


Therefore, the number of favourable ways is 
3n(n—1}(2-2) 
1.2.3 

_ 3n°-3n°+2n 
= 2 
Favourable ways 


nv 


BOC) + OC) CC) CCL) = 


‘The requried probability = | Total ways 


3n* -30 +2n 


a 2 _ 3? -3n42 
* “nGa-VGa=2) ~ Ba-NBn—2) 
—— 7. 


36. In a test an cxamince cither guesses or copies or 
knows the answer to a multiple choice question which 
has 4 choices. The probability thal he makes a guess is 
1/3 and the probability that he copies is 1/6. The prob- 
ability thal his answer is correet (given that he copied 
it), is 1/8. Find the probability that he knew the answer 
to the question, given that he answered il correctly. 


Solution: P (g) = probability of guessing =1/3 
P (c)= probability of copying = 1/6 
P (k) = probability of knowing = 1 — 1/3 — 1/6 = 1/2 
(Since the three-cvents g, ¢ and k are mutually exclu- 
sive and exhaustive) 
Let P(@w) = probability that answer is correct. 
Then the probability that he answers correctly when 


he guesses is 1/4, i.¢., p bad ol 
g} 4 


P(wie) = 1/8, (given that he copied) 
P(w/k) = 1 because it is certain that he answers cor- 
rectly when he knows the answer. 

POK)PCR) 


P (kl) = SB rreyP(e) + P(wik)P(ke) + Powig) Pig) 
(using Baye’ s theorem) 

ie 

ie 24 


“T1 1),f1 1) 29 
+{1x  |4+] x 
86 2)" \4%3 


Two squares are chosen at random from the small 
squares drawn on a ch 
that the two squares chosen have exactly one corner 


37. 


sboard. What is the chance 


in common? 
Solution: otal number of small squares on a chessboard 
=64 
the total number of ways of selecting 2 squares 
=n{Sa"e, 


Two squares sclected can have a comer common if 
they are selected from two consecutive rows (or col- 
The number of ways to select two consecutive 
rows (or columns) = 7, because there are 8 rows (or 
columns) of small squar 


For cach pair of two consecutive rews (or columns). 
the number of pairs of squares having cxactly one 
common comer = 2x 7 = 14 
the number of favourable selections = n() = 7 x 14 
_ an) _ 7x14 _ 7x14x2 _ 7 
nS) 8C, 64x63 14d 


38, Five ordinary dies are rolled at random and the sum of 
the numbers shown on them is 16. What is the prob- 
ability that the number shown on each is any one from 
2, 3, 4 or 5S? 


Solution: If the number shown be integers x,, x,, x, 


ye Xy Xv, and 
x, then x, — x, +x, +x, +x, = 16, 


3 


: 
where 1 $x, $6, 1S x, $65...5 1S x, $6 


‘The number of solutions of this equation 
= coefficient of xing x» wooxt i x 1 x) 


=coefficientofx"in(l xi xeixtixt xs 


$ 
1-x° ) F : 
= coeffcient of x! in ( 1 = coeffcient of x" in 
-x 


d-x. = xy* 
= coefficient of x" in GC, — SC x° + °C x? - 
{Cy + Cx t Cp? +...4 BC xl +... 10 20} 
15.14.13.12 = 9.8.7.6 
24 24 
= 15.7. 13-10. 9. 7 = 1365 - 630 = 735 
n(S) = 735 
Now, n{é) = the number of integral solutions of x, 
Hy trees Xs = 16 
where 2 <x, <5, 2<x,<5..... 
= coefficient of xin @* x xt 


BE, IC IC, 


ot 


DSRS 
x9 

= coefficient of x6 in (1 + x — 8 - 8° = coeffi- 
cient of x* in (1+ x). (1 — x°)° = coefficient of x in 
£50, #50 FCP Ha FCS) x BC, + Ct + 
SC tHCY 

9 Cy + Cy, HC, SC, 
= 10410 x 1045x5 


nEY 135 _ 9 

nS) 735° 49 

39. Two non-negative integers are chosen al random from 
the scl of non-negative integers with replacement. 
What is the probability that the sum of thir squares is 
divisible by 10? 


the required probability = 


Solution: ct the wo non-negative integers be x, y. 


40. 


Now x? + y? will be divisible by 10 if the sum of digits 
in the units places of x and y is 0 or 10. 


The units place of x as well as y can be filled in 10 
ways any one of 0, 1, 2, 3,..... 9 can be used 
the number of ways for the number », v to have a 
digit each in their units places = 10 x 10 = 100. 
The digits in the units place of x7 as well as y* can be 
from 0, 1, 4, 5, 6, 9 because the square of any number 
can have only one of these digits in the units place. 
Sum of the digits in units places of x° and 5° should 
be 0 or 10 
So, getting back to x and y, if x has 0 in units place, y 
must have 0 in units place 
if x has | or 9 in units place, y must have 3 or 7 in 
units place 
if x has 2 or 8 in unils place, y must have 4 or 6 in 
units place 
if x has 5 in units place, v must have 5 in units place. 
if x has 4 or 6 in units place, y must have 2 or 8 in 
units place, 
if x has 3 or 7 in units place, y must have | or 9 in 
units place, 
the number of ways for the numbers x, y to have a 
digit in their units places whose sum is 0 or 10 
=Ixl+2x2+2x2+1x1l+2x2+2x2= 
the required probability = JB 2 
100 50 
The sum of the digits of a seven-digit number is 59. 
Find the probability that this number is divisible by 11 


Solution: Since 7 x 8 = 56 and the sum of seven digits is 


59, clearly at least three of the digits must be 9. 
Obviously, the seven digits of the number will be as 
follows: 
(a) 9,9, 9, 8,8, 8,8 
(c) 9,9, 9,9,9,7,7 
©) 9,9,9,9,9,9,5 

the total number of ways to form a seven-digit 

number whose sum of digits is 59. 

7 7 7 | 
= 3a: * gigi * S21 + sr * GI 


(b) 9, 9, 9, 9,8,8,7 
(d) 9,9, 9,9, 9,86 


32 2 
A number is divisible by 11 if the difference of the 
sum of the digits in odd places and that of the digits in 
even places is divisible by 11 


GO gy LOS. + Bares 210 .. (1) 


Probability 6.59 


As the number is of seven digits we must have (for 
favourable case), sum of four digits in odd places - 
sum of three digits in even places. 

=0, 11, 22, 33, 44, 55 
If the two sums are denoted by x and y respectively, 
then 


y= 59 x+y=59 Bt 
ae (joe aii) 
x-p=0 x-y=ll 
xty=59 y= 59 
or a} (iii) ot” | (iv) 
y= 59 x+y= 
or *t¥ ion (vi) 
x-y=44 


Clearly, (i), Gii) and (¥), do not give integral values 
of x and y. 
Gi)>x 35y Wivsx 46y 13 
Wi)>x S7,y 2. 
Obviously, from (a),(b),(c),(d) and (e) we get, sum of 
three digits y cannot be 2 or 13. 
Llence, only favourable case takes place when the sum. 
of four digits in the odd places = 35 and the sum of the 
three digits in even places = 24, 
in the favourable numbers we will get, 
9, 9, 9, 8 in odd places and 8, 8, 8 in even places 
or 9, 9, 9,8 in odd pl: and 9, 8, 7 in even pla 


or 9, 9, 9, 8 in odd pl: and 9, 9, 6 in even places 
the count of numbers divisible by 11 

41 4! 41 3! 
= 3+ 4) x3l+ gr x gy =44244 12=40 


(2) 
from (1) and (2), we get the required probability 


x and y are chosen at random from the 
. 3n}. Find the probability that x? = y* is 


P= yv)@—y) and 3 is a prime number. 
7 is divisible by 3ifx jor x —y is divisible 


Now, {1. 2, B.ccc 3m} = (3, 6. Qecces 
Torun IN-2} U {2, 5, 8 


Bn} u £1. 4, 
3n-1}=AUBUC 


Clearly, if x, y are selected from A, then both x — y and 
x= p are divisible by 3; and, if x, y are sclected one 
from B and the other [rom C then x + » is divisible 


by 3. 


6.60 Algebrall 
the probability of x? — y? is divisible by 3 

= probability of selecting x, y [rom A — probability of 

selecting x, y; one from B and the other from C 


CR ORC le wal Qn? 
3c, +e, *2"3Gn-1 * 3uGn—h *? 
Lomal an Sn 

3Gn-1) 3Gn-1) 3Gn-1 


42. For the three independent events A, B and C, the prob- 
ability of exactly one of the events A or B occuring is 
equal to the probability of exactly one of the events 
B or C occuring is cqual to the probability of exactly 
one of the events C or A occuring is equal to p. If the 
probability of all the cvents occuring simultancously 
be p* where 0 = p <0.5, then find the probability of at 
least one of the events A, B and C occuring. 


Solution: The probability of exactly one of the events 4 or 
B occuring 
= P(A B’) — P(A’ WB) = P(A). P(BY) + P(A’). PLB) 
= P(A). {1 — P(B)} + {1 — P(A)}. PCB) 


p= PUA) | PB) - 2PCA). POY a) 
Similarly, p = P@®) | PC) - 2PB). PC) . 2) 
p= PC) | PA)- PC). PA) . 3) 


(1) = 2) = 0 = P(A) — PC) - 2P(B). PE) — PC} 
{P(A) — P(C)} {1 — 2P(B)} = 0 


P(A) = P(C) or P(B) = ; 


1 I 
1ey=+;0)> p= 4 

B= D> p= 5 
But < p< > (given) 2. P(A) = PO; 
similarly, P(B) = PC). 
Therefore P(A) = P(B)= PEC) x (say) 


Now, PAU BUO) 

P(A) — E{P(A). P(BY} — PAA BAC) 
— 3x? — p? (rom question) 

‘Also, from (1), p=x x 2x.x=2x-2x7 


PAVBUO)=3e ip 
3p 
= = Papas 7p + 2p) 


43, The decimal parts of the logarithms of two numbers 
taken al random are [ound to six places of decimal. 
What is the chance that the sccond can be subtracted 
from the first without “borrowing”? 


Solution: For each column of the two numbers, 
n (S) = number of ways to fill the two places by the 
digits 0.1,2........9= 10 x 10 = 100 
Let F be the event of subtracting in a column without 
borrowing If the pair of digits be (x, y) in the column 
where x is in the first number and y is in the second 
number, then, 
FE (0,0), (1.0), (2.0),.....(9,0), (1D, 2.1). 
(9,1), (2.2), (3.2),....-€9,2), (3,3), (4,3),..009,3), 
»- (8.8), (9,8), (9,9)} 


10.11 


nH) = 10+ 9 +B... +241 = —— =55 


the proability of subtracting without borrowing in 


cach column = —— 
100 


6 
the required probability = (= J- (3) 


44. In a multiple-choice question, there are four alter- 
nalive answers of which one or more answers are 
correct. A candidate gets marks if he ticks all the 
correct answers. The candidate, being ignorant about 
the answers, decides to tick al random. How many 
attempts at Icast should he be allowed so that the 
probability of his getting marks in the question may 


1 
exceed =? 
5 


Solution: [ach answer may be marked or unmarked 
the number of ways to lick answers = 2'- | 
(. the candidate cannot keep all answers unmarked) 
As there is only one way of marking corrcetly, 
the probability of getting marks in one attempt 
1 1 
21 15 
*. the probability of getting no marks in one attempt 
114 
1515 


the probability of getting no marks in » allempts 


“(3 


the probability of getling marks in n allempts 


v1) 


4.144 (147 4 (ay 
Clearly —<—,—-—<]—]|.-<]—]., 
591575 


4 flay 4 fay 

dd Rcd (ed cl Remand Mest so 

5 \as)?5° 5 
from (1), 4,5,....., So the leas 
the candidate should be allowed at least 4 attempts. 


alucofn 4, 


45. Three critics review a book, odds in favour of 
the book are 5: 2, 4: 3 and 3 : 4 respectively for the 
three critics. Find the probability that majority are in 
favour of the book. 

Solution: Let the critics be A, B and C. Let P{A) denote 
the probability of the critic A to be in favour of the 
book, ete. 

the odds in favour of the book for the critic 
A=5:2, 


Similarly, 


5 5 
P= 53-7 


4 3 
PBY= 5 and MC) = 5 

Clearly, the event of majority being in favour = the 
event of at least two critics being in favour ». the 
required probability 
= PUBC) | P(ABC) PUB C) | P(ABCY 
= P(A). P(B). P(C) — P(A). P(B). P(C) - P(A). PCB). 
P(C) + P(A). P(B). PC) 


I 209 
= (60 +80 +45 +24) = ==, 
: 343 


46. A and B play a game of tennis. The situation of the 


game is as follows 


Tf one scores two consecutive points afier a deuce he 
of a point is followed or preceded by win 


of a point, it is deuce. The chance of a server to win 


wins, if loss 


ray : = 
a point is 5 The game is at deuce and A is serving. 
What is the chance that 4 will win the game? 
Solution: Let E the event of A winning a point 
2 = 2-1 
Ilere P(E) = 2: -. P(E) =1-—==-. 
es (E) rary 
‘The event of deuce = D =(F AEYUCE NE) 
‘The probability of a deuce 


Probability 6.61 
=PD) =P (EN EVUCENE} 
= P(F). P(E) + PR) P(E) = 2 Le 
Aaa 33°33 9 


The cvent of A winning the game = the event of any 
number of deuce followed by two consecutive points 
won by 4 

The required probability 


3) 3G GIG) GIG) e- 


W 
—~ 
wir 
aie) 
aS 
is 
©] 
+ 
—— 
CE 

peer 
” 
— 
TES 
— 
oa 
5 
8 
oo 8 


47, There are n + 3(7> 1) seats numbered 1, 2, 3,......, 7+ 
3. There are also » + 3 persons who are holding tickets 
numbered 1, 2, 3,.....,7 +3. ‘They take seats at random. 
Find the probability that exactly three persons take 


seats having the same numbers as that in their tickets, 


Solution: The number of ways in which 3 persons can take 
having the same numbers as that in their tickets 
="3C,, OF these, let in one of the ways, persons hav- 
ing the Uckcts numbered » + 1, # + 2 and n +3 take 
their corresponding seats. 

‘The remaining n persons are to take n seats such that 
all of them are in the seats having number different 
from that of their ticket. 


PE) = (n+3!) 
Tie fle se ‘Al 
= 4 “a pit tO i] 


48. A wire of length £ is cut into three picces. Find 
the probability that the three pieces form a triangle 

Solution: Method 1: The elementary event w is 
characterized by two parameters x and y |since 
z=£-(x  »)j. We depict the event by a point on 
x —y plane (as shown in figure). ‘The conditions x > 0, 
y>O.x y</ are imposed on the quantities x and). 

the sample space is the intetrior of aright triangle with 

£ units legs i.c., S, = €/2. The condition A requiring to 

the following two conditions 

(i) The sum of any two sides is larger than the third 
side: 

Gi) the difference between any two sides is smaller 

than the third side. This condition is associated with 
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the triangular domain A. (as shown in figure) with area and £-(x —y)> Oie.,x-—y< forysf—x 
(1/2)(P/4) = C8 Since a triangle, the sum of any two sides is 2 
_@B)_1 than thirds side, sox + yp > £—-(e —y) => yp > (/2-x 
(P72) 4 > < 2 
Ya > #2 x<yK< 
t So required Probability 
2 pa cia 
irks : J Sis _ Pre-e/2-ayae 
[Joe [e-mer 
—— x 
ol a2 ¢ hie 2 
7 J, ede 8 1 
Method 2: Let the lengths of three parts of the wire - fie dx “ey 4 
be x, v and £-(x | y). Thenx>0,>0 oY 


i 


man dies in a year = 1- (1 —p)"i.e., 1 — p (ao man dies 
in a year). Probability that out of men, 7, is first to 
die = 1/n since this event is independent. | lence, the 
probability that 47, dies in the year and he is first to 


1-(- p)" 
na 


OBJECTIVE SOLVED EXAMPLES 


1. A box contains 15 transistors, 5 of which are defec- 
tive, An inspector takes out one transistor at random, 
examines it for defects, and replaces it. After it has die = 
been replaced another inspector does the same thing, 
and then so does a third inspector. he probability that 3 
at least one of the inspector finds a defective transis- 
tor, is equal to 


One ticket is selected at random from 100 tickets 
numbered 00, 01, 02,...., 99. Suppose Y and Y are 
the sum and product of the digit found on the ticket 


(a) 1/27 (b) 8/27 P (X= 7, Y = 0) is given by 
(c) 19/27 (d) 26/27 (a) 23 (b) 2/19 
Solution: (c) Let A, be the event that i* inspector finds a (c) 1/50 (d) None of these 
defective transistor: [lence zequired probability is | gotutions (@) We have CY’ = 7) = {07, 16, 25, 34, 43, 52, 61, 
PE, Y4, 04) = 1-2 4,049 70} and (¥ = 0) = (00, 01, 02,....., 10, 20, 30,.... 90} 
H1-P AY dsnagy= 1-2). P A). PAD Thus (Y= 7) 9 (¥ = 0) = {07, 70} 
(As .4,, 4,, A, are mutually indepenent events.) re | 
10 10 10 7 PAST Y= 9) = v09 = 50 
=1- =. = 19/27 | P(A) = 10/15 = 2/3] 
15/13 15 4, If X and Y are independent binomial variates of 
2. The probability that a man aged x years will die in binomial distribution B(5, 1/2) and B (7, 1/2) respec- 
ayear is ‘p’. The probability that out of “n’ men M4, tively, then POX | Y = 3) is 
4 M,, each aged years x, 34, will die and be the fa) 55/1024 (b) 55/4098 
first to die is: (c) 55/2048 (d) None of these 
(a) 1m? (b) 1-(1=p)” 
1 , Solution: (2) PW FY = 3) =P X= 0, F = 3) 
(c) wil-d-—y) (c) 7 U-d. py] PW=1,¥=2) PW=2,Y=1)+PX=3, ¥ =0) 
=P(X=0) PF =3)- P= PF =X - 
Solution: (d) Probability thal a man aged x dics in a P(X = 2) P(Y = 1) + P(X = 3) PLY = 0) (¥ and F are 


year = p. Therefore the proabability thal at least one independent) 


7, (2 7C, (ay + °C, day 7C, ay + 
°C, US, °C, AD’ +5C, G2", U2) 

1/2)" {) G5) + G) 21) + 20) (7) + 0) ()} 

= 220/2" = 55/1024 


gu Lae lee 152P. probabilities of three 
4°22 
mutually exclusive events, then 
(a) IB<psi2 —(b) 3 <p <2 
(ce) W6<p<2 —— (d) Nonc of these 


Solution: (d) As are probabilities 


I+4p l-p 1-2p 
a ae 
of three mutually exclusive events. we must have 


og tte SP 1 


sos? <10< 
2 


and 0.< esp Jee 
4 2 

=> -I/4<p<3/4,-1<p<,-I2<p<i2 
and 1/2 <p <5/2 

=> max {-1/4, -1, -1/2, 1/2} 
5/2} 


=> W<psV2=>p=12 


fae 2 <1 
2 


= p<min (3/4, 1, 1/2, 


6. Aman is known to speak the truth 3 out of 4 times. He 
throws a dic and reports thal il is a six. The probability 
thal it is actually a six is 


1 
(a) (b) = 
5 


Blew ole 


(c) (da) None of these 


Solution: (a) ct £ denotes the event that a six occurs and 
A the event thal the man reports that il is a six. 


We have P(E)= +, PE) =>, Praimy=3 
6 6 4 
I 
and P(A/E') = — 
(AIE') 4 


By Baye’s theorem 


PEA) = ——_PE) PAI) __ 
PUDPCAIE) + PEOPLE) 
V6x3/4 3 


W6x3/4+5/6x1/4 8 


7. A dic is thrown (2# + 1) umes, » € N. The probabil- 
ity that faces with cven numbers show odd number 
of limes is 

2n+1 


2a+3 
(c) greater than 1/2 


(b) less that 1/2 
(d) None of these 


Probability 6.63 


Solution: (d) Probability of showing even number in a 
throw = 3/6 = 1/2 
Required probability 


= PIC. 2.1/2) + 21, (29. DY bt 
mic, eye 

= (2 PMC, + HC HL HIE, 

= = x Qutt = 1/2 


8. A natural number x is chosen al random [rom the first 
one hundred natural numbers. The probability that 


(x- 20x - 40) 
Gein Oe 

(a) 1/50 (b) 3/50 
(©) 7/25 (a) 9/50 


Solution: (c) x € N, Total ways = C= 100 
=> n(S) = 100 
20 30 40 
Sager at 


(x—20)(x- 40) 
<0 x € (He, 20) U (30, 40) 


(x- 30) 
E 1, 2,3,....19, 31, 32, 33,....... 39} 
=> n(F)=28 


Required probability = 28/100 = 7/25 


9. A number of six digits is written down at random 
Probability that sum of digits of the number be 


even is 
(a) 1/2 (b) 3/8 
(c) 3/7 (d) None of these 


Solution: (a) Let x, x, %, %, X, ¥, be the number then 

cach Of x), Xp Xp Xp Xy has 9, 10, 10, 10, 10 choi 
spectively. Now summing these five digits the 
sum is cither odd or even. If it is odd, take x, € (1, 
3, 5, 7, 9} and if it is even, take x, € {0, 2, 4, 6, 8} 


so that the sum of six digits becomes even. Thus 


7 


number of desired type of numbers = 9 x 10" x 5 
figs 
Thus pe) = 22103 1 
9x18 2 


10. Two small squares on a chess board are chosen at 
random. Probability that they have a common side is 
(a) 18 (b) 1/9 


(c) 18 (a) None of these 


Solution: (c) ‘here are 64 small squares on a chess board. 


=> Total number of ways to choose two squares = 
C= 32.63 


6.64 


lL. 


Algebra Il 


For favourable ways we must choose two consecutive 
small squares 


for any row or any columns 

= Number of favourable ways = (7. 8) 2 
7 : 782 1 

=> Required Probability = ——= 

32.63 


18 

A bag contains 17 tickets numbered 1 to 17. A ticket is 
drawn and replaced, then one more ticket is drawn and 
replaced. Probability that first drawn number is even 
and second is odd, is 


81 72 
es b) —— 
) 289 ®) 289 
(c) = (d) None of these 


Solution: (b) Let 4 be the event that first drawn number 


12. 


is even and 8 be event that the second number drawn 
number is odd. 
Total number of even numbers = [17/2] = 8 
72 

PUNB)= 

¢ y 289 
A die is thrown three times and the sum of three 
numbers obtained is 15. The probability of first throw 
being four is 
(a) 1/18 
(c) 4/5 


8 9 
PA) = 4 es 
> P(A) 7 and ?(B) 7 


(by 1/5 
(d) 17/18 


Solution: (b) If first throw is four then sum of numbers 


13. 


appearing on last two throws must be equal to eleven. 
‘That means last two throws are (6. 5) or (5, 6) 

Now there are 10 ways to get the sum as 15. 

ie, (4, 5, 6), (4, 6, 5),.... G. 6 O)} 


=> Required Probability = = = 


Fifteen coupons are numbered 1, 2, 3,..... 15. Seven 
coupons are selected at random one at a time with 
replacement. The probability that the largest number 
appearing on the selected coupon is 9. is 


@) (2) ) (3) 
16 15 


of) 


(d}) None of these 


Solution: (d) Total ways = (15Y 


For favorable ways, we must select 7 coupons 
numbered from 1 to 9 so that 9 is selected atleast 
once. Thus total number of favourable ways are 9° — 8° 


é P F-8 
=> Required probability = is 


14. A fair dic is thrown until a score of less than 5 points 


is obtained. The probability of obtaining not less than 
2 points on the last thrown is 

(a) 3/4 (b) 3/6 

(co) 4/5 (a) 1/3 


Solution: (a) Score less than 5 means the occurence 


15. 


of 1,2,3, or 4. now on the last throw we should not 
obtain a score 


than 2 ic., one. Clearly the favour- 
able outcomes are 2,3 or 4. Thus the required prob- 


ability = 3/4 


A fair die is tossed eight times. Probability that on the 
eighth throw a third six is observed is 


aed 
(a) Kor 


1c. 53 
(c) ae (d) None of these 
5 
Solution: (b) Third six occurs on 8th trial. It means that in 


first 7 trials we must have exactly 2 sixes and 8th trial 
must 
=> Required probability = 


sult in a six 


°C, (iby. GI6). (1/6) 


. If the papers of 4 students can be checked by any one 


of the 7 teachers, then the probability that all the 4 
papers are checked by exactly 2 teachers is 


32 

a) 27 by 

(a) ©) 33 
(c) jz (d) None of these 
49 : 


Solution: (d) ‘lotal number of ways in which 4 


17. 


papers can be distributed among 7 teachers = 7* 
ways, 

Now exactly 2 teachers out of 7 can be chosen in *C, 
ways. And total number of ways in which 4 papers can 
be given to these 2 teachers (each one getting atleast 
one) = (24-2) = 14 

=> Total number of ways in which exactly 2 teachers 


check all four papers 14=21.14 
21.14 32 6 

=> Required probability = Sr ae 
@ 7 ? wh rT 49 


A number is chosen al random from the numbers 10 to 
99. By seeing the number a man will laugh if product 
of the digits is 12. If he choose three numbers with 
replacement, then the probability that he will laugh at 
east once is 


: 

@) 1-(3) 
5 
= 

off 


Solution: (d) There can be four such numbers, ic., 43, 34, 
62, 26 
Whose product of digits is 12 
=> Probability that the man will 
42 


chose base Se 
chosen numbers = 55 = 45 


laugh by sccing the 


vesrponyo1-[1-) «1-(33] 
=> Required Probability = 1 — Sago 1- 1S 

18. If head means one and tail means two, then coefficient 
of quadratic equation a? | by —¢ = 0 are chosen by 
tossing three fair coins. ‘lhe probability that roots of 
the cqualions are imaginary is 
(a) 5/8 (b) 3/8 
(c) 78 (a) 1/8 


Solution: (c) 5? - dae < 0 
For 6 = 1 any a and ¢ which can be chosen in 4 


ways 
Forb 2cithera l,e 2 
ora 2,c¢ lora 2,c¢ 2 


=> Required Probability = 7/8 


= 
¥ 


‘There are m persons sitting in a row. Two of them 
are selected at random. ‘lhe probability that the two 
selected persons are not together is 

2 
(b) 1-— 


2 
(a) — 

m m 
m(m—1) 


(c) (m+ Dn+2) (d) None of these 


Solution: (b) Total number of ways of sclecting two 
persons out of m is "C, = me D 
Number of ways in which the two selected persons are 
together is (# — 1) 
Therefore, number of ways in which the two selected 
persons are not together is 
_ (n—l)(m—2) 
2 

Thus the probability of the required event is 
(m-1Xm-2/2_m-2_, 2 

mn —1)/2 m m 


"Cy-(n-1) 


Probability 6.65 


20. For two events A and B, if p(d) = p(A/B) =1/4 and 
p (B/A) = 1/2, then 
(a) A and B are dependent 
(b) A and B are mutually exclusive 


te) plans) = > 


Solution: (¢, d) We have p(A)= pais) = PACS 
p(B) 


= pls B)= pp) 
Therefore A and B are indepedent 
1 1 1 
Since pid > BY = p(A) p(B/A)= le } =y 40 


A and B cannot be mutually exclusive 


B = 
As A and B are independent P (3) =P(B) 


= P{2)oy-mayai-l-t, 
q 272 


Also (4) siainsy 
B) PCB 


_ PB=PAOB), | 
7 P(B) 


21. A student appears for tests, I, Il and Ill. The student 
is sucessful if he passes either in tests 1 and II or tests 
land LIL. ‘lhe probabilities of the student passing in 
tests I, II, IIT are p, g and 1/2, respectively. If the prob- 
ability that the student is suc: ful is 1/2, then 

@p lq 0 

(b) p 2B,q 172 

©) p 35,q 28 

(@) there are infinitely many values of p and q 


Solution 
student 


d) Let A, B and C be the cvents that the 
uceessful in test I, TT and II respectively 
Then P (the student is successful) 
=PYARBACXUANBIACUANBAC] 
=PUANBAC)+PUNB AC)+PUANBAC 
= PU). PB). PIC) | PAD. PIB). PIC) | PAD. 
P(BY. PO) |’. A, B and C are independent] 


= pa(i-2)}s pa-a($}+con() 


1 
Ipq+ pO-4)+ pal=> p+) 


Nie 


6.66 


22. 


Solution: (a) Total number of 


23. 


Solution: (a,c) P(A) = 8 = 


Algebra Il 
deep. Si pd-oS 
2g htlta pa-g 


This equation is satisfied for all pairs of values in 
(a), (0) and (c). Also it is satisfied for infinitely many 
values of p and q. 


Tor insaieg whith ip See raadege eo whieie aig 
n+l n 

any positive integer. 

Three six-faced fair dice are thrown together The 

probability that sum of the numbers appearing on 

the dice isk 3 << 8) is 


(k-y(k-2) k(k-1) 
a) —— 
432 432 
ie en 
(c) 7rd (d) None of these 


6*6*6=6)= 216 


‘Number of favourable way 
coefficient of xin Ge | x? +... | x® 

coefficient of x? in (1-1 x)? 

coefficient of x*?in(1 x)? C. 0<k-3<5) 
coefficient of x*? in (1 + Cx HAC xP +5C, xP +...) 


211G, = 1c, EE MED 
Probability of the required event is Ae 


Given that x € [0, 1] and y € [0, 1]. Let A be the 
event of (x, y) satisfying }? < x and B be the event 
of (, y) satisfying x” < y, then 

(a) PAN B)= 1/3 (b) A, Bare exclusive 

(c) P(A) = P(B) (d) None of these 


Ved 


er 


; > 


fee 


0 
1 1 
fx ae- fv de 1 
Pin B= + ——* Er 
fac 
a 
1 
SoPU B= 5 40 s0A and B are not exclusive 


1 
1- [rar 
also P(B) =—*—_ == 


far 
a 


24, Suppose m boys and m girls take their seats randomly 
round a circle, The probability of their sitting is 


when 


ues 


(a) no two boys sit together 
(b) no two girls sit together 
(c) boys and girls sit alternatively 
(d) all the boys sit together 


Solution: (a, b, c) The number of ways in which m boys 
and mr girls take their scats randomly round a circle 
is (2m —1)! 

(a) We make the girls sit first around the circle. This 
can be done in (m — 1)! After this boys can take 
their seats in m! (exactly one boy between two 
girls means m boys are to be adjusted at m places) 
‘Yhus the number of ways in which no two boys sit 
together is m! (am — 1)! 

Probability that no two boys. sit together 
min-Wl od 
Qm-)! ™'C, 

(b) Similar to (a) 

(c) Boys and girls sit alternatively if and only if no 
two boys (girls) together. 'herefore, the probabil- 
ity of this event is also @’"C,,) |. 

(d) We tic the boys together and treat them as a single 
boy. We can put (at + 1) objects (a girls and one 
boy) around a cirele in #! ways. But the boys can 
be tied in m! ways. Thus probability of this event is 

im| im! 1 
ae 
Qm-I)! IC, 


There are two balls in an um whose colours are not 
known (ball can be cither white or black). A white ball 
is put into the urn. A ball is then drawn from the urn. 
‘The probability that it is white is 


(a) {b) 


(©) (@) 


wilt Re 
ale wile 


Solution: (c) Let #, (0 < i < 2) denotes the event that 
ur contains # white and 2 — / black balls. Let A 


26. 


denotes the cvent that a white ball is drawn from 
the um. 


We have P(E.) = for =0, 1,2 and PUIE)= =. 


P(AIE,) ==, Pule) =] 


By the total probability rule. 


P(A)= PCE, v(a Jee, v(a ere v4 } 
2 Ey 
a3 2 | 2 
= >|r+itll/== 
B13 3 3 
If &, and £, are two events such that PE) = 4, 
P(E JE,) =1/2 and PE) = 1/4 
(a) then £, and #’, are independent 
(b) #, and #, are exhaustive 
(c) F, is Wwice as likely to occur as £, 


(d) Probabilitics of the events £, 0 F,, FE, and F, are 
inGP. 


Solution: (a, ¢, d) P(EJE,) = P(E Ne) 
; P(E) 
ae 
ale (£, 0£;) 
2 4 
PIE, AB = ; PUR). PURE) 


=P). ; > PED = 


nie 


Since PLE, 0 E) = ; PUR) PUES) 


‘Therefore events are independent 
1105 


Also pus un,y=te tt cel 
“248 8 


Probability 6.67 


=> F, and © non exhaustive. Also, 


clearly 
are in GP. 


, A bag initially contains one red and two blue balls. An 


experiment consisting of selecting a ball at random, 

noting its colour and replacing it together with an 

additional ball of the same colour. If three such trials 

are made, then: 

(a) probability thal atleast one bluc ball is drawn is 0.9 

(b) probability that exactly one blue ball is drawn 
is 0.2 

{c) probability that all the drawn balls are red given 
that all the drawn balls are o| 

(d) probability that atleast onc red ball is drawn is 0.6. 


ame colour is 0,2 


Solution: (a, b, c, d) (a) Let F, Event of drawing atlcast 


one blue ball 

F, = Event of drawing exactly one blue ball. 
Fvent of drawing all red balls 

F, = Event of drawing atleast one red ball 


123 
a) 3] -09 
oi 3 
b) PE) = 3 PBRR)=3. ——5 = 0.2 
0) PE) = 3 PBRR=3. 5.7.5 
, RRR 
(c) PU) = “| (RRR) U (BBB) 
P(RRR) 
~ P(RRR) + P(BBB) 
but PBR B= = 32-04 
45 


=> P(E)= mau =0.2 
O14 04 . 


(a) PE) =1-PBBBY=1- : =06 


6.68 


Algebra Il 


a 
____— 


3. 


4. 


» A fair coin is Lo 


OBJECTIVE TYPE (ONLY ONE CORRECT ANSWER) 


. Exactly one of the two events must happen. Given that 


the chance of one is two-third of the other, the odds in 
favour of the other are 
(a) 325 
(c) 3:2 


(b) 2:5 
(a) None of these 


. The letters of word SOCIETY are placed at random 


in a row. The probability that the three vowels come 
together is 
(a) 6/7 
(c) 3/7 


(b) 1/7 
(a) None of these 


‘The letters of the word ARTICLE are arranged at ran- 
dom. The probability that the vowels may occupy the 
even places, is 
(a) 1/35 
(c) 7/35 


(b) 4/35 
(d) None of these 
‘Two unbiased six faced dice are thrown. ‘lhe prob- 


ability that the sum of the numbers on faces turned up 
is a prime number greater than 5 is 


(a) 146 (b) 1/4 
(c) 29 (a) 4/9 
. For independent events A), Ay... A, PA) -. 
. i+ 
F= 1,2, wn. ‘Then the probability that none of the 
events will occur, is 
n n-1 
(a) (b) 
ntl n+l 
(c) ! (d) None of these 
ntl 


ed repeatedly. If the tail appears on 
then the probability of head appearing 
equals 

(b) 1/32 

(d) 1/5 


first four tos 
on the fifth to 
(a) 12 

(c) 31/32 


. A bag contains 4 tickets numbered 1,2.3.4 and another 


bag contains 6 tickets numbered 2, 4, 6. 7, 8, 9. One 
bag is chosen and a ticket is drawn. The probability 
thal the licket bears the number 4 is 


12. 


13. 


(a) 1/48 
(o) 5/24 


(b) 1/8 
(d) None of these 


. ‘Two dice are thrown. The probability that the numbers 


appeared have a sum 8, if it is known that the second 
die always exhibit 4, is 
(a) 5/6 
(©) 23 


(b) 1/6 
(d) None of these 


. A fair coin is tossed 99 times. Let XY be the number 


of times head occurs. Then P(X = ) is maximum 
when ris 
(a) 49 
(c) $1 


(b) 52 
(d) None of these 


. 10 apples are distributed at random among 6 persons 


The probability that at Icast one of them will receive 
none is 


6 Me, 
(a) 18 (b) Te 
137 
(c) > (d) None of these 
143 


A fair dic is thrown twenty times. The probability that 
‘on the tenth throw, the fourth six appears is 


C5 120 x 5” 
(a) 2 (b) Go 
6 
(c) so (d) None of these 


From a group of 10 persons consisting of 5 lawyers, 
3 doctors and 2 engincers, four p 
random. The probability that the s 
Icast one of cach category is 

(a) 1/2 (b) 18 
(c) 2/3 (d) None of these 


sons are selected at 


cclion contains at 


A draws two cards al random from a pack of 32 cards. 
Alter returning them to the pack and shullling it 
B draws two cards at random. The probability that 
their draws contain cxactly one common card is 


25 50 

‘@) by: 

© sa6 ®) 3 

fe) 2 {d) None of these 
663 " 


14, 


15, 


16. 


17. 


18. 


19. 


20. 


21. 


The odds against a given event are 5: 2 and the odds 
in favour of another independent event are 6 : 5. The 
probability that at Icast onc of the cvents will happen is 
(a) 22/77 (b) 52/77 

(©) 12/77 (d) 65/77 

If the letters of the word ‘REGULATION’ be arranged 
al random, the probability that there will be exactly 
4 letters belween R and E is 

(a) 1/9 (b) 3/55 

(e) 49/55 (d) None of these 

Seven chits are numbered 1 to 7. Four chits are drawn 
one by one with replacement. The probability that the 
least number appearing on any selected chit is 5, is 
(a) GIT (b) ©)! 

(ce) 60K7) (d) G/4)' 

Entries of a 2 x 2 determinant are chosen from the 
set {-1, 1}. ‘he probability that determinant has zero 
value is 
(a) 1/4 
(c) 1/2 


(b) 1/3 

(d) None of these 

Fifteen persons, among whom A and 8, sit ramdomly 
around a round table. ‘he probability that there are 4 
persons between A and B is 

(a) 3/7 (b) 4/7 

(c) 2/7 (a) 1/7 

A letter is taken at random out of cach of the words 
CHOICE and CILANCE. The probability that they 
should be the same letter is 


(a) 1/6 (b) 1/9 
(c) 5/36 (a) 1/324 
4 letters are chosen at random from the letters of the 


word “INFINITE”. The probability that there will be 
three like letters and one different is 


{ay 2 b) 
im 21 
7 1 
arr) Om 


A bag contains 2 while and 4 black balls. One ball is 
drawn 5 times, cach being replaced before another is 
drawn. The probability that atleast 4 of the balls drawn 
are white is: 


4 10 
ay py 22 
@ 3] © 35 

ul : 
€) (d) None of these 


243 


22. 


25. 


8 


Probability 6.69 
Two men, in tum draw balls (without replacement) 
from an urn containing 2 white and 6 black balls. The 
person who is the first to draw a white ball wins the 
game. The probability that the first person will be the 
vinner is 
(a) 3/4 

(©) 5/12 


(b) 4/7 
(d) None of these 


. An unbiased cubic dic marked with 1, 2, 2, 3, 3, 3 is 


rolled 3 times. The probability of getting a total score 
of 4 or Gis 


25 25 
b 

(a) I (b) 108 

(©) ss (d) None of these 


. Three athletes A, B and C participate in a race. Both A 


and B have the same probability of winning the race 
and cach is twice as likely to win as C. The probability 
that B or C wins the race is 

(a) 23 (b) 3/5 

(c) 3/4 (d) 13/25 


Ifthe mean and variance of a binomial variate. are 7/3 
and 14/9 respectively. Then probability that X takes 
valuc 6 or 7 is equal to 


1 5 
(a) — by — 
) 729 ~ 729 
7 13 
(c) — d) — 
) 729 “ 729 


A three digit number, which is multiple of 11, is cho- 
sen at random. Probability that the number so chosen 
is also a multiple of 9 is equal to 

(a) 9 (b) 2/9 

(©) 1/100 (d) 9/100 


. Seven digits from the digits 1, 2, 3, 4, 5. 6,7, 8. 9 are 


written in a random order. The probability that this 
seven digit number is divisible by 9 is 

(a) 2/9 (b) 1/5 

©) 3 (a) 1/9 


If A and & are two events such that, ?(4) > 0 and 


A 
P(B) # 0, then P (3) is equal to: 


B 
A 
w1-o(4) 


P(AB) 


O1-3® 


6.70 


29, 


30. 
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32. 


33. 
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Algebra Il 


An clevator starts with m passengers and stops at 2 
floors (m < 1). The probability thal no two passengers 
alight al the same Moor, is 


op “p 

@ — () — 
a a 

©) @ — 


Consider a scl P containing # clements. A subset A of P 
is drawn and therealter set P is reconstructed. Now onc 
more subset B of P is drawn. Probability of drawing 
sets A and B so that 4 9 B has exactly one clement is 


@) (3) 1 b) 2 (2y 
a)" 4 


©) (4) (a) None of these 


A box contains 100 tickets numbered 1,2,....., 100. 
Two tickels are chosen al random. It is given that the 
maximum number on the two chosen tickets is not 
more than 10, The minimum number on them is 5 with 


probability 
(a) 1/9 (b) 2/9 
(c) 3/9 (d) 4/9 


A bag contains 6 red and 3 white balls. Four balls are 
drawn one by one and not replaced. The probabil- 
ity that they are alternatively of different colours is 


equal to 

(a) 2/21 (b) 5/42 

(c) 6 (d) None of these 

ie 1°2P are probabilities of three 
mutually exclusive events, then the set of positive 


values of p is 


2 

© (03) 
12 

(s) (3) 


2-3p 1+4p lt+p 
ae eae 

mutually cxclusive and exhaustive events, then the set 

to which p belong: 

fa) ©, D 

(c) @, 1/3) 


1 
© (04) 


(d) None of these 


If are the probabilities of three 


(b) (1/4, 1/3) 
(d} None of these 


» An unbiased dic with faces marked 1,2,3,4.5 and 6 is 


rolled four times. Out of four face valucs obtained, 


36. 


37. 


39. 


41, 


the probability that the minimum face value is not 
less than 2 and the maximum [ace value is not greater 
than 5 is 


16 1 
(a) a (b) a 
80 65 
() a {d) ra 


A is a set containing n elements. A subset / of 4 is 
chosen at random. The set 4 is reconstructred by 
replacing the elements of 2. A subset O of A is again 
chosen at random. The probability that P and Q have 
no common clement is 
3 
w (3) 


1" 
(a) (3) 
3\ 
(d) 1- (2) 
‘Two subsets 4 and B of a set S' consisting of ‘n’ 


elements are constructed randomly, The probability 
thatANB gandAUB Sis cqual to 


2y , a 
@1-|Z 6) (y 


yi 
O > 


. If A and B are any two mutually exclusive cvents, 


then 

(a) P(A) < PCB) 
(c) P(A) < PCB) 
If three dice are thrown, then the probability that they 
show the numbers in AP. is 

(a) 1/36 (b) 1/18 

(c) 5/18 (d) 2/9 


(b) P(A)> PCB) 
(d) None of these 


. Lt A and B be two events such that 


(AB) = +,P(An8) =; and P(A) = . where 


‘A stands for complement of event A. Then events A 
and B are 

(a) Independent but not equally likely 

(b) Mutually exclusive and independent 


ally likely and mutually exclusive 
(a) Fqually likely but not independent 
Let A, B. C be three mutually independent events. 
Consider the two statements S, and S,. 
: A and BUC are independent ; 


and By C are independent, then 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


(a) both S, and S, are truc 
(b) only S, is uc 

(c) only S, is tue 

(d) neither S, nor S, is true 

A dic is thrown three times and the sum of three 
numbers oblained is 15. The probability of first throw 
being 4 is 


(a) 1/18 (b) 1/5 
(ce) 4/5 (a) 17/18 
‘The sum of two natural numbers n, and n, is equal 


to 100. The probability of their product being greater 
than 1600, is equal to 


20 58 
(a) 33 (b) rr 
13 59 
(©) 3 @ rr 
Tf A and B are two events such that P(A v B) = 5/6, 


P(A B)=1/3, P(A) = 2/3, then A and B are. 
(a) dependent events 

(b) independent events 

(c) mutually exclusive events 

(d) mutually exclusive and independent events 


Tf two events A and B are such that P(A‘) = 0.3, PB) 


= 0.4 and P(AB‘) = 0.5, then P ( } is equal to 


AUB 
(a) 13 (b) 1/2 
(c) 1/4 (d) can't be determined 
There are four machines and it is known that exactly 


two of them are faulty. They are tested, one by one 
in a random order till both the faulty machines are 
identified. ‘hen the probability that only two tests are 
needed is 

(a) 13 (b) 1/46 

(c) 1/2 (d) 1/4 


An urn contains 2 white and 2 black balls. A ball is 
drawn at random. If it is white, it is not replaced into 
the um. Otherwise it is replaced along with another 
ball of the same colour. The process is repeated. The 
probability that the third drawn ball is black is, 

(a) 15/29 (b) 11/30 

(c) 730 (a) 23/30 


The probability that a tcacher will give an unan- 
nounced test during any class meeting is 1/5. If a 
sent twice, then the probability that the 
student will miss at least onc test is 


49, 


Probability 6.71 


(a) 4/5 
(©) 75 


(b) 2/5 
(a) 9/25 


3 firemen X, Y and Z shoot at a common target. ‘lhe 
probabilities that ¥ and ¥ can hit the target are 2 and 
3 respectively. If the probability that cxactly two 


bullcis are found on the target is + then the profi- 
ciency of Z to hit the target is 

(a) 1/3 (b) 1/4 

©) V2 (a) None of these 


. A fair coin is tossed a fixed number of times. If the 


probability of getting seven heads is equal to that 
of getting nine heads, the probability of getting two 
heads is 


15 2 
(a) ¥ {b) i 
(c) a (d) None of these 


If A and B are events of an experiment with P(A) = 
0.2, P(B) = 0.5, then maximum value of P(A! > B) is 
(a) 1/4 (b) 1/2 

(c) 8 (d) 1/16 


. The probability that when 12 balls are distributed 


among three boxes, the first box will contain three 
balls is 


2? 2G 2% 
(a) = (b) 7 
Res 912 
() oe (d) None of these 


. 7 boys and 8 girls have to sit on 15 chairs arranged in a 


row numbered from 1 to 15. Then the probability that 
the end seats are occupied by the boys and between 
any two boys an even number of girls occupy seats is 


78 jp BI 
® ‘is 0b) °C.Ts 
5 & a 
© Ts ® is 


. If P(A A,)=1-P(A))P(4S), where ¢ stands for 


complement, then the events 4, and A, are 
(a) Mutually exclusive 

(b) Independent 

(c) Fqually likely 

(d) None of these 


6.72 


55. 


56. 


a 
= 


wn 
= 


60. 
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Six married couples are standing in a room. If the 12 
people are divided into six pairs, then the probability 
that 

Gd each pair is married is 


1 16 
@ 10395 ®) Da 
(c) on (d) None of these 
ii) each pair contains a male and a female is 
1 16 
(a) 0305 (b) Bi 
(©) ee (d) None of these 


If head means one and tail means two, then coefficient 
of quadratic equation a? | by — ¢ = 0 are chosen by 
tossing three fair coins. ‘lhe probability that roots of 
the cqualions are imaginary is 

(a) 5/8 (b) 3/8 

(c) 78 (a) 1/8 


A sample space for the equally likely results from 
one fair die and another biased die with a six twice 
as likely as any other score, contains the following 
number of sample points. 

(a) 36 (b) 30 

(c) 42 (d) 18 


‘Ten teams participate in a basket ball championship, 
out of which two groups (A and B) each consisting 5 
teams are formed at random. Four teams are of first 
class, The probability that all the first class teams get 
into the same group is 
(a) 1/42 

(©) 17 


(b) 1/21 
(a) 2/5 


. If PCd/B) = PUB/A), A and B are two non-mutually 


exclusive events, then 

(a) A and B are necessarily same events 

(b) P(A) = PB) 

(c) P(A a B) = P(A) P(BY 

(da) all of the above 

An urn contains (2n + 1) coins of which » coins have 


a head on both sides and the remaining (# + 1) coins 
are fair. A coin is taken out of the um and tossed. If 


3 - 
the’probabilify of obtaining a head bé 2, thon ni 
x 


equal to 
(a) 10 (b) 11 
(c) 12 (d) 13 


61. 


62. 


63. 


65. 


A person has a bunch of » keys, only one of which 
can open a lock. The person tries the keys at random 
rejecting those which do not open the lock, the prob- 
ability that the lock is opened at the k*(< n) trial is 


@ 1 oo) * 
; ; 


ia 
© &! (¢) ( -t) a 

” n n 
Assume that the chances of a paticnt having a heart 
attack is 40%. It so assumed thal a medilalion and 
yoga course reduces the risk of heart attack by 30% 
and prescription of certain drug reduces its chances 
by 25%, At a time a patient can choose any one of the 
two options with equal probabilities. It is given that 
after going through any options the patient selected 
at random suffers a heart attack. Then the probability 
that the patient followed a course of meditation and 
yoga is 
(a) 4/29 
(c) 1/2 


(b) 14/29 
(a) None of these 


A and B are two independent witnesses in a case, ‘he 
probability that A will speak the truth is x. The prob- 
ability that 8 will speak the truth is v. A and B agree 
in a certain statement, then the probability that the 
statement is true is 
xy xy 
) 

x+y+2xy 


(a) 


l+x+ y—2xy 


y 
xoyprdxy 


(d) None of these 


|. Out of 10,000 familics with 4 children cach, the prob- 


able number of families all of whose children are 
daughters is 
(a) 625 
(c) 225 


(b) 375 
(d) None of these 


The probability that the birthdays of six different 
persons will fall in exactly two calander months is 


BCi x26 
a) 16 i 
(a) 6 {b) ru 
BC Oe 341 
() “Gaxiat @ 34 
12 vy; 


» The sum of two positive real numbers is 2. ‘he prob- 


ability that product of these two numbers is not less 
than (3/4) times the greatest possible product is 

(a) 1/2 (b) 18 

(c) 1/4 (d) 9/16 


67. 


68. 


69. 


70. 


71. 


72. 


The numbers 1,2.3.,...., n are arranged in random order. 
The probability that the digits 1, 2. 3,..0..,4 & <n) 
appear as neighbours in that order is 
1 kt 
@ — b) — 
nt nl 
(nk)! 
nt! 


(c) (d) None of these 

A bag contains 24 balls of which 12 are black and 12 
are white. ‘he balls are drawn at random from the box 
one at a time with replacement. The probability that a 
white ball is drawn for the 4th time on the 7th draw is 


3 by 22 
) a ©) 39 
5 I 
co) — d) = 
(c) I (dd) 2 
n lellers are writen to n different persons and 


addresses on the n envelopes are written. If the let- 
ters are placed in the envelopes at random, the prob- 
ability that atleast one letter is not placed in the right 
envelope, is 


1 1 
I-= b) In 
(a) I> ) I> 


@ 1-4, (@) + 
n n. 


A die is rolled three times, the probability of getting a 
larger number than the previous number each time is 


(a) 15/216 (b) 5/54 
(c) 13/216 (d) 1/18 
A wire of length / is cut into three picees. Then the 


probability that the three pieces form a triangle is 


(a) 1/2 (b) 1/4 
(c) 2/3 (d) None of these 
The adjoining figure gives the road plan of lines con- 


necting two parallel roads AB and A,B, A man walking 
on the road AB takes a turn al random to reach the road 
AB, IL is known that he reaches the road A,B, from O 


73. 


TA. 


7B. 


Probability 6.73 


by taking a straight line path. The chance that he moves 
ight line from the road AB to A,B, is 


A, 
A B, 
E ec, 
O, 

i) D, 

Cc E, 

B 
(a) 0.25 (b) 0.04 
(c) 0.2 (d) None of these 


If m rupee coins and # ten paise coins are placed in a 
line, then the probability that the extreme coins are ten 
paise coins is (coins are identical in their respectively 
calcgory) 
nal) 

{b) 

(m+nym+n-1) 
(d) np, 


(a) "C,, 
om, 


Achild throws 2 fair dice. If the numbers showing are 
unequal, he adds them together to get his final score. 
On the other hand, if the numbers showing are equal, 
he throws 2 more dice and adds all 4 numbers show- 
ing to get his final score. The probability that his final 
score Is 4 Is: 


1 1 
(2) rT {b) 7% 

1 2B 
yi 4 2 
> © Ta96 


The probability that sin-(sinx) — cos"'(cosy) is an 
integer x, y € {1, 2, 3, 4} is 


1 3 
@ GE (b) 16 


() 6 {d) None of these 
16 


ee 
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OBJECTIVE TYPE (MORE THAN ONE CORRECT ANSWERS) 


For two given events 4 and B, P(A B)is 
(a) nol less than P(A) + P(B)—1 
(b) not greater than P44) P(B) 


2. An unbiased dic with faces marked 1,2. 


(c) cqual to P(A) — P(B) P(A v BY 
(@) equal to Pd) PB) PUB) 

5 and 6 is 
obtained, the 


rolled four times. Out of four face values 
probability that 


6.74 


4 


5. 


Algebra Il 
14! 
(a) The minimum face value is 2, is 
6 
5! 4! 
(b) The maximum face value is 5, is >— 
6 


Be 

(©) ‘The minimum face value is 2. is 5 
z 

(@) The maximum fave value is 5,18 7> 
5 

IA and B arc two events, then which of the following 

does not represent the probability that cxaetly one of 

A, B occurs? 

(a) P(A) + PIB) - P(A B) 

(b) PULA BY) + PU! AB) 

(c) P(A’) | PB) —2PU' AB) 

(@) P(A) + PB) -2PU A B) 

A and B are two events. The probability that at most 

one of A, B oceurs is 

(a) 1- PUB) 

(b) P(A) | PB) PU 0 BD 

(0) P(A) | PB - PU By I 

(@) PAB) +P! 9B) + PU AB) 

I-A and B are two events, then 

(a) Pn B) < min. {PCA), PCB)} 


(b) P(A B) > max. {0,PB) PUY} 
(c) PAN B)<S PUB) 
(4) PAB) > max. (0, PU) P@B)=1} 


. Suppose 4, B and C are three events with P(C) = 0. 


‘Then 

(a) PAN C= PPC) 

(b) P(BU C)= PIB) 

(c) PAU C)= P(A) - PC) 

(d) PAW BUC) = P(A) + P(B)— P(A B) 


ASSERTION AND REASON TYPE 


The questions given below consist of an assertion (A) 
and the reason (IR). Use the following key to choose the 
appropriate answer. 


(a) If both assertion and reason are correct and reason is 


the correct explanation of the assertion. 


(b) If both assertion and reason are correct but reason is 


not corrcet explanation of the assertion 


7, Which of the following statements is/are correct? 
P(A)+P(B)-1 
P(BY 

(b) PB) = P(A)- PAM) does not hold 
(c) PAU B=1 -P(A) PCBY if and B are independent 
(a) P(A B)= 1 - P(A) PCB), if A and B are disjoint 


(a) P(AIB)> , P(B) #0 is always truc 


8, Identify the correct statements: If # and ¥ are indepen- 
dent events such that 0 < P(#) <1 and 0 = P(F) < 1, then 
(a) £ and F are mutually exclusive 
(b) F and F* are independent 
(c) Fé and F are independent 
(d) PUE/P) - P(RSIF) = 1 


9. Which of the following statements are true? 
> 


‘Aye ee 
(@) PWIA) = ~ TG 
(b) When two dics 


where P(A) # ¢. 


thrown, the number of ways of 
gelling a total ris (r— 1) if 2<rs7 

(c) When two dic: thrown, the number of ways of 
getting atotalris (13 rif8<r<12 

(a) None of these 


10. When three dice are thrown, the number of ways of 


gelling a total + is. 
(a) oer <rsi8 

(19-r)(20-r) 
>) ee 
(b) 2 


(c) 25 ifr =9 or 12 
(d) 27 ifr =100r11 


i3<rs 18 


1. If 4 and B are two independent events such that 


P(A' AB) 2/15 and P(A B') 1/6, then P(B) is 
(a) 1/5 (b) 146 
(©) 4/5 (d) 5/6 


ee 


(c) If assertion is correct, but reason is incorrect 


(a) Tf assertion is incorrect, but reason is correct 


Now consider the following statements: 


1. Az Compound event is a subset of sample space 
R: Union of simple events produces a compound event 


2. A: Weight of an event which is not likely to occur is 
very close to zero and weights of equally likely 
events are equal. 


6. 


R: Weight of sample points signifies relative chances 
of occurences of events and sum of weights of all 
sample points in sample space = | 


A: If two events #, and #, are mutually exclusive, 
then they must be strongly dependent. 

R: Occurrence of one precludes the occurrence of the 
other for mutually exclusive events. 


A: Occurrence of war or non-occurrence of war 
between two neighbouring countries is an equally 
likely event 

R: two events are called equally likely if there is no 
reason to say that one has better chance of occur- 
rence than the other. 

A: If A and B are two finite s 
a(B) rand for n> m if a mapping is sclected al 
random from the set of all mappings [rom A to B, 
then the probability that mapping is a many one 


s such thal (4) = m, 


function is | — 
n 


R: For n(A) < n(B) the probability of the mapping 


from 4 into B is a one-one function is —* and 
W 


PR) + PCR) =1 


A: Mutually exclusive events of same experiment are 
strongly dependent. 

R: Exclusion of cvents is sct theoretic principle 
where as dependence of events is probabilistic in 
nature. 


. At If the odds against an event is 2/3. then probability 


of occurring of that event is 3/5 


R: For two events A and B, P(A' 9 B* —P(AVB) 


. A: If two events A and B are such that P(A) = 0.3, 


S. B). 1 
P(B) = 0.4 and p(AB)= 0.5, then P — 
(BY and P(AB) en (<25)s 4 


10, A: If E and F are 


12, 


Probability 6.75 


R: P(A 4 B) = PCB) P{AIB) = P(B)P(A) if A and B are 
dependent events 


9, A: A fair die is rolled. The probability that the first 


time 1 occurs at the even throw is 5/11 


R: Sum of an infinite GP. ie. where 


seep lt 
PUEDE (é 

sepia plod 
Yee (é] 


complement of events # 
and F respectively and 0 < P(F) < 1, then 


o(£}+o(2) =1 
F EK 
A)_ PUB) 


Ri °(F)=1~P) and ?(4) = PB) 


E, 
bi<land P (= = 


11. A: The probability of occurrence of a multiple of 2 on 


a dic and a multiple of 3 on other dic is 7 if both 
are thrown together : 

R: If A and B are independent events, then P(A > B) 
= P(A). P(B) and if A and B are mutually exclusive 
events, then P(4 U B) = P(A) + P(BY 

A: Out of 7 tickets consecutively numbered. ‘Ihree are 
drawn at random, the chance that the numbers on 
them are in A.P. is 9/35 

R: Out of (2x + 1) tickets consecutively numbered 
three are drawn at random, the chance that the 

3a 


numbers on them are in A.D. is Itt 
ne 


13. Az Two non-negative integers are chosen at random 


‘The probability that the sum of their squares is 
divisible by $ is 9/25. 

R: If the unit place digit in any number is zero, then 
the number is divisible by 5 only. 


——eee—S Se 


A: 


LINKED COMPREHENSION TYPE 


If any natural number n is chosen randomly from the 
Ist 100 natural number and let £ be the event such that 


100 
n+—>50. 
n 


1, Peis 

(a) 55/100 (b) 17/55 

(c) $5/90 (d) None of these 
2. P(n), if (a <5) is 

(a) 3/55 (b) 2/55 


(Vl (a) None of these 


. If two number: 


6.76 Algebra ll 


. PUE,) where E, is the event of getting a prime no. 
which are les in 37, is 
(a) 11/24 (b) 13/25 
(c) 9/27 (d) None of these 

: Letn = 10k ry where k,r € WO <r <9. Anum- 
ber a is chosen at random from the set {1,2. ny 
and let p, denotes the probability that a? —1 is divisible 
by 10. 


. Ir 0, p,cquals 


(a) 2kIn (b) (e+ Din 
(c) Qk+ In (d) kin 

. Ir 9, p,cquals 
(a) 2k/n (b) 2(k + 1/a 
(c) Qk+ In (d) kin 


If 1<r<8, p, equals 


(a) (2k-1)n (b) 2k/in 
(c) Qk + 1a (a) kin 
lim p,, equals 

(a) 1/0 (b) 2/5 
(c) 1/5 (d) 3/5 


. If g, denotes the probability that a? + 1 is divisible 
by 10, then Jim q, equals 


(a) 1S (b) 2/5 
(c) 3/5 (d) None of these 


': Tt can be observed that the number of positive integers 
from 1 to N which are divisible by a fixed positive 


integer k, (1 < kN) if | , where [x] denotes great- 


k 
est integer <x. Several probability problems involv- 
ing divisibility may require this notation. ‘Thus if one 
}, the 
probability p, that the number is divisible by 5 must 
[:] 
cl 
be given by p, = Fae 


number is selected [rom the set {1, 2, 3, 


IGN 5k++r,wherer 0,1, 2, 3, 4, then [=] k 


= lim py, =lim 
Batt ee Seay 


ment [rom the set S 
probability p, that x? 
given by 


(a) p, = V2 


©) p= 


(a) None of these 


. If two numbers x and y are drawn with replacement 


from the set $= {1, 2. ., n}, then the probability 
p, thal x* — y? is divisible by 3 is given by 


[1 


(a) = 
n 
A 
by | 32 
7 
3-[2] [;] 
(c) 1- a -3 U3 
n n 
("] ‘| 
(a) 1243449) 3d 
n a 


» Which of the following is true? 


(a) p, is always greater than p, if n > 2 
(b) p, is always greater than p, if n> 3 
(©) p, + p,=1 

(a) p, p, for some n> 6 


1: The game of chess is purely strategic. A strong player 


generally does not loose against weaker players, 
Most of the times the rules of the game become more 
important. Suppose you have to play with Anand, 
Botvinik and Casablanca (sequence in weeker to 
stronger). Once in a 3-game tournament, your chances 
of winning against these players are a,b,c. You win the 
tournament if you win two consccutive games other 
wise you loose, but you can choose in which order to 
play the three games 


12. I! 


 F play in the order ABC, the probability of winning is 
(a) abe 

(b) a(1 —b) (1-0) - B(. — a\(1 —2) + ef1 -@) (1-3) 
(c) ab + (1—a) be 

(d) None of these 


13. The probability that J win by playing A first must be 
equal to 
(a) ab —c) (b) a+b + c-abe 
(c) ab+be + ae—abe (a) ab + 2be + ac —2abe 

14. If F want to maximive my chances of winning T must 
play 
(a) Anand Ist (b) Anand IInd 
(c) Anand TITrd (d) None of these 

E: If d is one of 6 horses entered for a race, and is to be 


15. 


16. 


17. 


18. 


1. 


20. 


ridden by one of two jockeys B and C. It is 2 to 1/9 
that B rides A, in which case all the horses are equally 
likely to win. If C rides A, his chance of winning is 
1/3. Now define the following events. 

FE — The event that horse 4 wins. 

FE, —> the event that jockey B ndes hors 
F, > the event that jockey C ndes hors 
A,=#,o Hand dA, =£,0 £. Then 


The value of PU/E,) is 
(a) 13 (b) 1/6 
(c) 1/2 (d) None of these 


‘The value of ? (Z) is: 


(a) 1/3 (b) 146 

(c) 1/2 (ad) None of these 
The vlaue of P(A,) is 

(a) 13 (b) 1/9 

(c) 12 (4) None of these 
The vlaue of P(A,) is 

(a) 18 (b) 146 

(ce) 172 (a) 2/9 

The vlaue of P(é) is 

(a) 13 (b) 146 

(c) 1/2 (d} None of these 
The odds against winning of A is 

(a) 21 (b) 7:2 

(lt (d) None of these 


: Ina town with a population of #, a person sends two 


letters to two separate persons, cach of whom is asked 


21. 


22, 


2 


25. 


27. 


. The value of P(4,/4,0 A, 9 


Probability 6.77 
to repeat the procedure. Thus fi 
two leiters are sent to separatc persons chosen at ran- 
dom. {irrespective of what happened in past). 

Let P, P,, 
given that the p 
two leltcrs to two 5 
asked to repeat the procedure. This means that at the 
ith stage 2'Ietters are sent. Then 


ach Ictter received, 


, P.,be m persons in the town. IL is 


son who starts the chain letter sends 


cach of whom is 


The value of P(A,) (i.c., Probability that P, docs not 
reccive a letter al 2nd stage) is 


(a) None of these 


The probability that in the first m stages, the person 

who started the chain letter will not receive a letter is, 
2(2"-1 2"-1 

@ 22) : 


t 
2 ea 


(d) None of these 


i WAS A 
(.e., Probability that P, docs not receive a letter at 
m"* stage) 
Qe) Q” 


e ) > 


(d) None of these 


: A key ring has 10 keys of a given house of which only 


one opens the main door of the house. A thief finds the 
key ring and trying the keys one aficr another (without 
replacement), then answer the following problems 


. The chances that the door is opened in the 1st 


attempt is 
(a) 1/10 (b) 3/10 
() 20 (a) None of these 
Chances that door is opened in 6th attempt is 
(a) 3/10 (b) 3/5 
(ce) 1/10 (d) None of these 
. Chances that the door is opened till 5" altempt is 
(a) 2 (b) 13 
(c) 2/5 (d) None of these 


Probability that door will be opened up to 10” 
attempt is 
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(a) 1/10 (by 3/10 
() 1 (d) None of these 

28. Probability that atleast 3 attempt are needed to open 


29. 


30. 


31 


Lo 


32. 


33. 


34. 


the door is 
(a) 3/10 
(e) ¥5 


(b) 4/5 
(a) None of these 


: Indian Airforce has 250 aircrafts Mig-21 (150 in num- 


bers) jaguar (50 in number) sukhoi-31 (SO in numbers) 
The probability of aircrash for jaguar is 1/3, for Mig- 
21 is 1/2 and that of sukhoi-31 is 1/6. A pilot selects a 
plane randonly, then answer the following question: 


Chances that he will land safely are 
(a) 1/5 (b) 2/5 
(c) 3/5 (d) None of these 


If an airerash is reported, ‘l'hen the probability that the 
crashed plane was sukhoi is 

(a) 1/12 (by 2/01 

(ce) W11 (d) None of these 


If he lands safely, then he again takes off and the pro- 
cess is continued. Then the probability that he dies due 
to aircrash (assuming that he does not surviv if crash 
happens) is 
(a) 1/2 

(c) 1 

‘The theory of probability is frequently used in genetics 
and sex distribution in families. We can assume that 
sex of a child is independent of sex of other children 
in the family. Suppose g is the probability of the child 
being a girl child. let there be a family with » children 
and let the probability of each child being a boy is a 
constant p, then p | g =1 


(b) 1/3 
(d) None of these 


The probability that first k(& < #) children are of the 
same sex and rest are of oppos 
(a) pg” tb) hart pg 

(c) p®  gh* (d) None of these 

The probability that first » children are boys and in all 
there arc k(n > k > 8) boys, is 

(a) al Cee pay (b) "Cp gt 

() ™C,, pig (b) None of these 


sex, must be 


The probability that first s children are boys and hence 
are atleast A boys (7 > A> s) boys, is 


& 
@ Sc pg 
= 


oy See pan 


= 


37. 


39, 


40. 


nak 
© Sc, at 
re 


(d) None of these 


i: Arandom point ‘P’ is randomely selected in a square 


of side length | unit. Then the probabilities of the 
event of 


» The distance of ‘?” to a fixed side of the square does 


not exceed x, (x < 1) is: 
fa) x 
©) x3 


(b) x/2 
(a) x/4 


» The distance of ‘P’ to the nearest side does not 


exceed «(s>4] is 
2° 2 

(a) (1-x) 

(c) 4x(1 —x) 


(b) 40 =) 
(@) 4x2 (1 x) 


The distance of *P* to the centre docs not exceed 
a es 
x, |x<—= | is 
| v2 


(a) me?+V4x?-1- 4x? tant 


fax? 1 for ise 
2 


v2 
(b) x? —V4x? - 1-45? tan y4x? = 1 


(©) m? for o<x< 


(d) me+V4x?-1 


z 
2 


. The distance of ‘P* to the fixed vertex of the square 


docs not exceed x, (x < V2) is 
ae tant x? -14+x?-1 forlex< 2 


E* tor0<x<1 
4 


(a) 
(b) 


(cy 
(d) 0 

A player throws a fair cubical die and scores the 
number appearing on the die. If he throws 1, he gets a 


further throw. Let p,denote the probability of getting 
a total score of exactly r. then 


, equals 
(a) 1/6 (b) 1 

(ce) 0 (d) None of these 
p, equal 

(a) 1/6 (b) 1 


() 9 {d) None of these 


41. 2<r<6—>p, equals 


1 a 
1 1 1 
a) 1-|— b) =) 1-|— 
(a) (z) (b) ‘l (2) 
(c) S16" (d) None of these 
42. Ifr>6 > p, equals 


Ms ma 
“0-0 
5|\6 6 

(d) None of these 


43. 


Sum of the series SY p, is 
ra 

(a) 1 (b) 1/6 

(©) V5 (d) 23 


L: 


44, 


45. 


46, 


47. 


48, 


Probability 6.79 


Given a set A = {x,, x, x,, x,} and set B = yy, 
¥y ¥,} and a mapping is randomly selected out of all 
f A B. then answer the following 


The probability that sclected map fis one-one is 


(a) 29/32 (b) 3/32 

(c) 9/256 (d) None of these 
The probability that fis many one is 

(a) 29/32 (b) 3/32 

(©) 9/256 (d) None of these 
The probability that fis onto is 

(a) 29/32 (b) 3/32 

(c) 9/256 (d) None of these 
The probability that fis into is 

(a) 29/32 (b) 3/32 

(c) 9/256 (d) None of these 


‘The probability that /is such that Ax, # 67) and it is 
one-one is 
(a) 29/32 
() 9/256 


(b) 3/32 
(d) None of these 


i 


MATRIX MATCH TYPE 


1. Three distinct numbers a, b, ¢ arc chosen at random 
from the numbers 1,2,......,100. The probability that 
Column T 

Gi) a, 6, ¢ are in AP. 
Gi) a, 6, ¢ are in GP. 
qi) 2,4,4 ein ce 
abe 
(iv) a 6 | cis divisible by 2 
Column IT 
53 

161700 

aD; 

66 

1 

2 

1/2 


(d) 
2. A bag contains some while and some black balls, all 
combinations being cqually likely. The total number of 
balls in the bag is 12. Four balls are drawn al random 
from the bag at random without replacement. Now 
match the entries from the following two columns: 


3. 


Column T 

(i) Probability that all the four balls are black is 
equal to 

(ii) If the bag contains 10 black and 2 white balls, 
then the probability that all four balls are black 
is cqual to 

(i) If all the four balls are black, then the prob- 
ability that the bag contains 10 black balls is 
equal to 

(iv) Proability that two balls are black and two are 
white is equal to 

Column I 

(a) 14/33 

(by 45 

(e) 70/429 

(a) 13/165 


»-natural numbers or number 


randomly chosen 
and multiplied, then match the following 
Column-T 
(i) Probability that last digit is 1, 3, 7 or 9 is 
Gi) Probability that last digit is 2. 4, 6 or 8 is 
Gii) Probability that last digit is 5 is 
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Column IL 
g"—4" 
10 
shan 
10” 


4y 
(c) (=) 


(a) 


(b) 


4, Column 1 


(i) ‘The number of five-digit numbers having the 
product of digits 20 is 

Gi) A man took 5 space plays out of an engine to 
clean them.The number of ways in which he can 


place atleast two plays in the engine from where 
they came out is 

rs between 1 and 1000 
sl Iwo consecutive digits 


Gii) The number of inte 
inclusive in which atl 
are cqual is 


1 
(iv) The value of oe Y > iis 


iigyso 


Column IT 
(a) 77 

(b) 31 

(©) 50 

(a) 181 


a 


INTEGER TYPE QUESTIONS 


» Six dice are thrown simultancously. If the probability 
that all of them show different faces is p/g, where ged 
(p.q) = 1, then find p + q 
If the probability for A to fail in an examination is 0.2 
and that for B is 0.3, then the probability that either 
A or B fails in the examination is 0: @b, then find the 
valuc of (a? + 5) 
. If PA B) = 1/4, PA 9 B') = 1/5 and P(A) =P(B) = 
p, then find the value of 40p 
A fair dic is tossed cight times. Then the probability 
thal on the cight throw a third six observed is "Cp*/ 
(p + LPS then find the valuc of a+ p +r 


. The sum of two numbers is an even number. 
the probability that their product is also an even 
number is p/g, then evalualc p + g, where ged 
p= 

. A and B are two candidates seeking admission into 
Ill. ‘The probability that 4 is selected is 0.5 and 
probability that both 4 and 8 are selected is at 
most 0.3. Find maximum possible probability of B’s 
selection. 


. Um A contains 4 white and 3 black balls. Um B con- 
tains 3 white and 7 black balls. An um is sclected at 
random and a ball is drawn and is found to be white. 

ance that urn A was selected is p/g, HCF of 

. then find the value of g 


. X and F arc two. independent events. The prob- 


ability that both XY and ¥ occur is 1/6 and the prob- 
ability neither of them occurs is 1/3. find the sum 
of reciprocals of probabilities of their separately 
occurence 


. A box contains 100 tickets numbers 1, 2, 3,...., 100. 


Two tickets are chosen al random. It is given that the 
maximum number on chosen tickets is not more than 
10. If the chance that minimum number on them is 5, 
q+P 
q-P 


is p/q, then evaluate 


. Three fair special dice whose [acc numbers are -3, 


—2, -1, 0,1,2 are rolled. Probability that the sum of 


‘ Be agra =3 
numbers on their faces is 3 is p/q, then evaluate plac 
P 


. If a@ and } are chosen randomly from the set consist- 


ing of numbers 1,2,3.4.5,6 with replacement and 


at +b") 
=6 is plq and 


the probability that im[ 


gedtp, q) = 4, then evaluate fg — fp 


. Suppose fx) = 29 | ax? | bx | ¢ (a, 6, ¢ are chosen 


respectively by throwing a dic three times). Then the 
probability that 

Gi) fix) is an increasing function is p/g then cvaluate 
Vq —\p; where ged (p,q) = 1 

Gi) The probability that f{x) is inercasing function with- 
out any critical point is p/g, then evaluate (g — p); where 


sedip.g ? 


Probability 
Answer Key 


SECTION Ill 


L ©) 2.) 3. (a) 4, () 5. (0) 6. (a) 7. () 8&0) 9% @) 
IL@) 12@ 130) 46) I@ 6@ 170 B@ W@ w 
2. (c) 22 (b) = «23, () 24, (b) 2S. (b) 26) 270) La) 2%) 3, 
31. (a) 32) 33) 4) BS (x) 36) 3) BL a) BH) 0, 
Al. (a) 42 (0) 43.) 4) dS) 46) 4) BG) 5D, 
SL.(b) 5200) 53) S4(b) 55.) fe) Gi) ) 56) «= 57) SB) 
60. (c) 61. (a) 62) «63. (ce) AL (a) 65) 6H) 6d) OBL), 
70. (bd) 71. (bd) 72.) 73. (b) 74. fd) 7.) 


SECTION IV 
L(a.b,c) 2 (a,b) Bac) 4. (abd) S (c,d) 6& bed? (a,c) 8 (b,c, d) % (a, b,c) 
10. (, ¢, d) LL. (b, ©) 

SECTION V 
L@) 2. (a) 3. (a) 4. (a) 5. (a) 6. (b) 7. (b) 8) 9% a) 10 
IL. (b) 12. (a) 13. (c) 

SECTION VI 


L @) 20) 3@ 4@ #56) 60 #2@ &@ %@ 
IL) 12) 1 @) 1) SY) 1G) IA) 1B) I) 0, 
2) WC) — 2B) AL (a) SL) 2H (a) 2) BD) MC) 3, 
31 (c) 3b) 3) 34.) BSL (a) 36) (ac) BB (ac) 3%) 40. 
ALD) 4c) 4B G@) 4, () 4S. (a) 46) AT a) 4B.) 


SECTION-VII 
1. @) > &) i) > a), fail) > (@), (iv) > @ 2 @) > () Gi) > (a), Gil) > (©), (iv) > (b) 
3. (i) > ©), i) > (a), fail) > (b), 4. @ > ©), 4) > (), Gill) > (@), Gv) > @) 
SECTION-VIII 


1.329 2.32 3.21 4.14 5.3 606 7.61 8.5 9.2 10. 
W100 12.1, Gi 


6.81 


(c) 
(dy 
(c) 
(ay 
(c) 
(b) 
(dy 


21 


6.82 
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TEXTUAL EXERCISE 1: (SUBJECTIVE) 


G) @), (b), (©), A). (©) 
(ii) (a), (b), (@); very clear from definition 


(a) (b); as their sample spaces have 4 and 216 elements 
respectively. 


(¢) 


(a), (©); as every four conseetive years (no year being 
century) has a leap year and every real number is complex. 


Ky and E, 


,, Hand KE, 
Hand K, 
(i) non-mutually exclusive but independent 
(ii) non-mutually oxelusive and independent 
(iii) non-mutually exclusive but independent 
Aand B are mutually exclusive events, P(A mB) - 0 
=> P(A) - 0 # P(A) . P(B) as each of PEA) and P(B) is 
non-zero, 
=> Aand B are dependent events 
Now P(AMB) = P(AUB)=1- P(A B) 
1 - (PU) - PB) + P(A)PB) 
-L PAL POR 
=> P(AB)# P(A) PCB) 
=> Aand B are dependent events 
Aliter: P(A WB)-0 


=> Occurrence of any one (say A) rules out the possibility of 


oceurrence of other ie., A and B are dependent events, 
“ Aand B are two independent events 
=> PAO B)~ PUB) ~ P(A)P@) 0) 
Now P(ANB) - P(A) PUAN B) 
— PUA) P(A). PIBY- PAD PCB) 
- P(A).P(B) 
Similarly P(AA B) = P(A).PCB) 
Now, P(A B) = P(AUB) 
-1 [PAD PB) PUB) 
~1-P(A)- PB) + Pid). PB) 
~T1-P)). 1 -P@I~ PAD.PB) 


Thus A,B are independent events 


TEXTUAL EXERCISE 2: (SUBJECTIVE) 


Iwo coins are tossed S = {1111 HIT, TH, TT} at least one 
head occursE (HH, HT, TH} 
P (al least one head) — 3/4 


a 


Three coins are tossed S. (HHH, HHT, HTH, THH, THT, 
TTUIL ITT, TTT} => vfS)- 8 

At least two heads occur means 

© {HHH, HHT, HTH, THH}  WE)—4 


n(S) ~ 36 as two dice arc rolled so getting a sum of 5 means 
#= {, 4), 4, 1, (2, 3), GB, 2} 
P{sum of 5) — aoe 
369 
Two dice are rolled together so n(S) ~ 36 


Getting the product a perfect square 1-1 x 1,4-2x2 
or 1x4or(4x 1); 

9-3x 3; 16-4 x4, 25-5 x 5: 36-6 x6; 

nf) ~ 8 so PUD) - 2/9 


Iwo dice are rolled together n(S) — 36 
Gotting the sum a prime number 
2-111;3-2 I 2 
5-14+4,44+1,2-3,3-2; 
7-14+6,64+1,2+5,54+2,3+4,4+3, 
11-5 6,6 Ssonth)—15 

P(sum is a prime number) ~ 5/12 


A leap year has 366 days having 52 complete weeks and 
2 days left. ‘These two days will be two consecutive days 
like (S, M), (M, T), (T, W). (W, Th), (Th, F), (F, 8), (S, 8) 
oul of these seven two are favorable = P(53 Sundays) - 2/7 


Count of four digit numbers formed with 1, 2, 3, 5 Qwithout 
any repetition) ~ 4! 

For a number to be divisible by 5 the unit place must 
have 0 or 5. 


= O00 


So 3! Numbers can be formed. Required probability 
#01 
al 4 
Counts of five digit numbers formed without repetition 
using 1, 2,3, 4, 5 =3n(S) - 5! 
@ Even number will be formed when 2 or 4 is put at unit 
place = n(#i) — 2 x 4! 


2 
So P(E)== 
So P(E) 5 


Gi) Divisible by 4 : So last two digits favorable to the 
requirements will be 12, 24, 32, 52 


n{E)-3!x4—-4! => P(E)= 


oe 


(ii) Sum of digits = 15 divisible by 3 > ai) — 5! 
>P@)-1 

(iv) Number must be even so unit place will have 2 or 4 

2x4) 2 


= nl) -2 x4! => PE)= 


3 3 


1. 


12. 


13. 


(¥) Divisible by 12 
=> Number must be divisible by 3 or 4 which are relatively 
prime (co-prime) 


PE) ~ 4x3! => PUD =t 

(vi) Divisible by 24 

=> Number must be divisible by 3 or 8 (last three digits 
divisibility for 8) 
Gives 152, 312, 352, 432, 512 (as last 3 digits) 
NB) 5 21 

=> PUR) 12 


(i) Total number of cards #(S) — 52 
Number of honours cards n(E) ~ 16 
4 
=> P= 
M=5 


(i) Number of court cards 12 > PH) =— 


13 
iii) Number of kings and queens. 8 => P(/:) = x 


(iv) Number of cards of hearts 13 > P(E)=— 


Let $ be the event when a score less than 5 but not less than 
2 is obtained ic., score € {2, 3, 4} and F be the event when 
the score oblained is greater than or equal to 5. 

Required probability P(S or FS or FFS or FAFS .. 


1 


‘Two cards are drawn in °C, ways = n(S)— °C, 
(i) Both cards are spade n(B) — 8C, 
1 


%, 2652x5117 


(ii) One card is spade (?C, ways) and one card is diamond 
"C, ways 
13x13x2_ 13 


$2x351 102 


Sinee coupons are to be selected by replacement, cach trail 
has 15 choices 
In seven selections, no. of selection ways (15)", Since 
we want to have largest number = 9, therefore we must 
reject those sclection having numbers less than 9. 
Required number of desirable ways = 9" 8° 


Required probability P(E) = is 


7 white and 3 black balls so n(S)— 10 
xx xxx xxx 
he number of ways placing 3 black balls in 10 place 


"Cy 
When no two black balls are together it means selecting 


three places out of spaces marked with x. Le., °C, ways 
8x7x6 7 


=> Required probability = Doane 
x9xB 15 


Probability 6.83 


. Putting 6 different balls into three different boxes (where no 


16. 


box remains empty) is to find the number of onto functions 


Soe” 


-3 3.281 3%—s40 
Number of groups (of (2 cach) from 6 numbers can be in 
6C., - 15 ways 

So three groups are formed (in 15 possible ways) 

The number of ways to put those into the boxes 

—15 x 3! —90 ways 

90 1 


Required probability 


0 6 


. Two persons out of m can be selected in *C’, ways, When 


the two persons were siffing together so for m persons there 
are 2!.(m — 1)! ways 
2¢m—1)! 
m! i m 
Ten persons sitting on a round table in 9! Ways. When two 
particular persons (A, 8) sitting together, then it is 2 x 8! 
ways 
odds against the event = (9! 


Required probability p(s) =1 mee 


2x8 AXxBN— 72 


(i) 5 girls and 5 boys sit together in 10! ways. All 5 girls 
together can arrange themselves in 5! ways 
5 boys and (5 girls group) can sit in 6! x 5! ways 


lo! 42 
(ii) No. two girls sit together x B x Bx Bx Bx Bx 
Boys can sit in 5! ways, 5 girls must go to 5 places 
(out of total 6) marked x im *P,- 6! ways 
= Number of ways n(E) — 6! x 5! 
sey XS! 
= P= = a5 
(iii) No two boys and no two girls sit together. Now A row 
can start with a boy (boy and girl sitting alternate) or it 
can start with a girl (girl and boy sitting alternate) 
2x 5Ix5! 1 
1 
(iv) No. of ways when 6,6, are together = 9! x 2! 
No. of ways when 5,5, and g,g, are together 8! 
No. of ways when 4,5, are together but g,g, are not 
together 9! x 2!— 8! x 2! x 2! 
8x27 14 7 
10! 9045 
Let the probability of odd faee(s) — x, then the probability 
of even face(s) — 2¥ 


So n(#3)- 2x 51x51 => PUR) = 


Required probability 


= 3k 32)-%=1 3 x= 19 
The set of prime numbers when a die in rolled is 

io Wait lela 

E 2,3,5) and PUD =S4 545-5 


19. Lot P(C)-& 


=> P{B)— 3P(C) — 3k and P(A) — 3P() — 9k 
=> Bk Lsok 1/3 


P(A B)~ P(A) + P@) ~ 3k +9k = 12 
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20, Any accident can happen on any day of the week 7 ways 
= So Taccidents in 7’ ways. All the accidents ean happen 
on one day of the week in 7 ways. 


= Required probability PU) => =— 


a 
**) (using 0 or 1 as entries) 


ap) 


A can be formed in 24 — 16 ways 
A #0 can be formed in 6 ways as shown 


-1 0] jo -] Jo -] 

0 -1"|A of -1 

-1 -1| |-1 -1] [1 0 

0 =1"|A off -1 

i 
P(A =0)=— 
(| ) 168 
2. (b) Sample space n(S) — 2! 

Now (1 = 1) = 00, — 190, +E, +... PC, 
=> 100 Number of heads | Number of tail 

Sel of required number of tails = (0,2, 4, 6, .... 100} 
oC) eae OP Oi, OF a, OO po 


1\2 1 
pun =|—)= == 
=> PUR) (35s 3 


3. (c) Number of balls = 10 
‘Two persons drawing one ball each = n(S) — 100 


3b 12 aor bs44e 
a=1 =1,2,3,4 => 4ways 
a=2 =1,2,3,4 => 4ways 
a=3 = 1,2,3,4,5 => Sways 
a=4 1,2,3,4,5 => Sways 
a=5, 6=1,2,3,4,5 => Sways 
a=6, b= 1,2, 3.4.5.6 => 6ways 
a=7, b=1to6 => 6 ways 
a=8, b=1t06 => 6ways 
a=9 b=1to7 => Tways 
a=10, |b=1to7 => Tways 
nE)-& 15118 14-55 ways 
11 
P(E) =— 
= PE) 20 


4. (c) Count of numbers (from 10 to 15) - 6 
Two numbers can be arranged in P, ways 
Vrom the given condition 2a > 10 | 6 anda +b 


30 ways. 


a=15: = 10, 11, 12, 13,14 => Sways 

a=14, |6=10,11,12,13,15 |= 5 ways 

b=10,11,12,14,15 |= 5 ways 

b= 10, 11, 13 => 3ways 

a=, |b=10 => I ways 
a=10; | bno solution = P(E)=2 
30 


(b) A die has 6 faces = n(S) - 6 

When the minimum face value is not less than 2 and the 
maximum value is not greater than 5, under these given 
conditionsE  {2,3, 4, 3}, 30 mE) —4 

2 


4 
Required probability = 
6 


= 


. (a) Any paper can be checked by any one of the six 


professors => 6 ways 
3 papers (of 3 students) will be possible in 6? ways. When 3 
papers are checked by exactly two professors. 

Out of 6 teachers, 2 persons can be selected in °C’, ~ 15 ways. 
‘The 3 papers can be given to exactly 2 teachers in 8 2 - 
6 ways 

Required probability $x13 3 


C36 12 


(c) mis an integer and m € | 4, 10] - 15 integers. When 
roots of x* — mx — (2m — 3) - 0 

are real, then m? 8m 1220ie,(m 4)'228 

or m-4]>2V7 = 5.28 


m—42528 |> m2928 |> m=10(one 
value) 
orm—4< > m => m=-4,-3,-2 
5.28 1.28 (three values) 
4 
Total w#E)— 4 ss Ts 


. (b) Two letters from the word ABSCOND (7 letters) can be 


pieked in °C, - 21 ways = n(S) 
AB, BC, CD and NO are in order». n(E)~ 4 
Required probability = 4/21 


(a) ‘Ten white and five black balls can be placed in 15! ways 

ina row. 

‘There will be 11 places generated (arround them marked x) 

when 10 white balls arc placed. 

Sinee no two black balls are to be kept adjacently 

= Selecting 5 places from 11 places in "C, ways 
xWxXBxXB xh xh x xxx «bx 


Li, 


=> Required probability PU = 


_ lois! 2 


S'6IIS! 13 


(c) 1* mie can be selected in 12 ways 
21 mie ean be selected in 11 ways 


11. 


14, 


15. 


16. 


Vis 


3° mée can be selected in 10 ways 
If only one day is to be used, then the group where all the 
three faulty mes are taken together 


1 
=> PU)=— 
) 1320 


(b) n(S) — 6n, Number of ways to selected 3m persons = 
&C,,, 

When the groups contain exaelly n teachers, n boys and n 
girls then n(E) — 


CC, ways 


(a) First fourty multiplies of 5 are {5, 10, 15, 20, ...., 200} 
The numbers divisible by both 3 and $ are {15, 30, 45, 


60, ..., 195} 
BC, 1313614111 
PUN Re = GroEaO! 1408 


C 


(a) n(S)- 100 


(2=10K*=20) 5 & #10, 20, 40) 


(x -40) 
either x > 40 or 10 <x < 20 
=> xe {11,121 ¥ {41,42,43.,,..100} 


P(E) =—— 
NE) ~ 69 => P(E) a 
(d) 5 letters can be put into 5 envelopes (one each) in 
5! ways 
There is only onc way to put all the letters in correct 
envelopes 

PG ize 

120 120 

(d) There integers out of 30 integers can be chosen (without 
replacement) in °C, ways. ‘The 3 odd integers will form an 
odd product. 

P(itven product) — 1 P(Odd product) 
13,103 
116 116 


(@) Let p(B) - & 


2 
Two mutually exelusive and exhaustive events; P(A) =k 


Now, P(A)+P(B)= (= ik =l 


= P(B) and P(A) - 2/5 

=> Oddsin favor of B 3: ($-3)-3:2 

(a) Let P(C) — & => P(B) — 3k and P(A) — 2P(B) — 6k 
Now 10k = 1 so & “= and P(B) — 3/10 


Odds in favour of B = 3:7 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


26. 


Probability 6.85 


(© Total no of functions 7" nf) 
when the mapping is injective (ie, one 
no. of functions! ~ (E) 


3 poy ated! 


one) 


aT 
n 


(a) Twelve coupons are numbered as 1 to 12 
A coupon can be selected in 12 ways If the coupon has 
valuc <8 => 8 ways 

=> Probability in one trial = 2/3 


No of trials 6 ©. The required prob — (2/3)* 


(©) Three children form a group of 6 boys and 4 girls can 
be selected in °C, ways. When the closed blood relation 
children are not to be included. 


Number of ways of selection 
Required probability 

_ 8x7x6 | 2x8x7x6 _ 14 

~10x9x8 2x10x9x8 15 


8G, -FC, x C, 


RG, 


(b) nO — k, Number of subsets of Y 24 
‘The number of elements and the number of sels are given by 
the binomial pansion. 
2 C—O, + ‘i CE, + © 
“c- null set (without any aes atid be, (universal set) 
ase complementary 
Similarly there are k singletons (*C,) which will have k sets 
with (k-1) cloments cach as thei: complementary sets, 

No of such combinations = 1/2 (2) 

Now two subscts from 2* subscts can be selected 


+ 
n °C, ways 


Required probability ?() = 


m2 1 
P(E) =" _ = _- 
m0 EE a=) mal 


Put 2 


Ww 
Since there are 12 month = The required probability = 1/84 


(©) The probability that 13" of a month is Friday 


(©) ‘The birthday of a person can be in 365 ways 

=> Birth days of three persons can occur in (365)° ways 
‘The birthday of all the three persons can be on any one 
day. As there arc 365 days so 365 ways 


1 
The required probability PU) =— 
quired pi : (aay 
(a) There are two ways HHHHT or TTTTH = n(E) ~ 2. 
‘When the coin tossed 5 time n(S) — 32 
=> Required probability PE) ~ 1/16 


fx 33" 
If four consecutive values (natural numbers) are considered 


1 
one value gives the desired result P(E) = im 


(©) An integer can have unit place oceupicd by 0, 1, 2, 
3.....,9- 10 ways 


6.86 


27. 


28. 


29. 


30. 


31. 


Algebra Il 


For n integers we have 10" ways. 
Last digit iC happens to be 0,5 then we will have 0 or 5 in the 
product, So exclude these. 

If 1,3,5,7 are choosen at unit place then product will be odd 


= PE) 


(c) Value 


30p 
No. 2 5 5 


25p. 10p 
5 Coins out of 22 can be chosen in 3C, ways, Let x be the 
no. of SOP coins selected. y be the no. of 25p. coins selected 
and z be the no of 10 p, coins selected. We desire that 50x 
< 150 or 10x Sy 22 < 30 where 0 <x <2; 
O<z<ldandx+y—z 5. Thus following 


No. of ways of such selections 
x 15-150 

Case (i): x Ly 42 0 
No of ways of such selections = °C, x 


2 x Cx 8 


, 71x10 


C,- 10 


Case (iii): x 2,» 3,2 0. No of ways of such selection 
= ACL x AC, « 1x 10-10 
Total 150-10 + 10 — 170 ways are to be rejected 


170 

Cs 

(a) The sct of (N - 1) places are to be filled by (r -1) cars 

in 3C,, ways 

When two of the neighbouring positions are vacant (empty) 

=> (N_ 3) places for (r 1) cars, so 83C, ways are 
favourable 

icon 


wie 
Cha 


Required probability 


> PE 


(d) ‘The last three digits under the given conditions are pos- 
sible in 10 x 9 x 3 ways 

Probability of correct dialing (as only one combination is 
correct) ~ 1/270 


(© Two tickets from n marked tickets can be drawn in 
ways. Under the given conditions ifm <(n 1) 

{nm 1) 

wit =m 2) 


ny—n then n, - 1,2,3, 
n~ nel then n, ~ 1,23, 


n—(m | 3),2,-1,2 

ny On + 2), 2,7 1 

No of possible ways 
m1) 
2 


1+2-3-....(a-m-1) 
y — omdorm=b 
2 


{2+(n-m -2) 


=m)(n-=m=1) (a= m\(n-m-1) 
2G, nal) 


P(E)= 


(a) Two numbers out of 3n numbers can be drawn in 
SC, ways. We gel numbers in the form 
3k+1- (14,7, 0. 30-2} 


32. 


33. 


n,— 3k+2- {2,5,8,.....30-1} 
1, 3k | 3 (or 34) - B69, 
Pty @+y) (ay¥-3 6 
divisibility by 3 gives (x _»)is divisible by 3. Which is pos- 
sible when (7, + n,) or (7, + n,) system is chosen 
°C 7C, _ tna -1) 
es 3n(3n— 1) 

* nGn-1) 1 

3n(3n-1) 3nGn-1) 3 


, 
3n} 


= P(E)= 


bn -n 


(@) A number from cach card (marked 1 to 100) can be 
selected in (“C.)* ways 

‘The right angled triangle can be formed in 36 ways 

As (3k, 4k, SK) where k € {1,2,3,..06...20} 

(12m, Sm, 13m) where m € (1,2,3,....7} 

(Sp, 8p, 17p) where p € (1.2,3.4,5} 
(24, Tr, 257) where re (1,2,3,4} 


36 
(190)' 2(s0)’ 


1, 2m} n(S)- 2m 


=> required probability = 


(©) There are 2m integers {1,2,3,.....2m 
1 
As given P(x) =—= (where 1 <n < 2m) 
From the given 
( Lee ) ( Ml. ) 
pays + + + 
1S 2% 3 at 


(we know that) 4 < ( 


| u i l | 
(2m-1)" (2m)! 


It fork EN 


ee 
ry eed 
KY (k +1)" 
Pe mee 1s 
voor 3 “"Qm=1)'~ (2m) 
ss fa 
(2m-1)' 


(ii) 


(2p-1) 


{a) 4 and ¢ both can be selected in °C), x °C, — 81 ways 


x= bx t0> 0b -de <0 or BP de 
b= 1:0 =1,2,3,...,9(9 ways) 
b 2c 2,3,4,...., 9(8 ways) 
b= 4,5, 6,7, 8,9 (7 ways) 


b dsc 5,6,7,8.9 ways) 
b= 9 Gways) (Total 32 ways) 
Required probability P(E) = = 


35. 


36. 


37. 


38. 


39. 


40. 


(d) Five different balls when put one cach in ten boxes is 
equivalent to the number of injections from A to B 
In “P, ways 
Five adjacent boxes out of ten can be selected in 6 ways ie 
(1 to 5), (2 to 6)... (6 to 10). 
Balls can be arranged in 5! ways 

6x3! 6x120 1 


Wp ies 
3 


P(E) = 


10.98.76 42 


(a) Observe that the — unit 
7 =[7].7? =4[9], 7° =34[3], 7° = 240fi] , 
The sum 7 + 7*will be divisible by 5 when m, n are odds 
belonging to {4k | 1, 4& | 3} or are evens belonging to 
{dk + 1, 4k + 4} are selected to get zero(0) at the unit place. 
Iwo integers can be selected (with replacement) out of 100 
integers in n(S) ~ (100 ways 
ni) — 2 (25C, x BC, BCL x BC} 
BS ad 
> PRY 423) +05)} i 
(100) 4 


(a) Die will be thrown 3 times .. 7(S) — 6° 
Vor ax? | bx | ¢ = 0, to have non-real complex roots 6? dac 
) or BP =: dac 


places in 


b=1 a 1to6,c 1t06 => 36 ways 
=2. excluding (a =1,¢ =1) all other values 1 to 6 
=> 35 ways 
b=3 excluding (ac) (1,1), (2,1), (1.2) = 33 ways 


b 4 oxeluding (1,1), (2,1), (1,2). (1,3), (1.4), 3.1),4,D. 
(2,2) => 28 ways 
b 5 excluding product upto ac 
6 6 Excluding product up to ac 
‘Total 173 ways 

173 


PU) = 


6 => 22ways 
9 => 19 ways 


(c) There arc two ways + 6 steps forward and 5 steps 
background or 5 steps forward and 6 steps backward 
treating forward step as success p 0.6 and backward step 
as failure g = 0.4 we get 

P(E) ~ Plone step away) ~ P(6 success) + P(S success) 

= 4C,(0.6)(0.4Y | UC, (0.6)° (0.4) 

— NC (OGY O4Y {0.6 + 0.4} — NC (0.6) OA) — UC (0.24 


(©) Three vertices are to be selected out of six. Only two 
triangles will be equilateral (formed by selecting alternative 


2 1 


tives) P(E)=——=— 
vertices) P(E) To 


(o) wi tw +H" =0 
The desired result occure when r,~ (3k- 1) 0.1) 
r,— 3k | 2and r,—3k 1 3 > 8 ways 
7,» %y Fr, can be permuted in 6 ways. 
n(E) ~ 48; (8) — 216 
482 


Probability 6.87 


41. (a, b,c) Fair coin is tossed 5 times n(S) ~ 32 
(a) probability of getting at least 3 heads is succession = 
8/32— 1/4 as the cventisE {HHHTT, THHHT, TTHHH, 
TUATTUH, ICT, TTT, TTT, TIATT} = 8 
ways of event E, 


"CHE, HC, 


(b) Atleast three heads PUN) = 


Total probability 


2 4 
=> 16k = 12, Now 12 is divisible by 3.4,6 


TEXTUAL EXERCISE 3: (SUBJECTIVE) 


1. Three dice thrown simultaneously => a(S) — 216 
A sum upto 4 can be obtained by {(1, 1, 1), (2, 1, 1), 
(1, 2,1), (1, 1, 2)} — 4 ways 


Required probability P(A s fat least 5)- 1- >= => 
equired probability P(A sum of at least 5) CED 
2. Pack of cards n(S) — 52 

A spade ean be drawn 13 ways which will include the king 

of spade. 

A king can be drawn in 4 ways (including the king of spade) 


3. Two dice are thrown n(S) — 36. 
A sum of 9 can be obtained by {(3, 6), (6, 3), (4, 5), (5, 4)} 
and a sum of 11 can be obtained as {(5, 6), (6, 5)} 


P(neither a si 


4. Numbering on the card 1 to 17 
=> nS) - 17 a number divisible by 3 or 7 is (3, 6, 9, 12, 


15, 7, 14}. Required probability 7/17 
§. First 200 numbers = n(S) — 200 
Integers ble by 6 — {6, 12, 18, ..., 198} - 33 
Integers divisible by 8 ~ {8, 16, 24, .... 200} - 25 


Integers divisible by both 6 and & (i.e. by 24) 
~ (24, 48, ....,192} - 8 
33425-8501 


required probability 


200 «200-4 
6. G red and 4 black balls = n(S)—"C, 
€p 2207 
i) PUIL are red) - Go = <== 
(PAN are red) ~ ae 09 G 
(Two red and one black) ~ “C261 = 9x54 1 
SUP ERTS FS De Sine BAe) 1202x1202 
sin Wea atvorihs tour) - Cat 'Gs 2044 1 
it) eal are ofthe same colour) = y= =35= 5 
(iv) P(At least one red) ~ 1 — P(vo red balll) 
aye Gray d 2 
BC. 120 30 
5 


6.88 — Algebrall 


(¥) P(t most two arc red) — 1 — P(AlL are red) 


ay 


Bag A: 4 red and 6 white balls 


Bag B: 5 red and 7 white balls 
ai. Sat 
P(both balls d)- x2 == 
(i) POboth balls are red) ~ x S=z 
Gi) P(both balls are of same colour) — Ptboth red) | 


7 6 31 


12120 60 


4.3 
P(both whitey — x2 
10 12 «#10 


(iii) Poth balls of different colour) 
~ P(rod from A and white from B) + POvhite trom A 


7,6 5 58 29 
and red from B) - —x——+—x2=2- == 
10 12 10 12 120 60 
Alter: Required probability = 1 P(both balls of same 
colour) ~ 1-3 = 22 
60 60° 
8. 50 bolts and 150 nuts in a drawer => n(S) ~— 200; 
Ilalf (i.e., 25 bolts and 75 nuts) are rusted. One piece (item) 
is taken out (in 200 ways) 
(i) PGlem is either rusted or it is a bolt) 
~ Pirusted item) + P(t is a bolt) — P(t is a rusted bolt) 
20 225 5 
274 200 2 8 8 
ii) PUL apace 
(ii) POL is a rusted bol) = >= 5 
9. Two dice are rolled => nS) — 36 
(a) Sum is cither odd or divisible by 3 
=> H= (3,5,6,7,9, 11, 12} (2<sum< 12) 
Swn 3 => {(2, 1), (1, 2)} > 2 ways 
Sum = 5 => {(1, 4), (4, 1), (2, 3), G, 2} => 4 ways 
Swn 6 => {(1. 5). (5, 1). (2, 4). G, 2). 8, 39} => 5 ways 
Sum = 7 = {(1, 6), (6, 1), (2, 5). , 2), 3, 4), 4, DF 
=> 6 ways 
Sun 9 = {(3. 6), (6, 3). (4, 5). (3, 4)} > 4 ways 
Sum = 11 = {(5, 6), (6, 5)} = 2 ways 
Sun 12 => {(6, 6)} => 1 ways 
=> Total 24 ways => PE eres 
: 3603 
(b) P(sum is neither odd nor it is divi 
P(sum is divisible by 3 or it is odd) ~ 13 ways 
10. PCA) 3, PB) -, PC)=2; 


Pat least two shots hit the target) 
— PCABC + ABC + ABC + ABC) 
=1. P (Not more than one shot hits the target) 
1,312.4 4 2 


Stix txl+oxsxl+ 
STS SOR SS. 


11. In one attempt {P(suecesses)}~ p 0.6 
= P(failure) - q = 0.4. 


Probability that none of the 6 bullets have hit the terrorist 


4096 
= (0.4)° = (0.163 = oO — 0.00406 


Lel event A =/" Division => P(4)=— 


1 
10° 


Lvent B = JI" Division => P(B) = 


[= wu 


Event C Al" division > P(C)=—: Event D failure 


4 


‘These are mutually exclusive and exhaustive events 


P(D) -1-(S+t3)-5 
10°43) 20 

() Six married couples 6 males and 6 females 

“Two persons can be chosen in UC, ways 
6x2 1 
Bx 1 
(ii) P(one is male the other is female) 

°C\xC, _6x6x2_ 6 

“Re 2x 


P{they are a married couples) ~ 


Six married couples = 6 males and 6 females 
(i) Pwo married couples are chosen) 


(ii) P(Exactly one marricd couple among the four persons 
from the rest of 10 persons) 
= Pone married couple). P(Not a married couple) 


33 
(ii) P(No married couple) — 1 P(2 married couples 
chosen) — P(exactly 1 married couple chosen among 4 
1 16 _16 
33 33 33" 


persons) ~ 1 


. Two fair dice are thrown n(S) — 36 


(i) 4,4) appears => P(4,4)= 
36 


61 
doublet appea P(k, ky == 
i) doublet appears > P(e, k) 66 


Gil) A sum of 7 => P(sum = 7) = : 
Ke = {C, 6), (6, 1), (2, 5), (5, 2), G, 4), 4, 3} 


1 
(iv) has same reading means doublets, ie., PULA) == 


eae 
:) Sum = 10P =10)=—=— 
() Sum (sum = 10) = == 


(vi) Sun=10;E {(5.6),(6,5),(6.6)}; P(sum > 10) = " 


(vii) P(sum > 10) = 


Fak 
366 


16, 


17. 


18. 


19. 


20. 


21. 


9 
P(both ibers dd) - S=— 
{ix)*(both numbers are odd) BGs A 


9 
(8) PWoth numbers are even) ~ —=— 
36 4 


as I = (2, 2), (2, 4), (2, 6). (4, 2), (4, 4), 4, ©, (6. 2), 
(6, 4), 6, 6)} 


PCB) =+ 


Now P(A)=1-55* 
a 


61g 7 
213 
Numbers marked from 10 to 99 = 90 numbers 


These are two digit numbers. A product of 12 is obtained 
when (2, 6), (6, 2), (3, 4), (4, 3) are oblained 


So P(A): P(B) = 


- 2 
In one attempt probability of success = >= 7- 
Probability of at least one laughter (success) in three 
trials 


~ 1 = probability of failure in the three trials 
a (3 
4s 
1¢5 Rs. coin) — 3 (2 Rs. Coins) + 2 (1 Rs. coins) can be 


6! 
arranged in i, ways. Now same denomination coins 


consecutive can be arranged in 3! ways 
31 _6x6x2_ 1 


720-10 
312! 


8 different coloured balls and 8 bags of respective colours 
Balls can be put in the bags (one each) in 8! ways 

When 5 balls are in their respective bags it is possible in 
°C, ways 

Now 3 balls go into de-arrangement (in 2 ways) 


©. Required probability = 


oy Bip a ois Oe ee 
8! 8! 120x6 360 
3 7 

P(A} = 75% > P(B) = 70% =— 

(A) = 75t= 2, PCB) = 70% = 


Since these are independent events 


P(A U B)~ P(d) + PB) - P(A). PB) 


wy nauiy ates 2 meee 
4 10 410 40 


Number of elements in set A = Number of elements in set B 


So n(A) ~ n(B)— 4 


24. 


1 = 
. Given PO Sse and PU! 


Probability 6.89 


= Total number of functions n(S) ~ 4*— 256 
Number of onto functions (Since it is one-one and onto) 


P(A) and P(B) are independent events 
8 
So P(A AB) - P(A). P(B) - 55 (given) 


S pact. See 
2562 31 


1 

= PUR)=— 

2 
Since these are independent cvents 


POUY)APOPY) PUL ORY = PUL 


Sie 


=> PUR) P(e) — 7/12 and PUES). Pl) - 14 
4 3 
So gives (P(E) =, P(F) = = 
So gives { (B)= 5 PP) 3} 


3 4 
PU)=>.PPY = 
or { (h) D cc) “} 


3 
Let P(A) — m, => PCB) = Pal and P(C) 


=> PC)= Sn 


Sinee these are mutually cxelusive and cxhaustive events 


ates (44643) 
> Las rile or ———m= 


4 
=—=P(A 
> maa=PA) 


TEXTUAL EXERCISE 2: (OBJECTIVE) 


(b) 8 blue balls and 2 red balls > P(B) ~ 8/10, PR) — 2/10. 
Once the first red ball is drawn in (any of) the first three 
draws (and replacement by bluc ball) after that we are to 
draw last red ball in fourth draw. 


P(E) — P(RBBR or BRBR or BBRR) 
~2991 8291/8821 
10°10 10°10 10'10°10'10 


10°10 10°10 


_ 16241444128 434 
10° ~ 10000 — 


(c) Out of n-persons three persons can be selected in °C, 
ways, Out of n-person, 3 persons can be sclected together 
in following (n_ 2) ways (1, 2, 3), (2.3, 4), 3,4, 5), 
(a-2.n-1,n) 


6.90 Algebra ll 


r= 2x6) __ 


Required probability P(E) =1- 
an 


sols 
n(n) 


5. (b) wo squares having a common side can be selected by 
taking any two consecutive squares horizontally or vertically 
eg. (A,B), (B,C) ....(G, H) or 1, D, UK)... (K, 1) ete. 


AB 6 D EFC H 


1 

J 
K 
im 


Required no. of favorable ways 7 x 4+3 x 8-52 


Required probability 


6. (c) Bag has x white and y black balls 


P(White) = —, P(Black) = 2 — 
xty xty 
2 ‘ 
P(Ay= —— +| *_},/~ = 
(x+y) Lety) Laty xty) \aty 
os 1 _ xrty) oxty 
4] )_ y x(x +2y) x+2y 


x+y? +2ay 


Similarly rany-( z ‘ = } 
xty)xty 


: A 
_» ys jf» yx 
xty} ety (xtyp) xty 


Sox 3y => xty 3:1 
7. (d) A fair coin is tossed 200 times = n(S) ~ 2°. 
228 = 392 HCY, ™C,, 
= ACF, + IMC, — 200 = 200} — 42000, + HC, — 20HC, 
amc} 
we 


Sum of even indexed terms sum of the odd indexed terms 
1 1 
He) =| — |2° PUD) == 
=> Ah) ( :] => 3 
8 (d) PA AB)— PEA) | PB) 2A AB) p? 


P(B AC) ~ PB) + PC) -2PBAC)- 
PC AAY-P(C) | PA) 2PU A) 


3: 
Adding and dividing by 2 =» SP(4)- SPAN BY => p* 


10. 


il. 


S 


AlsoP (A ABOC)~p* 
Using Pel UB UC) 
= SPA)- SPAN B) +S PUABAC) 


a0 2408 
ge te 


(ce) Statistics has 10 letters such that 
3 1 

_ PT)=—, PiAy=—, 

_ PT) 10° (A) io 
1 2 

PC)=—, P)=— 

«C) To” (Ey to 


Mathematics has 11 letters such that 


P(S)= 


1 2 2 1 1 
P(S)=+ ,PT)=2. ,P(Ay=2 .PC)=+, PU=4; 
O=F =F PARA PORT =F 
Now common letters € {T.A, 1,8, C} 
ty 32° 
F g- 3 1432.1 
PCboth letter same) TOT FTG Ty” Ta 
34+6+24+14+2 14 7 


10 110 55 


2,11, 21 
tt 
1 Ol 11 


(a) A pair of unbiased dice is rolled = 1(S)— 36 

To get @ sum of 4 => {(1, 3), (2, 1), (2, 2)} is desired set 

and to get a sum of 6 > {(1, 5), (5, 1), 2, 4), (4, 2), (3, 3)} 
‘The probability that the sum of 4 is obtained before 

sum of 6 


3) 1 
3 28 2% 3 36| )_ 28 
3: SB Bao 2 a 
_ 3636 36 36 36 36 36} | _3 
‘8288 28 288 | Bm) | 8 
3636 36 36 36 36 360 36 


(b) In a lot of 100 bulbs 20 are defictive, so 80 are 
non-defective. No. of ways to select 5 bulbs = °C, 


P(at lcast 2 bulbs and at the most 4 bulbs defective) 
CG, ENC ECs EGG 
Too 


(c) Probability of P, to die ina year p 
Probability of P, to die in a year 
Probability that at the end of the year only one is alive 


~ RE+EP, = p(\-4)+4(1-p) ~p—¢-2pqor 


1-(BP,or RP) =1-(pq)-(- pXl-q) = p+4q-2p9 


(b) (1, 2, 3...k), & + 1, & + 2, 4m can be arranged in 
(n—k + 1)! x Ml ways (keeping 1 to k together) 
But total no of ways of arranging 7! 


=k +D IE! 
Required Probability p(n AEN 
n 
2 Ger) 
uG 


4 


1? 


19. 


20. 


22 


23 


24 


1 1 
P(B)==. PC)= > 
> (By 3: (C) $ 


Where P(A) — probability of ‘A’ as winner, 
P(B) ~ probability of ‘B” as winner 

P(C) — probability of a draw 

There are two ways to win alternatively AB Aor BAB 


(a) PAY 


111d 111.1 
PABA) = =~ =— and pcpagy=-t bt-1 
ABH o 53g an PAD = 553-8 
Total probability {etl-5 
owal probability] > + T9¢= 55 

(c) Vixperts from institution A = 2, B =3,C =4 


Now 3 experts can resign in °C, — 84 ways 

If two experts are from the same institution then the number 
of ways 

n(E) — CCC, +40) CCC, = 4G) = AC, 
=7 1 3(6) | 6(5) - 55 


—C) 


=> required probability PE) = > 
(c) Ina non leap year, the number of days 365- 52x 7-1 
=> P(53 Sundays) — P(53 Tucsdays) — P(53 Thursdays) — 
17 (each) 
Since these are exclusive events: 
P(gelling 53 Sundays or 53 Tuesdays or 53 Thursdays) 


317 
(b) Probability of India winning Pay=5 
Probability of India not winning Pay=5 (includes draw 


possibilities) 
If India wins 2™ matches on 3’ chance (test), then it is 
possibloas // 7 or 1 i 


Required probability = 


(c) From the given Pd 4 B) ~ 6 ~ PUA) PB) 
and PA BY = 1 P(A B) = 13 => PUB) - 23 
1 


either P(A) -5 and Pum)=4 or Puy=+ and PB)=5 


(a) Let the three persons be A, 13, C and the three house be 
HH, H,, 

for H, : Probability of ‘A’ Applying = probability of 
applying Probability of ‘C’ applying 1/3 cach 
Similarly for H, and H, 


1 
Probability of all the three persons applying for 2, =—— 


for Hf, ~ for If, 
= In general applying for the house (any one housc) 


(d) As there are ten equally likely outcomes 
P(any one outcome) ~ 1/10 


25 


26. 


Probability 6.91 


Since event A has four outcomes P(A) ~ 4/10 
Let event [3 has m outcomes; 1 < m < 10 


m 
P(By== 
= P(B) Ts 


Since for independent events the number ef commen 
events must be some natural number 


k 4 k 
P(A) P(B) == where k © N or Th =~ 59m = Sk 


10°10 10 
Im € [2, 20J k € {2,4} 
=> Mm 


Sor 10 
(a,c, 4) If exactly one of Mand N event oceurs, then PUL 
AN)-P(M) P(N) 2P(AT AN) ((a) option) 
Also PLAN) — P(MON)+P(QML ON) ....€(c) option) 


Also PQL)+P(N)-2P(M AN) 

~ P(S)-P@4)+ P(S)— P(N) -2P(M ON) 

= =P(M)- PUN) +2P(M ONY 

— -P(M) — P(N) -2[P@D) — PIN) - PUM AN)] 

— PUM) | PIN) PCM AN)....((d) option) 

(b,c) P(Math)=1-m , P@hysies) =1- p, 

P(Chemistry) =1-¢ 

=> P(Math) — m and P(Physies) ~ p, P(Chomistry) — ¢ 
Probability (Passing in at least one subject) — 75% — 3/4 
-PAUBUC) 
Probability (passing in exactly two subjects) — 40% 
Probability (passing in at least two subjects) — 50% 


Probability of passing in all the three subjects P(Mfath 
Physics © Chemistry) — pme 10% ~ 1/10 


1 
Using 5 ~ Pn B)- PBA 0) + PANO) ~ 
2PU AB AC) - P (passing AL least two subjects) 

P(E:xaetly two subjects) — 3 =P AB) PIBAC)| 


PAC) 3PU AB AC) 
Now P(d) + P(B)- P(C)- PA VBC) - (PAB) 


IPB AC) PANO PAAB AC 
3,1,1_27 

Bie A Lier tipey 
4°2°10 20 


0) PRR BR) =PRE| B|-PED2( %| 


q 


TEXTUAL EXERCISE 4: (SUBJECTIVE) 


P(Red from gab B) 
—P ERR, or B, R,). R, = Red from hag A ete 


PR. | ®|+p@,P{®| - 4.545, 5-¥ 
R, B, 9 12 9 12 108 


6.92 Algebra 


2. PUD ~ 12; PF) ~ 12 


A can win in 1, 5%, 9 tum ete 


5 ° 
ray=+(4} +{3) eee Ly 3 
ee: 2 2 15 


similarly, ra-(3] +3) + 

eel af aly. 

non oh Ef 

and ro-(;) +(3] +(3) ean: 
2) la) “2 

3 

e 


a 


3. A pair of fair dice is thrown > n(S) ~ 36 
A is to get a sum of 6. Sum of 6 ~ {(1, 5), (5. 1). 2, 4), 
4, 2), B, 39} 


5 3, _ 31 
P(A)=— and P(A)=— 
=> PA) % and P(A) 6 


Similarly B is to get a sum of 7. Sum of 7 — {(1, 6). 
(6, 1), 5). (5, 2), 3, 4), (4: 333 


A beings the game 


P(A wins before B) 


3 (31.5) 5 als) Ee fets) 
- St/Sx = = + = + 
36 (36 6)36 36 6) 36 \36 6) 36 


5f _36x6 | _ 30 
36 (36x6-31x5} 61 
4. Acan win the game al first throw 2 and 3 coins respectively 
and A wins in the following cases. 


Case (i): A: 1 head, 13: 0 head 
Case (ii): A: 2heads,B 0 heads 
Case (iii): A: 2 heads, B = | head 


P(A’s win at first throw) 


Similarly, A can win the game at second throw, when game 
is tic at first throw i.c. both threw equal no of heads in the 
following cases 


Case (iv): A: Ohead,B  Ohead 
Case (v): A: 1 head, 3: 1 head 
Case (vi): A: 2 head; B: 2 head 
11,2 3,13 

Pitie) = —x>4+5xl4oxl= yw (say 

tie) =x tg tg gee (yd 


PA win the game) 


wots Me Lit 2 et 
=x—4+—x—4—x =] 4{ —x— 42x +—x=| 
48 48 4 8 48 48 4 8 


winot fstthese Pa 


22 Un Meh V3 
=xitaxitoxi]+ 
(j a4 8 4 3] 


ta 


RPh — pat ppp —.. 
“AM tpl wit.) 


ee 
eM aia) 2ia greg thes) | 
‘li=n| i-2 


Probability of selection of um A = probability of selection 
ofumB 1/2 

Let event A = Um A is selected and B = Um B is selected 
P@Both drawn marbles of same colors) 

— PR, R, or AW,W, or BRR, or BW,W,) 


- panp(%|o( Be. ; 
GAG) A008) 


{2 6.4 +t 901 
— Sf 4+ tt pe 
2(40 20 21 14) 1680 


6 6 3 
32-10 22 11 


1 
1-4+643 
4g 4649) 


Probability of opening the lock on 1" attempt = 1/10 
9.1.1 


‘ae H sk on 2" a xo 
Probability of opening the lock on 24 attempt 10°9 10 


Probability of opening the lock in 10" attempt 


9:6 87: + ee en ee 
ee ee ee 
21°10 


19 8 3 
P(Exactly three black balls) — 0.6 
P (exactly one black ball) — 0.4 
= These are two mutually exclusive and exhaustive events 
Case (i): When the number of black balls = 1, then 
It is drawn on 6" attempt P(Black ball on exactly 6" 
Se 8 oh G 5 1 
a ~ 0.4x—=x—x—xX=xlx= = 0.04 eh 
attempt) ar iaciriec arias oy 
Case (ii): When Number of black balls is exactly: 
Now 2 black balls will be drawn in the first five draws and 
the 3 ball on 6" draw. Thus P(/ast black on 6* drawn) 


- Cy x06x55 astan dl) 


‘Total prob. — 0.09 — 9/100. 


(To get a spade in al least three altempts 
— (spade on 1* draw) — P(spade on the 2" drawn) 


Gi) To get a spade in cxactly three attempts 
19 
- xe 
444 64 


(i) Let A gets a card at value v then pv) - Vin 
Similarly Po) ~ Vn 

P(Both gelling the same card) —I/n? and there are n such 
eases, as there are n cards 


G)-: 


10, 


11. 


12. 


13. 


14. 


(i) Case ( IfB drawn 1, A can draw 2, 3. 4,....0 
=> P(A>B)= 


non 
If B draws 2, A can draw 3, 4, 5,...n and so 
on Required Probabilities = [ee 
® 
_@-)_@-) 
2H? 2n 
i 150 3. 
Total no of Air crafts 250, P(mig-21) ==> 
250 5 
PC jaguar) ~ 1/5 and P(suikhoi) ~ 1/5 
Prob of safe landing P{S.1.)- 1 Prob (erash) 


3.1,1.1,1.1 
= 1-42 xi ¢exctexsbal- 
525356 3 


P(Fair coin) — 1/3, P( Double Headed) ~ 1/3; PUFeighed 
coin) — 1/3 


Te ds 1 
x=+=xl+—x 
32-3 3.3 18 

Let n no. of dice be thrown at a time and consider that the 
number appears less than 6 


tot 


Prob of gelling a head = 


5)" 
So P(getting a six) — 1- (2) 
6 

1 

When the chance is better than even (ic break even) ? > = 
5)" ” 

pic(s}.t (yt 
tor n=3{2) >4 (2) = SS<t 
orm 6) 72 > \6) “1396 “2 


(a) P(ntering the specific house) 
— P(wnlocked and enter) + P( locked and enter) 


=n 4 


Enter 


K 
=Pwunlockedy P{—“M’™_\ pcry.p{ # 
alockes) (435) mo (@) 


(b) Out of a slab of 4 years one year will be a leap year 
and 3 years will be non-leap years 


1)\3 ,1f2)_ 5 
Required Prob. P =| = p+12)-5 
74 4X7 28 


TEXTUAL EXERCISE 3 (OBJECTIVE) 


|. (d) P(A) — 0.34; PCB) - 0.54 


PAM B)- 0.32 
PUBIA GB) = BOUL BY 
P(AUBY 
_ PAB) | 16 
1-P{(B)4PEAAB) 0.78 39 


» 


Probability 6.93 


(@) The possible combinations are 
White 0 Le9 || Gieaiae Sars 
Black 10 9...eeed 0 ° 
If three balls arc drawn and are all black then 
pol [2G 4°C, +80, +..4°C, | 
ni rer 
| (mreeserss ryrsioets) 301 
il 120 120 4 
(© There are 4 possibilities 
Original afier addition Prob 
0 black ball =>1B V4 
1 black ball => 2B 12 
2 Black balls = => 3B aid 
3 Black balls => 4B 1 
So=P ~Hieks 7 ufed 
44-204 8 
. (b) Let A event of getting success in first trial 


B = event of gelting success 4 times pul 7 trails 
(4) P(ANB Cpy'a- py 
B Pp) 


(a,b,¢,d) A= {13,5......,29} so n(A) — 15 three number 
are chosen (without replacement) in °C’, ways 
H, (n>) — {7,9,11,...29} =9 ne) ~ 12 
And E, (1 $19) ~ {1,3,5,....19} = mE) ~ 10 
Further BE, 4 E,~ {7,9,11,.....19} > 0B, OE) -7 
"CO, 1211.10 _ 44 


15.1413 91 
10.9.8 24 
“15141391 
C765 21 
"CO, 1514133 
PUNE) 1x91 _ 7 
P(E,) 13x24 2a 


P(E, OE) = 


PCE, /E,)= 


(a) Case (i): No of fair coins 
1* throw and tail of second throw 


m prob of getting head on 


we Wp 
N 22 4N 


Case (ii) : No of biased coins = Nm 
N 


m21 
33 


24 —m) 
9 


2m 
ON 
—8n 8N om 2) m 
=——+ 


= =o+ 
36N 36N 9 36N 


Hence total prob. P= 


_ m+ 8N 
36N 


6.94 


Sd 


10. 


11. 


12, 


Algebra Il 


. (ce) Pla) ~ PB) ~ PC) ~ 1/10: 


PAN B)- PB AC) -Oand PUANC= x 


Obviously P(A AB AC)-0 
Hones P(A U BU C) ~ P(A) + PB) + PWC) - PA) - 
PUB) PBAC) PARBAC) 

3-1 5.1 


“yo 20° 20° 4 


. (a, b, ¢, d) PA AB’) — 0.30; p(A‘ 4 B) ~ 0.20 


and P(A 4 B)- 0.15 
Now P(A 1B’) ~ P(A) - P(A a BY 
=> P(A)-030 0.15 -0.45 
ly P(B) — 0.35 so P(A & B)- 0.65 
PAB) _015_ 3 
PB) 035 7 
P(AMB) _O.13_1 
P(A) 0.43 3 


(a, b, ¢, d) 1% die has P(3) — P2) ~ P(4) ~ 1/3. 
2™ dic has P(1) — 1/2; P(2) — 13; P¢3) = 1 


Similarl: 


P(AIB) = 


PC(BiA) = 


‘The most probable sum P{(swn = 3 as2 1)-1%6; 
1.3 
P(sum = 4as3—1or2+2) ie 9. 18 
P(sum =5as3  2or2 1 30r4 -5+ tty wot 
18 6 3 
P(Sum =6as4  2or3 1 3)— dyad 
9 18 6 
P(sum 7as4 3) - 18 
Most probable sum is 5 with P(sum = 5) — 1/3 


‘The least probable sum is 7 with P(sum = 7)— 1/18 


(d) A | B=C | PD Observe that a sum of 

A+B we {0,1,2.........,9} and can be obtained with @ + 
1) distinct (non negative) integers 
Example: Numbers are 0,1,2,3.4 
combinations as (0,9), (1,8), (2.7), GB. 
The same is applicable to C + D 
Similarly a sum of 10 to 18 can be obtained in a reversed 
manner i.e 10 <n < 18 = no of ways = (18 vn) 1 1 


1.7.8.9 consider the 
, (4,5) 


Number of ways 1° + 27+ 3? +...4+9+ 10 +9 + 

Bt 22+ P 

=2{1°+27+3? F410 = 2212) 100-67 
6 


Since there is one correct way 
=> Prob (P)— 1/670 


P{AA(AUBY} 
PCAGB) 


P(A) 


PUAIAU BY = eae 
nea P(AGBY 


(b) A ticket can be selected in 100 ways /, — Product of 
digits is zero, which is possible when number is {00,01. 
02. ,10,20,30,40,50,60. aoe 


NUE) — 19 => P(E.) =— 
8) = PE) Too 


13. 


E, ~ sum digits is 9 => E, 9 E,~ {09.90} so n(E, 0 E,)~ 2 


a ee 
19 


(© Factory A’s contribution = 4 valves (10 % defective) 


: : 2 
2 POO) = 75 Hones # 


Factory 1s contribution 5 valves (20 % defective) 
Two valves can be selected in °C!,— 36 ways 
Now Prob (At least one valve defective) — 1 
tive valve) 

‘The two selected valves may be 

(a) both from factory A (b) both from factory B 
(e) One from each 


P(No delec- 


1 
Required Probability = 1-7 


9) 
cf) se 
| (2 a 


1 i= 160 2 
-1- + + - 
36 (100 25 50 


_ 3517 
3600 1800 


(a) Total number of articles = 20 

P(exactly two defective articles) — 0.4 

Ptexactly three defective articles) — 0.6 

These are mutually exclusive and exhaustive events. 


Case (9: Exactly two defective articles: Since articles 
are drawn one by one without car 
44 
1 0.4) - — 
Required prob ( Hash ) mn 1900 


Case (ii): 'xactly three defective articles 
3.2.1 55 


Required probability = "C, (0. 8) i948 a i900 


Total probability a 


© P 


{F OF | _PG)-PENG)-PENG) 
G PG) 
ul Bree ~ PE)- PF) 


pcaipy- 2A) Now ACB 
© PCAB)-— Fa Now 


=> PUAB)- PUY 


Since P(4) < PB) <1 
2. PCAN) > PU) 


TEXTUAL EXERCISE 5: (SUBJECTIVE) 


Let E be the event that the drawn ball is red. The probability 
of each bag being selected is 1/2 
(a) E,~ The ball is from bag A 

E— The ball is from bag B 


PUB).PUS 


PE) P(E! E,) + PE) P. 


alia) 
(b) Similarly Pal aren yay 
18) Te 


. Let E be the event that the item is defective. The item 


produced has equal changes of being manufactured 
(produced) by cither factory 

Hi, — the item is from factory A 

E,~ The item is from factory B 


of he ) 3 POPE! ES) 
B 


. Let |) be the event that two cards are drawn out of 5] cards 
(since one card is missing) and found to be spades 
1, ~ missing card is spade 
E,~ missing card is non spade 
PUB).PUE LI) 


P(E) P(E! E,) +e? 7] 
iene 


1", 
alice, 
~The) 3m.) ~ 31.50 at 
aco 3 51 50 
4 "C, 4 Gs 


wu 


12.114.3.13.12 50 


pi, iE) = 


ere 
51.50 


|. Let A be the event that the given answer is correct 
A, : He knows the answer = P(A,) — 1/2 

He guesses it > P(4.)- 1/3 

Ay: Me Copies it => PUA, — 6 


vcaye( 4) 
(4)- 4 
A A A A 
P(A) P| P(A,)P P(A)P’ 
» li} “ la) a al 


La 


_ 48 _24 
Tarll,ll 2pasany} 2 
4 34 68 


3. 


Probability 6.95 


Let E be the cvent that six is reported 
ix appears on the die 


: Six docs not appear on the die 


PE, ve 5 } 
2(£)- B 
E ~ yp E 
P(E,)P (Z 


+ P(E, P| = 
call 2 


. Let A be the event that ace is reported 


A,: Ace is drawn 
A, : Non ~ace card appeared 


PAP (7) 
4 


Let li be the event that the letter is not received by the con- 
cerned friend 


E,~ Letter was lost in transit 


P(E, { : } 
E, 


@ »(4)-—___*!__. : 
. vaaye( E +r s(E] 


1 
co ge 1 _ 100 
I 971) fl, 9] 109 
1 10 
10° Dion) ti6 a 
9 1 


— 


10100 _ 9 
109-109 


1000 


Let E be the event that the given answer is correet 
#,— He knows the answer => P(S,) — 172 
E, ~ Ile copies it > PE,) ~ 16 


Gi) Similarly ? 


. =xl1 
Ky, 120 40 40 
oiven ($e) =a = By UNE! 
2 Lage by bh 
2 m 68 


80 48m 

=) Gives 16m = 80 s0 mm = 5 

47 | 25m +16 

Let A be the event that the prisoner is successful in 
running away 


6.96 Algebra ll 


ets road I 
jects road J] 
ets road IIT 
jects road IV. 


A,~ He scl 
He sel 
, 7 He sol 
A,~ He sel 


o 


e 


7 46 c 1{120} _ 20 
itete ted 6{20415+12+10} 37 
ale'8 10 12f 


e Ay) _1/8 
Similarly (4)- aaa 


And o(4)- 2 - 10 


A) (87/120) 57 
@) Sr bog@ 7p @os 
10, Lot PUD~ 1/2 and P(T) ~ 1/2 
Let I be the event that 4 is noted by the person 
Hi, — die was thrown 
E,~ 5 coins were tossed 


rea(, | 


= er ea 
E E E 
pra }srane| } 
} E, E, 
val 
als) 


1 
“TT TS 6u6+15} 31 
26 232 


(96) _ 16 


11. Lot A be the event that the person reached office in time 
A,~ He used the car => P(A,) ~ 1/7 
A,— He used the scooter = P(A,) - 2/7 
A,~ Ile used the bus > P(A.) ~ 3:7 
A,~ He used the train => P(A,) — V7 


A 
cape ) ee 
A} SP(A)P(ALA) 741042448 7 
8 


TEXTUAL EXERCISE 4; (OBJECTIVE) 


a 


. (a) Let E be the event that two balls drawn are of black 
.1:, be the event that respective urn from 


colour 
similar ‘n’ ums 


and E,,, ~ (2 + 1)" urn is selected 
o(4a}- PE, ,)P(EiE) 


DU fe pepe Te S poeyp| = 
PUB) PUE EE, d+ PUI (7) 


1 Gnike "C:) 


16 1 (SC, n “C; 
+ = 
n+1\"C,) "ntl "C, 


do 
16 10+n(15) 


=n 10 


2. (d) Let E be the event that the screw drawn is found to be 


defective 

Let E, ~ serew is from box A 

15, — serew is from box B 

E,~ screw is from box C 

_ PUR)PUEER) 
= _¢R\ 


pas)p| = 
LP yy (Z } 


GQ) a a 


(E)E+2+3} {42+35+30} 107 

3}(S 6 7 

3. (b) Let A be the event that the given answer is correct 
A,~ the students knows the answer => P(d,) ~ 90 % 
A, ~ the student makes a guess => P(A,) — 10 % 

P(A) P(A! As) 


rcaye( 4) + P(A) P(AIA,) 
nic | 


Ab 
ano} 


1(1 een 14+9x4 
4\10} 10 


PU E ED 


4. (© Let I be the event that the target has been missed 
E,~ day is windy so P(E,) ~ 3/10 Prob of Hitting the target 


Now P(E/E) = 


ee }-ren2(] 


1 


RK, 


. (b) Let E be the event that the sclected students is a girl 
~ girl is from school 8, 


Hy. ~ girl is from school B, 
~ girl is from school B. 


E,, ~ gitl is from school B, 


ae P55 PULSES) 
Erte, 7G } 
Ey 
1, 20 
4 “t00 20 _10 
TT asszovissi7y 2 31 
1004 


. (a) Probality of winning: P(Group A) ~ 0.5; PGroup — B) 
= 03; PGroup C)- 0.2, 
New product launch : P(A) ~ 0.7; P(B) - 0.6; P(CY, - 0.5 
Total Probability SP(Group A) . Pid) ~ 0.5 x 0.7 + 0.3 x 
06 0.2% 05-035 | 0.18 1 0.10-0.63 


. (c) Let l! be the event that the signal received al station B is 
green 
1, ~ original signal is green => PU:,) ~ 4/5 
E,~ Original signal is red > P(E,) — V5 
‘Transmission accuracy prob = 4 
E } 


P(E, ye 


Now P? Ay = 
"pay pl E) 4 p(e,)P( = 
saa 2 ea We 
36 4 
+ 
fe ia 


4 3 
+o |+ _ 
80 =] é 80 


. (c) Let Ii be the event that the selected student has attained 
“A’ grade 

!,— student is a hostelier P(!,) — 60 % 

student is a day scholar, so P(E,) ~ 40% 


ne)e( £) 63 
rt a 10.10 


S ih cad Be pepeypl tes) eee bse 
PUSIPL J+ PUP! | 0" 10 “10 "10 


A 


. (d) Let E be the event that the test report is positive 
1 

1000 

!, — Person does not have the disease in reality, 

999 

1000 


E, ~ person really has the disease, PC) = 


PU 


10. 


12. 


Probability 6.97 

1000 * 100 990198 22 

1 99 9995 99044995 1197-133 
1000 * 100 * 1000 * 1000 


(©) Let be the event that head appeared on the tossed coin 
E,~ Coin is double headed 
ased 


E,~ Coinis fair 
P( «a(t 


pua( ere, w(Z 


xl 84 


a" (Brera) 9 


14+=4+— 
4 2 


(a) Let! be the event that a driver has met with an accident 
E, ~ Ie was scooter driver, > P(E.) ~ 1/6 

Hs, — He was a car driver, => PUN.) — 1/3 

i, — He was a truck driver, > P(i,) - 1/2 


PE yo( } 


Now (- 
Srey } 
Mya 
T 1 t as 1 1 aE-s 
6% 103% 1002100 


(c) Let E be the event that the selected item is defective 
6 


E, ~ item is produced on machine A, > PU 


10 

E, ~ item is produced on machine B > PE,) 4/10 

PUS)PUIE, 

Now PU ee 
PC).P| =] + PUP 
wor(s}row(z) 

4.1 
Sy 
_ 10100 at 
4 1.6 2 4 
x x x 
10° 10010 100 


(a) Let E be the event that a head has been reported 


E,~5 or 6 appeared on the die => PCH) === 


E,~1,2,3, or 4 appeared on the dic => PU) = 


wal 21 


6.98 — Algebra || 


P(E) of J } 
DPE 


reeo[ sre)? 


14. (a) Let E be the event that a head has been reported 
!, — Head appeared on the tossed coin 


E, ~ Tail appears on the tossed coin 


- 


. (i) By Bemoulli’s theorem n=") (3) 


Gi) Pd or3or5...) ="C 


- x Cg tg te) Fem 


sarees [il 
one) Een 
1 _@l 


pat pee 


2 por sn) OC, + 1C, PIC 


Lea ne ier 
- mG ore as Sree at SP 


3. If the fair coin be tossed n times, then total ways 2" 


is 
Pp eae 
(9 heads) ro 


Now [P(7 heads) — 


>" 


=> n= 1650 P (hwo heads) — 


4. A die is rolled * 
Two outcomes (namely 3 or 6 ) are favourable. We want 
favourable outcomes to oceur odd number of times 
PGK, k =1,2)- 173 

PQnultiple of 3 odd number of times) 


“GJG) “JET “ee 


Cy” EC yatyt eCay ts 
Wheres 13,» 23 


times 


= ale +p 40 -yy"] for n = odd 
And =s[o+m" ~(e-y)"] for even 


1f,1 
rH-4i-4| 


10. 


Consider safe return as success with p 3/4 
‘Then failure g = 17 


Consider rainy day as success with probability p 3/3 
‘Then failure to rain g = 2/5 


The probability that it will rain exactly 4 days in a 


Je) 


© 15625 


. Third time 6 (six) is obtained on the 8 throw, so six should 


appear twice in the first 7 throws 


dG) 


=> The required probability 


IG)“ 


Length of the interval [1,5] - 4 units 
Now x! +2x-1=0 (9-18 >0>x4-1 
Now [1,5] is a subset of (R-{-1}) .P 1 


. Given <Sa<6and0<b<9 


The equation 2 ax b = 0 has real roots 
When a?> 4b 

Ora 2 2b 

The inequality will be satisficd when a point 
lies above the parabola {here 6 = x and @ = y} 


y(=a) 


(9,6) 
favaurable 
area 
(¢) 9 


‘Total Area = 54 square units 


Favorable area = 54~ [2% dx 


2x27 so? _« ; 

ere J, = 54-36 =18 square units 
1801 
PU)=—=- 
e) rie 


O<xy <4 = wfS) 16 sq units 

To find the solutions to [x] — [yl - 3 
Is to find coefficient # in 
flere se ele 
—(141+1-1)~4 waysicc. 


wok 


Nu 


Probability 6.99 


(iv) [5] -3. fy] "0 93 sx <4,05y<1 


¥ 
x 
4 
3 
2 
1 
ot 434% 

WE) 1 

- pap = 

=> mE)~4squnits => PE) aa) 


x 
Solving Cand C,we get += 2°, y=. Aroa of the 


11. Consider any point p on any diameter AOB. To check if 
OP > PB. Now OP >» PB (means OP > r/2)sor/2<OP <r 


2 
smaller circle lying outside the larger circle (with r = V3) 


Sa 
A 8 = ie -Cy)dx — 2 f 14-2 -VB- Pade 
an > 


Now m(S) ~ 3x square units 
BS 
n(ey=a-2 f i +Vi-# VIF fae 
3 


Total arca of circle mr*sq units 


Favorable area n{/!) = {rr -# 


- r2fraVi wt elsin te bx ~ Sain 


=> PE) ~ 3/4 2 2 
12, Given: k € (0,5) => length of intervaf 5. Roots of 427+ n(E)= 2-2 ae 7 ELIA) 
ake | (le 2) = 0 will be real when D 2,0 ie, (48? 8 12, 6 4 
16(k +2)>0 
Gives 16 (k 2) (k + 1) 20 riya te BT e") 
So k 2 2 gives k © (2,5) s0 length of favourable interval 63n 43x 18 4x 36x 
— n(B)~3 a si 
Required probability PU) ~ 3/5 -06 16. Let the are length (70) x, APR) ~ y and let the length 
13. $: Rectangle of area (nX(1) — x square units. itr aed rs 
Cie-ysl aN 
‘The common points will the boundary and interior of the y 
quarter part of circle 
Y 
R 
| Clearly.0 <x <2s,0 <y <2s => Total region = 2s x 2s = 4s? 
L,y ‘Now following four case arise which are favorable to event 
T Case (i): x, y < s, then clearly, the three points lie in 
semicirele 
x,y € 0. s] is favorable region 
. A z . PANG 
©. n(S)—  sq.units and n(E) = 7 square unils 
so P(A) - 1/4 k 
14. A natural number is selected from X = {x 1 <x < 100} 
=> nis) 100 Case (i): x <s,y2x-5 


Nowx? 13x 30<0=(x I5)(&e 2)<0 pow 


So x € (2,15) > n(&)- 14 ‘Q 
{since we get x = 1,23......14} 
47 
th ired probability = ——=— —0.14 
he required probability = ===> R 


6.100 = Algebrall 


Clearly P,Q, R lie on semi-cirele x € [0. s], ¥ € [y—s, 2s] 
is favorable region 

Case (iii); x > s, y > s clearly BQ, R lic on semi-circle 
with favorable region x, y € [s, 2s] 


yy 
Go 


Case (iv): y¥Ss,x2y—5 
Favorable region is y € [0, s]; x € [y | s, 2s] 
Pp. 


Q 


\ 


‘The favorable region is shown below 


2s 
y) 
2s 
ie} s (x) 
eabsgstats? 3 
P(Vivent) = 2 __2 = 


as? 4 


17. Letx axis represent reaching time of A and y-axis as that 


of B (mark from 11 to 12 as shown in three parts) 
According to the given conditions |y 
1 1 
-S<yexte 
aay sy sats 


x] < 13 or 


x 


1,11) 414 2 12 
nt) ng 42 


fas 11 <x < 12} The shaded area represents the favorable 
area (5 square units) 


n{E) ~ 5sq units; n{s) ~ 9 sq units 
so PUD — 59 

18. Plot a along x-axis and b along y-axis. Now ba > 
Total area n(S) — a? sq units favorable area 


MPV = Ha -eF x2 =(a -ey 


a a-c 


a—c 


c a 


a-cy cy 
So ruy=(*) -() -<} 
a a 

19. When two dice are rolled, thon n(S) ~ 36. For x — y| <3 

givesx=l,y=I,x=l,y=2,x=2,y=1 

so three points are favourable to cvent. 
1 
RQ 
20. Let a, b, ¢ be the lengths of three line segments. A triangle 


will be formed when the sum of any two sides is larger than 
the third oneie bl a>c,a cm bb ema 


All these inequalitics have cqual probability of being truc 
1 
PUK) =— 
so PUNY 2 


=> PR)= 


<a be the sides of the rectangle => ff? +22 
— fength of diagonal 2a. Favourable region is the interior 


21. Let é,, £, 


fac) 


1/4 of a cirele of radius ‘a’ units 


(0,0) (a,0) 


2. n(E) — square units. 
nS) — a square units 


n(E) = 2. 2q units 
4 
x 
Pih)=— 
=F 


22. xe [4,4]. y € 4.4] 
2. nfs) — 64 square units 


Given condition : || » <4 
‘This is area bounded by the lines 


soy 4xty —-Ly-x 4x-y 4 


(0,4) 


(40) (4,0) 


(0,4) 


1 
mE) = 416) = 32 square units, 2. PCL) ~ 12 


23. [xlfyl-l>lsxs2lsy<2 
or 1Sx<0, 1sy<0 


(-1,0) 


(-2,0) 
(41,1 


(1,0) (2,0) 
(0-1) 


So n(S) — 2 square units 
Area lying below the linc Q x) 
bed 1 
B)=—+—=15q units > PU =— 
a(hy 3 y=} 8q units > (cs) 2 
24. fix) — (x) where 4 > 0 and nis an odd natural number 
so f(x) is real defined for all 0 « 10 
So n(S) - 10 
Now £43} — 1. — “OPT” 


0 " 
-[4-(-#)]"=[T"= 

So FCO)! = [xt] = x Soltfixy} — x 
forall x n(H)- 10 => PUR)-1 


25. ‘Total area n(S) — 4 square units, y =O means x axis 


(2,2) 


(0,0), 
x=1 (2,0) 
Area enclosed byy’— 4x,» Oandx Lis 


1 
n(E) = (2Vx dv= 
9 


1 
— 4/3 square units so P(E) = 3 


Probability 6.101 
26. (i) A coinis tossed twice so n(S) ~ 4 viz (HH, HT, TH, TT} 
‘These events are equally likely 
Let x denote the number of heads 
Sox =0, P(x =0)- 14 
x= 1, Pe =1)- 12 
x 2,P( 2)~ 1/4, then the probability distribution is 


x oO 1 rj 
P(x): v4 | 1/2 14 


(ii) Three coins are tossed all at a time => n(S) — 8 viz 
(HHH, HHT, HTH, THH, HTT. TTH, THT, TIT} 
Let x denote the number of tails, then the probability 
distribution is 


x o 1 2 Ks 
P(x) Vs 38 3/8 V8 


(iy) Four coins are tossed all at a time => n(S) ~ 16 viz 
(UIT, WIT, DICH, TCH, THT... PPP 
Let x denote the number of heads, then the probability 
distribution is 


x oO 1 2 3 4 
Pa) | 116 | 1/4 3/8 | 4 | 116 


27. (a) A dic tossed twice => n(S) — 36. Let x denote the case 
that more than 4 appears on a throw 


(i)x 0 (more than 4 does not appear), n{E, _,) — 16 cases 
(i) 1 (more than 4 appears exactly on one throw), 
n(H, ,) ~ 16 cases 
(iii) x 2 (more than 4 appears exactly on both the throws), 
n(Hi, .) ~ 4 cases, then the probability distribution is 


x 0 1 2 
P(x) 4:9 4i9 9 


(b) Let x denote that six appears 
x= 0, six does not appear, n(!,) - 25 cases 


x 1 (Six appears on exaetly one throw), n(E, _,) ~ 10 
cases 
x = 2 (Six appear on both the throws), n(/i,_,) — 1, then 


the probability distribution is 


%: 0 lor2 
25 ul 

Pex) 23. Al 
“ 36 36 

k if x=0 

2kif x=1 

7B PO ay fece 
0 otherwise 


(a) Total Probability =& 24 13k O-6k=1s0k=1/6 
Hence, the probability distribution is 


6.102 


PA 


L 


» 


. (c, d) Given 


Algebra Il 
x o [i [2 22 
ray [ve fia [v2 fo 
ve 
by So P(v<2)=54+==5 
(b) So P(x <2) eigcg 
espa hy lag 
63.2 
1 1 
P(x 22)=—+0=— 
(e a 3 


IX 14 15 16 VW 18 19 j20 {21 
p(x) |2/15 |115 |2/15 |3/15 |S [2/15 [3/15 
IX[p, [28/15 15/15 [32/15 |51/15]18/15 [38/15 [60/15 |21/15 


-(Leay 


-(17.53) =4.78 


63 
non-B =17 53, Var(x)-o"= Y px? 


= aay Lasy ary 
( aor y+ et 1) 


and & = Sx) - 2.19 


TEXTUAL EXERCISE 5: (OBJECTIVE) 


(b) EX) —6, VartA)-2=> np G6andnpg 2 
Hence q = 3, so p = 2/3 and» =9 


iG eerie ZV (1). 
P(x s8)-1-PXY 9-1 (3) (3) 


512 _ 19171 
“79683 19683 
(d) Probability of showing a head (suceess)~ psog 1-p 
According to question sot PEC gg" pi 
90! 
or Fey P= = on ———_p gives 4646p = 45p 
46 
so) p=— 
91 
POX 


is independent of n for every 


a 


PUY 


value of r. This possible only if p = q so p = q = 172 


. (d) Let n be the minimum number of times a fair coin needs 


to be tossed. 
Now (Gelling at least one tail) - 1 P(getting no tail) 


7 1-() 206 or (5) <04 givesn22 
2 i ‘a 


. d) me Zand? 25<0>me{ 5, 4, 3.45} 
So n(S)- 11 
Now if 2+2 | 2mx (et | 1)— 0, has real roots 
Then D> 0 i.c., dm?— 86m + 1) 20 som? - 2m -2>0 


and roots are # =(1— V3), (1 +43) 
> me (-00,1- V3 |U[1+ 3.0} 


=> AE) -Basme (5, 4, 3, 2, 
suitable values 
So P(H)— 8/11 


1, 3, 4, 5} are 


6. (d) Since a fair coin is tossed 200 times 


Seat 
ake gS 


PE 1, 3. 5 


ne 
1 ™co(3) «) 


We know that sum of even index coefficicnts sum 
of odd index eveMicients 

Henee 2%, 1 2,1 ame = y= ae 

Sines *C, *C,_, Hence 22"C Sa Se Oe er id 
So C1 + 2805, FC, + RCL, ~ 208 sestenssalll) 


Using binomial index properties, and from (i) and (ii) 


200 
P= 2(3) = uf 
2. 4 
7. (b) five fair coins are tossed both by A and B, so the prob- 
abilities are identical for both. Let x denote the number of 


heads 
=> P(x =0)- 132 - P(e = 5), P(x = 1) - 5/32 - P(x = 4); 


10 
P(x =2)=—=P(x=3. 
r=2)=25 = PG ) 
savas the same number of heads} 


252 _ 63 
—,{20y? +215)" +200)"} = aan ase 


& )" 
8. (c) Probability that a student is a swimmer p = 2/3 so 
q 13 
Now P(X 7 out of 10 students) 


{ly 2V 
— ¥¢,.(2/3¥ |=] - 1o]= 
varm(3) - 963) 


9. (b) ‘Two integers x and y are chosen with replacement from 


{0. 1, 2, 3yese 510} 
=> nfS)- 121 
Now |x—5|> S gives y-x™Sorx-y>5 
=xXt5 
* 4 
6 8 
5 7 10 
Number of favourable points 2{5 + 4-3 -2- 1} 
ee 
P(E)=—— 
aa er 


10. 


11. 


12. 


13. 


14. 


15. 


(b) According to the given P(x, y) is a point withx—y 2n 
Since x,y Ee N>x,y,€ {1,2,3.....28 I} 
Nowx+y 2n>E  {C, 2-1), Q,2n-2).G,2n- 
3),...,(n, n),...2a 1, 1)} and only (n,n) lies ony =x 
ns) ~2n—Land n(B)~ 2n 2 

2n-2 


Hones P(F) = 
2) 2n-1 


(b) According to given condition 


Not) 1 2 3 
P(x) 3% | 2% 16 


Ke Dees 
(= Yop, = 344 aes 
So E(x) ~ 2 


@ Two cards are drawn from a pack of cards randomly 
in °C, -26 51 ways 
Letx denote the number of aces obtained, 


48x4 
x Oie., No ace appears => ways 


x= ]ie., one ace appears => 48 « 4 ways 


x 2 Two aces appear *C’,~ 6 ways 
ABx4d 6 16x2 1 
B(x) = + 
26x51) 26x51 13x17) 13x17 
342 
Kw) == 
eh) 221 «13 


(d) P(at least one success) — 1 — P (No success). 
now p = 1/4 so g = 3/4 


Further Pat least one succes 


i -e,(3) 23 iver 


nflog,, 3 fog,4} = 
{As log,.3 


fog,,4 <0} so n> 


Tog,,4—log,,3 


(a) Four fair dice are thrown = n(S) — 6¢ 
The sum of digits (4, 5.6, ...., 24} 

Required sum of numbers = & where 4 2k =9 

The number of ways to get a sum of k is given by the cocf- 


ficient of x* in the expansion (© 12 1x xt 1x7 1 x5! 
‘a4! 
{6 oeMidienl of xtin =o 
(-x) 
Coefficient of xtin (1 4x61 6x! ax! 1x et ACS 
Ciao + Cyt + Cpt + Cx? + °C, 


Since 4 = 

So required probability 

_ &-IMk-2Kk-3) 
e 


PU 


(d) Let A = event that there is at least one rainy day in a 
week. B event that there are at least two rainy days ina 
week 


Probability 6.103 


PARB)_ 
P(A) 


a (4)- PO) 
A ~ P(A) 
_ 1+P(one rainy day or norainy day) 
> 1-P(norainyday) 
-PE@37@.7+'C,077]_ 1-@.8K0.7)° 
1-7) ~~ 1-(0.7) 


asBCA 


SECTION III : (SINGLE CORRECT ANSWER) 


1. (©) As por given P(A) 2/3 PB) {As P(B) is the other case 
here} 


So P(A)+P(B)=—P(B)=1 


{Mutually exclusive and 
exhaustive events) 


zt 2 
So Pees and nes 


=> Odds in favour of B is 3: 2 


2. (b) SOCIETY => Number of words formed 7! 
Now the three vowels namely 1,1!,0 can form one Packet => 
No of ways to arrange 3!5! 

3151 6 

16 7 

3. (a) From letters of word article => Number of words 
formed 7! Now there are three vowels AI, which will 
occupy even places 
=> Number of ways to arrange = 3! 4! 


=> Required probability 


‘The required probability = a 
4. (©) Two unbiased cubic dice are tossed => 1(S) ~ 36 
Sum = Prime number larger than 5, so it gives sum = 7 or] 
Sun 7 => {(1,6). 2,5). 3.4), 4,3), (5.2), 6,1} 
Sum 11 => {(3.6),(6.5)} 


f= 
So required probability <>=— 
6 


5. (¢) Ay Ay Ay. A, are » independent events . 


1 
Now P(A) =— 
i 


+1 
P (None of the events will occur) 
= P(A AAO Ayn A,) ~ PAPA PA)-AA,) 


-CiSe-)-e-a5) 


Ue fe Sale, 


n+1 234° n+l n+ 

12.3 n 1 
= axExix.x = 

2. a 4 n+l nel 


6. (a) A fair coin is tossed repeatedly so the outcome of each 
toss is independent of any previous outcome 
=> P(icad on 5* toss) ~ 1/2 


6.104 Algebrall 


7. (©) Let Bag A contain four tickets numbered 1 to 4 and Bag 
B contain 6 tickets numbered 2.4.6.7,8,9 
Probability of sclcction of cach bag 1/2 
Probability of selected number being 4 is 
111 1342'S 
ot del Sree 
294°2°6 2 24 
8. (b) Since it is known that second dic always exhibits 4 soa 
sum of 8 will be achieved only if first die shows 4 
= P4,4)= PCa) Pay = tat 
6 6 
9. (a) A fair coin is tossed 99 times PUlead 
P(Pail failure) — 1/2 
= The binomial distribution gives 


sucess) ~ 


» 
PX = rier llead)— °C, (3) which is maximum 


whenr 49, 50 


10, (c) 10 apples are to be distributed among six(6) persons 
such that al least one person gels none 
Required probability 
— 1—Pevery one gets at least one) 
2 | No.of sol.of x, +x, +4, +...+24, =45%,20 ] 
No.of sol.of x, +4; +x, +... +, =10; 3,20 


9xBx7X6X5 |--($)-2 
143 


(eS 


11. (c) The fourth six appears on 10* throw where a fair die is 
thrown 20 times so #(S) — 6 
Since the fourth six appears on 10" throw 


=> six appears thrice in the first 9 throws: 


nn-folZ} (J ge 


Hence the required probability 
987 5° 84x5° 
ra 


pe 


12. (a) Krom a group of 10 persons, 4 persons can be selected 
in °C, ways = n(S) ~ °C, 
Since the group consists of 5 lawyers, 3 doctors and 2 
engineers and at least one person is to selected from each 
category 


210° 2 


13. (b) A can draw two cards in °C, ways say (L, M). Now 
replacing these cards 13 has to draw either I. or M, ie. 2 
choices. Corresponding to this single draw second draw 
should be any one from remaining 50 (exeluding 1. and M), 
which ean be done in °C, ways 


14. 


16. 


17. 


18. 


Required probability 


_ 100x250 
52x51 13x. 


(b) Odds against a given event (A say) - 5:2 
=> Pa)-27 
Similarly odds in favour of another independent event 


(B say) -6:5=> Pay= 5 


Since these events are independent 
2.6 12 
P(AMB) = P(A) P(B) = 2x = 
(A OB) = P(A).P(B) 7h 7 
so P(AL least one event will happen) — P(A UB) 
2,6 12 
~ P(A)+P(B)-P(AMB) = 242 - 
(A) + P(BY (ANB) 9547-37 
_ 2442-12 


7 77 


. (a) Regulation All letters are distinct 


=> nS) ~ 10! 
When there are exactly 4 letters between R and E, then RE 
Required number of arrangements %C, x 4! x 2 x 3! 


28 x4lx 2Ix5! 
ait 


2x5x8! 1 


=> P)= 


10! 


(a) Since chit is being replaced so every time the situation 
is the same 

Four draws are made = #(S) - 74 

Now if number drawn is at least 5 on every draw then, 
(i) — 3* fas 5.6.7 will be appearing each time} 


» 3 3) 
PU) == =| = 
FO as t 


(©) ‘The number of determinants formed = 16. Observe that 
the determinant is non-zero when exactly once (-1) appears 


as shown, 


Similarly the determinant is non-zero when (+1) is used 


exactly three times as shown [ 2 => 4 ways 


So non-zero determinant can be obtained in 8 
ways. Similarly detcrminant will be zero in 8 
determinants 
= PE)-12 


(@) Fiftcon persons sit at a round table at random 
=> nS)- 14! 

Four persons sit between A and B and A and B can 
switehvinter-change their positions 


> WE)~ °C, x2 «4! x9! 
f f 

=> pur= BL, 2x49 
4x9! 14! 


. (a) Let P(C) denotes the probability of choosing (C) 
CHOICE CHANCE 
(one letter is selected) (when one letter is selected) 
P(C)~ 26 


PUD) ~ 6 

PUD) ~ 146 

P(O)- 16 

PUR) — WG PUD - 6 


Observe that CHE are common so by law of total prob- 
ability the required prob 


)--# 


. (a) Infinite out of 8 letters 4 letters can be selected §C, ways 
Since three like letters are to be selected so they are all I's, 


Now only one more letter is be selected form 2, 17,1, Ue 


$524 1 
Fs wayess PUR aa ee 
in 5 ways > P(E) 376514 


. (c) ‘The bag contains 2 white and 4 black balls since each 
time the ball is being replaced so cach draw is independent 
of the previous results under the given conditions. Fer each 


draw PW) = ; and p(B) = 2/3 


P(getting at least 4 white balls in 5 draws) — P(exactly four 
white balls) P(AII five white balls) 


1 (y (3 yw i iu 
-5/=] [=] +{=] =—+—-=— 
3) \3 3 243° 243-243 
. (b) There are 2 white and 6 black balls . Since the ball is 
not being replaced back and we want the first person to be a 
winner. 
P(A)~ P(W) + P(BBW) + P(BBBBW) + PBBBBBBW) 
Winning 
pes re | 
PIA) - +++ - 
4 28 28 28 28 28 «7 
. (b) The cubic die is unbiased but making is different 
so P(1) ~ 1/6, P(2) - 1:3, PB) - 12 
Now in 3 throws a sum of 4 is possible as 11! 2 which 
can happen in 3 ways 


7+3+3+1_16 4 


hid 
=> P(Total sum 4)- 3-——=— 
663 36 

Similarly to get a total of 6 in three thrown is possible 


as1—-2-30r2+2-2 


= rma 0 4IGHE}() 


1,1 942 11 


6 27 54 54 


111 34+22_ 25 
So total prob (Sum 4 or 6) - 3245 = ae 


Probability 6.105 


Aliter: For the given die it is (& + 2x" — 3x°) We are to 
find the coefficient when index is 4 or 6 
=> P (1+ 2r- arya (1+ We ae) 1 aa t 
Ox! 14x 12k 1 6x} 
Now observe that x* is possible as 
{1 x 4y— 1x 2a} — 6x? => Pfsum =4) = 
216 
Similarly xis possible as 


44 
M12 8112 12} dae’ => P(sum6) = 


50 25 
Hence total required probability = mie 08. 


24. (b) P(A) - PB) 2 PC) 


Since these are mutually exclusive and exhaustive events, 
2 aaa | 

= and P(C)= 
3 


So PBL C)— P(BY | P(C) ~ 35 
(b) Given (x) - np = 73 


P(A) = P(B) 


2 


Var(X) — 14/9 — pq = 4 = 


Sop W3andn 7 


ioe eee 
37 36729 


. (a) Three digit number divisible by 11 will belong to 


{10x 1, 1 x 11, 12x11, 90 x 11} — 81 numbers 
The number that is also divisible by 9 will be (18 x 11, 
27x 11, 36 x 11, ...., 90 x 11} — 9 numbers 

i.e., n(S)— 81 and ni - 9 => POS) — 19 


(d) Since 7 digits are choosen out of 9 so 2 digits are to be 
dropped from 1.2.3......9 (Total sum 45) 

The dropped digits must result in a sum of 9 (or its multiple) 
Which is possible only as (1,8), (2,7), (3,6) (4.5) 

(ie., 4 ways) = nfl) - 4 

Now two digits out of nine ean be dropped out in °C, ~ 36 
ways = n(S) 


4 
So required P(E) =—=— 
> Sorequired PCE)= = 


Aliter: Afler withdrawing two digits remaining 7 can be 
arranged in 7! Ways. 

Required number of ways = 4 x 7! 

But total number of ways *P, 
4x72! 4x21 


P(E)= 7 
rr re a 
A\ P(AnB _P(ARB: 
28. (a) (4) oF) _1-PG5B) 
B POB) PCB) 


_1-P(AUB)_P@)-P(ANB) | 1-»(4} 


PB) PB) 7 B 


6.106 


30. (©) 


Algebra Il 


29. (b) Let us deal with functions with domain {1, 2, 3, ....m} 


and co-domain = {1,2.3, ....0} 
Total number of functions n™ 


Persons Floors 
1 1 
2 2 
3 x 
m n 


~ the number of ways all the m passengers can align n(S) 
Now the number of one-one functions~ *P,, 
— No two passengers align al the same floor = n(/2) 


ence required probability P(E) =— 

Cardinal number of Pon 

1. Lela,e P (1 2/2) we have the following choices (1) 
aA and a,eB 

2 acd and ag 

3. a,¢ Aanda<B (4)a, €A and a¢B 

Out of these only (#1) ie., aeA and a€B is the case 

where ae A” B 

So n(S) — 4" and n(#:) — mamber of ways in which exactly 

one element of P wil belong to AA B= "C\()" 


=> PE) 


31. (a) Out of 100 tickets numbered 1 to 100, Two tickets are 


chosen at random. Largest number appearing on these two 
tickets 10 = Number of ways "C),~ 45 ways 
Let A be the event of drawing two tickets, 


=> nlAy-"C, > 


Let B be the event that minimum of these tickets is 5 


2 Pasa 
PBOA 51 
Hence M(B/Ay= BOD _ G3 ot 
P(AY Cc, 459 


32. (b) 4 balls are drawn (without replacement) from a bag 


containing 6 red and 3 white balls of alternative colours can 
be drawn as RWRW or WRWR 


Total probability = 


33. (b) Here P(A), PCB). P(C) € [0,1] 


However if probability of any one of A, 13 or C is 1, then 
probability of other two events must be simultancously zero. 
l+4p 1 

4 


which is impossible as =0= p= a 
=> PB), PC) #0 
=> P(A), P(B). P(C) € [0,1). Further A, B and C are mutu- 


ally exclusive cvents 


36. 


37. 


39. 


40. 


= 0<P(A)-PB)-PC)<1 


—p .\-2p 


= oltre ley 
4 4 4 
= 0<3 ps4>peG,lJ 
Rother Geet hey 1°? eel Py 
4 4 4 


Y 


@) For three mutually exclusive and exhaustive events 
4-Gp+248p+ltp_ 
2 = 


1,7-3p 6givesp -1%6 


(a) An unbiased die is tossed four times. Minimum face 


value obtaincd 2 and Maximum face value obtained 5 
n{S) — (6)' and, n(#2) — (4y* 
4 4 

= no-()-6)-4 

6 3 81 
(b) Cardinal number of set 4 =n 
Leta,e ACL <i <n) 
Vor a, we have the following 4 possibilities 
1, aePanda eQ 2 ae Pandag Q 
3. ag PandaeQ 4. a,¢Panda,¢Q 
Now PQ = dis 
Possible except when a,¢P and a,eQ 


Henee the required probability P(e) = z (3) 
(c) + For cvery clement three are four choices A ry BY, 
ASO B.A AB (AU BY out of which only two are favor 


able A. Bt and AS 4B 
Required probability (Z) = 


. (a) P(AU BY ~ P(A) + P(B) <1 


=> P(A)<1-P(B)=P(B). So P(A) < PUB) 


(b) ‘Three fair dice are thrown, so n(S) — 216 
The eases where numbers are in AP. 


d= 1 => (1.2.3), (23.4), (3.4.5). (4.5.6) 
d= 2 => (1.3.5), (2.4,6) and their reversals 
ad 5 not possible 
=> nk)-6 2 
6x2 1 
Hence p(E)=——~ = — 
lence p(E) 316 "18 


—,_1 1 
{a) Given P(AGB) ==, PAB) =— 
6 4 


=z 1 
P(A)=— 
And P(A) a 


3 1/5 
So P(A) == and P(AUB)=1-> => 
So P(A)= 5 and PAUB)= 1-7 =7 


41. 


42. 


43. 


So from PA UB) ~ Pt)+ PB) ~ Put” BY 
1 

PeBys= 4b 
8) rad 


; (Now P(A) # PB) 


3 1 
Observe that PEALPB) === PAB) 


=> A and B are mutually independents but not equally 
likely 


(a) Since A,B,C are three mutually independent events 
=> PAT B)- PUA). PRY, P(A? C)- PAPC) 
PIB °C) — PCB). P(C) and P(A * B® C) - PEAY. 
PB). PC) 
S,-A and Bw C are independent the statements is true 
if we prove that P{B UC) A} — P(A) PB UC) 
Proof, P(AQ(BUCY}=PANBYU(ANO)} 
— PANB)+ PAC) - PAB) AAC} 
— PCA).P(BY + P(A) PEC) — P(A). PCB). P(CY 
— P(A){P(B) + P(C)- PIB) PCY} 
— PA(P(B) + P(C)- PBC) = PA). P(BOC) 
{ as PKANB)A(ANCY = PANBOC)} 
Hence S, is true 
Similarly we can prove that 
P(A” (BN C)~ PUA). PB). P@) ~ PA BC) 
So S, is also true 


(b) Let A be the event that the sum obtained is 15 when a 
die is thrown 3 times 

A, ~ first throw shows up 4 

A, ~ first throw shows 3 

A, — first throw shows 5 

A, — first throw shows 6 


ase 
no ral nar mor 


12 

4 6 216 
ee eT 
6216 6216 6216 6 216 

a2 Jest Al 


2414+3+4 10 5 
(d) Given that n,n, N and a, | n= 100, Let n,— x then 
n,~ 100 —» 
> me {1,23......98,99} 
And n, € {99.98,.97.......2.1} 
With respective matching n(S) ~ 99 
When produet is greater than 1600 then 100x 
1600 or a? — 100x + 1600 = 0 
=> ( 2)(x 8OV<0 > x E€ (20,80) 
m, € (21,22,23,... 78.79} and n,€ {79, 78, 79.... 22.21} 
59 


(E)— 59, Hence PC) =— 
=> WE)-3 lenee PC 39 


Fa 


44. 


45. 


46. 


47. 


48. 


49. 


Probability 6.107 


OEMS DS PA 0:8) > 1 aad Bea) 2/3 


z =$+h8)-4 gives Pa=s 


2 ot 
= ==-=P(ANB 
323° 7°40") 


Hence events are independent events 


Observe that P(A). P(B) = 


© PUA)-0.3 = pl) -0.7 
PB)-04 

PUN B)-05 PU) PUNB)-05 

So PUM B)- 0.2 

Further P(4 U B®) ~ P(B*) - P(A 1B) 

{Since (B°) and (A 1 B) are mutually exclusive or say 
disjoint cvents} 

So PUL UB) -08 

Also PBN (A U B®) ~ P(A” B)~ 0.2 


B) 02.1 
vo P 202 2d 
Hears (Ge) o8 4 


(b) ‘Iwo machines out of four can be selected in 6 
only two tests are needed then number of ways 
=> Required prob = 146 


(a) Urn contains 2 white and 2 black balls 
Let w, denotes white ball drawn in i draw, etc. 
POV W,B, or WBB, ot BW B, ot B, B, B,) 


- nao S2)p{ te} ora) 
wy) ly wt WB, 


et 
2:3 


Je 


VSs0q 4/5 


he 
23 


30 

(@) Probability that tcacher will give a test p 
Since the student has missed two classes 

». Probability (At least one test is missed) — 1 - P (no. test 

missed) 

4) 4 9 

= 1—P(No te: -1-f= Ze 

1 —P(No test was held) (3) 3735 


2 3 
POS Paar Ay=p 
P(exactly two bullets hit the target) 


— PUNY Z)+P(X¥F2)+PU ¥ 2) “+ 


Gives > 2a- pec ps 


6-6p42p4+3p= 


PU) = V2. 


6.108 


. (b) PA) ~ 0.2 > Pla’) ~ 0.8 and PB) — 0.5; Pt 


Algebra Il 


"By - 
PCB) PUA B) S$ PCB) 
Maximum value of Pid” B) — PB) - 0.5 


. (b) 12 balls can be put into three boxes in 3*2 ways so n(S) 


23h 
When 3 balls arc put in one box then the 3 balls can be 
selected in °C’, ways and the rest of 9 balls can be put into 
2 boxes in 2’ ways 

EC 2 
Hence PC!) = 2 


. (bd) Number of ways in which 2 end seats arc occupied by 


boys = "C2! 
Now boys can occupy seats only after an even number of 
girls 
ic, 23456789 10 11 12 13 14 15 
B B 
Already 1 and 15 are occupied by boys 
Hence after 1, a boy can occupy scat No 4, 6, 8, 10, 12, 14. 
2-7C,.5! 
Scats left to girls 3,5,7,9,11,13 
‘Total number of ways in which girls can sit = "P, 
SNBILB_ °C, 78! 
15!. 4! 1s! 


‘Total probability = 2: 


J. (b) PUA WA, = 1 PLAS) PCA) 


—1-{1-P))} (1-PE)} — 1-1+ Pd, + PAD - 
PAPO) 
=> P,VA,)~ PA) + Pid.) -PA,) PAY) 
Bul PU, AD- PU) PA) PA) 
=> PA,” A.) ~ P(A))P)) -. independent events 
12 people can be divided 


Pape Py opm ROR! isn ON cas C0 ca Oy COE 21 Oe 7a OF 
(i) (a) into six pairs in | 2% 92% © 2% Oa * Oa Op 


6! 
-99 105 
Number of ways to sclect six pairs of couples 1 
1 1 
(B)= = z 
99x105 10395 


Gi) (b) Vach pair contains a male and a female. Let each 
group contains a male, now six females can be distrib- 
uted among these six groups in 6! ways 

6! 720 _ 16 


99x13 99x105 231 


P(Required selections)— 


. (c) Let (a,b,c) forms the tripet of the outcomes of tossing 


three fair coins 
=> a(S) ~ 8 ic (HHH, HHT, HTH, THH, HTT. THT. 
TTILTTT} taken as ordered triplets. 

The roots will be imaginary when 8? - dac <0 

Further Head =1 and taif = 2 so from 4ac > 5%, the equal 
ity dac Bis achieved only when a Head, c ‘Head 
and b is tail which is ITI ease. In all other cases 4ac > 5 
will hold, 

> PE)-78 


57. 


58. 


a 
2 


60. 


61. 


62. 


(©) Incase of fair dic PU) ~ 146 where I € {1,2,3, 4, 5, 6}. 
When the die is biased P(1) — P(2) - PG) - PC) 
eae 2 
PS)=> and PG) => 
Construction of the biased dic: 
Now the biased die will be 7 faced having marked 6 on two 
faces 


Number of points 42 


(b) Out of ten teams two groups (A and B) of 5 teams cach 
can be formed in "C, ways 

Now all the four first class teams go into one group (in two 
ways all 4 in group A or in group 8) then the 5“ team can be 
selected in *C’, ways 


The required probability 2% Gs BROS SM 
1098.76 21 
(b) Given P(AM) ~ PEBIA) 
PUAAB)_PAMB) 
P(B) P(A) 
Since A and B are non-mutually exclusive 
PA” By40 = P(A)- PB) 


(©) Urn contains : Number of coins with (double) head-on 
both the sides = # 


Number of fair coins +1 
5 4" pet 1) _ Gn+)) 37 
Peas) — Fy) tala} 2@ne 50 
=> 1507-30-74 (2n+ 1,802" 24 

Gives n = 12. 


(a) ‘There are n keys out of which only one is proper 
Let the #* attempt (trial) opens the lock (success), then the 
required probability 

eed 1 J+ 


_n-1 n-2 n-3 
(n-k+2)\n-k41) 4 


Pp 


n n-1n-2 
(b) Let A be the event that the person suffered a heart 
attack 
A, : Ile followed mediation and yoga 
A,: He followed medicine 


PUA)P 


P(A fA) = ——__. 4 
e ayp[ 4 | pcaye| 4 
PADD eRe 
1_ 40 * 
x xd 
S 2100 100 
1. 40 ( a 1 40 ( al 
x xd Je xf 1 
2-100 100} 2° 100 100 
WL 
100 /\2 Jo 14 


cae 70+75 29 
100 )\2) "(100 }l2 


63. 


64, 


65. 


66. 


67. 


68. 


69. 


(©) Let E be the event that the statement is true 
ds, A says the truth 
E, : B says the truth 
Since these are independent witnesses 
POB,O,) — PUL).PUED and PU, 
The required probability 
of K ) f P(E). P(E.) 
EOE) PEPE) FP (EL P( 
paren Ae 
ay HO -x)0- 9) 
(a) For any family number of possible ways of having chil- 
dren = (2)* — 16, out of which one is favourable when both 
the children are girls. 
*. Probability of such a family = 1/16 
Probable number of such families out of 


10,000 - 19,000 = 625 
16 


= PUL). PUY) 


—x- pty 


(a) Two months out of 12 months can be selected 
in #C,~ 66 ways 

Now birthdays of six different people falling in exactly two 
months is the number of onto function which is possible in 
(2%-2) ways 

_ HU) _ 66x62 _ 11x31 _ 341 

nS) 12° 2 125 


=> PE 


(c) Let the numbers be x, y. 
Given the sum of two positive real numbers 
Maximum product = a? 


axty 2a. 


tes 
Permissible produet € [F-] 


3 
> x ne[S2] ; ‘The required probability 
(d) n numbers can be arranged in n! ways 
When (1, 2, 3. 
kt Toon 


ik) appear as a specific system (1,2,3....), 


Gl 
n! 
(©) Given pW) — 1/2 and p(B) - 1/2. Now 4* white ball 
appears on the 7" draw. 
=> Three (3) white balls appear in the first 6 draws in C, 
ways 


ee (ly _ 654 5 
=> Required probability“ s 6 FS 


(d) n letters can be put into addressed envelopes in n! ways 
Probability that at least one letter is not in the right envelope 
-1 P fall 
1 
agai 


nM 


his is possible in (11 &) ways = 


eters in the right envelopes) 


70. 


n 


72. 


73. 


Probability 6.109 
Important note: 


Actually (practically) it will be never one letter but it will 
be af least two letters. 


(b) A die is rolled three time => n(S) — 216. Let the middle 
number be k (of 2” throw), then the lower numbers will 


be 1,2, 3...k 1 and the higher numbers will be & 1, 
KZ pisciy 
So 
G) & =2 = small # is 1 and larger number will be 3, 4, 5, 
6 => 4 cases 


(ii) & = 3 = small # is 1,2 and larger is 4,5,6 > 6 cases 
(iii) 4 => small # is 1,2,3 and larger is 5 
(iv) & = 5 = small # is 1.2.3.4 and larger is 6 = 4 cases 
Total favourable cases n(E) ~ 20 
my eee 
PUD =o 16" 34 
y,& 


Let the sides be x 


6 => 6 cases 


(ly) 


Sinee the triangle will be formed when sum of two sides is 
larger than the third 
é—x>xandxty > 


-@-y) 


ic. €-y 


=> o<ycLoexet and deartyect 
2 2 2 

POR 1 

WOAB 4 

(as OO = 1/2 OB) 


Hence required probability 


(©) ‘There are five ways to approach point © from road AB 
and there are two straight roads ©’, and OD, from O to the 
road A,B, 

= Ws)~5x2-10 

Only two roads Viz. De, and LD, are straight => (i) — 2 


2 
Ilence P(E)=— = 0.2 
10 


(b) Since coins are identical so m coins (1 Rupee each) and 
n coins of 10 paisc cach ean be placed in a line in 


(mtn)! 
min! 


nfS) = ways 


‘When two extreme positions are occupied by 10 paise coins, 
(m+n—2)! 

min — 2)! 
(+n —2)'m'n! 
min — 2)! +A)! 


then a(t} = 


n(a—V) 


PU)= 
rary (m+ay(mta—N 


6.110 Algebra Il 


74. (d) Let E, ~ event that unequal numbers appear. then 
favourable cases = {(1, 3), 3, 1D} 
£2 ~ event that equal numbers appear, then favourable cases 
are {1,1}, then 1,1} 
E event that sum is 4. 


P(E) -nepe(Z| +reye(E) 


302621, to SOT Pal 
~ Sx Stix sxs - 2x4 et 

36 30 36 6 36 6 15 1296 18 1296 
_ R4l_ B 

1296 1296 


75. (b) Given x, y, € (1, 2,3, 4} observe that sin }(sinx) — x 
whenx 1, and sin“' (sinx)~x—xwhenx 2,3,4 

Vurther cos? (cosy) — y when y = 1,2,3 and 

cos (cosy) 2n-yfory 4 

Hence sin? (sinx) cos (cosy) will be an integer when 


x Landy 12,3 
=> n()—3 and n(S)— 16; So P(E) = 3 


SECTION IV (MORETHEN ONE CORRECT) 


1. (a,b,c) PAA B)- PU) PB) P(A) < PCA) P(B) 
Since P(A VB) $1 => P(A OB) 2 P(A) - P@)-1 
Option (c) being inelution exclution principle is also truc. 


Rn 


(a, b) An unbiased dic is tossed four times so n(S) — 6" 


When minimum face value is 2, then n(!)—5* 48 
sta" 
= PE)= 


Similarly when maximum face value is 5 then 
mE,) ~ 54-44 
Boa 

— 
3. (a,c) Pid AB) ~ Pd) + P(B) -2P(A AB) 

Alternatively P(A A B)- PAB) | PIB AAD 

So (b) and (d) option are true 

=> options which do not represent P(A A B) arc (a) and (¢) 


=> PUR)= 


4. (a, v, d) Probability of occurrence of at the most one event 
=1 PUnB) 
- P(A NB) - PU’) — Pid’ 0B’) using P(t’) ~ 1 - P(A) 
and P(A 9B) PUA) | PCB) PU BY 
We get P(at the most event) — 1 - [{1 - pla} + 
(1 PB) P(AUB) 
~ P(A’) + PB) - P(A B)-1- Pia) PB) PAB) 


5. (a,¢,d) Pid vB) < min (P(A), PB)} is truc as AM BS 
A, B= PU OB) < PA), PB) 
P(A 7 B) = max {0, PB) + P(A} is false as AWB CB 
= PU AB) < PB) > PU OB) 5 PB), PO) 
PUA AB) SP (AU B)is true as (AM B) (AU BY 
P(A.4B) = max (0, P(A) + PB) -1} is true as PU 0 BY ~ 
PUA) | PB) PUB) = PA) | PB) 1 


6. (ab, 6, d) Given P(C)- 0 
= PARC)-0- PKC) 
Similarly PB UL C) — PB) + PO) - PBC) 
= PB) 10 P(B)P(C) - P(BY 
And also P(A UC) ~ P(A) — PC) (as P(C) ~ 0) 
Further Pd U BU C)~ PA UB) - P(A) + PB) - 


PAB) 
A) P(ANB 
Tee) »(4)- ran ; 
_ P+ P(BY-PAGB) , P(A) + P(BY-1 
P(BY ~  P(BY 


fasP(AUB)<1} 
Now P(AMB) - P(A) P(B)- PAY PLA BY 
Similarly P(4 UB) ~ P(A) — PB) - P (AB) 
If A and B are independent events, then 
PA 0 B)~ P(A). PB) 
SoPUUB)-1 {1 PAY PB) PCADP(BY} 
—1 {1 PAY} £1 PB} - 1 PCAYPCB) 
IPA and B are disjoint, then P(A WB) - 0 
=> PAYB)- PA) + PB)-PA NB) 
~ P(A) + PB) — 2 -[1— Pd) + 1- PB) 
= 2- (PCA) + PB) #1 - PAD.PCBY 
otherwise P(1).P(B) — 0 which is not true. 
So (a) and (c) option hold good 
8. (b,c, d) Eand F are independent events with 0 = P(E) = 1 
and 0 < PR) <1 
=> PU). PU) = PUA) 20 


Hence these cannot be exclusive . E and Fs E* and 


F« are independent similarly (=) +P x 
F F 
_PENF) PE OF) _ PE)PP) 4 PEPE) 


PUY PU) PRY PUR) 
=P(E)+P(E‘)=1 


2) P(AMB) 
= when P(A) #0 


9% (a, b,c) (3 Ps 


When two dice are throw the number of ways to get a total 
ofr are (1. r- 1), 2. 1-2), Br — Byuedt — 1, 1) which 
are(r 1) when 2<r<7 and the number of ways to get 8 < 
1 12is (13-7) 


10. (b,c, d) When three dice are rolled, then (the number of 
ways) lo gel a sum of 3 <r < 18 is given by coefficient of x" 
in (2 — 32° — 3x! — 22) {1 — 3x + 6x? - 1025 + 5x4 + 218 
28x41} 
Whenr 9, then cocfficien# 25 (as 28 — 3) (true) 
When r = 12, then coefficient = 55 30 - 25 (true) 
When r = 10, then coefficient = 36 9 — 27 (true) 
When r 45 — 18 ~ 27 (true) 
where r = 13, then cvellicient = 66 45-21 


11, then eoefficicn 


11. 


eted we get 28 (I'lase) 


(19 -r) (20 -r} 
2 
(B, 6) PU VB) - 2/15 and PU 9 BY) - 16 
=> P(B)- P(A B)~ 2/15 and P(A) -— PA AB) ~ 16 
2 PUY P(BY- 1/30 
Since A and B are independent events 
So P(A) PCB) - PUL BY 
Gives P(B) - P(B){P@) + 1/30} ~ 215 


putting r = 9 in 


Puttingr 13 in we get 21 (truc) 


> 30{P(B)}2- 29P(B)-— 4-0 so P(B)= 


wl 
aH 


SECTION V (ASSERTION AND REASON TYPE) 


R: The statement is truc as compound event is proceduced 
by the simple events 

A: The statement is truc because simple events constitute 
the compound event. Since simple events belong to the 


sample space so a compound event is also a sub-sct of 


sample space and it follows from R. Ans (a) option 


R: ‘The statement is true from definition 
The statement is true from definition of R and it follows 
from R. Ans (a) option 


R: Reason is true as the occurrence of one precludes the 
occurrence of the other for mutually exclusive events. 
A: When events are mutually exclusive then occur- 


rence of one will depend upon the non-oceurrence of 


other. So they are strongly dependent and it follows 
from R => Ans (a) 


Ed 


: Statement is true by definition 

A: ‘The statement is not true as war probability between 
‘two neighboring countries is dependent upon happening 
of some particular events Ans (d) option 


R: ‘The statement is true as P(E) + P(E) =1. Also number 
of one-one functions from A to B where n(A) — m and 


7” 


n(B) ~ novhen n = m) is "P,, => Plone — one )~ 


A: The statement follows from Ras 1 P (one one) gives 


P (not one — one) i.c., P (one = one) which is the 


probability of many one function. Ans (a) option 


R: ‘The given statements is true 
A: The statement is truc on its own but it no where follows 
form R. Ans (b) option 


R: The statement is true by De morgan’s law that 
P(A AB) -1-P(A UB) 


A: The statement is true ie. if odds against an event is 2°3, 


. ae sag a 
then its probability of occurrence is — but it in no way 
3 


follows from R. 


il. 


12. 


= 


R: 


: The statement is truc. For n 


Probability 6.111 


: The statement is false as Pid 9 B) ~ PCB) P(AvB) ~ 


P(A). P(B). only if A and B are independent. 


: The statement is true 


P(A)- 0.7, P(B)=0.6 

Now PUAN B)= P(A) - P(ANB)=0.5 
PA NB)-0.2 

Hence P(AUB)= P(A) + P(B)- P(AB) 
— 0.7 + 0.6 — (PUA) - PU A BY} 


-07106 05-08 
Now (5) Shab) 20 

AUB) P(AUB) 08 4 
Ans (c) option. 


: ‘The statement is true since S, - @ | ar + ar? + ar? + 


PE,) (Z 
E 


¥ P(E) o = 
E 


ee eer eiiand (fh = 
i-r 


(By Baye's theorem) 


2 ‘The statement is true as Pf getting | on even throw) 
31 


5551 
Sot 
6666 


55555 


666666 


so the statement follows from R => Ans (a) option 


The statement is true Since by definition 
= A\_P(ANB) 

P(E) =1-P(E) pi|=)|=————* 

(E) (E) and (2) PCB) 


The statement is true, sinee 

(2) -»( 2) _PENF)+PENF) _ PP) 
ir K PUY PUR 

and it follows from R = Ans (a) option 


: The statement is true since by the definition of indepen- 


dent events PU B) — P(A).PEB) and form exel 
events P(A U B) ~ P(A) + PB) 


ive 


: Statement is true. ‘Two dice are thrown simultaneously 


we can get multiple of 2 on 1* dic and multiple of 3 on 


i. 1 
the other with probability a5 x 3) == 


The statement is truc on the basis of reasons. 
= Ans (b) option 

‘The statement is true as we can prove the statement by 
following the complete solution 

3 we go the required 


3 
probability §—~— So the statement follows 


4-135 
from R = Ans (a) option 
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13. R: The statement is false we know that if there is zero at 
unit place, then the number is divisible by 5 as well as 
10. 
A: ‘The statement is true. Consider the square of unit place 
@—0, 12— 1, 2? 4; 3?— 9; 4? “16; 5? — 28; 6? - 36, 
T.- 49, 8-64; 92-81 
We can combine 0 — 0; 0 + 5:1-4;0r1-9.6+4, 
9 6 which are given by the square of 
@ {0,0) for 0-09} 
(ii) ©,3) for (0 + 5) 
Gil) 41,2), (1.8), (9,2), 9,8} for (11 4) 
(iv) {,3), 1,1), (9.3), (9.7)} for (1 + 9) 
(¥) {2.4), (2.6), (8,4), (8.6)} for (G | 4) 
(vi) {G,4), B,6), (7.4), (7.6)} for (9 + 6) 
2x18 
10x10 


SECTION IV: (LINKED COMPRESENSION TYPE) 


9 i 
= 55 Ans (©) option 


=> Required prob. ~ 


Passage (a) 
1. (a) Given Nand n?—50n 100>0 
50/2100 _ 5045 
Roots are Rage S0EMS.S 9 1479 


Sincen e N= ne {1,2} u {48, 49,......100} 


33 
$0 P(E)="> 
So P(E) 100 


2. (b) Pon) {If = 5} — 2/35 


3. (d) E,~ getting a prime number loss than 37 {here only 2 is 
belonging to the solutions} 
P(E) ~ 35 


Passage B: 


4. (a) Given n = 10k r where k © N and r © W (Whole 
number set) also <r <9 
The number ‘a’ is chosen at random from the set {1,2.3. 
n} observe that a? — 1 is divisible by 10 when the unit place 
of “w is occupied by 1 or 9 
(so that 0 is obtained at unit place in a? -1) 


2k 
where r 0 thon p, = — 
n 


5. (b) Ifr 9 then we get (count of favorable) numbers 2k +2 
ae 2k +1) 
” 
6. (c) Ifr 8 then favorable number areE 2k —1 
2k +1 
SRS 
n 


7. © limp, =2£ 1 
: Oe Tok 5 


8 (a) Here a? 1 is divisible by 10 so a? must have 9 af unit 


1 
place =a 3,7. Hence limg, == 


cae 5 


Passage C 


9. 


10. 


(©) 2 —¥ will be divisible by 2 when »? and are either 
both even or both odd 


Observe that out of n natural number {1,23,...1} [| a8 


even and n-[2| are odd 


al i (:] re 
ne 
= P,Q? -¥ divisible by 2)= | ‘| 2 
n n 


(@) Lot E be the event that 3 divides (3? — y*) 
=> n{E) ~ ne 3k and y 3k + 1 or 3k + 2) + 
n(x =3k lor3k 2and y = 34) 


“eB 


(b) AS worked isabove two question 


Ui 


Hn Hn 


and P,=1-2 


a S51 
2then P, =1-242=5— 


8 
When n stat y amp, las [$]-° 


n 


So P,P, similarly when» 3 then [3| s [5] 


then P, ~ P, and For > 3. p, » P, 


3 


Passage (D) 


12. (©) Since games are to be played in the order AIBC so there 


are two possibilities of my winning 
() I win against A and B = Probability = ab (then the 
game is over) 


(ii) Tose against A but win against B and C 
=> Probabilily = (1 aybe 


So Total Probability ab + (1 -a) be 


13. (d) According to the givon:1* game will be with A 
Casei: IJ win then the second game can be selected with 
BorC So probability ab + ac 
Case ii: If I lose then I must win B and C {in that order) 
or C and [3 
So probability (1-a) be +(1-a)eb 
Hence total probability = ah 2be | ae 2abe 

14. (b) P(Anand N-ab ace (1 a)be | (1 adeh = ab | 2be 
—2abe — ac 
P(Anand II) - ba ca (1_ bya | (1 cab = 2ab 12a 
—2abe 
P(Anand III) — be | ch (1 byea (1 e)ba = ab | ca | 
2be — 2abe 
=> P(Anand 1) - PAnand II)- ab ca 26 abe and 
P(Anand II) ~ 2ab — 2ca — 2abe 
Nowa c,a2b=>a-c>0,a-b>0 
=> Wa e)>0,cla by>O=>ba be ca ch>0 
=> ba + ca» 2be = 2ab — 2a» ab + ac — 2be 
=> P(Anand I) > P(nand 1), P(Anand III) 
Passage E: 
P(B rides A) — ea 
3 
. 1 
PC tides A) = 


Tt is given that when B rides A, probability of wining of all 
the horses are equally likely 


FE\_1 

=> Pl—|=— sei) 
(E 6 

Also probability of winning of A when C rides A is given 


tobe 
ie, P 1 Gi) 
ie, =. ii 
3 
Further P(2') = P( 2, (2) +P(E)LP 
4 
ety ll? iy 
3 Sy ayes a Gil 
d 3.39 
: £).21,1 
Now P(d,) — P&, 9 BE) ~ e(eye(Z)-2eh=2 
ivy 
PEA) — PUL BE) P(R,) ol -&) 


15. 
16. 
17. 
18. 
19. 
20. 


Probability 6.113 


P(e) 
‘The odds against the wining ofA = =" = — 


P(E) 


(b) Grom (i) 
(a) (from (ii) 
(@) (from (iv) 
(b) (from (¥)) 
(@) (from Giii)) 
(b) (from (vi)) 


Passage F: 


21. 


22. 


23. 


(©) Let ay, a,,4,, .....8, ben people of the town 
Itstage °C.“ stage MCC, 
When a, does not receive a letter, there are two possibilities 
(1) if the chain started with a, 
= MCMC, 
Q)if'it did not start with a, = * 
Platter 2 stages) a, does not receives a le 
ida race, Primes CPs OP OP [=] 


"CC Cre, 


aC, 


n-1 


(©) Basically, the numerator of the above fraction will 
continue increasing to ICT. CC, ...... m stages 


hence, the probability that a, will not receive the afer 
37" 
a ee 
m stages. | ———=- =| —— 
‘atl n-1 
a-l 


(d) p, does not receive a lettcr at m™ stage as done is Q.21 
‘The numerator has to be multiplied by itself m times 


ie 


p= 


Passage G: 


24. 


25. 


(a) chances that the door is opened on 1% attempe 1/10 


(©) Chances the door is opened on 6* attempt 


27. 


des ligd i te ed 

erie ee gs EE 
10 10 10 10 10 2 

(@) Probability that the door is opened upto 10% attempt 
1 


10 
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28. (b) Probability that atleast three (3) attempts are needed 


Passage H: 

29. (c) Mig(21) (150) = P(MS) - 3/5, POMC) = 1/2 
Jaguar (50) => pS) ~ 1/5, PIC) 
Sukhoi (50) = P(SS) ~1/5, P(SC) — 146 
see of safe landing 

3 1,2,1.5 

=“ 


9+4+5_ 


5 6 30 


33 


Shes 


= 
‘dn: coy P(e pases sukhoi plancerashed | 


crash can 


lat — 


re = 
d x # * x 
$96 5°35 2 
31. (¢) Ultimate crash probability = P(m) 


P(uj) — P(us) 


- Say T= 
Jet 1 )45 (=I 


1 {: 
=o+ 
516 
Passage I: 
32. (b) The probability the first k (k < ) children are of same 
gender = pkg’ | p"* qt 
33. (c) Out of total n children first ‘s’ are boys and in all there 
are k (s = Kk Sn) boys. 
=> Oulof(n 5) children there has to be ks boys 
Hence required probability pC, pts qr C_ pk gr & 
(c) Probability that the first ‘s’ children are boys and there 
are al least k boys in all then required probability 


7 as 
=PIE"C, er oe] =P ag 
a 


ro 


34. 


Passage J: 


35. (a) Let AB be the fixed side. When distance is less 
than x then ABI’ is the favorable area => Required 


1. 
prob = ras x 


<x 


36. (c) When distance form the nearest side does not exceed x, 
then the favorable area=1 (1 2x? -4y dv? 4x(1 x) 
=> Required probability 4x (1 — x1 ~4x(1 —3) 


A D 


B c 


37. (ac) Casei: when 0 <x < 1/2 


then, the favourable area = xx" 


1 1 
Case ii: When —<.x<—<then 
20° V2 


Favourable region = shaded 


[a1 vax? 
va 2 
= tne = 2 Ge 


=> O=tan' 4x? -1 


Shaded area~ xa? — 4 (arca of segment QLTM) 


a _,| 2tan! Jax? -1 
4) NE a! 


2a 
— xx? —4y tan! Jax? -14-Jax? 1 = 
Required Probability 
~ gx + Vx? -1- 49? tan V4x?-1(-- total area 1) 


Now QL= 


ax 


38. (ac) Casei: when @ <x <1, then the favorable area is as 


ax” x 
shown below = rs = Probability = a forOQ=zx=l 


B c 
Case ii: 1 <x = ¥2, the favorable area is an shown below 


A 41 D 


J 


Thus the total favorable area is 
ABIKDA — area of AAKD + area of AAIB — area of sector 
ASK Gi) 


Here @ = tan” Vx? -1 
> $=5-20=5—21an "Ve Hl 


Area of sector 


Aik =f gxt at 
Qn 2 


from (i) favorable area 


as tan ‘vx? Teive I 


F—2tan "Vx? =i) 


2 


= as tan ' yx? -1+yx?-1 


= PU) as nS) — 1 
Passage KK: 


39. (c) If player gets one (1) on the first throw then he will 


throw the die again so total score > 1 => P, = 0 


1 
40. (a) P= (as he can get 2 on the throw) 


41. (b) Observe that when r > 3 then il can be oblained as r on 

first throw, or 1 on first throw and (r — 1) = 1 on 2" throw; 

or 1 on first and 2" throw and (r 2) > 1 on the third throw 
and so on. 

PG) = PGorl.2)= 


=> PQ)= 
6 


a 
6 
1.1 


1 
P(4) = P(4orl,3orl12) = ++ 
(4) = P(4orl,3or: ee tert ae 


42. 
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Te A 
ie, P.=s+H. for 3 <1<6 
6 & 


i We 
= P for2<1<6is given by n=if-(2) | 


1.1.1.1 of 1,1,1,1,1,2) 


DBE gM 

6 6 6 6 6° 

Pe 8) ~ PULA, 6 of 111,35 of 11 11,4 of 1,1,1,1,1,3 
itn 4 


1 
1,1,1,1,1,1.2) -— j++ tata 
epee tee 


1 1 1 


i) 
— PUSr)= = 
ve or er or 


oO 


cae Omce 


. (a) Sum of the series })P 
nm 


-f-8 0-6 


) ae earns Ur s} 
-srtat+ataticfe=l 
5l6 ¢& & 6 6 


Passage L: 


44. 


VF: A — B where Set A = {x, 
and sctB ty, .¥,-¥, 593 
Now total number of functions = 44 — 256 

Number of one one (and onto) functions = 4! — 24 


x) 


(b) Since cardinal numbers of set A and set 1 are equal 
so number of onto functions and one-one functions is 
the same 


24 
one -one function) - <== 
ne ‘ »” 356 "32 


P(nany onc functions) — 1-— = 
(@) Pémany one funetions) ~ 1- =< 


3 
(b) P(on to function) = 
(@) Since into function will be many one 


9 


29 
into function) — => 
=> Pu jon) 32 
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SECTION VII: (MATRIX MATCH TYPE) 


L Wb) GD > (a), Gil) > @): Gv) > 
i) ‘Three numbers a,b,c can be drawn out of 100 natural 
numbers in 'C!, ways 
When a,b,c are in AP then 26 =a = c so either a and ¢ 
are both even or both are odd 
=> Vi (number of favourable ways to select) 
C= PC, 50 x 49 
So the required probability 
_ 50x49 50x49x6 
WC 1100x9998 66 


(ii) Taking the common ratior 2,34, .....,10 
‘The number of favourable ways = 53 
As (1,10,100), (1,9,81); (1,8,64), (1,7,49) (2,14, 98)... 


100 
(using) number of ways pa 


eh) 


-1 1 1121214 6 11 25-53 


- ‘ 53x6 53 
The required probability To0x09 x08 = 161700 


(i) 442 nop. sabe arin. 
abe 


(iv) (@ — b — ) is divisible by 2 means a — 6 + ¢ is even 
which is possible as 
(A) all a,b,c are even (B) Two odd and one even 


50x49x48 | 50x50x49x3 
_ CLERC RC, + 
OC, 100 x99 x98 
6 
_ 50x49 x48 +50x50x49x3 _ 50x 49{48 +150} 
100x99 x98 1009998, 
_ 198 1 
99x42 


2 (>) GG). (i>) i> 

4) Total number of balls 12 balls 
Possible combination: 
White. 0 1 2 12 
Black: 12 11 10... 
Four balls are drawn at random without replacement. 
Let E,denote the event that the bag contains black balls 
and (12 #) white balls (where (7 = 0. 12. 12). 
Let A denote the cyent that the four draw balls 
are black 


1 
PES as there are 13 possible situations 


=0 (fori 0,1,2,3) 


sis12 


So total probability 
11 


P(A)= 
errs 


{tet C, +O, +..4C,} 


13.12.11.10.9 (4!) 1 


13.12.11.10.9 (5!) 7 


(i) Bag contains 10 black and 2 white balls then required 
’C, _10.9.8.7 (4!) _i4 


BC, 121.109) 33 


(iii) When all four balls are black then the probability of bag 
contains 10 black balls. 
Leann 
moa CHC, Cy tot PC} 
_ "C,_ 1098.7 (Ss!) _ 70 


SC, 1312110949 429 


(iv) 2 balls are black & 2 are white probability 
1 
-13 


probability 


POMC HEREC, HC, IC, Hat MCC} 


_ 2{5x9 43x36 +6x28 +10 x21} +225 


3 ERI 
24 


_ 1287x244 
13x12x11x10x9 5 


. > ©), Gi) >a): fil) > (b) 


A natural number can end in 0,1,2,...,9 (i€ 
unit place containing this number) 
= n{S) - 10" 
(i) In the product if we want the last digit to be from 
1,3,7,9 then only these numbers must be used 


=> E aand re)-(=) 


Gi) If we use any even number (other than zero) at least 


onee in addition to 1,3,7,9 we will gel an even product 
(ot cnding in zero or 3) > E 8"— 4" 
g7-4" 
=> PU)= 
tH) Ta 


(iii) The last digit will end in 5 if 5 is used af least once and 
only 1,3,7,9 are used BE 5"—4" 
ah 


4 


1. 


irc b:itiodiv>a 


(i Five digit number can be formed so as to give a product 
of 20as2x2%5x1xlordxSx1x1x1 
5 


=> Number of ways = =20+30=50ways 


(ii) When at least two plays are in the proper place we have 
the following possibilities 
(a) all plays in the correct posi tien = 1 way 
(v) 3 plays in their proper position & 2 plays not prop- 
erly placed = °C,(1) — 10 ways 
(c) 2 plays properly placed and 3 plays not at their 
place = °C,(2) - 20 ways 
=> Foratleast two in proper place 20-10+1-31 ways 
(iii) 1000 satisfies the requirement single digit numbers do 
nol satisfy the requirement 
Now consider two digit number (ic. 10 to 99) 
Number of favorable possibilities = 9 
(as 11, 22, 33,....,.99) 
Consider 3 digit number (i.¢ 100 to 999) 


Number of favorable possibilities 9 x 10+ 9 x 10 - 
9-171 
Total = 171 1911-181 

iv) = ty 

Ww) 75 Dae 
- auy 112 2.29103123133)1...109 
F29=3.95 n.05 +99) 


[wt T,= ofaerd} 


a4 1? en? = {91x25 415%19} 


135 19 ay 
2 2 


SECTION VIII: (INTEGER TYPE) 


Six dice are thrown simultaneously, P (all dice show 
63432 5 3 _p 


66.666 9x36 324 q 


6 
different faces) ~ 


=> p 4q=329 


. P(A) — 0.2, PCB) — 0.3 s0 P(A 4 B) — 0.06 


we know PU UB) ~ PA) + PB) - PUA AB) — 0.44 — O.ab 
Soa=h=4>a" f-32 


. PAB) ~ 1/4 and (A? AB’) — 5 = PUL U BY = 1/5 so 
PA B)=4/5 
=> PAU B)- PU)! PB) P(A B) 
Gives 2p = 241271 tence 40p = 20 Qp)- 21 
54 20 


. Probability of getting 3" six on 8" throw 


~ pCp d= al 


10. 


11. 


. Let A, be the e 


Probability 6.117 


Givesn 7.7 2p 3 
soniplr=14 
Let the two number be ab since @ | 6 = even -. either both 


are odd (then product will be edd) or both are even (here the 
product will be even) 
1 
Pas ence p 
q 2 
Given P(A) ~ 0.5; PA 4B) < 03 
Since both are independent events 


So P(A AB) - P(A) PB) $0.3 = P(BYS 


q= 


wr 


Henee maximum P(B) ~ 0.6 


ent the white ball is drawn 
and A : The ball is fom um A 2B: ‘The ball is from urn 1B: 


4 
A 27 40 p 
[a ee 
A 1 4 13 61 q 


. Given x and y are independent and POY mn Y9 ~ 1/3 


=> PANY - PAPO) — 16 > PX ¥) - 2/3 
PAX ¥)~ P(A) — PO) — PAPE) = 2/3 


1 “ 1 PO) PY) 
PY) PO) POPU POOPO) 
a-pye2*O i aes 

3x1 


. Two tickets are chosen at random and the number is not 


more than 10 


=> Number of ways "C, 


Probability that the minimum number then is 5 will be 
4 
Cy 


| Gee 
IP pay 
q 


3 


‘Three fair special dice are numbered in integers from 3 to 
2=n(S)- 6 
Number of ways to get (3) is to find the coefficient of x in 


(ettxttx lax t et ep 


. : : x*a- xy 
i.e., the coeflicient of x in ~*~) 
a-#) 
— Coofficient of vin {9° = 3x? — 3x8 + 3x*— 3°} {14 Be + 
6e 128x* 1 91x21 }-3 3x28 91-10 
“7 . #. 
=> Required probability = 2 =2 
see ? 108g 


33 
Hence 2 =21 
P 


‘Two number with replacement (from 1 to 6) can be chosen 
in 6 x 6 ~ 36 ways 


rap eyle rn 
Now un 2") =6 gives (Jo°5")  =6 
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Now a? < 36 is as given below 
Hence Vab =6 so ab = 36 
ence Vab = 6 30 ab = 36 When a = 1 then b= 1106 


Which is possible only whena 6.5 6 Whena 2thenS 2106 


P When a = 3 then b = 3 106 
q When a = 4 then b =6 
So n(E) ~ 16 and 1S) ~ 36 


16 4 
qa Gives probability = 367 2s fa-Jp=1 
gq 


1 
=> Probability = —= 
36 


Since ge d(p.q)—4 - 


9 
z —.[p =12-2=10 

Hence Yq - yp =12-2=10 ss Jeedpet 

(When gcd =1 the yg - Vp =6-1= 


Gi) When there is no critical point then f(x) » 0 
Which required D < 0 (Now a = 3, b = 3 case is 


12 @fKy- a brie . 4 
dropped) So n(Z) ~ 15 and n($) ~ 36 


The function will be increasing when f(x) — 32+ 
Jax | b> 0, = Probability 
which requires D 4a? - 125 <0 


5 
12 


p 
="Heneeq-p 7 
q 


